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Abstract

The main objective of this thesis is to study a priori error analysis of the two-scale com-
posite finite element (CFE) method for parabolic initial-boundary value problems (IBVPs) in
two-dimensional convex and nonconvex polygonal domains. When the physical domain is non-
convex or very complicated, the standard finite element method (FEM) requires to generate
finite element mesh that resolves the domain boundary. As a result, the degrees of freedom
of such finite element space are distributed in a nonoptimal way with respect to the approxi-
mation quality which drastically increases the minimal dimension of the finite element space.
Whereas, the CFE discretizations are based on the two-scale grid refinement: In the interior
of the domain at a proper distance from the boundary, the solution is approximated by a
coarse-scale parameter H whereas the near-boundary triangles are discretized by a fine-scale
parameter h which approximates the Dirichlet boundary conditions. The coarse-scale grid Ty
contains the degrees of freedom whereas the fine-scale grid 7, adaptively resolves the boundary
I' that contains the slave nodes only. The basic idea of the CFE procedure is to work with
fewer degrees of freedom by allowing finite element mesh to resolve the domain boundaries and
to preserve the asymptotic order convergence on coarse-scale mesh. In contrast to the standard
finite elements, CFE method uses the minimal dimension of the approximation space. These
new class of finite elements can be thought of as a generalization of standard finite elements
by allowing the approximation of the domain boundaries in a flexible adaptive manner. This

is especially very advantageous for problems on complicated domains.

The present dissertation is commenced with general introduction to the respective field
along with the detailed overview of CFE discