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Abstract

The quest for making sub-nano regime devices is posing several challenges to the elec-

tronics industry, such as high leakage current, high DIBL, hot electron effect and other

short channel effects. Technology Computer Aided Design (TCAD) simulations can help

overcome all these issues in the best possible manner, provided it gives reliable and accu-

rate results. The solution accuracy of the TCAD simulations depends mainly on two main

factors; 1) Transport model employed for the analysis, and 2) Numerical solution of the

transport model which basically depends on the type of discretization scheme used for

the approximation. In this thesis, the two main challenges of the TCAD; Accuracy and

Computation time, have been addressed by incorporating different discretization method-

ologies, such as Finite Element Method (FEM), Discontinuous Galerkin Finite Element

Method (DG-FEM), Streamline Upwind Petrov Galerkin (SUPG) based Finite Element

Method (SUPG-FEM) and Element Free Galerkin (EFG) to improve the solution ac-

curacy, and Random Walk and Machine Learning based methodologies to reduce the

computation time of the analysis. This thesis presents the design and development of a

parallel and scalable framework, VEDA (Very Efficient Device Analyzer), for the anal-

ysis of semiconductor devices. The proposed methodologies are employed to discretize

fundamental device equations, a set of Partial Differential Equations (PDEs), govern-

ing the flow of carriers inside the device, and later solved numerically using a suitable

methodology to compute the solution.

DG-FEM and SUPG-FEM are two variants of FEM based on two different approaches

to improve the solution accuracy. In DG-FEM, the basis functions employed for the

discretization are discontinuous piecewise polynomials which aid to conserve the flux

efficiently and are capable of handling complex geometries. In VEDA, SUPG method is
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employed to calculate flux and flow of charge in the device. It is observed that the SUPG

stabilization technique is better than the classical Scharfetter-Gummel method to solve a

convection-diffusion equation. On the other hand, EFG is an element free or meshfree

method to discretize the problem domain. In EFG a set of nodes are scattered through-

out the domain to formulate linear algebraic equations which represent carrier transport

in semiconductor devices without employing mesh for domain discretization. The solu-

tion provided by our proposed method is compared with other discretization techniques

including the methodology adopted by commercial TCAD simulator, Sentaurus. The ac-

curacy of the solution obtained by the proposed method is approximately 10× better as

compared to the solution provided by Sentauras.

Since the solution provided by EFG is accurate but not efficient in terms of computa-

tional time, we employ random walk method to speed up the solution of device equa-

tions. As we know that the numerical solution of differential equations depends on the

initial guess, therefore, we propose to improve it by using random walk method. In this

method, equivalent electrical circuits of fundamental device equations are formulated and

are analyzed self-consistently in a coupled manner to perform device analysis. The ran-

dom walk method is based on the probability distribution calculated from the weights at

each node. The parallelizable aspect of random walk method has also been explored to

improve the computation time of the analysis. The proposed method exhibits up to 20%

faster solution with the maximum error of 4% in the initial guess as compared to the final

solution. Although the improvement in the computational time obtained using random

walk method is not significant, it motivates us to explore other methods such as machine

learning algorithms and its application to the semiconductor device analysis. Therefore,

different machine learning algorithms along with Artificial Neural Network (ANN) have

been employed for the analysis of semiconductor devices for a given set of parameters. It

is observed that the use of ANN has helped not only in improvising computation time but

also providing nearly accurate solution. We have observed a minimum speedup of 1.86×

(13 iterations to 7 iterations) and maximum speedup of 3.5× (21 iterations to 6 iterations)
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for a different set of parameters by using the proposed methodology. The implementation

of ANN has enabled us to explore a new paradigm in the domain of TCAD. The ANNs

mimicking the electrical characteristics of semiconductor devices are also employed to

perform circuit analysis. We have designed different circuits using these ANN based

semiconductor devices, and their performances are found to be within the acceptable ac-

curacy limits. The methodology employed for the analysis of circuits having ANN based

semiconductor devices can easily be parallelized enabling quick turnout of the solution.

This approach helps us to overcome issues related to the semiconductor device modeling

without developing a semiconductor device model in the early stage of the device design.

It eliminates the need for semiconductor device modeling and the efforts taken in the de-

velopment of compact device models of semiconductor devices including novel devices

(forthcoming devices whose device models are not yet known). The machine learning

based semiconductor device and circuit analysis is found to be efficient in terms of accu-

racy and computation time as compared to the lookup table based methods employed for

TCAD and circuit analysis. This begins a new era in the area of VLSI for semiconductor

device design, modeling and circuit analysis.
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1. Introduction

1.1 Introduction

The semiconductor industry has observed Moore’s law in a pivotal role for the economic and

technological advancements since last many decades. Efficient and economical product design is ac-

complished through transistor scaling, which enables the exponential growth of the semiconductor

market by designing smaller, faster and ultra-low power circuits. This ever-growing demand to ef-

ficiently incorporate multiple diverse functionalities in a single electronic system has created a new

dimension called More than Moore to sustain the growth of the semiconductor industry. Therefore,

the VLSI community now endeavors to explore the possibilities of designing even smaller and faster

devices with low power consumption, which leads to initiate the search for novel devices with the

desired features.

In the present era, the semiconductor industry is capable of designing and fabricating electronic

circuits at 10nm FinFET technology node and is aiming towards 7-5nm FinFET fabrication tech-

nologies. At the same time, academia is exploring the feasibility of the semiconductor device design

and fabrication at lower technology nodes using Silicon or other suitable materials, such as Silicene,

Graphene, MoS2, and WS2. Transistors at this regime tend to lose gate control over the channel

making it more susceptible to leakage current and abrupt switching modes. The quest for designing

sub-nano regime devices poses several challenges, such as high leakage current, high drain induced

barrier lowering (DIBL) and hot electron effect, etc. The introduction of new materials and their com-

plex physical properties at sub 5nm poses another challenge at Technology Computer Aided Design

(TCAD) for modeling their physical phenomena to analyze the electrical behavior of a device. To

resolve these issues in designing electronic circuits, it becomes imperative to incorporate these effects

in TCAD through mathematical modeling. As we know, TCAD has enabled the scientific commu-

nity to take a big leap in semiconductor device technology within a short span of time. The given

pace of semiconductor industry demands a highly accurate TCAD tool which can precisely analyze

a semiconductor device close to the actual characterized results obtained after device fabrication. By

employing TCAD tools to analyze semiconductor devices, realistic mathematical models may be de-

veloped if it provides reliable and accurate solution. Thus, TCAD helps in reducing the path of device
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design and development of novel devices by skipping various cumbersome steps of the manufacturing

process.

A TCAD tool is basically a framework which bundles a set of complex mathematical equations

whose solution provides the desired outcome. The steps required to build this framework for device

analysis is shown in Fig. 1.1, which explains the simulation process by incorporating several device

models [3]. The simulation process is initiated by procuring all data related to device geometry, mate-

rial parameters, doping profile and necessary boundary conditions. Device geometry, also referred as

whole domain, is further divided into smaller domains or segments to solve PDEs locally to complete

the process of discretization. Discretization generates a mesh throughout the whole geometry repre-

senting interconnections between neighboring nodes. Therefore, the discretization process converts a

nonlinear partial differential equation to its linear algebraic equivalent which is analyzed iteratively

until a stable solution is obtained. For finding the numerical solution, charge is computed using an

initial guess of the solution. The charge calculated in the previous step is then used to analyze Pois-

son’s and Continuity equations iteratively until the solution converges fulfilling threshold criterion.

Gummel’s and Newton-Raphson algorithms [3] are employed to linearize both Poisson’s and conti-

nuity equations. Different electrical properties, such as current, electrical field, potential profile, etc.

are calculated at the end of simulation process for the specified input parameters.

The five fundamental physics equations for Drift-Diffusion model to analyze semiconductor devices

can be represented as follows:

(i) Poisson’s equation

5 · (−ε5 φ) = ρ (1.1)

ρ = q[p− n+Nd −Na]

(ii) Current equations

Jn = qnµn5 φ+ qDn5 n (1.2)

Jp = qpµp5 φ− qDp5 p (1.3)
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Figure 1.1: The process flow of a typical TCAD framework for device analysis.

(iii) Continuity equations

∂n

∂t
=

1

q
5 ·Jn +Rn (1.4)

∂p

∂t
= −1

q
5 ·Jp +Rp (1.5)

where φ is potential; ε is dielectric Permittivity; ρ is space charge density; µ is mobility; D is

diffusion coefficient; q is electrostatic charge; n and p specify electron and hole density in conduction

and valance band respectively; R is net generation and recombination rate; Na and Nd are acceptor

and donor concentrations respectively; J is current density; and t denotes time.

The accuracy of TCAD framework mainly depends on two factors; 1) Transport models incorpo-

rated for the analysis, 2) Discretization scheme employed to analyze carrier transport models. Several

mathematical models have been proposed in the literature [1,4] to analyze the transport mechanism of

semiconductor devices, such as semi-classical drift-diffusion, quantum-ballistic, hydrodynamic mod-

els etc., which consist of a set of complex mathematical equations. For emulating the real behavior of
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semiconductor devices, it becomes imperative to include second-order effects in the transport models

as well, which further increase their computational complexity by manifolds. To obtain the solution

of these equations in a reasonable time, we have no other choice except to trade off computational

time with accuracy. As we know, the scientific community is exploring different ways to fabricate

semiconductor devices at sub 5nm level, computational complexity for the accurate analysis of these

devices has increased even without incorporating second order effects. The increased level of com-

plexity constraints us to employ highly accurate discretization schemes for solving coupled PDEs

while analyzing semiconductor devices.

Several discretization schemes have been presented in the literature, such as Finite Difference

Method (FDM), Finite Element Method (FEM), Finite Volume Method (FVM) for the analysis of

semiconductor devices [1, 3, 5–8]. These methods discretize partial differential equations (PDEs)

over a given geometry to formulate a set of linear algebraic equations and obtain an approximate

numerical solution with the help of predefined boundary conditions [9]. Since the last many decades,

FDM is being employed to analyze differential equations efficiently in terms of computational time

with a limited accuracy. It is widely used along with more efficient and robust methods, such as FEM

and FVM. These methods provide an efficient solution in case of high order PDEs and unstructured

domains and are considered for the analysis of semiconductor devices [7, 8, 10].

Many other methods have been employed in this work to further improve the accuracy of FEM,

such as Discontinuous Galerkin method, Streamline Upwind Petrov-Galerkin Stabilization Technique

etc. Although these methods improvise the solution, a numerical error still exists as compared to

the analytical solution because of the predefined mesh structure. Discretization process divides the

problem domain into finite small elements to form a mesh-like structure for establishing a relationship

among nodes of the mesh. The dependency on a predefined mesh structure makes the discretization

process susceptible to the numerical errors. For eliminating this dependency, meshfree or element-

free Galerkin method (EFG) was introduced in [11–13]. The efficiency of the meshfree method has

been illustrated in literature while analyzing mechanical structures in [14, 15]. Study of the EFG

method provides impetus to extend its application for the analysis of semiconductor devices.

The improved accuracy of the TCAD simulations comes at a price of higher computation time,
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which motivates us to develop a methodology for the accurate solution without sacrificing much time.

This thesis deals with exploring various methods to reduce the computation time while maintaining

the desired accuracy. Initial guess which is one of the most important parts in the device simulation is

studied in the proposed work to improve computation time for the analysis of semiconductor devices.

The impact of choosing an initial guess on the quality of final solution is studied in detail.

Two different approaches, Random Walk method [16, 17] and application of Machine Learning

[18–20] in the analysis of semiconductor devices, are proposed in this thesis to improve the initial

guess during semiconductor device analysis. In the case of random walk implementation, equivalent

electrical circuits for all the involved PDEs required for the device analysis are proposed and analyzed

using random walk method by utilizing its embarrassing scope of parallelization. The application of

random walk method for the analysis of very large electrical circuits and power grid networks has

been reported in the literature [21–24]. Further, the electrical analogy of various partial differential

equations representing semiconductor device behaviour [25–28] motivated us to introduce application

of random walk in the analysis of semiconductor devices.

The successful implementation of random walk in the analysis of semiconductor devices moti-

vated us to explore non-traditional methods to improve initial guess during the analysis of semicon-

ductor devices. In order to achieve the above mentioned goal, different machine learning algorithms

have been studied for the analysis of semiconductor devices. The application of machine learning

algorithms in the domain of yield enhancement during fabrication process of semiconductor devices

has been reported in the literature [29–31], which has motivated us to incorporate it in the semicon-

ductor device analysis as well. An attempt to model electrical properties of semiconductor devices

using machine learning has already been reported [32–35] but in these works ANN is used to create

a model and to peform study of interest, whereas in our proposed methodology to analyze semicon-

ductor devices, machine learning is employed to analyze steps of semiconductor device analysis to

speed it up. We have also developed a platform for ANN based semiconductor device modeling with

a better accuracy and have extended its application for the analysis of electrical circuits composed of

MOSFETs and basic devices. This proposed framework exploits ANN based semiconductor device

models to analyze circuits and is validated against commercially available electronic design automa-
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tion (EDA) tool Spectre [36]. It is observed that the proposed framework is very efficient in terms

of memory utilization and computation time as compared with lookup table based approach [37–39].

This is to be reported that the ANN based semiconductor device models and machine learning based

the circuit analysis have accuracy within 0.1% as compared to the BSIM models and commercially

available circuit simulators.

It should also be noted, the work presented in this thesis addresses the issues related to the fast

and accurate analysis of semiconductor devices. It also reduces dependency on the explicit devel-

opment of models of novel semiconductor devices. This work paves the way to study the effect of

parametric variation on the performance of electrical circuit composed of novel devices in the early

stage of design cycle. It is envisaged that this would help in the development of next generation ma-

ture semiconductor devices. The present study also motivates us to eliminate the need of traditional

semiconductor device modeling and, to aim towards ANN or Deep Neural Network (DNN) or Spik-

ing Neural Network (SNN) powered semiconductor device models and machine learning based next

generation electronic design automation tool development.

1.2 Thesis Motivation and Objective

Technology is steering the wheels of our rapidly growing needs and expectations. Advancement

in the field of science or any other domain has been made possible only because of the aggressive

nature of current technology, which is backed up by the enormous growth of the semiconductor in-

dustry. Transistor sizing is the most important paradigm for improving the speed and performance of

semiconductor devices. Small size transistors have enabled us to house more number of devices in a

given die area while improving the power and delay parameters per computation. The current semi-

conductor industry operates at a technology node of 14 nm-10 nm and thriving towards sub-5 nm

devices. Over the last five decades, Moore’s law has been the driving force of the semiconductor

industry but it is currently facing challenges due to the prominence of second-order effects in the

sub-nanometer regime devices. Transistors at this regime tend to lose gate control over the channel

making it more susceptible to leakage current and abrupt switching modes, due to a phenomenon

called Quantum tunneling. To improve these issues while continuing our path with Moore’s law,
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research is being carried out to employ Graphene, carbon nano tube and molybdenum disulfide in

future transistors of sub-5 nm regime. The introduction of new materials and their complex physical

properties at sub-5 nm poses another challenge at TCAD for modeling the physical phenomena to

analyze the electrical behavior of a device. It is because of the use of TCAD only, we have been able

to take such a big leap in technology in such a short span of time, and thus to continue with this pace

we need to depend on the highly accurate TCAD tools which can precisely find solutions for a given

device efficiently.

The main objective of this thesis is to design and develop an efficient framework for fast and

accurate semiconductor device analysis. In order to achieve these goals, the main objectives which

need to be accomplished are given below.

• Design of a framework based on FEM based discretization method

• Improvise the solution provided by FEM using different stabilization methods, such as DG-

FEM and SUPG

• Implementation of Element-Free Galerkin method to improve accuracy of the solution

• Application of machine learning and random walk method to improve initial guess of the solu-

tion

1.3 Thesis Contributions

In this thesis, different methodologies have been proposed to design and develop a framework

for the analysis of semiconductor devices. The two main challenges of TCAD, accuracy and com-

putation time, have been the motivating force to contribute in this area. The main contribution of

the thesis can be broadly classified into two parts. In the first part, different methodologies, such as

discretization schemes and meshing techniques, are employed to improve the solution accuracy of the

semiconductor device simulations without sacrificing much computation time. The second part of the

thesis explores alternate methodologies to minimize the computation time enforcing accuracy to be

as high as possible. The key contributions of the thesis are described below.
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• A 2D/3D framework is developed to analyze semiconductor devices based on finite element

method.

• DG-FEM and SUPG stabilization techniques are employed to improve accuracy of the solution

as compared to FDM and FEM.

• A highly accurate and adaptive framework is developed to analyze semiconductor devices based

on Element-Free Galerkin method.

• Equivalent electrical circuits of various PDEs are proposed and a circuit analysis methodol-

ogy based on random walk is employed to analyze these circuits, which helps to reduce the

computation time by providing improved initial guess.

• Different machine learning algorithms are applied to predict potential profile inside a device

which is utilized as an initial guess to analyze the proposed device structure efficiently.

• A circuit analyzer is designed for the analysis of electrical circuits composed of semiconductor

devices represented by ANNs.

1.4 Thesis Organization

The organization of rest of the thesis is presented below.

Chapter 2: Fundamentals of TCAD in Semiconductor Device Analysis

In this chapter, different aspects of TCAD, such as discretization schemes and meshing techniques

are discussed. The study is extended to briefly describe the strength and weaknesses of different dis-

cretization schemes for a particular set of problems. Different meshing techniques to further impro-

vise the solution accuracy are also introduced in this chapter. It is to be noted that the choice of a good

discretization scheme and a meshing technique can improve the solution accuracy to a great extent.

9
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Chapter 3: Implementation of FEM and its Variants for Device Analysis

In this chapter, a framework to analyze semiconductor devices is presented using FEM and its

variants to discretize the PDEs arising from semiconductor device modeling. DG-FEM and SUPG-

FEM are the variants of FEM which are described in this chapter. In DG-FEM, the basis functions

used for discretization are discontinuous piecewise polynomials which aids to conserve the flux and

handles the complex geometries efficiently. SUPG stabilization technique analyzes semiconductor

devices more efficiently as compared to the classical Scharfetter-Gummel method. To validate the ef-

fectiveness of the proposed methods, analysis of different semiconductor devices, such as PN junction

diode, MOS capacitor, and MOSFET are demonstrated.

Chapter 4: An Accurate and Adaptive Framework based on EFG Method

This chapter presents an implementation of a highly accurate and adaptive framework based on the

Element-Free Galerkin method to analyze semiconductor devices. In the EFG method, a set of nodes

are scattered throughout the domain to formulate algebraic equations representing carrier transport

in semiconductor devices without employing mesh for domain discretization. The correlation among

neighboring field nodes for mesh generation is not required apriori to formulate linear algebraic equa-

tions making it more suitable for adaptability. The primary difference between FEM and EFG lies

in the construction of their shape functions. In FEM, elements are used to construct shape functions

which are identical for all the similar elements. These shape functions can be chosen in the beginning

of analysis by predetermining their values. However, in the EFG method, shape functions are con-

structed uniquely at each point of interest to achieve more accurate results. The solution provided by

the proposed methodology is compared with other discretization techniques including the methodol-

ogy adopted by commercial TCAD simulator, Sentaurus [2]. Accuracy of the solution obtained by

the proposed methodology is ≈ 10× better as compared to the solution provided by Sentauras. The

effectiveness of the proposed method is validated by comparing the outcome of the analysis with the

analytical solution and device TCAD Sentauras.

10
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Chapter 5: Random Walk and Machine Learning Algorithms based Analysis of
Semiconductor Devices

In this chapter, random walk and machine learning based approaches are proposed to speed up the

computation time of the device analysis. In the case of the random walk method, equivalent electrical

circuits representing fundamental device equations are analyzed in a suitable manner. Using the solu-

tion of this electrical circuit, solution of semiconductor device analysis is formulated. The analysis of

semiconductor devices using the random walk method is validated by analyzing various semiconduc-

tor devices. In the machine learning based approach, artificial neural networks (ANNs) are utilized to

create a model to predict the potential profile inside a device for a particular set of parameters. Later

ANN based semiconductor device models are employed to analyze electrical circuits composed of

semiconductor devices. Details of this analysis and the circuit analyzer developed specifically for the

analysis of ANN based semiconductor devices are presented in this chapter.

Chapter 6: Conclusion and Future Aspects

In this chapter, a conclusion is drawn on the various methods and framework developed for the

efficient and accurate analysis of semiconductor devices. As we have stated that for the novel devices,

it is imperative to design and develop an efficient TCAD framework envisaging the complex behavior

of these devices. Therefore, the future scope presented in this chapter incorporates a brief discussion

on this issue along with different possible applications of the proposed methodologies.
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2. Fundamentals of TCAD in Semiconductor Device Analysis

In this chapter, the fundamentals of TCAD for the analysis of semiconductor devices are dis-

cussed in detail. Various aspects of TCAD starting from device dimensions, its physical properties,

discretization schemes and meshing techniques to different carrier transport models are discussed in

order to find the accurate solution of the involved partial differential equations (PDEs). The study has

been extended to briefly describe the strength and weaknesses of different discretization schemes for

a particular set of problems. Different meshing techniques and its impact on the solution’s accuracy

has also been introduced in this chapter. The choice of a good discretization and meshing scheme can

improve the solution accuracy to a great extent.

2.1 Introduction

Whenever we name the greatest innovations of the twentieth century, we undoubtedly call upon

The Electronics Industry which is backed-up by the advancements in semiconductor devices. TCAD

plays a vital role in bringing the electronic industry to the current level by reducing the design and

development cycle of novel devices with different geometries and materials. Technology Computer

Aided Design, as the name suggests, it uses the processing power of high-end computers to effi-

ciently design and analyze semiconductor devices to approximately predict their electrical behavior

by implementing various device physics models, such as Drift-Diffusion, Hydrodynamics, Boltzmann

(Monte Carlo), Quantum Corrected Boltzmann, and Non-equilibrium Greens Function [4] etc. These

models comprise of a set of coupled non-linear partial differential equations to compute potential and

charge-carrier density. All these models may target a different class of semiconductor devices, and

varies with respect to a given accuracy and computation time. Drift-diffusion is the most widely used

fundamental model to analyze sub-micron devices. A good TCAD framework must be able to incor-

porate all these models to design semiconductor devices with the desired level of accuracy.

The given pace of semiconductor industry demands a highly accurate TCAD framework which can

precisely analyze a semiconductor device as compared to the actual characterized results obtained

after device fabrication. The critical role of TCAD in the manufacturing process of semiconductor

devices can be realized using Fig. 2.1. By employing TCAD tools to analyze semiconductor devices,

realistic mathematical models may be developed if it provides a reliable and accurate solution. TCAD
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Figure 2.1: Role of TCAD in manufacturing process.

helps in reducing the cycle of design and development of novel devices by skipping various cumber-

some steps of the manufacturing process as shown in Fig. 2.2 exhibiting various steps involved in

the manufacturing process of a typical semiconductor device. It can be observed from Fig. 2.2, that

the steps involved in the development of a device are time-consuming and irreversible. TCAD helps

bypass all these steps and provide approximate guidelines for the best possible device geometry and

materials of the future semiconductor devices.

An extensive survey of the literature has motivated author to design and develop an efficient frame-

work for fast and accurate semiconductor device analyzer. It has been observed in the proposed study

that the currently available TCAD frameworks are not enough to efficiently analyze complex and

nano-regime devices, such as multi-gate and 2D devices. The analysis of such devices requires com-

putations of higher order nonlinear differential equations, which further needs more robust framework

to efficiently analyze their behavior. As we know, an increase in accuracy increases computation time

and it is observed in the literature too that several parallelization techniques are used to reduce com-
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Figure 2.2: The manufacturing process of a typical semiconductor device.

putation time. Therefore, in the proposed work, author had incorporated novel techniques, such as

Random Walk and Machine Learning to target computational aspect of analysis.

There are mainly two principle traits, Accuracy and Computation Time, of a TCAD simulation

framework to define its efficiency. An ideal framework should provide the highest level of accurate

with the least possible computation time, which is nearly impossible to achieve since there is always

a trade-off between accuracy and computation time. This particular challenge of developing an ideal

framework has intrigued us to work in this area. In the quest to develop such an ideal framework,

different aspects of TCAD have been studied to find the best possible scope of improvement. Thus

the work presented in this thesis can be broadly classified to target both Accuracy and Computation

Time aspect of TCAD. In the pursuit to improve accuracy of the framework, its two primary factors;

1) Transport models incorporated for the analysis, 2) Discretization scheme employed to solve the

transport models, are discussed in detail in this thesis. The primary aim of a transport model is to
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capture the effect of every single physical phenomenon of a semiconductor device. Thus, a transport

model basically bundles a set of complex mathematical equations. For modeling the real behavior

of a device, it becomes imperative to include second-order effects of sub-nano regime devices in

the transport models, which further increases their computational complexity by manifolds. This

increased level of complexity constraints us to employ highly accurate discretization methods to solve

transport models for the analysis of semiconductor devices. A brief overview of different transport

models employed to analyze semiconductor devices is presented in the next section.

Since the highly accurate analysis is compute intensive, the second part of the thesis is aimed to

improve the computation time of the analysis. Different aspects to speed up of the analysis have been

studied and are implemented. The parallelization of the computations has been introduced wherever

possible to harness computational power of the underlying hardware, and the corresponding results

are presented in this thesis. Two different novel methods; Random Walk and Machine Learning,

have also been proposed to speed up the analysis by predetermining a very good initial guess to the

solution. This leads us to present different methods in this thesis to develop a very efficient TCAD

framework for the analysis of semiconductor devices.

2.2 Physical Models for Device Analysis

Based on certain characteristics and phenomenons like channel length modulation, electron-electron

scattering, electron-phonon scattering and other possible applications, device modeling can be cate-

gorized into multiple domains. Starting from the basic fundamental transport phenomenons to more

complex ones, the hierarchy of different transport models can be presented as shown in Fig. 2.3. The

semi-classical Boltzmann model for the transportation of charge carriers has been the mainstay of

semiconductor technology from the very beginning. Most of the device simulations are based on the

solution of Boltzmann equation (BTE) or its simplified versions, such as Drift-Diffusion (DD) model

and Hydrodynamic (HD) transport model.

However, with the advent of technology with reference to down-sizing of device dimension into

the nanoscale regime, many new interesting effects have become dominant, such as (i) velocity

overshoot, (ii) hot-electron effects, (iii) ballistic transport, (iv) quantum transport, (v) hot-electron
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thermionic emission, and (vi) interfaces, surfaces and metal boundary effects [1] etc. Therefore, it

can be concluded that the semi-classical device models are no longer valid to work efficiently in the

nanoscale devices. The introduction of quantum effects in the nano regime leads to lay the founda-

tion of different theories or models that can very well treat quantum transport phenomenon between

macroscopic and microscopic scale. Therefore, among the numerous available physical models for

the analysis of semiconductor devices, most efficient and popular models are listed below [1], [40].

(i) Drift-Diffusion Model

(ii) Hydrodynamics Model

(iii) Thermodynamics Model

(iv) Ballistic Model

(v) Quantum Model
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Figure 2.3: Shows the hierarchy of various transport models [1]
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2.2 Physical Models for Device Analysis

In the proposed work, we use the fundamental drift-diffusion model to study various aspects

of accuracy and computation time for the analysis of semiconductor devices. Since this model is

incorporated with the commercial TCAD simulators as a basic model, comparison of our proposed

methodologies using fundamental drift-diffusion model with the exiting TCAD simulators can be

performed reliably.

2.2.1 Drift-Diffusion Model

As the name suggests, this fundamental model works on two different phenomenons, drift and

diffusion, in order to devise mathematical equations for the transportation of charged carriers in a

semiconductor device. The drift phenomenon corresponds to the movement of carriers under the

effect of electric field., whereas, the movement of carriers with respect to density gradient is defined by

diffusion. The popular drift-diffusion current equations can be easily derived employing Boltzmann

transport (BTE) equation by considering moments of the BTE [41]. It is based on the five basic

equations namely, (i) current equations, (ii) continuity equations and (iii) Poisson’s equation, and

are mentioned below.

(i) Poisson’s equation

5 · (−ε5 φ) = ρ

where ρ = q[p− n+Nd −Na]

(ii) Current equations

Jn = qnµnE + qDn5 n

Jp = qpµpE − qDp5 p

(iii) Continuity equations
∂n

∂t
=

1

q
5 ·Jn + Un

∂p

∂t
= −1

q
5 ·Jp + Up

where µ is mobility; D is the diffusion coefficient; U is net generation and recombination rate;

and φ is potential.
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2. Fundamentals of TCAD in Semiconductor Device Analysis

The Poisson’s equation computes the potential profile or electric filed inside a semiconductor

device for a given amount of charge distribution, whereas, current equation calculates charge density

using drift and diffusion gradients, and the concentration of charge carriers with respect to time is

computed using the continuity equation.

2.2.1.1 Convergence Constraints on Drift-diffusion model

When the partial differential equations arising from the Drift Diffusion model are discretized using

the finite difference method, the following constraints need to be enforced in order to get the system

of equations converged to the final solution [42]

(i) The mesh size (∆h) is limited by Debye length.

(ii) The time step is limited by the dielectric relaxation time.

Debye length can be defined as the distance over which a significant charge separation can occur,

therefore, the mesh size must be smaller than Debye length to resolve the issue of charge variation in

space. Debye length, LD, can be represented as,

LD =

√
εkBT

q2N ′

In GaAs and Si at room temperature, the Debye length is approximately only 50 Å when N =

1018cm−3 and increases to 400 Å when N = 1016cm−3.

The dielectric relaxation time is the characteristics time of the charge fluctuations to decay under

the influence of its own field. It can be represented as,

tdr =
ε

qNµ

As the mobility increases, dielectric relaxation time decreases rapidly. In GaAs at a mobility of

6000 cm2/V − s and N = 1018cm−3 the dielectric relaxation time is 10−15 s.
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2.2 Physical Models for Device Analysis

2.2.2 Mesh Formation

The formation of mesh or meshing in a semiconductor device is the most fundamental process

step in order to perform device simulation successfully. However, meshing is a discretization depen-

dent scheme and is discussed extensively in the chapters 3 and 4. Here, the fundamental concept of

meshing is discussed in brief. During meshing, the whole device domain is represented using several

nodes and their interconnections as shown in Fig. 2.4. The fundamental device equations are solved

simultaneously and iteratively on these nodes to compute the reliable electrical characteristics. The

mesh size need not be of equal dimension in all directions and may depend upon the amount of accu-

racy needed on any particular device region. Fig. 2.4 shows the nonuniform mesh formation in case

of a MOSFET. A dense mesh in a particular region means more number of nodes or refined meshes

in that region to obtain higher order of accuracy for the parameters under study. On the other hand,

in the regions where variation in the solution or parameters under study is not significant, a coarse

meshing may be employed. Thus, a proper choice of dense and coarse meshing in different regions

is desired for an efficient analysis while reducing computation time and increasing accuracy of the

solution.

126 Accurate physical insight through adaptive meshing
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(a) Vds = 0.7V , 1689 grid points
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(b) Vds = 3.4V , 1875 grid points

Figure 6.5: nMOSFET Id(Vds) simulation with Vgs = 1.3V .

Figure 2.4: Non-Uniform mesh formation in case of MOSFET [2]

The process of assigning given parameters and numerically analyzing fundamental device equa-
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2. Fundamentals of TCAD in Semiconductor Device Analysis

tions on each node points of a mesh with definitive boundary conditions is demonstrated by Fig. 2.5.

It represents mapping of the parameters from a Poisson’s equation which is a second order partial

differential equation and is analyzed numerically at each mesh node. The computational complex-

ity of a 2 dimensional PDE increase with a fine meshing scheme to get more accurate results. The

computational complexity increases further when we go for the multidimensional solution of a PDE.

e-

Mesh nodes (N
D 

– N
A
, n, p,    )ϕ

Assign particle charge
density to the mesh nodes 

Move the particle during their
free-flight according to the

 calculated local field values

Calculate mesh-defines 
forces and interpolate to find

forces on the particles

Solve Poisson's 
equation on the mesh 

Figure 2.5: Steps to solve fundamental device equation on each individual node.

2.2.3 Boundary Conditions

The solution of a system of partial differential equations is computed numerically only with the

help of different boundary conditions. A boundary condition defines a specific value to the PDE at the

boundaries or at the interfaces. Three different boundary conditions have been studied for the proper

analysis of PDEs in semiconductor devices as shown in Fig. 2.6, and are described below.

2.2.3.1 Dirichlet Boundary Condition

This boundary condition implies that the solution of the unknown function is exactly known at that

particular boundary or interface. For a region bounded by x ∈ [0, 1], Dirichlet boundary condition
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Vs Vd

Vg DirichletRobin

NeumannNeumann

Dirichlet

N+ N+

p-type
substrate

oxide

Figure 2.6: Different boundary conditions for the analysis of semiconductor devices.

can be represented by equation 2.2.

d2(u)

dx2
= f x ∈ [0, 1] (2.1)

u(x=0) = C1 [Constant]

u(x=1) = C2 [Constant]

(2.2)

2.2.3.2 Neumann Boundary Condition

In the Neumann Boundary condition, the gradient of the unknown function is exactly known rather

that the function itself and can be represented by equation 2.5.

d2(u)

dx2
= f x ∈ [0, 1] (2.3)

d(u)

dx
|(x=0) = C3 [Constant] (2.4)

2.2.3.3 Robin Boundary Conditions

This particular boundary condition is only implemented at the interface between two different

materials where it is not possible to apply any of the two above mentioned conditions, as it can be

seen from Fig. 2.6. Robin boundary condition is a weighted combination of both Neumann and
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2. Fundamentals of TCAD in Semiconductor Device Analysis

Dirichlet boundary condition, and can be represent as,

a
d(u)

dx
+ bu = C4 (2.5)

2.3 A Survey of Different Discretization Methods to Implement
Transport Models

The core of any transport model bundles a set of complex mathematical equations for its analysis,

which in the case of semiconductor device analysis, are a set of several partial differential equations.

This section discusses several methods to compute the solution of a PDE. It is well known that a PDE

in its raw form is called the strong-form, and finding an exact solution of a strong-form PDE is compu-

tationally intensive for the practical engineering problems due to its complexity. The complex nature

of the strong form of a PDE demands to first convert it to a weaker form to get the solution. As dis-

cussed in the earlier section, for the analysis of PDEs, three types of boundary conditions, Neumann,

Dirichlet or Robin may be used. Finite difference method is a well-known numerical method suitable

for the analysis of strong-form PDEs with Dirichlet boundary conditions for producing accurate re-

sults. However, in the case of Neumann or derivative boundary conditions, not only the accuracy of

the solution deteriorates but also it becomes unstable. This is because of the error introduced in FDM

due to ignoring higher order terms while discretizing PDEs into linear algebraic equations.

A sufficient degree of consistency is assumed to approximate the unknown function of a strong-

form PDE, i.e., it should be differentiable up to the highest order of the given PDEs. On the other

hand, weak-form PDEs require a weaker consistency of the approximate function. Discretization

of weak form PDEs can produce a stable set of equations to achieve better solution accuracy. The

central principle behind the creation of weak-form is the weighted residual method which is a more

general and powerful mathematical tool developed to discretize system equations. Different methods

have been reported in the literature based on the use of strong and weak forms of partial differential

equations, as shown in Fig. 2.7.

As it is shown in Fig. 2.7, many well-known methods, such as FDM, FEM, FVM and Meshfree

Weak Strong (MWS) etc. have been developed in the past for the solution of PDEs. All of these
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FVMMWS

WEAK−FORMSTRONG−FORM

C
O
L
L
O
C
A
T
IO

N

FEM

EFG

F
D
M

Figure 2.7: Venn diagram showing relationship between different methods.

methods depend on mesh generation for discretization, which makes them susceptible to numerical

errors. These issues related to their dependency on mesh generation can be addressed by employing

Element-free Galerkin method to formulate a system of linear algebraic equations. Due to the absence

of finite elements in the discretization process or its non-dependency on mesh generation, it is called

the element free method. It is to be noted that EFG and meshfree are used interchangeably in this

thesis. A comparative study of EFG and other discretization schemes is presented in Table 2.1 to

venture its dominance using four vital parameters termed as mesh generation, adaptability, range of

problems and accuracy [43], [44]. The prime focus of the EFG method is to provide an accurate and

more stable numerical solution for PDEs with all kinds of possible boundary conditions. Along with

the accuracy, one more peculiar feature of EFG method is its ease of doing the adaptive simulation.

The other methods, Collocation and MWS, are also based on the meshfree approach. The Collocation

method depends on the strong-form formulation, therefore, produces a desirable level of accuracy

with Dirichlet boundary conditions only [45], [46]. Meshfree Weak-Strong (MWS) method can be

described as a hybrid method employing weak-form at boundaries with Neumann boundaries and

strong-form in the rest of the domain.

In the search for an approximate solution of PDEs with boundary conditions, the unknown func-

tion to be determined is approximated using shape functions before discretizing PDEs into linear al-

gebraic equations [47]. Different shape functions employed for the discretization have been discussed

in details in later chapters 3 and 4. Two different shape functions, Moving Least Squares (MLS) and

Radial Point Interpolation Method (RPIM) are used in the proposed work for the implementation of

EFG method, and are described in Chapter 4.
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2. Fundamentals of TCAD in Semiconductor Device Analysis

Table 2.1: Characteristics analysis of different discretization scheme.

Properties Discretization Schemes
FDM FEM Collocation MWS EFG

Complex geometry Difficult Easy Difficult Easy Easy
Adaptability Difficult Difficult Difficult Easy Easy
Stability of discretized
equations

Stable Stable Not stable Not stable Stable

Crack growth No No No No Yes
Solution Less Accurate Accurate Moderately

Accurate
Moderately
Accurate

More Accurate

2.4 Formulation of Basic Device Equations

The main aim of semiconductor device modeling is to capture the effects of various physical

phenomenons acting on a device in the form of mathematical equations. A collective form of these

mathematical equations defines a transport model which can be analyzed consistently to perform

device analysis. This section discusses certain phenomenons and their mathematical formulations

which are taken as a base in this work to further improve the accuracy and computation time aspects

of the device analysis.

As it is already described in Fig. 1.1, to build a framework for device analysis a specific proce-

dure is followed [3] by incorporating several device models. At first, all the data related to material

parameters, device geometry, doping profile and all the necessary boundary conditions are gathered.

The whole domain (device geometry) is further divided into small domains in the form of a nonuni-

form mesh to solve the PDEs locally to complete the process of discretization. This step generates a

mesh throughout the whole geometry to find the solution in terms of potential and charge distribution

in the device. Later, the charge is calculated globally using an initial guess of the solution followed

by analyzing Poisson’s and carrier concentration PDEs in the coupled form. These coupled equations

are solved iteratively until the solution converges fulfilling threshold criterion. The implementation of

both Poisson’s and continuity equations includes Gummels and Newton-Raphson algorithms [3]. At

the end of the analysis, current flowing through the device is calculated for specified input parameters.

The self-consistent equations for a Drift-Diffusion model are already presented in Section 2.2.1.

For analyzing these self-consistent equations, the mathematical expressions for n and p are formulated
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in terms of other dependent variables, such as V , φn, φp. The definitions of these dependent variables

arise from the concept of quasi-Fermi potentials. Here, φn and φp are the quasi-Fermi potentials for

electrons and holes, respectively. Considering the case of a simple PN junction, the relationship of

carrier concentration with the quasi-Fermi potential is represented below [14].

The concentration of electron in the conduction band in n region is given by,

n0 = Nc exp

[−(Ec − EF )

kT

]
(2.6)

which can also be formulated as,

n0 = ni exp

[
EFn − EFi

kT

]
(2.7)

qφFn = EFi − EFn (2.8)

Similarly in the p region, the hole concentration is given by

p0 = Nv exp

[−(EF − Ev)
kT

]
(2.9)

p0 = Na = ni exp

[
EFi − EFp

kT

]
(2.10)

qφFp = EFi − EFp (2.11)

The built-in potential barrier, Vbi of a PN junction can be described in the form of quasi-fermi

levels as,

Vbi = | φFn | + | φFp | (2.12)

Using above mentioned equations of carrier concentration, the built-in potential, Vbi, can be calculated

as,

Vbi =
kT

q
ln

(
NaNd

n2
i

)
(2.13)

= Vt ln

(
NaNd

n2
i

)
(2.14)

where Ec, Ev, EF are the energy levels corresponding to the conduction band, valence band and
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fermi level, respectively; EFn and EFn are the quasi-Fermi energy levels corresponding to electrons

and holes, respectively; Na and Nd are the acceptor and donor doping concentrations, respectively;

Nc and Nv denote the effective density of states for conduction and valence bands, respectively; Vt =

kT/q and is defined as the thermal voltage.

The Space-Charge width for a PN junction can also be described as,

xp =
Nd × xn
Na

(2.15)

xn =

{
2εsVbi
q

[
Na

Nd

] [
1

Na +Nd

]}1/2

(2.16)

xp =

{
2εsVbi
q

[
Nd

Na

] [
1

Na +Nd

]}1/2

(2.17)

where xn, xp are the junction depletion widths in n and p region, respectively.

The total depletion width (W) is the sum of xn and xp and can be expressed as,

W = xn + xp (2.18)

W =

{
2εsVbi
q

[
Na +Nd

NaNd

]}1/2

(2.19)

Based on the above equations, analytical model can be formulated to extract the electrical behavior

of a device for a specific set of inputs. For analyzing electrical properties of the devices accurately,

it is also necessary to model carrier generation-recombination and mobility instead of keeping them

constant. Shockley-Read-Hall Recombination model is used to model generation-recombination phe-

nomenon and the corresponding mathematical formulation can be described as,

U =
np− n2

i

τp

(
n+ ni exp

(
Et−Ei
VT

))
+ τn

(
p+ ni exp

(
Ei−Et
VT

)) (2.20)

τn =
τ 0
n

1 + NA+ND
Nref
n

, τp =
τ 0
p

1 + NA+ND
Nref
p

(2.21)

where τn and τp denotes carrier lifetime for electrons and holes, respectively and Et is trap energy
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level. Table 2.2 shows the standard values for τ at equilibrium and Nref as given in [1].

Table 2.2: Various device parameters used for a PN diode.

τn0(s) N ref
n (cm−3) τp0(s) N ref

p (cm−3)

5× 10−5 5× 1016 5× 10−5 5× 1016

The equation used to model low field mobility [48] can be expressed as,

µlowν⊥,‖ = µminν⊥,‖ +
µmaxν⊥,‖ − µminν⊥,‖

1 +
(
ND+NA
Nref
ν

)αµν (2.22)

µmaxν⊥,‖ = µmaxν⊥,‖,300.

(
T

300K

)γµν
(2.23)

µminν⊥,‖ = µminν⊥,‖,300.

(
T

300K

)βµν
(2.24)

where ν = (n, p); T is temperature; (α, γ, β) are fitting parameters as given in [48].

The above mentioned analytical model is employed to develop a framework to analyze semicon-

ductor devices by incorporating different discretization schemes. The discretization process trans-

forms a nonlinear PDE into its linear algebraic formulation in the form of linear algebraic equations.

Thus, the solution of these linear equations produces the final outcome of a device analysis. Dif-

ferent numerical techniques to solve these linear algebraic equations are implemented to build the

framework and are discussed briefly in the next section.

2.5 Numerical Solution of Linear Algebraic Equations

The solution of linear algebraic equations, in the form of system matrix Ax = b, arising from the

discretization of fundamental PDEs representing different transport models can be computed numeri-

cally by employing either direct methods such as Gauss Elimination method, LU Decomposition etc.

or indirect methods such as Conjugate Gradient, Gauss-Seidel, Successive Over-Relaxation meth-

ods etc. [49], [50], [51]. These methods are incorporated in the proposed TCAD framework for the

analysis of semiconductor devices.
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2.6 Summary

A brief review on the vital role of TCAD in semiconductor device analysis and its working prin-

ciple is presented in this chapter. Comparison of different discretization techniques which impacts

accuracy and computation time of the solution of device analysis is also presented in this chapter.

Different boundary conditions and formulation on basic device equations are discussed briefly in this

chapter. In subsequent chapters, the proposed methodologies for TCAD analysis, designing of the ba-

sic framework, its extension to achieve better accuracy and reducing computation time are presented

in detail.
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In this chapter, detailed description about indigenous TCAD framework VEDA (Very Efficient De-

vice Analyzer) to accurately analyze semiconductor devices is presented which incorporates Finite

Element Method (FEM) and its variants. Discontinuous-Galerkin FEM (DG-FEM) and Streamline

upwind Petrov Galerkin FEM (SUPG-FEM) are the variants of FEM discussed in detail in this chap-

ter to improve accuracy of the solution. In DG-FEM, basis functions employed for the discretization

are discontinuous piecewise polynomials. SUPG stabilization technique exhibits an edge over the

classical Scharfetter-Gummel method to solve a convection-diffusion equation. The effectiveness of

the proposed methods are validated by analyzing different semiconductor devices, such as PN junc-

tion diode, MOS capacitor and MOSFET. The simulation results of these devices are compared with

the commercially available TCAD simulator, Sentaurus for validating correctness of the proposed

simulator.

3.1 TCAD Framework using Finite-Element Discretization

The fundamental difference between finite difference method (FDM) and FEM lies in the process

of their discretization as shown in Fig. 3.1. In the discretization process of FEM whole domain

or geometry of a device is divided into a large number of finite small local domains or elements

using a linear basis (or shape) functions [10], [52]. The solution of the function is evaluated over

these local domains to approximate the global solution. In this way, an infinite dimension problem

is converted into a finite dimension problem, which can easily be represented in the form of linear

algebraic equations or a system matrix. This system matrix can solved by employing a suitable direct

or iterative matrix computation method.

A geometrically simple linear element can be chosen as a basis function in FEM, such as triangle,

tetrahedrons, rectangular, cubes, hexahedrons, etc. One such basis function of the form tetrahedron is

exhibited in Fig. 3.2, which can be employed to discretize a three-dimensional geometry. These basis

functions must depend linearly on x, y, z coordinates, and are also defined in such a way that it has

a defined value of “1” for node n (with coordinates as ~pn = {xn, yn, zn}T ) and has “0” value for all
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(b)(a)

Figure 3.1: Comparison of different discretization schemes employed for (a) FDM and (b) FEM.

other mesh nodes. It can be represented as

Ni =
1

6V
(ai + bix+ ciy + diz) (3.1)

where V is the volume of tetrahedral element

Ni(xj, yj, zj) =





1 for i = j

0 for i 6= j

(3.2)

These elements must span the entire geometry in such a way that there exist no empty spaces

in-between without any overlap. Accuracy of approximate final solution depends on the size as well

as on the number of finite elements in the discretized domain [10].

P0

0.0

P1

1.0

P2

1.0

P3

1.0

x

y

z

Figure 3.2: A tetrahedron shape function to be used as an element in FEM

FEM is usually implemented using a continuous Galerkin method of weighted residuals [10]. Galerkin

method describes the finite-dimensional approximation of an infinite-dimensional space, in which a

nonlinear continuous function is termed as strong form and is later converted to weak form. The weak
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form can be interpreted as a function considered to be same for each basis element and the complete

solution of the function is approximated by integrating it over the whole domain. The set of governing

PDEs with boundary conditions is called the strong form of the problem [10]. Here, an example of

second order PDE (1D Poisson’s equation) is described to explain application of FEM in detail.

d2u

dx2
= p0 − Strong form (3.3)

d2u

dx2
− p0 = 0 − Residual form (3.4)

∫ L

0

(
d2u

dx2
− p0

)
vdx = 0 −Weak form (3.5)

The weak form is a variational statement of the problem, which is integrated against a test function.

∫ L

0

d2u

dx2
vdx =

∫ L

0

p0 vdx (3.6)

Integrating above mentioned equation by parts yields

= −
∫ L

0

du

dx

dv

dx
dx+

[
v(L)

du

dx

]x=L

x=0

(3.7)

= −
∫ L

0

du

dx

dv

dx
dx+ v(L)

du

dx
|x=L−v(0)

du

dx
|x=0 (3.8)

Now problem is analyzed locally on each element. Considering finite basis function as {ϕi}Ni=i, it

can be mentioned that

u(x) =
N∑

j=1

cjϕj(x), (3.9)

v(x) =
N∑

j=1

bjϕj(x), (3.10)

Substituting equation 3.9 and equation 3.10 into equation 3.8, the following expression is ob-

tained, ∫ L

0

N∑

j=1

cj
dϕj
dx

(x)
N∑

i=1

bi
dϕi
dx

(x) dx =

∫ L

0

p0

N∑

j=1

bjϕj(x) dx (3.11)
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Equation 3.11 can be rearranged to obtain the following expressions,

N∑

i=1

bi

N∑

j=1

cj

∫ L

0

dϕGTj
dx

dϕi
dx

dx =
N∑

i=1

bi

∫ L

0

p0ϕi dx (3.12)

N∑

j=1

cj

∫ L

0

dϕj
dx

dϕi
dx

dx =

∫ L

0

p0ϕi dx (3.13)

This can be reformulated in the form of a system of linear equations represented by Kc = F ,

where K is a symmetric matrix and c is an unknown vector. The elements of matrix K and vector F

can be obtained by equations 3.14 and 3.15. The solution of Kc = F can be found by employing a

suitable matrix solver.

Kij =

∫ L

0

dϕj
dx

dϕi
dx

dx (3.14)

Fi =

∫ L

0

p0ϕi dx (3.15)

3.1.1 Step-by-Step FEM Formulation of a Second Order 1D PDE

In this section FEM formulation of a second order PDE is described with a simple geometry as

shown in Fig. 3.3. A linear shape function is employed for the formulation to simplify the process.

Total 4 nodes and 3 finite elements are chosen to showcase the example.

1 2 3

1 2 3 4

x=0 x=L

Finite Element
Node

Finite Element

Figure 3.3: A simple 1D geometry to understand the implementation of FEM.

A 1D PDE for the example given is considered which is represented by equation 3.16 and its weak

formulation can be defined by equation 3.17.

d

dx

(
k
dT

dx

)
+ S = 0 (3.16)
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∫ L

0

[
d

dx

(
k
dT

dx

)
+ S

]
w dx = 0 (3.17)

Performing integration by parts on the above mentioned equation leads to the following mathe-

matical expression.

[
wk

dT

dx

]L

0

−
∫ L

0

dw

dx
k
dT

dx
dx+

∫ L

0

Sw dx = 0 (3.18)

The weak formulation presented in equation 3.17 can be expressed as summation of weak formu-

lation over all the individual elements, which can be described as,

∑

e

∫ xj

xi

[
d

dx

(
k
dT

dx

)
+ S

]
w dx = 0 (3.19)

Performing integration by parts of individual elements of equation 3.19 leads to the equation 3.20

given below.

[
wk

dT

dx

]j

i

−
∫ xj

xi

dw

dx
k
dT

dx
dx+

∫ xj

xi

Sw dx = 0 (3.20)

Now, a linear trial function presented by equation 3.21 is chosen, which is valid over each indi-

vidual element,

T = a0 + a1x (Trial Function) (3.21)

at, x = xi, T = Ti and x = xj, T = Tj

Therefore,

Ti = a0 + a1xi (3.22)

Tj = a0 + a1xj (3.23)
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Solving equations 3.22 and 3.23 for a0 and a1,

a1(xj − xi) = Tj − Ti

∴ a1 =
Tj − Ti
xj − xi

(3.24)

a0 = Ti − a1xi = Ti −
Tj − Ti
xj − xi

xi

∴ a0 =
Tixj − Tjxi
xj − xi

(3.25)

Substituting equation 3.24 and 3.25 in 3.21,

T =
Tixj − Tjxi
xj − xi

+
Tj − Ti
xj − xi

x (3.26)

T =

(
xj−x
xj−xi

)

︸ ︷︷ ︸
Ni

Ti +

(
x−xi
xj−xi

)

︸ ︷︷ ︸
Nj

Tj (3.27)

As it is already discussed, the shape function or interpolation function has a peculiar feature of having

value “1” at that particular node and “0” elsewhere, it can be represented in the following manner.

Ni = 1 at node i, ∵ when x => xi, Ni =
xj − xi
xj − xi

= 1 (3.28)

Ni = 0 at node j, ∵ when x => xj, Ni =
xj − xj
xj − xi

= 0 (3.29)

∴ T = NiTi +NjTj (3.30)

T =

[
Ni Nj

]


Ti

Tj


 =

[
N

] [
T

]
(3.31)

A similar expression for the basis function, w can be formulated as follows,

w =

[
Ni Nj

]


wi

wj


 =

[
N

] [
w

]
(3.32)

Since w is a scalar, equation 3.32 can be represented as,
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wT =

[
w

]T [
N

]T
(3.33)

Substituting equations 3.31 and 3.33 in the equation 3.20,

−
[[
w

]T [
N

]T
q
′′

]

︸ ︷︷ ︸
Term 1

−
[
w

]T ∫ [
dN
dx

]T
K

[
dN
dx

]
dx

︸ ︷︷ ︸
Term 2

+

[
w

]T ∫
S

[
N

]T
dx

︸ ︷︷ ︸
Term 3

= 0; (3.34)

Since [w]T is arbitrary, it is just a variation and thus can be omitted from equation 3.34. Now, each

individual term can be computed one by one using the steps given below.

Term 1 =


−



Ni

Nj


 q′′




j

i

= −




0

1


 q′′j +




1

0


 q′′i =




+q
′′
i

−q′′j


 (3.35)

Term 2 =

∫ j

i

k



dNi
dx

dNj
dx



[
dNi
dx

dNj
dx

]
dx =

∫ j

i

k



−1
le

1
le



[
−1
le

1
le

]
dx (3.36)

=
k

l2e




1 −1

−1 1


 (xj − xi) =

k

le




1 −1

−1 1


 (3.37)

Term 3 = S

∫ j

i



xj−x
le

x−xi
le


 dx =



Sle
2

Sle
2


 (3.38)

Substituting all the terms back to equation 3.34 and rearranging them gives us the following expres-

sion, Term 2 = Term 1 + Term 3

K

le




1 −1

−1 1






Ti

Tj


 =



q
′′
i

−q′′j


+ Sle




1/2

1/2


 (3.39)

Later, all the terms for each individual element are assembled to form a global matrix given below.
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


1 −1 0 0

−1 1 + 1 −1 0

0 −1 1 + 1 −1

0 0 −1 1







T1

T2

T3

T4




=




q
′′
1

−q′′2 + q
′′
2

−q′′3 + q
′′
3

−q′′4




+ Sle




1/2

1/2 + 1/2

1/2 + 1/2

1/2




(3.40)

Equation 3.40 exhibits the final system matrix representing linear algebraic equations arising due

to the discretization process of finite element method.

3.1.2 Computational Analysis of FEM

The performance of any discretization method depends upon the amount of accuracy and its compu-

tation time. In this section computational analysis of FEM is discussed in brief. The computational

complexity of FEM can be derived using the pseudocode presented in Algorithm 1. It can be seen that

the final outcome of FEM depends on the number of finite elements considered for a given geometry,

and the choice of basis function or its degree of freedom at each individual element. The higher the

number of finite element or the degree of freedom of basis function is, the more accurate the solution

would be. However, need for the more accurate solution imposes higher computation time penalty on

the solution process and depends on the application.

Algorithm 1: FEM Coefficient Matrix Formulation
Input: E is total no. of elements in problem domain and n is number of degrees of freedom

per element
Output: Coefficient matrix: K

for e→ E, total no. of elements do
for i→ n do

for j→ n do
K[i, j] = K[i, j] + k[i, j]; stiffness matrix

end
end

end
Solve: K[i, j]ui = fi
Matrix Size: E × E

A general form of the matrix formulated in the discretization process of FEM can be presented us-
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ing equation (3.41). It can be seen that the matrix generated by this method is sparse but contains more

number of non-zero elements as compared to FDM. Since the non-zeros elements signify dependency

of elements over other neighboring nodes and depend on the choice of basis function, therefore, a less

sparse matrix tends to give more accurate solution. Although FEM provides a more accurate solution

the error introduced in the discretization process of FEM depends on two main factors; type of basis

function or its degree of freedom and the discretization error while transforming a physical problem

into a finite element model which can be related to modeling the boundary conditions. Therefore, the

above mentioned limitations imposed by FEM provide a good scope of improvising solution accuracy.




1 0 0 0 0 0 0

0 14 −8 1 −8 0 0

0 −8 16 0 0 0 0

0 1 0 14 −8 0 −8

0 −8 0 −8 16 0 0

0 0 0 0 0 1 0

0 0 0 −8 0 0 16







u1

u2

u3

u4

u5

u6

u7




=




f1

f2

f3

f4

f5

f6

f7




(3.41)

In this section, discretization process of a PDE using FEM is discussed in detail. In the next

section implementation details of indigenous TCAD framework and solution obtained from the anal-

ysis of different semiconductor devices using our proposed framework VEDA (Very Efficient Device

Analyzer) is presented.

3.1.3 Implementation Details and Simulation Results

An efficient framework, Very Efficient Device Analyzer (VEDA), to analyze semiconductor de-

vices is developed using finite element discretization method, capable of handling 2D/3D device

geometry. The implementation details of VEDA and its application for the analysis of different semi-

conductor devices are discussed in this section.

PDEs representing classical drift-diffusion model is incorporated in VEDA and are discretized

using FEM. The whole geometry is discretized into small discrete elements to solve the PDEs locally.
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VEDA has the flexibility to select elements of different sizes and shapes. By default, triangular ele-

ments are used to discretize a 2D geometry, whereas 3D geometry can be discretized using tetrahedral

elements. This leads to the formation of a mesh-like structure throughout the geometry in such a way

that no two elements overlap each other. The simulator is capable of generating both uniform and non-

uniform meshes depending on the choice given. The employability of non-uniform mesh at specific

places helps to achieve more accurate results. This results into minimizing computation time with re-

spect to a uniform denser mesh. As we know that the solution of PDEs cannot be parallelized through

standard procedures because of heavy dependency of neighboring nodes on each other. Therefore,

VEDA is parallelized while generating system matrix or stiffness matrix using local matrices of each

element as described in the previous sections. OpenMP is employed to parallelize this process and

a speedup of 1.5x is achieved using Dell Precision T7610 having QuadCore processor and 16 GB

RAM.

During the analysis, all the parameters and quantities are normalized using their standard factors

and are transformed into unit-less parameters and quantities. Table 3.1 presents various normalization

factors and their corresponding values used in the analysis of semiconductor devices.

Table 3.1: List of normalization factors for the quantities of interest.

Parameter Symbol Normalization factor Normalization factor Value
Position coordinate x, y, z Debey Length, LD 9.56685× 10−5cm

Electrostatic potential ψ, φ, VA Vt 0.025875V

Electric field E Vt/LD 270.465V/cm

Carrier densities n, p ni 1.5× 1010cm−3

Donor densities NA, ND ni 1.5× 1010cm−3

For exhibiting effectiveness of the proposed TCAD simulator VEDA, analysis results of a PN

junction diode, MOS capacitor and MOSFET performed by VEDA are validated with the commer-

cially available TCAD device analyzer, Sentaurus. The simulation results obtained for specific device

parameters and geometry are given below for each device under test.
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3.1.3.1 PN Junction Diode

For studying PN junction diode, silicon is selected as a base material. All the other related device

parameters used for the analysis of a PN junction diode are listed in Table 3.2. The uniform and non-

Table 3.2: Device parameters and their values for a PN junction diode.

Device parameters Value
Device Length: P-region, N-region 50 µm

Doping Profile: Nd, Na 1016 cm−3

Mobility of electrons: µn 1350 cm2/V − s
Mobility of holes: µp 480 cm2/V − s
Carrier lifetime: n, p 10−6s

Temperature: T 300K

uniform meshes created by VEDA for a PN junction diode are shown in Fig. 3.4(a) and Fig. 3.4(b),

respectively. It should be noted that a dense mesh is created near the junction (depletion region) to

get more accurate results. Fig. 3.5 exhibits potential profile of a diode at thermal equilibrium without

0 2.5e-05 5e-05 7.5e-05 0.0001

0

2e-05

P - region N - region

(a)

0 2.5e-05 5e-05 7.5e-05 0.0001

0

2e-05

P - region N - region

(b)

Figure 3.4: (a) Uniform mesh over PN junction diode (b) Non-uniform mesh over PN junction diode

applying any bias voltage. It can also be seen from Fig. 3.5 that the built-in potential of a diode is

≈ 0.67V , which validates correctness of the proposed TCAD framework, VEDA. The electric field

inside a diode at thermal equilibrium is shown in Fig. 3.6 and it can be seen that the electric field is

present only at the junction and is zero elsewhere. The total current density for a forward bias voltage

across a diode analyzed by VEDA is shown in Fig. 3.7. It can be seen that diode remains switched

off (cut-off region) as long as the applied voltage is below built-in potential and it gets switched on

once it crosses built-in potential barrier.

A 3D structured PN junction diode is also analyzed with the same device parameters. Non-

uniform meshing using tetrahedral elements throughout the volume of the device as shown in Fig. 3.8
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Potential Profile of a 2D PN Diode

Figure 3.5: Potential profile of a 2D PN junction diode at equilibrium

Figure 3.6: Electric filed inside a PN diode at equilibrium
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Forward biased I-V characteristics of a PN junction diode

Figure 3.7: I-V characteristic of a forward bias PN junction diode

is created. The potential profile for this 3D diode is shown in Fig. 3.9.

3.1.3.2 MOS Capacitor

The device parameters used for the analysis of a 3D MOS capacitor by VEDA are listed in Table

3.3. Figure 3.10 exhibits potential profile inside a MOS capacitor when gate is supplied with positive
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Figure 3.8: Non-uniform meshing for a 3D PN junction diode
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Figure 3.9: Potential profile of a 3D PN junction diode at equilibrium

voltage. The analysis of MOS capacitor also validates correctness of our proposed TCAD analyzer

VEDA for 2D/3D geometries using FEM. The analysis of MOS capacitor is further extended to the

analysis of MOSFET using our proposed TCAD framework VEDA. Analysis results of MOSFET are

presented in the next section.

Table 3.3: Device parameters and their values for a 3D MOS capacitor.

Device parameters Value
Device dimensions: Width, Depth 180 nm

Device dimensions: Length 250 nm
Oxide material SiO2

Temperature: T 300K

3.1.3.3 MOSFET

The 3D model of an n-Channel MOSFET is developed with non-uniform meshing around the

channel so that more accurate results can be obtained at specific regions of importance. Fig. 3.11

exhibits the mesh created for a 3D MOSFET, whereas Fig. 3.12 shows doping profile of an n-Channel
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Potential Profile for a MOS Capacitor

Figure 3.10: Potential profile inside a 3D MOS capacitor

MOSFET. The analysis to obtain output characteristics of a MOSFET at different gate potentials is

performed by VEDA.
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X
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Z
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0
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Figure 3.11: Non-uniform mesh formation inside a 3D MOSFET

Fig. 3.13 presents the comparison of output characteristic obtained using VEDA and commer-

cially available TCAD software Sentaurus. Both the simulations are performed for the same set of

parameters, transport model (Drift-Diffusion) and under similar assumptions for mobility, and re-

combination and generation. It is observed that VEDA and Sentaurus produce similar characteristics,

which validates the accuracy and correctness of our proposed TCAD analyzer VEDA. In the next
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Figure 3.12: Doping profile of a 3D MOSFET

sections, detailed description of the variants of FEM are presented. These variants improve accuracy

and computation time of the semiconductor device analysis significantly.
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Figure 3.13: Comparison of output characteristics for a n-Channel MOSFET.

3.2 TCAD Framework VEDA using DG-FEM

Discontinuous Galerkin (DG) method is a special case of FEM, in which the basis functions em-

ployed for discretization are discontinuous piecewise polynomials. Discontinuous basis functions

efficiently handle interactions between element boundaries to achieve accurate and stable solution for

nonlinear hyperbolic systems. Features like high parallelizability, ease of handling complex geome-
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tries, nonlinear stability and higher order accuracy make this discretization scheme better suitable for

the analysis of semiconductor devices. The discontinuous basis function with a degree of freedom

(DOF) 1 and 2 are as shown in Fig. 3.14 and Fig. 3.15, respectively. The difference in basis functions

for FEM and DG-FEM is also exhibited in Fig. 3.16 and Fig. 3.17, respectively. It can be seen that the

DG-FEM basis functions show discontinuity at nodes, whereas FEM basis functions are continuous

in nature.

p = 0 basis (1 DOF/element)

Figure 3.14: DG basis function with one de-
gree of freedom per element.

p = 1 basis (2 DOF/element)

Figure 3.15: DG basis function with two de-
gree of freedom per element.

x0=0 x1 x2 xn=1

ϕ0
1
(x ) ϕ1

1(x ) ϕ0
3(x ) ϕ1

3(x )

Figure 3.16: Basis function as used in Finite
Element Method.

x0=0 x1 x2 xn=1

û0
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û1
1

û0
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û1
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û0
3

û1
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Figure 3.17: Basis function as used in DG-
Finite Element Method.
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Details of the implementation of DG method [53] are given below. In DG method, a generic conser-

vation equation is chosen which is given below.

∂ũ

∂t
+5 · ~g = 0 (3.42)

Multiplying equation 3.42 with a basis function and integrating it over the whole domain (Ω) yields

the following mathematical expression.

∫

Ω

v
∂u

∂t
dV +

∫

Ω

v5 ·~gdV = 0, ∀v ∈ Φ (3.43)

=
∑

e

∫

e

v
∂u

∂t
dV +

∑

e

(
−
∫

e

5v · ~gdV +

∮

∂e

v~g · ~ndS
)

(3.44)

For the efficient conservation of flux at the boundary, two different operators, Jump and Average, are

defined with respect to the normal ~n+ = ~n =−~n− (+ and− denotes outflow and inflow, respectively).

Jump and Average operators are described below.

Jump operator : [v]xk = vIk(xk)− vIk+1
(xk)

Average operator : {v}xk =
1

2
(vIk(xk) + vIk+1

(xk))
(3.45)

Substituting equation 3.45 in the equation 3.44 results into the following expression.

=
∑

e

∫

e

v
∂u

∂t
dV −

∑

e

∫

e

5v · ~gdV +
∑

f

∫

f

[v]{~g}+ [~g]{v}dS (3.46)

DG discretization is then defined as

∑

e

v
∂u

∂t
−
∑

e

∫

e

5v · ~gdV +
∑

f

∫

f

γ(ũ+, ũ−, v+, v−, ~n)dS = 0, ∀v ∈ Φ (3.47)

The function parameter, γ, is required to have following properties: i) stability, ii) consistent i.e.

u+ = u− = ũ, and iii) conservative i.e. weight, W = 1 ∀x ∈ e, W = 0 ∀x /∈ e.

The mathematical formulation of equation (3.42) using DG-FEM is given below.

∑

e

∫

e

v
∂u

∂t
−
∑

e

∫

e

5v · ~gdV +
∑

f

∫

f

γ(ũ+, ũ−, v+, v−, ~n)dS = 0, ∀v ∈ Φ (3.48)

The solution of equation 3.42 can be described as the summation of local solution of each individual
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element shown below.

u =
∑

e

ue (3.49)

The above mentioned formulation can be transformed to a set of linear algebraic equations in a

similar manner discribed in Section 3.1.1. Implementation and simulation results of VEDA using

DG-FEM is presented in the next section.

3.2.1 Implementation Details and Simulation Results

In this section, our proposed framework VEDA to analyze semiconductor devices based on DG-

FEM is presented, which is capable of solving 2D device geometries incorporating five fundamental

device equations resulting from Drift-Diffusion model. Discretization process of DG-FEM is similar

to FEM as discussed in the previous sections. Just like FEM, DG-FEM also has the flexibility to select

elements of different size and shape, capable of generating both uniform and non-uniform mesh struc-

tures. Although triangular elements have been chosen in this analysis to discretize 2D geometry, our

proposed TCAD simulator VEDA supports linear, triangular and quadrilateral basis functions as well.

The choice of triangular elements helped us to prove the effectiveness of the proposed methodology

to analyze semiconductor devices correctly. The proposed TCAD simulator is parallelized during

formulation of system matrix similar to FEM method as described in the previous sections. OpenMP

directives are employed to achieve parallelization, and a speedup of 1.4x is obtained using Dell Pre-

cision T7610 having QuadCore processor and 16 GB RAM. Future work on the parallelizing of the

solution of the system matrix is anticipated to improve the performance of our proposed TCAD ana-

lyze VEDA. The correctness of the proposed simulator VEDA is validated by comparing the solution

of a PN junction diode obtained by VEDA with the solution of the same PN junction diode extracted

using commercially available TCAD analyzer Sentaurus [2].

3.2.1.1 PN Junction Diode

Various parameters used to analyze a silicon-based PN junction diode are shown in Table 3.4. Fig.

3.18 and Fig. 3.19 show the formation of uniform and non-uniform mesh for a PN junction diode,
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respectively. Potential profile inside a diode at thermal equilibrium is shown in Fig. 3.20. The built-in

potential of a PN junction diode is found to be ≈ 0.67V . The total current density for a forward

bias voltage is as shown in Fig. 3.21. Our proposed TCAD simulator VEDA also supports complex

geometries, such as FinFET and GAAFET etc., and the work can be extended for the analysis of

these devices with a detailed study of their physical phenomenon. The work presented here validates

the working principle of the discretization methodology DG-FEM along with its performance i.e.

accuracy and computation time as compared to FEM.

Table 3.4: Various device parameters used for a PN diode.

Device Parameters Value
Length of P-region 30 µm
Length of N-region 70 µm

Doping Profile: Na, Nd 1016 cm−3

Hole Mobility: µp 480 cm2/V − s
Electron Mobility: µn 1350 cm2/V − s

Temperature: T 300K

0 2e-05 4e-05 6e-05 8e-05 0.0001
0

2e-05

P-Side N-Side

Figure 3.18: Uniform mesh over PN junction
diode.
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Figure 3.19: Non-uniform mesh over PN junc-
tion diode.
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Figure 3.20: Potential profile of a 2D PN junc-
tion diode at equilibrium.
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Figure 3.21: Forward biased current-voltage
characteristics of a PN junction diode.
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3.3 TCAD Framework VEDA using SUPG Stabilization Tech-
nique

Streamline upwind Petrov-Galerkin (SUPG) stabilization technique is another variant of FEM

[54], [55], which is used to calculate flux and flow of charges in the semiconductor device efficiently.

SUPG stabilization technique is proved to be better than the classical Scharfetter-Gummel method

to solve a convection-diffusion problem. The semi-classical Drift-Diffusion model is employed to

analyze semiconductor devices along with different models for carrier generation-recombination and

mobility. SUPG technique enables coarse unstructured mesh to get accurate results which effectively

reduces computation time due to fewer calculations as compared to FEM and DG-FEM. Analytical

results for the different mesh sizes and degree of polynomials in the basis functions are presented for

a PN junction diode to prove effectiveness of the proposed method in the analysis of semiconductor

devices.

3.3.1 Formulation of Drift-Diffusion equation using SUPG method

The transport and continuity equations from Drift-Diffusion model is employed to understand the

formulation of SUPG based discretization scheme as follows,

Jn = qnµnE + qDn5 n (3.50)

∂n

∂t
=

1

q
5 ·Jn +Rn (3.51)

Considering a static analysis, equations 3.50 and 3.51 can be clubbed together to form an advection-

diffusion equation which can be expressed as,

1

q
5 ·(qnµnE + qDn5 n) = −Rn (3.52)

5 · (nµnE +Dn5 n) = −Rn (3.53)

Equation 3.53 can be reformulated for Function, F and residual, r and is mentioned below.

Function, F = 5 · (nµnE) +5 · (Dn5 n) = −Rn (3.54)

resiudual, r = 5 · (nµnE) +5 · (Dn5 n) +Rn (3.55)
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The Function, F and residual, r expressed in the variational form to be used in the FEM formulation

are given below.

r = µ · dot(E,5n)−D · 5(5n)−Rn (3.56)

F = D · n · dot(E,5v) · dx+ µ · dot(5v,5n) · dx−Rn · v · dx (3.57)

vnorm = sqrt(dot(E,E)) (3.58)

h = 2.0 · Circumradius(triangle) (3.59)

delta = h/(2.0 · vnorm) (3.60)

F = F + delta · dot(E,5v) · r · dx (3.61)

where, dot(a, b) denotes dot product of a and b; vnorm is normalization; h denotes the mesh size,

and in this particular analysis triangular mesh elements are used.

3.3.2 Simulation Results

As we know, SUPG technique helps to calculate flow of the charge in the device. For a given mesh,

SUPG technique takes 11 iterations to converge to the final solution as compared to 19 iterations

without employing SUPG. This also implies that the mesh spacing with SUPG can be made coarser

to get better solution.

3.3.2.1 PN Junction Diode

The structure of PN junction employed during the analysis of DG-FEM is used for the simulation

using VEDA enabled with SUPG technique. It is observed that the similar solution is produced but

with less number of iteration (11 using SUPG as compared to 19 in DG-FEM). Fig. 3.22 shows the

maximum error obtained during the simulation of Poisson’s equation with different Lagrange finite

elements ranging degree of freedom from 1-5. It is also seen that the amount of maximum error is

reduced with the increase in the degree of polynomials for Lagrange elements. It is observed that the

error decreases with smaller mesh sizes.

Fig. 3.23 presents the accuracy-convergence product (normalized error x computation time) of a
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Figure 3.22: Error analysis of finite element method with different degree of Lagrange elements.

2D Poisson’s equation. It can be observed that, at first, when mesh size decreases the normalized error

decreases at a faster rate w.r.t. increase in computation time. With further decrease in mesh size the

normalized error reaches saturation, so that the increase in computation time is more w.r.t. decrease

in error.
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3.4 Quantum Simulations with Schrödinger-Poisson Solver

In the nano regime, analysis of semiconductor devices becomes very complex and compute inten-

sive due to nonlinear short channel effects. Because of this, semi-classical Drift-Diffusion model fails

to get desired level of accuracy in the nano regime. In order to efficiently model secondary or ter-

tiary effects in the device at nano regime, it becomes imperative to analyze quantum transport model

such as, the Schrödinger and Poisson’s, in which equations are analyzed self-consistently to predict

electrical behaviour of the nano scale devices. The procedure to obtain self-consistent solution of

Schrödinger-Poisson’s equation is presented in [56] using finite difference method. In the proposed

work, similar model is analyzed using finite element method extending the capabilities of VEDA to

simulate semiconductor devices in the nano regime. The model used for the analysis is presented

below.

Schrödinger Equation:

− h̄
2

2

d

dx

(
1

m∗(x)

d

dx

)
ψ(x) + V (x)ψ(x) = Eψ(x) (3.62)

where V is the potential energy; E is the energy; ψ(x) is wave function; m∗ is the effective mass and

h is Planck’s constant.

Poisson’s Equation:

d

dx

(
εs(x)

d

dx

)
φ(x) =

−q[n− p+ND −NA]

ε0
(3.63)

The relationship between the potential energy V and the electrostatic potential φ in a quantum well

of random potential energy profile is given below.

V (x) = −qφ(x) +4Ec(x) (3.64)
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4Ec(x) is the pseudo-potential energy due to the band-offset at the interface. The relationship be-

tween wave function ψ(x) and electron density n(x) can be described as

n(x) =
k=1∑

m

ψ∗k(x)ψk(x)n(k) (3.65)

where m defines the number of bound states, and nk is electron occupation for each state. The

concentration of electron for each individual state can be determined as

n(k) =
m∗

πh̄2

∫ ∞

Ek

1

1 + exp(E−EF )/KT
dE (3.66)

where Ek is eigen energy for kth state.

The above mentioned quantum transport model is employed to analyze a heterostructure and a

MOS capacitor with dimensions in the nano regime. The simulation results corresponding to test

heterostructure (GaAs/AlGaAs Heterostructure) and MOS capacitor are presented in the next section.

3.4.1 GaAs/AlGaAs Heterostructure

The device structure of GaAs/AlGaAs presented in [56] is shown in Fig. 3.24. Meshing of

GaAs/AlGaAs device structure is shown in Fig. 3.25. Further, Figs. 3.26 and 3.27 showcase electron

density profile and the potential profile inside the device, respectively. Figs. 3.28 and 3.29 present

wavefunctions k = 1 for the first eigen value and k = 2 for the second eigen value, respectively.

150 Å      GaAs    ND = 1e18

200 Å      AlGaAs    ND = 1e18

50 Å      AlGaAs

500 Å      GaAs

Figure 3.24: Structure of a GaAs/AlGaAs
used in simulation.

Figure 3.25: Meshing used in the simulation.
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Figure 3.26: Electron density profile inside
GaAs/AlGaAs heterostructure.
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Figure 3.27: Potential profile.
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Figure 3.28: Wavefunction k = 1 for first
eigen value.
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Figure 3.29: Wavefunction k = 2 for second
eigen value.

3.4.2 MOS Capacitor

Different parameters used to analyze silicon based MOS capacitor are shown in Table 3.5. Fig.

3.30 presents geometry of MOS capacitor and non-uniform meshing employed for the analysis. Figs.

3.31 and 3.32 show CV characteristics of MOS capacitor for 3nm and 8nm oxide thickness, respec-

tively. Figs. 3.33 and 3.34 present the inversion charge for 3nm and 8nm oxide thickness of MOS

capacitor, respectively.

Table 3.5: Various device parameters used for a MOS Capacitor.

Device Parameters Value
Length of Oxide 3 nm

Length of Substrate 50 nm
Doping Profile: Na 1017 cm−3

Hole Mobility: µp 480 cm2/V − s
Electron Mobility: µn 1350 cm2/V − s

Temperature: T 300K
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Figure 3.30: MOS-Capacitor used for simulation
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Figure 3.31: CV characteristics of a MOS
with 3nm oxide thickness.
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Figure 3.32: CV characteristics of a MOS
with 8nm oxide thickness.
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Figure 3.34: Inversion Charge for a MOS with
8nm oxide thickness.

The simulation results presented in this section validate the correctness of our proposed TCAD

framework VEDA for the modeling of carrier transport in nano regime. The outcome of the VEDA is

verified with open source analysis engines and is found to be correct. In the next section, performance

analysis of all the discretization schemes introduced in this chapter is presented. The main objective

of the extension of VEDA using DG-FEM and SUPG is to prepare an indigenous setup for the analysis

of semiconductor devices aiming improvement in accuracy and computation time. Further extension
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of VEDA is to improvise its capabilities in semiconductor device analysis at nano regime.

3.5 Performance Analysis of Different Discretization Schemes

An analysis of all the implemented discretization schemes is performed to compare accuracy of

solution and computation time. The threshold criterion to achieve convergence is kept same for all

the discretization methodologies. The only significant difference can be observed in the computation

time or the number of iterations required to obtain final solution. Table 3.6 presents comparison of

computation time for different discretization schemes having same geometry and threshold criterion.

Table 3.6: Comparison of computation time for different discretization schemes.

Mesh Size
(# elements or nodes)

Discretization Schemes
FDM FEM DG-FEM SUPG

100 Not Converged Not Converged Not Converged 0.211267
500 0.588974 0.45719 0.34817 0.337181
1000 0.75165 0.859708 0.560451 0.57438
2000 1.642170 1.364064 1.03399 0.84727
5000 6.078355 3.23607 2.5299 2.4638
10000 31.76503 10.4885 8.98808 8.67359

It can be observed from Table 3.6 that FEM with SUPG outperforms all the remaining discretiza-

tion schemes with least computation time. It is also observed that for the less number of elements in

the geometry, only SUPG would converge to the final solution, where as all remaining fails to achieve

the same, which makes SUPG a suitable discretization methodology for the analysis of semiconductor

devices.

3.6 Summary

In this chapter, implementation details of indigenously developed semiconductor device simu-

lator VEDA is presented and its performance is compared with the currently available open-source

and commercial simulators for correctness and reliability. Our proposed framework employs differ-

ent discretization methodologies, such as finite element method, Discontinuous-Galerkin FEM, and

FEM with SUPG stabilization technique to discretize partial differential equations. The proposed

framework incorporates classical drift-diffusion model and quantum Schrödinger-Poisson model and
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analyzes various fundamental device equations efficiently. The framework is capable of producing

uniform and non-uniform mesh structures through out the geometry. The correctness, efficiency and

reliability of our proposed device analyzer VEDA is validated by analyzing different semiconductor

devices, such as PN junction diode for both 2D and 3D geometry, MOS capacitor, and MOSFET. Var-

ious electrical properties, such as potential profile, electric field and total current density are derived

through the analysis and semiconductor devices in nano regime are also analyzed efficiently. VEDA

is parallelized on a shared memory platform and a speedup of 1.5x is achieved.
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4. An Accurate and Adaptive Framework based on EFG Method

This chapter presents the implementation of a highly accurate and adaptive framework based on

Element-Free Galerkin Method to analyze semiconductor devices. In EFG method, a set of nodes

are scattered throughout the domain to formulate algebraic equations representing carrier transport

in semiconductor devices without employing mesh for domain discretization. The correlation among

neighboring field nodes for mesh generation is not required apriori to formulate linear algebraic equa-

tions and thus makes this method more adaptive. The primary difference between FEM and EFG lies

in the construction of their shape functions. In FEM, elements are used to construct shape functions

which are identical for all the similar elements. The shape function can be chosen before beginning

of analysis by predetermining its value. However, in EFG method, shape functions are constructed

uniquely for each point of interest to achieve more accurate results. The solution provided by the

proposed methodology is compared with other discretization techniques including the methodology

adopted by commercially available TCAD simulator, Sentaurus [2]. Accuracy of the solution obtained

by the proposed methodology is approximately 10× better as compared to the solution provided by

Sentaurus.

4.1 Proposed Implementation of EFG Method for Device Analy-
sis

In the meshfree method, a number of nodes are distributed within the domain including its bound-

aries for discretization. A different sub-domain is formulated for each node to formulate linear al-

gebraic equations from partial differential equations (PDEs) under consideration. It makes meshfree

method favorable for highly accurate and adaptive analysis of PDEs and also generates favorable

conditions for the parallelization of the solution. In this chapter, Meshfree or Element-Free Galerkin

(EFG) method is extended for the analysis of coupled PDEs, and later it is employed to incorporate

into our proposed framework, VEDA (Very Efficient Device Analyzer) for the analysis of semi-

conductor devices. For validating the effectiveness of the proposed framework, the semi-classical

transport model (Drift-Diffusion) is incorporated for the analysis of semiconductor devices. Drift-

Diffusion (DD) model consists of five fundamental equations describing two vital phenomena; i)

transport mechanism governing the flow of charges carriers, ii) electric field based on static charges.

62

TH-2607_126102004



4.1 Proposed Implementation of EFG Method for Device Analysis

Both these phenomena are strongly coupled to each other, and therefore, it is imperative to analyze

model equations self-consistently. The results obtained through VEDA validates the effectiveness of

the applicability of meshfree method in the analysis of semiconductor devices.

For the solution of PDEs, many well-known methods, such as FDM, FEM, FVM, and MWS

have been developed in the past. All of these methods depend on mesh generation for discretization,

which makes them susceptible to various numerical errors. These issues are addressed by employing

Element-free Galerkin method to formulate a system of linear algebraic equations. A comparative

study of EFG and other discretization schemes is already presented in Table 2.1 to venture its dom-

inance using four vital parameters termed as mesh generation, adaptability, range of problems and

accuracy [43], [44]. Due to the absence of finite elements in the discretization, it is called the el-

ement free method. It is to be noted that EFG and meshfree are used interchangeably in this text.

Since EFG method is said to be the more evolved version of FEM, it becomes imperative to discuss

their distinguish features to validate the efficiency of EFG over FEM. Fig. 4.1 presents the different

discretization schemes for FEM and EFG method. It can be observe that FEM employs dividing the

whole geometry into number of finite small elements, where as EFG make use of scattered nodes to

cover the whole domain. The main advantage of EFG comes from the deployment of these scattered

nodes only, where correlation between neighboring nodes are defined by local support domain, which

is discussed briefly in the subsequent section. This process flow of discretization for the analysis can

be best understood using Fig. 4.2 comparing both FEM and EFG methods.

Apart from the differences, both these schemes works on the weak form of a PDE to formu-

late the discretization. Weak-form PDEs requires a weaker consistency of the approximate function.

Discretization of weak form PDEs can produce a stable set of equations to achieve better solution

accuracy. The central principle behind the creation of weak-form is the weighted residual method

which is more general and powerful mathematical tool developed to discretize PDEs. Different meth-

ods are reported in the literature based on the strong and weak forms of partial differential equations,

and have already been discussed in Chapter 2, Fig. 2.7.
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(a) (b)

Figure 4.1: Different discretization schemes employed for (a) FEM and (b) Element Free Method
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Figure 4.2: Flowchart of EFG and FEM implementation

4.2 Element-Free Galerkin Method

The Element-Free Galerkin (EFG) is a meshfree or meshless method in which a finite number of

nodes are scattered within the problem domain and on its boundary to generate a system of discrete
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equations corresponding to PDEs. These equations are used to evaluate unknown field function of

PDEs. EFG employs Moving Least Square (MLS) method to approximate unknown field function.

MLS method is composed of three main constituents, a weight function associated with each node,

a basis function or the polynomial and a set of coefficients depending on the position. The weight

function as mentioned above is non-zero over a small domain around a node called its support domain,

and zero elsewhere. This support domain of a node also signifies its domain of influence, the domain

over which it contributes to the approximation. The connectivity between two particular nodes is

defined by the overlap of their respective domain of influence. Fig. 4.3 shows local support domain

around the point of interest for a given problem domain.

The distinguishing feature of EFG is the construction of its shape functions. In FEM, elements

are used to construct shape functions which are identical throughout the geometry. The choice of

shape function can be made before the beginning of analysis by predetermining its value. However,

in the EFG method, shape functions are constructed uniquely at each point of interest to achieve more

accurate results.

Field nodes

Background cell for quadrature

Γ

Support Domain ΩI

×
×

×: point of interest

Problem domain Ω

Figure 4.3: Local support domains used in the MFree method to construct shape functions.

The basic fundamentals required to formulate EFG method are described below.

(i) Problem Domain is a geometric area which is considered for the analysis.

(ii) Field Nodes are the set of nodes scattered within the problem domain and its boundaries. These
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nodes depend only on the local support domain (explained below) for interpolation or approx-

imation. The correlation among neighboring field nodes for mesh generation is not required

apriori to formulate linear algebraic equations. The field nodes carry information of field vari-

ables or functions in an EFG formulation to generate a meshfree environment.

(iii) Local Support Domain at any particular point of interest signifies the total number of nodes

contributing to approximate function at that point. The shape or dimension of local support

domain can be different at different points depending on the desired accuracy.

(iv) Weight Function represents the weak or variational form of a problem. As we know, the quality

of the solution depends on the selection of weight function. The approach is called Galerkin’s

method when the chosen weight function is similar to the shape function.

(v) The formulation of Shape Function is an integral part for the approximation of field variables.

Shape functions in EFG are different for different nodes and are formulated independently for

each node. Although this is a compute-intensive process, it is compensated by the increase in

accuracy due to locally defined shape functions. A shape function in EFG can be constructed

by using various methods, such as Moving Least Square (MLS), and Radial Point Interpolation

method (RPIM). In this chapter, EFG with MLS and RPIM methods is employed to develop a

framework to analyze semiconductor devices. It is observed that MLS exhibits better accuracy

as compared to RPIM. Detailed results are presented in Section 4.5 supporting the same.

The computational complexity of EFG can be estimated by the formulation and size of its stiffness

matrix, which is expressed in the form of pseudocode in Algorithm 2. An example matrix formulated

in the discretization process of EFG is presented in equation (4.1). It can be seen that the matrix

generated by this method is more dense as compared to the stiffness matrices generated by FDM

and FEM. This matrix can be analyzed by using any state-of-the-art sparse matrix solver taking more

computational time as compared to FDM and FEM. It can be interpreted from the previous discussion

that the accuracy of the solution depends on the quality of the stiffness matrix, and EFG outperforms

both FDM and FEM in this regard.
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Algorithm 2: EFG Coefficient Matrix Formulation
Input: Total no. of nodes in problem domain and local domain: n and m
Output: Coefficient matrix: K

for i→ n, total no. of nodes do
for j→ m, no. of nodes in sub-domain do

for k→mk do
for l→ml do

W [k, l] = W [k, l] + w[k, l]; weight function
ΦI,x = pT,xA

−1BI + pT (A−1
,x BI + A−1BI,x); shape function

end
end
K[k, l] = K[k, l] + k[k, l]; stiffness matrix

end
end
Matrix Size: N ×N , where N = 2× n




7.7356 −5.4998 −2.1535 −0.0823 0 0 0

−5.4998 8.7523 −1.1949 −1.9753 −0.0823 0 0

−2.1535 −1.1949 6.7023 −1.2346 −2.037 −0.0823 0

−0.0823 −1.9753 −1.2346 6.5844 −1.2346 −1.9753 −0.0823

0 −0.0823 −2.037 −1.2346 6.7023 −1.1949 −2.1535

0 0 −0.0823 −1.9753 −1.1949 15.419 −12.166

0 0 0 −0.0823 −2.1535 −12.166 14.402







u1

u2

u3

u4

u5

u6

u7




=




f1

f2

f3

f4

f5

f6

f7




(4.1)

The need of the hour in the current scenario is to employ a method which not only can improve

accuracy of the solution but also provides sufficient base for the parallelization of the solution of linear

algebraic equations arising from the analysis of semiconductor devices. EFG naturally qualifies as a

strong candidate to be employed in the solution of novel semiconductor devices. The incorporation

of EFG in the TCAD simulator, VEDA, is an endeavour to provide scientific community an efficient

platform to study novel device structures.
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4.2.1 MLS Approximation

Moving least square approximation is a technique used to formulate shape functions for curve

fitting. One of the most significant properties of MLS approximation is that its continuity is directly

proportional to the continuity of weight function. This property enables the approximate function to

inherit continuity of the weight function, even if the continuity of MLS basis function is different from

the continuity of weight function. Therefore, a basis function with lower order polynomial, such as

a linear function, can be utilized to achieve better convergence and more accurate results. The MLS

approximation is explained below in detail for completeness.

Let ψ(x) be the function of field variable over domain Ω and its approximation is described by

ψ(x) =
m∑

i=0

pi(x)ai(x) = pT (x)a(x) (4.2)

where pi(x) is a given monomial in the polynomial basis function in coordinate space xT =[
x y

]
and m is the number of monomials in the basis function. It is to be noted that ψ(x) is a vector

and can be expressed as ψT =

[
ψ1 ψ2 · · · ψn

]
. In equation (4.2), basis function vector p(x) and

the coefficient vector a(x) are defined as, respectively,

pT (x) =

[
p0(x) p1(x) · · · pm−1(x) pm(x)

]
(4.3)

aT (x) =

[
a0(x) a1(x) · · · am−1(x) am(x)

]
(4.4)

In two dimensional (2D) space, linear basis functions is expressed as

pT (x) =

[
1 x y

]
and m = 3 (4.5)

It is assumed that the local support domain of x contains n local nodes (xI) around its neighbor-

hood. Approximate values of field variables calculated as the contribution of xI in the local support

domain can be described as

ψhL(x, xI) =
m∑

j=0

pj(xI)aj(x) = pT (xI)a(x) (4.6)

Equation (4.2) can be analyzed to estimate a(x) using weighted residual method [44] by minimiz-
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ing the following weighted least square formulation,

J =
n∑

I=1

w(x− xI)[pT (xI)a(x)− ψ(xI)]
2 (4.7)

where w(x − xI) is the weight function. The significance of weight function is exhibited when

nodes in the local support domain of x are more than monomials in the basis function pT (x). The

minimization of J with respect to a(x) yields a set of linear algebraic equations governed by

A(x)a(x) = B(x)ψ(x) (4.8)

a(x) = A−1(x)B(x)ψ(x) (4.9)

where A(x) and B(x) are, respectively,

A(x) =
n∑

I=1

w(x− xI)p(xI)pT (xI)

= w(x− x1)




1 x1 y1

x1 x2
1 x1y1

y1 x1y1 y2
1




+

w(x− x2)




1 x2 y2

x2 x2
2 x2y2

y2 x2y2 y2
2




+

· · ·+ w(x− xn)




1 xn yn

xn x2
n xnyn

yn xnyn y2
n




(4.10)

The similar expression can be obtained for B(x). Using equations (4.9) and (4.2), ψ(x) formulation
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is expressed as

ψ(x) =
n∑

I=1

m∑

i=0

pi(x)(A−1(x)B(x))iIψI

=
n∑

I=1

ΦI(x)ψI = Φ(x)ψ (4.11)

where Φ(x) is shape function vector and φI(x) is the shape function at the I th node, which is defined

as

ΦI(x) =
m∑

i=0

pi(x)(A−1(x)B(x))iI = pTA−1BI (4.12)

The spatial derivative of the shape function is presented by

ΦI,x =
m∑

i=0

[pi,x(A
−1B)iI + pi(A

−1
,x B + A−1B,x)iI ]

= (pTA−1BI),x

= pT,xA
−1BI + pT (A−1

,x BI + A−1BI,x) (4.13)

The similar expression can be obtained for ΦI,y. Here A−1
,i and BI,i are evaluated using the following

expressions given below.

A−1
,i = −A−1A,xA

−1 (4.14)

BI,i(x) =
dw

di
(x− x)p(xI) (4.15)

where the index succeeding comma is a spatial derivative.

4.2.2 The Weight Function

The most important part of EFG formulation is the selection of weight function because it directly

affects the accuracy of Ψh(x). Weight function is nonzero only within a small region of xI , which is

also known as its domain of influence. In this chapter, we have employed cubic spline weight function

as a function of normalized radius, r described in equation 4.16.
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w(r) =





2
3
− 4r2 + 4r3 for r ≤ 0.5

4
3
− 4r + 4r2 − 4

3
r3 for 0.5 < r ≤ 1

0 for r > 1

(4.16)

where r = dI
dmI

. In this equation, dmI is the size of domain of influence of I th node and dI =

‖x− xI‖. Further, dmI is also defined as

dmI = dmaxcI (4.17)

where dmax is the scaling parameter ranging from 2.0 − 4.0. In this chapter, dmax is considered to

be 3.5 for the analysis of semiconductor devices. cI is the maximum distance from I th node to the

neighboring nodes in its domain of influence. For estimating cI , it is mandatory to have at least two

nodes in the domain of influence of I th node. The spatial derivative of weight function at I th node is

determined using an equation given below.

dwI
dx

=
dwI
dr

dr

dx
(4.18)

Using equation (4.16), equation (4.18) is further simplified as

dwI
dx

=





(−8r + 12r2)sign(x− xI) for r ≤ 0.5

(−4 + 8r − 4r2)sign(x− xI) for 0.5 < r ≤ 1

0 for r > 1

(4.19)

The use of MLS approximation and weight function in the formulation of EFG method for semi-

conductor devices is presented in the next section.

4.3 Application of EFG method for the Analysis of Semiconduc-
tor Devices

This chapter presents application of EFG method to develop a framework for the accurate analysis

of semiconductor devices. In this section, implementation of EFG method to analyze Drift-Diffusion
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model represented in the form of partial differential equations is described in detail. The five funda-

mental equations of the Drift-Diffusion model can be categorized as

(i) Poisson equation

∇ · (−ε∇ψ) = ρ, (4.20)

where ρ = q[p− n+Nd −Na],

(ii) Transport equations

Jn = qnµnE + qDn∇n (4.21)

Jp = qpµpE − qDp∇p, (4.22)

(iii) Continuity equations

∂n

∂t
=

1

q
∇ · Jn + Un,

∂p

∂t
= −1

q
∇ · Jp + Up, (4.23)

where µ and D are mobility and diffusion coefficient, respectively; U is net generation and recombi-

nation rate; ψ and E are electrostatic potential and electric field, respectively; n, p are electrons and

holes concentration, respectively; J , and q are current density and elementary charge, respectively;

Nd and Na are donar and acceptor concentration, respectively.

A general two-dimensional second order differential equation with problem domain Ω and boundary

Γ is represented as

∇2V = −f (4.24)

where,∇2 is the laplacian operator given by

∇2 =
d2

dx2
+

d2

dy2
(4.25)
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Equation (4.24) can be expressed in the matrix form as



d2

dx2
+ d2

dy2
0

0 d2

dy2
+ d2

dx2






V1

V2


+



f1

f2


 = 0 (4.26)




d2

dx2
0

0 d2

dy2






V1

V2


+




d2

dy2
0

0 d2

dx2






V1

V2


+



f1

f2


 = 0 (4.27)

LT1L1V + LT2L2V + F = 0 (4.28)

LV + F = 0 in Ω (4.29)

( ~E1 + ~E2) · n̂ = τ on Γn (4.30)

V = v on Γe (4.31)

where Γn and Γe denotes the natural (Neumann) and essential (Dirichlet) boundaries of problem

domain Ω. n̂ is the unit normal vector perpendicular at a point on the natural boundary (Γn). L1 and

L2 are the matrix differential operators which can be represented as

L1 =




d
dx

0

0 d
dy


 and L2=




d
dy

0

0 d
dx


 (4.32)

The electric field distribution vector ~E, scalar field vector V and input F are denoted as,

~E1 = −L1V1 and ~E2 = −L2V2 (4.33)

F T =

[
f1 f2

]
(4.34)

V T =

[
V1 V2

]
(4.35)
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4.3.1 Discretization of Poisson Equation

In this section, 2D Poisson’s equation given in equation 4.20 is discretization using EFG method. The

equation 4.20 can be reformulated as

∇ · (ε∇ψ) + ρ = 0, or ∇ · (∇ψ) + θ = 0 (4.36)

where θ = ρ/ε.

In order to obtain discretized system of equations using EFG method, differential equations are

first converted to their integral forms by employing weighted residual method. The integral formu-

lation of a differential equation improves stability and accuracy of the solution by removing possible

errors caused by function approximations. The integral form of the equation 4.36 can be represented

as ∫

Ω

δψT∇ · (∇ψ)dΩ +

∫

Ω

δψT θdΩ = 0 (4.37)

where ψ and δψ are the shape and test function, respectively. The Galerkin weak-form for the equation

4.37 can be described as
∫

Ω

(L1δψ)T (L1ψ)dΩ +

∫

Ω

(L2δψ)T (L2ψ)dΩ

−
∫

Ω

(δψ)T θdΩ−
∫

Γn

(δψ)T τdΓ

−
∫

Γe

(δλ)T (ψ − ψ)dΓ−
∫

Γe

(δψ)TλdΓ = 0

(4.38)

where λ is Lagrange multiplier used to enforce essential boundary conditions in the EFG method.

In order to analyze equation 4.38, the problem domain Ω is discretized into field nodes for the ap-

proximation of electrostatic potential in Poisson’s equation. For the purpose of simplicity, equation

4.38 can be sub-divided into following terms.

I1 =

∫

Ω

(L1δψ)T (L1ψ)dΩ +

∫

Ω

(L2δψ)T (L2ψ)dΩ

I2 =

∫

Ω

(δψ)T θdΩ

I3 =

∫

Γn

(δψ)T τdΓ
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I4 =

∫

Γe

(δλ)T (ψ − ψ)dΓ

I5 =

∫

Γe

(δψ)TλdΓ

The MLS shape function is employed for the approximation of the potential at the field nodes

within its local support domain. The approximate potential for a local support domain containing n

points is

δψh2x1 =



δψx

δψy


 =




Φ1 0 · · · Φn 0

0 Φ1 · · · 0 Φn







δψ1x

δψ1y

...

δψnx

δψny




= Φ(2x2n)δψ(2nx1) =
n∑

I=1




ΦI 0

0 ΦI






δψIx

δψIy


 =

n∑

I=1

ΦIδψI

(4.39)

Using equations 4.32 and 4.39, L1δψ
h can be formulated as

L1δψ
h =L1(2x2)Φ(2x2n)δψ(2nx1)

=




d
dx

0

0 d
dy







Φ1 0 · · · Φn 0

0 Φ1 · · · 0 Φn







δψ1x

δψ1y

...

δψnx

δψny




=



dΦ1

dx
0 · · · dΦn

dx
0

0 dΦ1

dy
· · · 0 dΦn

dy







δψ1x

δψ1y

...

δψnx

δψny




(4.40)
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L1δψ
h = D1(2x2n)δψ(2nx1) =

n∑

I=1

D1IδψI (4.41)

Similarly, L2δψ
h can be expressed as

L2δψ
h = D2(2x2n)δψ(2nx1) =

n∑

I=1

D2IδψI (4.42)

Using equations 4.38, 4.41 and 4.42, I1 can be formulated as

I1 =

∫

Ω

[
n∑

I=1

D1IδψI

]T [ n∑

J=1

D1JψI

]
dΩ+

∫

Ω

[
n∑

I=1

D2IδψI

]T [ n∑

J=1

D2JψI

]
dΩ

=

∫

Ω

[
n∑

I=1

n∑

J=1

δψTI

(
DT

1ID1J +DT
2ID2J

)]
ψJdΩ

(4.43)

I1 =
n∑

I=1

n∑

J=1

δψTI

[∫

Ω

(
DT

1ID1J +DT
2ID2J

)
dΩ

]
ψJ

=
n∑

I=1

n∑

J=1

δψTI KIJψJ

(4.44)

where KIJ is the nodal stiffness matrix and is defined as

KIJ =

∫

Ω

(
DT

1ID1J +DT
2ID2J

)
dΩ (4.45)

Redefining limits of summation in equation 4.44 for the entire problem domain transforms it to the

following form.

I1 =
N∑

I=1

N∑

J=1

δψTI KIJψJ = δΨTKΨ (4.46)

Further, using equations 4.39 and 4.38, the following formulation is derived,

I2 =

∫

Ω

[
n∑

I=1

ΦIδψI

]T
θdΩ

I2 =
n∑

I=1

δψTI

[∫

Ω

ΦT
I θ

]
dΩ =

n∑

I=1

δψTI F
θ
I dΩ

(4.47)

where F (θ)
I is a vector of the ratio of space charge density to the Permittivity of silicon. Further,
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redefining limits of summation for the entire problem domain in equation 4.47 transforms it in the

form given below.

I2 =
N∑

I=1

δψTI F
θ
I dΩ = δΨTF θ (4.48)

Similar formulation of I3 in equation 4.38 can be represented as mentioned below.

I3 =
N∑

I=1

δψTI F
t
IdΩ = δΨTF t (4.49)

The last two terms, I4 and I5 in equation 4.38 are evaluated by the method of Lagrange multiplier to

incorporate essential boundary condition. Discretized formulation of the Lagrange multipliers, λ for

a given node at essential boundary is obtained by interpolating its nodal values and shape functions,

which can be represented as follows.

δλh2x1 =



δλx

δλy


 =



N1 0 · · · Nnλ 0

0 N1 · · · 0 Nnλ







δλ1x

δλ1y

...

δλnλx

δλnλy




=N(s)(2x2nλ)δλ(2nλx1)

(4.50)

where nλ is the total number of nodes in the local support domain used for interpolation; NI is shape

function for I th node; s is arc-length and λ is vector of nodal Lagrange multipliers on the essential

boundary. Equation 4.50 can also be represented in the nodal matrix form as given below.

δλh2x1 =

nλ∑

I=1



NI 0

0 NI






δλIx

δλIy


 =

n∑

I=1

NIδλI (4.51)

The Lagrange interpolant shape function NI(s) of order n can be expressed as,
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Nn
k (s) =

n∏

j=0
j 6=k




(s− sj)
(sk − sj)


 (4.52)

Equation 4.52 can be evaluated at points s = s0 and s = s1 by using first order linear Lagrange

interpolants, and is expressed as

N0(s) =
(s− s1)

s0 − s1

(4.53)

N1(s) =
(s− s0)

s1 − s0

(4.54)

The essential boundaries are analyzed by employing line segments and Lagrange multiplier. The

functional defining the essential boundary condition (ψ = ψ on Γe) can be expressed in an integral

form as

∫

Γe

δλT (ψ − ψ)dΓ =

∫

Γe

[
nλ∑

I=1

NIδλI

]T[ n∑

J=1

ΦJδψJ

]
dΓ

−
∫

Γe

[
nλ∑

I=1

NIδλI

]T
ψdΓ

(4.55)

I4 =

nλ∑

I=1

n∑

J=1

δλTI

[∫

Γe

NT
I ΦJdΓ

]
δψJ

−
nλ∑

I=1

δλTI

[∫

Γe

NT
I ψdΓ

] (4.56)

I4 =−
nλ∑

I=1

N∑

J=1

δλTI

[
GT
IJ

]
δψJ

+

nλ∑

I=1

δλTI

[
qI

]
= δΛT

(
−GTΨ +Q

) (4.57)

where, GT
IJ = −

∫
Γe
NT
I ΦJdΓ and qI = −

∫
Γe
NT
I ψdΓ
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∫

Γe

(δψ)TλdΓ =

∫

Γe

[
n∑

I=1

ΦIδψI

]T[ nλ∑

J=1

NJλJ

]
dΓ

=

nλ∑

I=1

n∑

J=1

δψTI

[∫

Γe

ΦT
I NJdΓ

]
λJ

=−
nλ∑

I=1

N∑

J=1

δψTI

[
GIJ

]
λJ = −δΨTGλ

(4.58)

Now, substituting equations 4.46, 4.48, 4.49, 4.57 and 4.58 in equation 4.38, the following mathemat-

ical formulation can be obtained.

δΨTKΨ− δΨTF θ − δΨTF t − δΛT

(
−GTΨ +Q

)
+ δΨTGλ = 0 (4.59)

Simplified form of equation 4.59 can be represented as

δΨT

[
KΨ +Gλ−

(
F θ + F t

)]
+ δΛT

[
GTΨ−Q

]
= 0 (4.60)

or,

δΨT

[
KΨ +Gλ− F

]
+ δΛT

[
GTΨ−Q

]
= 0 (4.61)

Since, in the above equation both δΨ and δΛ are arbitrary, equation 4.61 can be satisfied if and only

if

KΨ +Gλ− F = 0 (4.62)

GTΨ−Q = 0 (4.63)

Therefore, equations 4.62 and 4.63 can be represented as a set of linear algebraic equations which

can be analyzed by employing numerical methods and can be represented as



K G

GT 0







Ψ

Λ


 =



F

Q


 (4.64)
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4.3.2 Discretization of Continuity Equation

The second set of equations in Drift-Diffusion model consist of transport and continuity equa-

tions. EFG formulation of these equations at steady state condition with zero net generation and

recombination is expressed in this section.

∂n

∂t
=
∂p

∂t
= 0Un = Up = 0 (4.65)

Thus, the continuity equation turns out to be

∇ · Jn = ∇ · Jp = 0 (4.66)

Substitute expressions of Jn and Jp in equation 4.66 and deriving resultant weak-form of these equa-

tions leads to the following mathematical formulation.

∫

Ω

(L1δn)T (L1n)dΩ +

∫

Ω

(L2δn)T (L2n)dΩ

− 1

Vt

∫

Ω

(δn)TE · (L1n)dΩ−
∫

Γn

(δn)TnτdΓ

−
∫

Γe

(δλ)T (n− n)dΓ−
∫

Γe

(δn)TλdΓ = 0

(4.67)

∫

Ω

(L1δp)
T (L1p)dΩ +

∫

Ω

(L2δp)
T (L2p)dΩ

+
1

Vt

∫

Ω

(δp)TE · (L1p)dΩ−
∫

Γn

(δp)TpτdΓ

−
∫

Γe

(δλ)T (p− p)dΓ−
∫

Γe

(δp)TλdΓ = 0

(4.68)

Here, equations 4.67 and 4.68 represent Galerkin weak-form for electron and hole continuity

equations, respectively.

Performing the mathematical operations on equations 4.67 and 4.68 similar to Poisson’s equation,

matrix formulation of transport and continuity equations can be expressed as following system of

discrete linear equations below.
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

Kn Gn

GT
n 0






n

Λn


 =




0

Qn


 (4.69)



Kp Gp

GT
p 0






p

Λp


 =




0

Qp


 (4.70)

4.4 Parametric Analysis of EFG

A thorough study has been performed to analyze the effect of individual parameters on the ac-

curacy and computation time of the implementation. The various parameters which affects the per-

formance of an EFG based analysis are as follows, dmax (size of support domain), choice of shape

function, method of discretization, m (number of monomials in the basis function), k (number of

points in gauss quadrature integration), n (number of nodes in the domain), and number of points in

background cell. The corresponding results have been presented in Tables 4.1 - 4.12. The impact of

number of monomials and number of gauss quadrature points on the analysis is not presented due

to the fact that increment in their values directly increase the accuracy and computation time, and

vice versa. So, these two parameters are kept constant to study the effect of dmax (size of support

domain), choice of shape function and method of discretization, which does not follow the same con-

vection of directly or indirectly proportionality. Table 4.1 - 4.3 presents the convergence analysis of

EFG-MLS method for different number of nodes and gaussian quadrature points, where as, Table 4.4

- 4.6 presents the same anaysis for MWS-MLS. It can be observed from the analysis that the size of

support domain (dmax) at 3.5 performs better in terms of accuracy as compared to its higher or lower

values. Based on Tables 4.1 - 4.6, it can be stated that EFG provides more accurate results as com-

pared to MWS method. Table 4.7 - 4.12 presents the same convergence analysis for RPIM method

of discretization. Tables 4.1 - 4.3 and 4.7 - 4.9 can also be referred to state the better performance of

MLS as compared to RPIM basis function.
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Table 4.1: Method: EFG-MLS, Parameters: k = 4, mm = 3, dmax = 2.5

# of Nodes
# of Gaussian Quadrature Points (GP)

GP = 150 GP = 350 GP = 500
Error Time Error Time Error Time

100 0.003315 2.112991 0.003193 9.472781 0.003045 10.929918
200 0.002960 2.587594 0.002891 9.627192 0.002431 11.132193
300 0.002554 2.851139 0.002611 10.010873 0.001953 11.958240
400 0.001973 2.968687 0.002719 10.227603 0.002047 12.349252
500 0.002284 3.191369 0.003014 10.601859 0.002054 12.839370

Table 4.2: Method: EFG-MLS, Parameters: k = 4, mm = 3, dmax = 3.5

# of Nodes
# of Gaussian Quadrature Points (GP)

GP = 150 GP = 350 GP = 500
Error Time Error Time Error Time

100 0.012087 5.050570 0.003941 12.909250 0.003049 13.268244
200 0.009292 5.561108 0.002878 14.316825 0.001933 15.072342
300 0.001975 5.859481 0.002028 15.186016 0.002030 16.312086
400 0.003496 6.090245 0.002601 15.486509 0.001997 16.640590
500 0.002448 6.507966 0.002987 16.232149 0.002065 17.913202

Table 4.3: Method: EFG-MLS, Parameters: k = 4, mm = 3, dmax = 4.5

# of Nodes
# of Gaussian Quadrature Points (GP)

GP = 150 GP = 350 GP = 500
Error Time Error Time Error Time

100 0.003126 5.650937 0.004851 16.516326 0.003129 19.737632
200 0.002111 6.666597 0.002927 20.017314 0.002109 24.893156
300 0.011610 7.442970 0.002619 21.110197 0.002076 25.217519
400 0.006559 8.573712 0.002788 21.857830 0.002002 26.317429
500 0.023828 10.384999 0.003135 22.217394 0.039008 29.356805

Table 4.4: Method: MWS-MLS, Parameters: k = 4, mm = 3, dmax = 2.5

# of Nodes
# of Gaussian Quadrature Points (GP)

GP = 150 GP = 350 GP = 500
Error Time Error Time Error Time

100 0.069608 0.520227 0.057985 1.034265 0.053826 2.114900
200 0.058826 0.896105 0.051666 1.931793 0.049826 3.216505
300 0.049236 1.325959 0.046274 2.098889 0.043336 3.922184
400 0.043379 1.442037 0.041339 2.569075 0.040379 4.431154
500 0.056949 1.753803 0.051221 3.135136 0.048249 5.523704
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Table 4.5: Method: MWS-MLS, Parameters: k = 4, mm = 3, dmax = 3.5

# of Nodes
# of Gaussian Quadrature Points (GP)

GP = 150 GP = 350 GP = 500
Error Time Error Time Error Time

100 0.057083 0.788956 0.011879 1.217313 0.010783 2.521067
200 0.044083 1.201603 0.011201 2.634898 0.010083 3.947082
300 0.037690 1.518937 0.024285 3.196873 0.021690 4.380561
400 0.026224 1.978863 0.015730 3.571289 0.013224 5.930073
500 0.028934 2.210765 0.011405 3.792211 0.008934 6.240989

Table 4.6: Method: MWS-MLS, Parameters: k = 4, mm = 3, dmax = 4.5

# of Nodes
# of Gaussian Quadrature Points (GP)

GP = 150 GP = 350 GP = 500
Error Time Error Time Error Time

100 0.174513 0.937042 0.128329 1.549347 0.179513 3.135082
200 0.124513 1.486861 0.057635 2.967145 0.124513 4.793767
300 0.015276 1.746144 0.017436 3.550568 0.015276 5.448619
400 0.048857 2.165526 0.051822 3.964386 0.048857 6.193979
500 0.070645 2.720631 0.035236 4.391344 0.070645 7.416214

Table 4.7: Method: EFG-RPIM, Parameters: k = 4, mm = 3, dmax = 2.5

# of Nodes
# of Gaussian Quadrature Points (GP)

GP = 150 GP = 350 GP = 500
Error Time Error Time Error Time

100 0.005719 4.687095 0.005240 10.818942 0.005093 15.051606
200 0.007210 5.141058 0.006287 12.093599 0.006449 16.915538
300 0.003217 5.484822 0.002261 12.355045 0.002329 17.477307
400 0.002116 5.861267 0.002119 12.866888 0.002143 17.763805
500 0.002295 5.902220 0.002097 13.089681 0.002092 18.171231

Table 4.8: Method: EFG-RPIM, Parameters: k = 4, mm = 3, dmax = 3.5

# of Nodes
# of Gaussian Quadrature Points (GP)

GP = 150 GP = 350 GP = 500
Error Time Error Time Error Time

100 0.002418 9.502894 0.002246 22.445958 0.002219 31.199670
200 0.004378 12.077525 0.002039 27.576430 0.002017 39.243154
300 0.002462 24.004916 0.001997 56.110717 0.002054 43.441702
400 0.002136 27.778516 0.001869 59.257981 0.002085 51.060258
500 0.001795 29.541870 0.001798 63.388767 0.001693 69.346022
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Table 4.9: Method: EFG-RPIM, Parameters: k = 4, mm = 3, dmax = 4.5

# of Nodes
# of Gaussian Quadrature Points (GP)

GP = 150 GP = 350 GP = 500
Error Time Error Time Error Time

100 0.004132 15.816444 0.003532 40.230993 0.003124 56.872389
200 0.003943 39.510776 0.002701 57.294485 0.002597 64.840296
300 0.002574 49.723253 0.002065 63.246879 0.001959 79.013087
400 0.001611 54.999023 0.001951 71.397914 0.001809 86.521029
500 0.006557 57.185944 0.004392 82.934872 0.003927 94.148401

Table 4.10: Method: MWS-RPIM, Parameters: k = 4, mm = 3, dmax = 2.5

# of Nodes
# of Gaussian Quadrature Points (GP)

GP = 150 GP = 350 GP = 500
Error Time Error Time Error Time

100 0.007061 1.288586 0.006972 1.501198 0.006193 2.288415
200 0.005364 1.671492 0.004995 1.973581 0.005128 2.961820
300 0.004906 1.980497 0.004162 2.430058 0.003917 3.230492
400 0.004309 2.383645 0.003849 2.866897 0.003748 3.877296
500 0.003759 2.712658 0.003601 3.122944 0.003572 4.627032

Table 4.11: Method: MWS-RPIM, Parameters: k = 4, mm = 3, dmax = 3.5

# of Nodes
# of Gaussian Quadrature Points (GP)

GP = 150 GP = 350 GP = 500
Error Time Error Time Error Time

100 0.005356 1.601519 0.005184 1.796017 0.004972 2.620125
200 0.004965 2.578867 0.004397 2.988492 0.004465 3.613808
300 0.003841 5.415952 0.003126 5.880978 0.003812 7.386277
400 0.003332 6.292789 0.002891 6.833291 0.003102 9.427615
500 0.002971 10.143471 0.003469 12.862485 0.002743 16.843253

Table 4.12: Method: MWS-RPIM, Parameters: k = 4, mm = 3, dmax = 4.5

# of Nodes
# of Gaussian Quadrature Points (GP)

GP = 150 GP = 350 GP = 500
Error Time Error Time Error Time

100 0.004488 2.037783 0.004137 3.068055 0.006215 5.293128
200 0.003720 5.460392 0.003547 9.257439 0.005124 12.169241
300 0.003413 10.178644 0.003122 14.921830 0.003546 20.082352
400 0.002988 16.902780 0.002730 19.605187 0.003109 24.620138
500 0.002836 17.888186 0.002983 23.021532 0.002791 29.682779
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4.5 Implementation Details and Results

In this section, comparison of VEDA is presented with other methods to validate its effective-

ness. As we know, the multi-terminal devices such as MOSFET, FINFET etc. can be modeled by

using basic devices and PN junction diodes, we choose PN junction diode as a testcase to validate

effectiveness of the EFG method. The simulation results of a PN junction diode are presented in this

section for the parameters shown in Table 4.13. Simulation results from the proposed framework are

compared with different discretization methods, commercially available TCAD software Sentaurus

and analytical results. The EFG method used in the proposed framework provides the most accurate

solution as seen in Fig. 4.4. Fig. 4.5 shows the comparison of electron-hole concentration between

the proposed framework VEDA and Sentaurus.

Table 4.13: Device parameters of a PN junction diode used in the simulation.

Device Parameters Value
Length of P-region 3 µm
Length of N-region 7 µm
Doping Profile: Na 1017 cm−3

Doping Profile: Nd 1016 cm−3

Temperature: T 300 K

4.5.1 L2-Norm Error Analysis

The most widely used method of error analysis, L2-Norm or Euclidean-Norm, is used in this

chapter to compare results obtained from different discretization scheme. The basic definition, l2-

norm can be defined as follows,

‖x‖2 =

√∑
i
x2
i (4.71)

‖x1 − x2‖2 =

√∑
i
(x1i − x2i)

2 (4.72)

For studying proper correlation between two different schemes, the resultant from l2-norm error anal-

ysis is normalized with the length of the vector, and is represented by Mean-Squared Error (MSE) as
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follows,

MSE(x1, x2) =
1

n
‖x1 − x2‖2

2 =
1

n

∑
i
(x1i − x2i)

2 (4.73)

Element Free Galerkin method is used to perform simulations for different values of parameters

associated with a problem and is compared with the results obtained from analytical and numerical

solution (FDM, FEM and TCAD tool Sentaurus) to validate effectiveness of the proposed method.

The obtained result in Figure 4.4 shows that EFG outperforms all the other methods in terms of accu-

racy. Figure 4.5 presents the comparison of carrier concentration computed using EFG and Sentaurus.

It further validates effectiveness of the proposed implementation in terms of accuracy.
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Figure 4.4: Comparison of different solvers with analytical solution of Poisson’s equation.
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Figure 4.5: Comparison of carrier concentration computed using EFG and Sentaurus.

Two different interpolation methods, MLS and RPIM are employed for interpolation. EFG along

with MLS provides the least normalized error. The effect of size of the support domain is investigated
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also as shown in Figure 4.6, and it can be observed that EFG with MLS performs better at dmax = 3.

Figure 4.7 presents the comparison of normalized error for different Gaussian points of integration,

and it can be observed that EFG-MLS produces less error as compared to EFG-RPIM.
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Figure 4.6: Comparison of normalized error for different sizes of support domain.
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Figure 4.7: Comparison of normalized error for different Gaussian points of integration.

Simulations are performed to analyze the performance of the developed framework for different

number of nodes. Figures 4.8 and 4.9 presents this study, which states that EFG produces the least

normalized error for MLS and RPIM as compared to any other discretization method.

4.5.2 Computational Complexity

The high accuracy of EFG method results into more computational time when compared to other

discretization schemes. This increase in computation time is mainly due the formation of localized
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Figure 4.8: Comparison of normalized error for different number of nodes with MLS method.
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Figure 4.9: Comparison of normalized error for different number of nodes with RPIM method.

shape functions within the support domain of the node of interest. The computational complexity

of a particular discretization scheme is determined by the formulation and size of its stiffness ma-

trix, which is represented in the form of pseudocode in Algorithm 2 for EFG. Fig. 4.10 shows the

comparison of computation time for different discretization schemes. Since EFG provides scope of

embarrassing parallelization when clubbed with accelerated gradient methods, its computation time

can be reduced by incorporating different parallelization techniques over manycore architecture.

4.6 Summary

In this chapter, we propose Element-Free Galerkin method along with MLS shape function to

design a framework for analyzing semiconductor devices. Since the EFG method depends on a set
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Figure 4.10: Comparison of computation time for different number of nodes.

of independent nodes for discretization, it is highly suitable for adaptive analysis. Simulation results

are compared with different discretization schemes and commercially available TCAD software, Sen-

taurus in order to validate effectiveness of the proposed framework VEDA which has extended with

EFG method. It is observed that EFG with MLS provides the least normalized error for PN junction

diode as compared to other methods and produces 10× accurate solution as compared to Sentaurus.

Different parameters affecting the accuracy of EFG methods are analyzed, and corresponding results

are presented to find their best possible values. EFG method provides a suitable way to trade-off

accuracy with the computation time by forming localized shape functions within support domains

of all the nodes. The computation time of the EFG method can be further reduced by incorporating

different parallelization schemes in future.
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In this chapter, we propose Random Walk and Machine Learning based methodologies to speed up

computation time of the device analysis and circuit simulation of novel devices. Our proposed simu-

lator VEDA is extended to incorporate these methods. In the case of random walk method, equivalent

electrical circuits of various fundamental device equations are analyzed in a coupled manner and the

solution of TCAD analysis is formulated using the solution of electrical circuits. The random walks

is a method based on the probability distribution calculated using node-weights and is embarrassingly

parallelizable. The proposed method speeds up VEDA to produce 20% faster solution as compared

to its sequential counterpart with the maximum error of 4%.

In the machine learning based approach, artificial neural networks are employed to generate a

model to predict potential profile inside a semiconductor device for a particular set of parameters.

The application of machine learning algorithms helps in getting semiconductor device equations or

transport model to be analyzed in fewer steps, therefore, speeding up the entire device simulation.

The employment of ANN provides the minimum speedup of 1.86× (13 iterations to 7 iterations) and

the maximum speedup of 3.5× (21 iterations to 6 iterations) for 12 different parametric variations.

This also enables us to perform discrete analyses of semiconductor devices in a given condition and

reduces efforts of rigorous TCAD analysis to generate semiconductor device models for the electrical

circuit analysis with acceptable inaccuracy. The proposed work is extended to conduct circuit analysis

incorporating machine learning based semiconductor device models. Simulation results obtained

using proposed analysis are validated with commercially available software, Spectre provided by

Cadence Design Systems.

The machine learning based circuit analysis engine has a distinct advantage of less memory con-

sumption as compared to look up table (LUT) based circuit analysis technique. This also paves

way to invent a methodology for developing neural network based semiconductor device models and

associated circuit simulation techniques. This initiative also envisages efforts in semiconductor de-

vice model development getting minimized during early stage of device development. It also helps

in studying impact of variations of novel devices parameters on the performance of large circuits

composed of novel devices. This would direct scientific community to concentrate efforts in the de-

velopment of those novel devices which have potential to address issues of future electrical circuits
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as per our need.

5.1 Proposed TCAD framework using Random Walk Algorithm

Random Walk (RW) method is a method based on probability and the weight distribution of each

node in a given graph [16]. The simplest form of random walk can be represented by giving an

example of a person who starts walking from the origin in a 2D plane and takes left or right turn

randomly. It is similar to tossing a weighted coin at each step and wait for a probable outcome. Based

on head or tail, decision of left or right turn is taken, respectively. Suppose that a drunkard (person)

is allowed to roam in a city where the roads are laid down in a square format as shown in Figure 5.1.

He can move in any direction at each crossing with a probability of 1/4. While passing a corner or

crossing, he has to pay penalty as his traveling expenses. When the drunkard reaches at one of his

destinations, he is rewarded for reaching home and the walk comes to an end. As there can be more

than one destinations, the drunkard can end his walk anywhere in the city having different rewards for

different walks. It can be concluded from Figure 5.1 that the crossings may be considered as nodes

and the path connecting to any two crossings may be interpreted as an edge.

The random walk of drunkard inspired scientific community [57, 58] to analyze electrical circuits

especially power grid network of VLSI circuits [23, 58] to determine node potentials of power grid

network composed of resistors, current sources and voltage sources for finding hotspots. In the ap-

plication of random walk method to power grid network analysis, node potential is analogous to the

reward earned by the drunkard. The accuracy of the solution provided by this method depends on

the total number of walks initiated at each node. More the number of walks on each node, better the

accuracy of the solution (node potential) is, which can be computed in parallel independently and

is averaged at the end of the walks to obtain final node potential (with some error). The estimation

of node potential through random walk method can be considered as an electrical network analysis

through nodal analysis method. This process is embarrassingly parallel in nature since the solution

of each node can be computed in parallel independently and does not depend on the solution of other

nodes.

Random walk method has already been proposed to work efficiently for a generic Poisson’s equa-
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Home

Home

Home

Figure 5.1: Random walk by a drunkard in a city.

tion in [17], where a partial differential equations is first converted to its equivalent electrical circuit

and is solved by employing random walk method for a fast approximate solution. In the proposed

work, we extend application of random walk method for all the fundamental equations of Drift-

Diffusion model being analyzed in a coupled manner while analyzing semiconductor devices. The

solution of these equations generates a less computationally extensive approximate solution which

can be utilized as an initial guess for the analysis of semiconductor devices.

As we know that the main advantage of random walk method is its parallelizability. All the nodes

of a problem domain can be analyzed independently to compute its solution quickly. Since, this

method produces an approximate solution which always has certain acceptable error, it can only be

used as an initial guess of the analysis instead of the final solution. A better initial guess provided

using random walk method helps VEDA to converges faster to the final solution, thereby, reducing

total computation time. A typical process flow of device simulator using random walk method to

compute initial guess is shown in Fig. 5.2. It can also be stated that the random walk method is

incorporated into our indigenous TCAD device analyzer VEDA to obtain an initial guess and to

perform further analysis of semiconductor devices using various discretization schemes proposed in

chapters 3 and 4.
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Figure 5.2: Process flow of proposed TCAD framework VEDA with random walk method

5.1.1 Discretization of PDEs and their Equivalent Electrical Circuit

Equivalent electrical circuits of various partial differential equations exhibiting Drift-Diffusion

transport model are presented in this section. We begin with describing two dimensional Poissons

equation’s formulation into an equivalent electrical circuit below.

∇2u(x,y) = C or
d2u

dx2
+
d2u

dy2
= C(x,y) (5.1)

Using finite difference method, above mentioned second order equation 5.1 can be expressed in its

discretized form below.

(5.2)
ui−1,j − 2ui,j + ui+1,j

(4x)2
+
ui,j−1 − 2ui,j + ui,j+1

(4y)2
= Ci,j

Equation 5.2 can be rearranged in the following manner to be interpreted as nodal analysis expression.

(5.3)
ui−1,j − ui,j

(4x)2
+
−ui,j + ui+1,j

(4x)2
+
ui,j−1 − ui,j

(4y)2
+
−ui,j + ui,j+1

(4y)2
= Ci,j

The above mentioned nodal expression can be represented in the form of its equivalent electrical

circuit for a single node and is shown in Fig. 5.3. The same equivalent circuit is valid for all the
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nodes except boundary nodes. For nodes at the boundaries, their equivalent electrical circuit can be

formulated using two different boundary conditions shown below.

u(i,j+1)

u(i,j−1)

u(i+1,j)

C(i,j)

u(i−1,j)
(△x)2

(△y)2

(△x)2

(△y)2

u(i,j)

Figure 5.3: Equivalent electrical circuit of 2D Poisson’s equation for a single node

Dirichlet Boundary Condition

As it is already defined that Dirichlet boundary condition implies solution to be known at bound-

ary. The expression for Dirichlet boundary for a region bounded by x ∈ [0, 1] can be presented as The

equivalent electrical circuit for Dirichlet boundary can be shown in Fig. 5.4.

d2(u)

dx2
= f x ∈ [0, 1] (5.4)

ux=0 = C1 [Constant] (5.5)

C1

u1

Figure 5.4: Equivalent electrical circuit for a Dirichlet boundary condition

Neumann Boundary Condition

The Neumann boundary condition implies that the value of derivative is known at the boundary

and is shown below for the completeness. The equivalent electrical circuit for Neumann boundary

can be presented in Fig. 5.5.
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d2(u)

dx2
= f x ∈ [0, 1] (5.6)

d(u)

dx
|x=0 = C2 [Constant] (5.7)

C
u1

2

2u

Figure 5.5: Equivalent electrical circuit for a Neumann boundary condition

The boundary condition for potential at ohmic contacts can be considered as Dirichlet boundary

condition making it equal to the applied voltage. At remaining boundaries Neumann condition is

applied by computing gradient of the potential equal to zero or constant depending on the interface.

Boundary conditions for carrier concentrations can be well established by assuming zero space charge

and thermal equilibrium at ohmic contacts.

np− n2
i = 0

n− p−N = 0

(5.8)

Dirichlet boundary conditions for electrons and holes at ohmic contact can be deduced by rear-

ranging equation 5.8 as

n =

√
N2 + 4n2

i +N

2
, (5.9)

p =

√
N2 + 4n2

i −N
2

. (5.10)

In this way, a second order partial differential equation can be easily converted to its equivalent electri-

cal circuit for the whole geometry. Figure 5.6 shows an equivalent electrical circuit for the Poisson’s

equation for a defined geometry. Now, this electrical circuit can be analyzed using random walk

method to produce approximate initial guess of the solution of semiconductor device analysis.

In the similar manner an equivalent electrical circuit for the current equation representing Drift-

Diffusion model can also be deduced. As it is already described in chapter 2, by substituting current
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Figure 5.6: Equivalent electrical circuit of the Poisson’s equation over a rectangular geometry

equation into continuity equation, we can express the combined equation as

∂n

∂t
=

1

q
∇ · (qnµnE + qDn∇n) + Un (5.11)

After discretization, equivalent electrical circuit of the above mentioned combined current equation

is formulated and is shown in Fig. 5.7 for a single node. Similarly, Fig. 5.8 presents an equivalent

electrical network for the current equation over the complete geometry.

n(i+1,j)

αi

C(i,j)

αi−1 n(i,j)n(i−1,j)

nk−1
(i−1,j)

Figure 5.7: Equivalent electrical circuit of a current equation for a single node

Figure 5.8: Equivalent electrical circuit of the Current equation over a rectangular geometry
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It can be observed that random walk method can be easily applied to obtain approximate solution

of the cross coupled equations representing Drift-Diffusion model. This approximate solution can

be utilized as an initial guess for the analysis using the proposed framework VEDA which employs

various discretization schemes, such as FEM, DG-FEM, SUPG, and EFG. It should be noted that the

equivalent electrical network formulation is developed using FDM and there would be an endeavour

to extend formulation of equivalent electrical networks for other discretization schemes as well. It

is anticipated that the equivalent circuit formulation of FEM, FVM, EFG etc. methods would help

random walk based initial guess estimation engine to produce a better initial guess.

5.2 Implementation Details and Simulation Results

In particular, Drift-Diffusion model comprises of transport equations describing the flow of car-

riers due to two different phenomena namely, Drift and Diffusion. As it is already stated, drift phe-

nomenon describes the flow of carriers due to rate of change of the potential or effect of electric field,

where as diffusion depicts the flow of carriers due to concentration gradient. In the proposed work,

equivalent electrical circuits of both drift and diffusion terms are formulated to obtain an approximate

solution using random walk method. The pseudocode of the proposed methodology is described in

Algorithm 3.

The effectiveness of random walk method is validated by analyzing large scale benchmark elec-

trical circuits composed of resistors, current sources and voltage sources. Table 5.1 presents speedup

analysis of random walk method by comparing its execution time on Intel processor based machine

and on Intel Xeon Phi co-processor. tserialRW (s) is the time taken by random walk algorithm on the single

processor performing all the walks sequentially. tXeonPRW (s) is the time taken by OpenMP based ran-

dom walk method on Intel Xeon Phi co-processor, which has 61 cores having each core four threads.

One core of the co-processor is employed for the job scheduling purpose. Therefore, utilizing all

240 threads is the best choice to parallelize random walk method if input data size is large enough to

achieve optimum performance. It can be observed from Table 5.1, as the size of input electrical net-

work increases, speedup obtained using random walk method also increases from 9× to 16× with an

average error of 4%. This makes random walk method a suitable choice for the approximate analysis
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Algorithm 3: Pseudocode of Random Walk Algorithm

for i→ 1, total no. of nodes do
for j→ 1, no. of walks do

total reward→ 0;
while node type 6= home do

pick a random number;
for k→ 1, no of neighbours do

compare random number with probability;
if random number < probability then

break;
end

end
find node id of kth node;
update neighbour and total reward;

end
update node potential;

end
node potential← node potential walks;
node type← home;
reward← node potential;

end

of electrical networks.

Table 5.1: Speedup Analysis for IBM benchmarks on Intel Xeon Phi

Benchmarks tserialRW (s) tXeonPhi
RW (s) Speedup

ibmpg2 0.796 0.086 9.2×
ibmpg4 5.144 0.621 8.3×
ibmpg5 12.73 0.809 15.7×
ibmpg6 21.675 1.317 16.4×

As it is already discussed, the main advantage of using random walk method is its parallelizability

to calculate initial guess of the solution. Values at different nodes of an electrical circuit can be

computed independently to obtain faster results by harnessing the power of various parallelization

techniques, such as OpenMP, MPI-OpenMP, CUDA Blocks, and CUDA Threads. Fig. 5.9 shows

the computation time of various parallelization schemes employed in the analysis of semiconductor

devices using random walk method. It can be observed that CUDA with varying number of threads
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produces the best results among all parallelization schemes. Fig. 5.10 presents the effectiveness of

random walk method as compared to that of KLU sparse matrix solver. It is observed that the random

walk method is at least 5× faster as compared to KLU for any domain size. The analysis of PN

junction diode using VEDA based on random walk is presented in the next section.
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Figure 5.9: Computation time of various parallelization schemes employed in Random Walk
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Figure 5.10: Comparison of computation time for CUDA and CUDA with MPI as problem size increases

5.2.1 PN Junction Diode

Different parameters used to analyze a silicon based PN junction diode are presented in Table 5.2.

Fig. 5.11 shows percentage error of the initial guess with different number of walks per node taken

in random walk method. It can be observed that the error in approximate solution as compared to the
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actual solution reduces with the increase in number of walks. The error in the approximate solution

reduces to < 2% when number of walks are increased to 100. Thus, a multi-core processor is an

ideal platform for the analysis of semiconductor devices using random walk method. Initial guess for

the analysis of PN junction diode is determined using random walk method and the corresponding

potential profile inside a diode at thermal equilibrium is shown in Fig. 5.12. Average error produced

in the estimation of an initial guess is approximately 4% as compared to the actual solution. The

initial guess obtained using random walk method aids in getting the final solution of Drift-Diffusion

equations converged in 6 iterations as compared to 11 iterations, when random walk method based

initial guess estimation engine is not employed. Built-in potential of a PN junction diode is found to

be approximately 0.67V matching the desired specifications.

Table 5.2: Various device parameters used for a PN diode

Device Parameters Value
Length of P-region 30 µm
Length of N-region 70 µm

Doping Profile: Na, Nd 1016 cm−3

Hole Mobility: µp 480 cm2/V − s
Electron Mobility: µn 1350 cm2/V − s

Temperature: T 300K
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Figure 5.11: Plot showing percentage of error with number of walks at different number of nodes
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Figure 5.12: Comparison of initial guess (using Random Walk) of Poisson’s equation with its final solution

5.3 Proposed TCAD Framework using Machine Learning

In this section, different machine learning algorithms are discussed which aim to produce a good

prediction model for the estimation of initial guess to be utilized in the analysis of semiconductor

devices. Logistic Regression, Decision Tree, Random Forest, Support Vector Machine (SVM), Naive

Bayes and Deep Learning with Artificial Neural Network are some of the leading machine learning

algorithms which are extensively studied to develop a better model for the analysis of semiconductor

devices. Similar to the random walk method, VEDA is further extended to incorporate machine learn-

ing techniques to obtain an initial guess for the TCAD analysis. Process flow exhibiting extension of

VEDA with machine learning algorithm is presented in Fig. 5.13.

The fundamental principle of machine learning algorithms is to learn and create models based

on a predetermined dataset by employing different error minimization techniques. Thus, a larger

and vast dataset is required to produce a more accurate model. Similar dataset for the analysis of

semiconductor devices is generated using different parameters, such as dimension, doping, biasing,

and carrier concentration. Different machine learning algorithms to create a good prediction model

are described in the following sections.

5.3.1 Logistic Regression

Logistic regression is one the most powerful statistical method which is generally used to model

the binomial outcome of the analysis with one or more input variables. In this method, a logistic
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Setup Geometry

Transport and Continuity
Equation

Solve Poisson's Equation
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Convergence 

Collect Data
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Input Data

Boundary ConditionsInitial Conditions

Start

Preconditioning of the 
initial guess with Machine Learning

Figure 5.13: Process flow of the proposed framework VEDA using machine learning algorithm

function is defined to model the correlation between one or more input (independent) variables, and

a output (dependent) variable based on probabilities. Therefore, this method is more suitable for the

applications where dependent variables are categorical in nature. Most common usage of logistic

regression method can be found in the applications, such as spam filter for emails or messages, and

malignant test for a tumor etc. Thus, it can be said that this method is used to predict the outcome

with discrete values, which can be either yes or no, true or false, or 0, 1. Since this method predicts

based on the probability, it generates output ranging from 0 to 1, which can be further divided based

on a certain threshold. This method is also known as logit regression because a logit function is used

to fit or predict the data based on their probability of occurrence.

Strengths and Weaknesses: The most common problem in machine learning methods is over-fitting

of the data. Logistic regression method performs well to avoid such scenarios of over fitting and

produces nice probabilistic correlation between independence and dependent variables. Although
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this method does not performs well for a multiple outcome problem or when a nonlinear output is

desired. Therefore, this method does not performs well to model the initial guess of the system for

the analysis of semiconductor devices.

5.3.2 Decision Tree

It is one of the most frequently used classification algorithm to be employed in the applications

with continuous or nonlinear outcomes. This method is based on the idea of supervised learning

and categorizes the data based on certain levels of thresholds. It can be better understood with Fig.

5.14 which presents the classification technique for a decision tree algorithm. As it can observed that

in this method the data is split into maximum possible homogeneous sets based on the threshold to

produce a good predictive model.

Y N

Y N Y N

Y NY N

a < b

a < c

b < c

a < c

b < c

c < a < b

a < b ^ a < c

b < a < c

b < a ^ c < a

a < b b < a

c < b < aa < b < c a < c < b b < c < a

Figure 5.14: Basic principle of decision tree algorithm.

Strengths and Weaknesses: The most advantageous feature of decision tree algorithm is to model

the nonlinearities of a dataset, and thus can be used for both continuous or categorical dependent or

output variables. The only disadvantage of this method is over-fitting, because if it is left unchecked

then this method can keep subdividing the data for numerous homogeneous sets which can produce

bad predictive models. For a nonlinear output, this algorithm produces fair results only if the number

of independent variables are≤ 2, thus making it not suitable for semiconductor device analysis having

> 2 varying parameters.
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5.3.3 Random Forest

Random forest algorithm is an advanced or ensembled version of decision tree. It is a collection

of individual decision trees, hence the name Forest. In this algorithm each individual tree cast its vote

for the probable outcome. For a defined set of input data, an outcome with largest number of votes or

decision trees is selected by the forest.

Strengths and Weaknesses: The main advantage of this method lies in its scope for parallelization

because each individual decision tree can be obtained in parallel. The issue of over-fitting is also

reduces due to the collective decision of all decision tress. The main disadvantage of this method is

its complexity to construct the forest which makes it a harder and less intuitive approach. Similar to

the decision trees, fair results are obtained only if the number of independent variables are ≤ 2, thus,

making it not suitable for semiconductor device analysis having > 2 varying parameters.

5.3.4 Support Vector Machine (SVM)

Support vector machine (SVM) is another robust and good classification algorithm which works

on the principle of dividing the pool of dataset into finite number of hyperplanes. For a set of data

points with two different characteristics in a n dimensional space, SVM creates n − 1 dimensional

hyperplane to distinguish them into two different groups. This examples can be best visualized using

Fig. 5.15.

y

x

B

A

Figure 5.15: A 2-dimensional data set in support vector machine
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Strengths and Weaknesses: SVM algorithm is quite robust against over-fitting and performs well

for a high dimensional space. It can easily model nonlinear outcomes, and has many kernels or

parameters to select from. Its high memory utilization and cumbersome process to tune the algorithm

makes it less popular among different machine learning algorithms. SVM does not tend to adhere to

the concept of scalability which makes it unsuitable for the analysis of semiconductor device.

5.3.5 Naive Bayes

This classification algorithm is based on the principle of Bayes’ theorem. It assumes that the

different predictors or characteristics are independent in nature, such that the effect of one particular

input variable on the outcome is not related to the effect of the second input variable.

Naive Bayesian algorithm is easier to construct, thus, it can be efficiently used with huge datasets.

Besides its simple nature, it is also known to outperform other more sophisticated classification tech-

niques, such as decision trees and random forest. The technique to obtain a probable outcome is

formulated by computing posterior probability as expressed in the following equation.

P (c|x) = P (x|c)P (c)
P (x)

Posterior Probability

Likelihood Class Prior Probability

Predictor Prior Probability

P (c|X) = P (x1|c)× P (x2|c)× · · · × P (xn|c)× P (c) (5.12)

where P (c) is prior probability of the outcome (class); P (x) is prior probability of input (pre-

dictor); P (x|c) is the likelihood that a given input belongs to the given outcome and P (c|x) is the

posterior probability of an outcome correspond to a given input.

Most commonly know applications where Naive Bayes algorithm outperforms better classification

techniques are listed below.

• Facial recognition applications

• Spam filtering of messages and emails

• Classifying news article among categories, such as politics, technology, finance and sports
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• Classify a text based on sentiments

Strengths and Weaknesses: Even though the assumption of conditional probability or the inde-

pendent nature of input variables rarely holds true for real world applications, this models actually

produces good results in practice. It is very easy to implement and can easily adapt with a large scale

dataset. The only disadvantage of this method is its simplicity, where it is often outperformed by

other well tuned machine learning algorithms.

5.3.6 Deep Learning with Artificial Neural Network

Deep learning is another domain of machine learning which employs a network of neurons to

create a learning model. The weight of each neuron in the network is fixed in such a way that it

minimizes the cost function. Fig 5.16 presents basic principle of a neural network in which a neuron

gets data input from the input layer and pass it to the output layer or to the another neuron after

processing. The predicted outcome is then compared with its known value to estimation the error

which is again back-propagated to adjust the weights for minimum error making it an iterative process.

A large training dataset is required to train the neural network for good predictions on the test samples.

When the number of hidden layers in a network are increased to more than two, the system becomes

deep neural network as presented in Fig. 5.17. A optimum number of neurons are required in the

network to create a good prediction modal for a particular set of input parameters.

X1

X2

W2

W1

Wm

y C

y Actual value

ŷφ(
m∑

i=1

wixi) Output value

C = 1
2(ŷ − y)2

Input value 1

Input value 2

ŷ

Input value m Xm

Figure 5.16: Basic principle of an artificial neural network

In artificial neural networks, the function used to define outcome of a particular node or neuron

based on an input or a set of inputs is called activation function. Two different types of activation
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Output Layer

Input Layer

Hidden Layers

Figure 5.17: A deep neural network with multiple hidden layers

functions utilized to train the neural network for semiconductor device analysis are Sigmoid and

Rectifier functions, which are shown in Fig. 5.18.

0

1

0

1
Sigmoid Function

Rectifier Function

m∑
i=1

wixi

m∑
i=1

wixi

φ(x) = max(x, 0)

φ(x) = 1
1+e−x

Figure 5.18: Two different activation functions used in model formation: Sigmoid and Rectifier

A huge dataset is generated to train the model based on the following parameters.

(i) Dimension (Input)
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(ii) Material (Input)

(iii) Doping Concentration (Input)

(iv) Carrier Concentration (Input)

(v) Potential Profile (Output)

Our trained model consists of a total of 513 neurons on 5 hidden layers with different activation

functions. The training dataset can be generated employing VEDA or commercially available TCAD

simulator, Sentaurus. The model is trained to produce error≤ 5%, and is used later to predict potential

profile for different parameters other than the training dataset. The predicted potential profile is

observed to be very close to the actual potential profile, thus, it can be used as an initial guess to

achieve faster convergence. Figs. 5.19 and 5.20 present comparison of the predicted potential profile

and actual potential profile near the depletion region for different doping concentrations, respectively.
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Figure 5.19: Comparison of potential profile at the depletion region for different doping concentrations
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Figure 5.20: Comparison of potential profile at the depletion region for different doping concentrations

It can be observed that the predicted potential profile obtained from ANN model is very close to

the actual outcome, therefore, it can be used as an initial guess for the analysis. This improved initial

guess helps in speeding up the computation process by achieving faster convergence. It is observed

that a minimum speedup of 1.86× (13 iterations to 7 iterations) and maximum speedup of 3.5×

(21 iterations to 6 iterations) for 12 different doping concentrations are obtained using our proposed

methodology. This is to be noted that the proposed methodology is successfully integrated with our

proposed TCAD analyzer, VEDA transforming it to VEDA-ML.

5.4 Circuit Analysis Using Machine Learning

A novel and intuitive use of machine learning for the analysis of semiconductor devices further

intrigues us to extend it for the analysis of electrical circuits. A similar deep neural network (DNN)
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technique is employed to create a model for the output characteristics (IDS − VDS) of a MOSFET.

DNN can be trained using data generated during TCAD analysis or characterization data collected af-

ter fabrication of the device. We prefer to use characterization data of a semiconductor device (in our

case, n-channel MOSFET) to train DNN to be used for circuit analysis. The DNN based n-channel

MOSFET model is employed to be used in the analysis of electrical circuits. The n-channel MOSFET

is fabricated with 180nm Bulk CMOS technology available with SemiConductor Laboratory (SCL),

Chandigarh India. The post-fabrication characterization data is provided by SCL Chandigarh to con-

duct the proposed study. Using the given dataset, a DNN model is trained to produce error≤ 5%, and

the corresponding simulation results for different parametric variations are presented in Fig. 5.21.

Commercially available circuit analyzer, Spectre is also employed to generate a huge dataset for

four different parameters namely, drain-to-source voltage (VDS), gate-to-source voltage (VGS), gate

length (L), and gate width (W ) based on the following equation given below. It can also be stated that

IDS is a function of VGS , VDS , W and L, hence these four parameters are considered to populate the

dataset using Process Design Kits (PDKs) provided by SCL Chandigarh. It also verifies correctness

of the DNN based n-channel MOSFET model developed using characterization data.

IDS =
1

2
µnCox

W

L

[
(VGS − VT )VDS − V 2

DS

]
(5.13)

IDS = f(W,L, VGS, VDS) (5.14)

The predicted results employing DNN model are compared with their actual solution using Spectre

and SCL’s PDKs for different values of VGS . It can be observed that the predicted results are very

close to their actual values and has computational error < 2%. The main advantage of this proposed

model lies in its ability to model all the dependent variables or parameters in a single equation based

on DNN. This particular DNN model for the output characteristics of a MOSFET can be employed

to harness its advantages for circuit simulation. The output characteristics of the MOSFET using

proposed DNN model is shown in Fig. 5.22.

For the analysis of circuits having our proposed DNN based semiconductor device model, a suit-
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Figure 5.21: Comparison of Id-Vds of a MOSFET for different Vg.
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Figure 5.22: Output Characteristics of a MOSFET using ANN.
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able circuit analysis method such as nodal analysis, modified nodal analysis etc. may be employed.

To illustrate the process, a simple circuit having MOSFET as its element is shown in Fig. 5.23.

R

R

L

D

VDD

SGV

GGV +
−

+

−

DV

+
−DDV

Figure 5.23: A simple MOSFET circuit.

In the proposed methodology, point relaxation based technique [59] is employed to analyze cir-

cuits composed of DNN based semiconductor devices. In this method, KCL equations are formulated

on all the respective nodes and the following equation is produced.

VDD − VD
RD

= IDS +
VD − 0

RL

(5.15)

It should be noted that IDS is considered as a function of four dependent parameters, and the pro-

posed DNN based semiconductor device model is utilized to compute its value. The above mentioned

equation can be analyzed by employing any iterative solver. We utilize Gauss Seidel based solution

scheme to address this issue.

VDD − V m+1
D

RD

= IDS(W,L, VGS, V
m
DS) +

V m+1
D − 0

RL

(5.16)

V m+1
D

(
1

RD

+
1

RL

)
=
VDD
RD

− IDS(W,L, VGS, V
m
DS) (5.17)

V m+1
D =

VDD
RD
− IDS(W,L, VGS, V

m
DS)

1
RD

+ 1
RL

(5.18)

where m represents the number of iterations.

Equation 5.18 is analyzed using Gauss Seidel method to produce the final solution. Fig. 5.24
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presents the comparison of output and transfer characteristics of a simple MOSFET circuit shown

in Fig. 5.23. It can be observed that the solution provided by using our proposed methodology

is comparable in terms of accuracy with the solution produced by commercially available circuit

analyzer Spectre, therefore, validating correctness of the proposed methodology.
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Figure 5.24: Comparison of different characteristics of a simple MOSFET circuit (a) Output Characteristics
(b) Transfer Characteristics

The DNN based n-channel MOSFET (NMOS) model is utilized to analyze different electrical

circuits to validate its robustness. Fig 5.25 presents a cascaded MOSFET circuit to be tested using our

proposed methodology. Its transfer characteristics are obtained using our proposed circuit analyzer

and its comparison with the commercially available circuit analyzer Spectre is presented in Fig. 5.26.

The accuracy of the solutions provided by both the frameworks are acceptable validating correctness

of the proposed methodology.

For analyzing a CMOS circuit, it becomes imperative to create a similar model for p-channel

MOSFET (PMOS) as well. Therefore, the same procedure is followed for p-channel MOSFET and a

similar DNN based semiconductor device model is created by utilizing characterization data provided

by SCL Chandigarh.

The proposed DNN based device models for NMOS and PMOS are employed to analyze a CMOS

inverter to test its accuracy and correctness. Fig. 5.27 presents transfer characteristics of a CMOS

inverter and compares it with the results obtained using Spectre. It can be observed that the results
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Figure 5.25: A simple cascaded MOSFET circuit
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Figure 5.26: Comparison of transfer characteristics of a simple Cascaded MOS circuit

obtained using our proposed circuit analyzer having machine learning capabilities are within < 2%

of the solution produced by commercially available circuit simulator Spectre.

The proposed methodology is employed to analyze a Current Mirror circuit to further validate

its accuracy and effectiveness. This circuit is chosen to explore feasibility of applying our proposed

methodology in other domains of electrical circuit design. Fig. 5.28 shows a simple current mirror

circuit and is analyzed by using Spectre and our circuit simulator having machine learning capabilities.

The output characteristics obtained by both the circuit analyzers are presented in Fig. 5.29. It can be
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Figure 5.27: Comparison of transfer characteristics of a CMOS Inverter.

observed that the solution provided by both the frameworks are comparable which further validates

accuracy of the proposed model.
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Figure 5.28: A current mirror circuit.

Apart from the accuracy of the proposed DNN based semiconductor device model for circuit

analysis, its main advantage is minimal memory utilization and less computation time as compared

to the lookup table based circuit analysis method. This point can be validated by providing the fact

that our proposed model evaluates a mathematical expression to compute IDS , whereas lookup table
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Figure 5.29: Comparison of output characteristics of a current mirror circuit.

method needs to store predetermined data points explicitly in order to find IDS at intermediate data

points which utilizes huge memory and time to compute IDS at intermediate points.

The proposed methodology of creating a DNN based semiconductor device model for circuit

analysis is also helpful in analyzing circuits based on novel devices where fundamentals of device

modeling is yet to be explored and a straight forward analysis using device compact models is not

feasible. Therefore, the work presented in this thesis is envisaged to play a key role in the paradigm of

novel device and the machine learning based analysis of electrical circuits composed of novel devices.

5.5 Summary

In this chapter, we present an indigenous TCAD analyzer, VEDA with parallelization capabili-

ties, which incorporates state of the art solution methodologies as compared to the currently available

commercial simulators. The proposed framework uses random walk method and machine learning

based methodologies to improve computation time of the analysis. Random walk improves computa-

tion time of the analysis by providing approximate initial guess of the solution and enables VEDA to

achieve faster convergence to the final solution in less number of iterations. In the machine learning

model, artificial neural networks are introduced to the solution process to predict potential profile
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of a semiconductor device. This predicted potential profile is inducted to the solution process as an

initial guess while analyzing self-consistent fundamental device equations. Due to this, the minimum

speedup of 1.86× (13 iterations to 7 iterations) and maximum speedup of 3.5× (21 iterations to 6

iterations) for 12 different doping concentrations are achieved. The machine learning based device

analysis methodology is incorporated in VEDA for the general purpose use. It is is further applied

to the electrical circuit analysis, in which machine learning based models of NMOS and PMOS are

utilized during analysis of electrical circuits. The proposed methodology is validated by designing

various circuits and their solution is compared with the commercially available circuit simulator,

Spectre. It is to be noted that the proposed machine learning algorithms based circuit analysis pro-

vides an edge in terms of memory utilization and computation time over lookup-table based approach

of circuit analysis.
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The work presented in this thesis is dedicated to the design and development of a fast and accurate

framework for the analysis of semiconductor devices. The proposed framework is extended to analyze

electrical circuits composed of artificial neural network based semiconductor devices. The motivation

to design an ideal framework for the analysis of semiconductor devices or TCAD environment enables

us to develop indigenous TCAD engine, VEDA (Very Efficient Device Analyzer). The crucial role of

TCAD in the development of the electronics industry in the 21st century is the driving force because

of enormous cost involved in the development of electronic circuits at lower technology nodes. At its

core, a TCAD framework bundles a set of complex mathematical equations in an attempt to replicate

the electrical behavior of a semiconductor device through simulations. The two main factors affecting

solution of a TCAD framework can be described as, 1) The choice of transport model employed for

the analysis, and 2) Different techniques to find an accurate numerical solution of a given transport

model efficiently in terms of memory usage and computation time. The scope of this thesis focuses to

explore different methods which can provide the best possible numerical solution to a given transport

model in an efficient manner. In the pursuit of this, fundamental transport models, Drift-Diffusion and

Schrödinger-Poisson Solver are employed for the development of our proposed framework.

In this thesis, a detailed description of TCAD methods employed in the analysis of semicon-

ductor devices is presented. These methods can be broadly classified to include two main aspects

of a TCAD framework, Accuracy and Computation Time required for the analysis. The work pre-

sented in this thesis aims to address both these issues as efficiently as possible. Accuracy aspect of a

TCAD is resolved by studying different discretization methods, meshing techniques, and numerical

methods targeting minimum error to be produced during analysis of semiconductor devices. Several

discretization methods, such as finite difference method (FDM), finite element method (FEM) and fi-

nite volume method (FVM) are explored for the analysis of semiconductor devices. It is observed that

FEM is more suitable for the analysis of semiconductor device with unstructured geometries includ-

ing novel semiconductor devices such as FinFET, GAAFET (Gate All Around FET), etc. Therefore,

FEM is implemented as a basic discretization method in VEDA along with its two variants, DG-FEM

(Discontinuous Galerkin FEM) and SUPG (Streamline Upwind Petrov Galerkin). It is observed that

DG-FEM and SUPG stabilization technique improve accuracy and reduce computation time required
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for the analysis of semiconductor devices. In DG-FEM, the basis functions employed for the dis-

cretization of partial differential equations are discontinuous piecewise polynomials, whereas in FEM

it is a continuous form of basis function. A discontinuous basis function helps in conserving the flux

more efficiently and are capable of handling complex geometries. SUPG method is observed to be

better than the classical Scharfetter-Gummel method to solve a convection-diffusion equation. The

dependency of FEM on mesh generation for discretization leads to a certain amount of numerical er-

ror produced during semiconductor device analysis. It motivates us to incorporate meshfree variant of

FEM, EFG (Element Free Galerkin Method) for the analysis of semiconductor devices. EFG method

employs a scattered set of nodes throughout the geometry to formulate linear algebraic equations us-

ing fundamental partial differential equations which represent semiconductor device transport model.

The solution provided by our proposed EFG implementation is compared with other discretization

techniques including the methodology adopted by commercial TCAD simulator, Sentaurus. The ac-

curacy of the solution obtained by EFG based proposed methodology is ≈ 10× better as compared to

the solution provided by Sentauras.

The need of highly accurate solution of TCAD analysis imposes a penalty in terms of increased

computation time. Therefore, various aspects of TCAD to improve computation time for the analysis

are studied. Three different approaches viz. parallel computing, numerical analysis and initial guess,

are aimed to improve computation time of device analysis. In order to address these issues, OpenMP,

MPI and CUDA based platforms are employed to achieve high performance during semiconductor

device analysis. A number of efficient numerical solvers, such as LU Decomposition, Conjugate

Gradient, Gauss-Seidel, etc. are incorporated in VEDA to improve computational efficiency of the

proposed framework. One of the major contribution of this thesis is to provide improved initial guess

for the analysis of semiconductor devices, which eventually reduces computation time by achieving

faster convergence. Random Walk and Machine Learning based methods are introduced in VEDA to

provide improved initial guess during the analysis. The random walk method is applied on the equiv-

alent electrical networks of PDEs representing transport model of semiconductor devices. Therefore,

equivalent electrical circuits of these PDEs are also formulated in this thesis. Further, random walk

method is incorporated in the proposed framework VEDA and it provides upto 20% faster solution
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with the initial guess having maximum 4% inaccuracy as compared to the final solution.

The success in improving solution accuracy and reducing computation time of semiconductor

devices analysis motivate us to explore machine learning based algorithms to further speed up the

computation time while maintaining the accuracy. Therefore, various machine learning algorithms,

such as decision tree, random forest, support vector machine, artificial neural network, deep neural

network, etc., are studied so that an efficient methodology can developed to estimate a very good

initial guess. In this thesis, we propose a process flow which incorporates machine learning based

methods to overall improve semiconductor device analysis. It was observed that deep neural network

provides the best possible initial guess for the TCAD analysis. The obtained results exhibit a mini-

mum speedup of 1.86× (13 iterations to 7 iterations) and maximum speedup of 3.5× (21 iterations to

6 iterations) as compared to the sequential TCAD analysis. This also motivates us to use DNN based

semiconductor device models instead of developing semiconductor device models for the analysis of

electrical circuits. This further inspires us to develop an electrical circuit analysis framework to vali-

date our proposed methodology and the use of machine learning based semiconductor device models.

This leads us to build above mentioned framework which can make use of the machine learning based

semiconductor device models. Various electrical circuits of different domains are designed using

our proposed circuit simulator and the results obtained using this simulator are compared with the

commercially available circuit analyzer Spectre. It is observed that the results provided by both the

simulators are in good agreement tagging our proposed simulator an ideal platform for the analysis

of future semiconductor devices. It should be noted that the proposed methodology provides an edge

in terms of less memory utilization with reduced computation time over lookup table based circuit

analysis techniques.

Future aspects of the work presented in this thesis may include the following directions.

• Incorporate various transport models of the semiconductor analysis, such as Hydrodynamics

Model, Thermodynamics Model, Ballistic Model, etc.

• Incorporate the analysis of 2D devices, such as Graphene, Silicene, MOS2 using the proposed

methods
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• Explore different paradigms of high performance computing to harness as much resource uti-

lization as possible to further reduce computation time of the proposed methodologies

• Use machine learning algorithms to create good predictive models of novel semiconductor de-

vices devices based on 2D materials to study effect of parametric variations on the performance

of electrical circuits composed of novel devices in the early stage of the device development

• Perform transient analysis of analog/RF circuits using machine learning based algorithms

It is anticipated that there would be an endeavour to address above mentioned aspects in future

and VEDA would be made available to scientific community as an open-source engine.
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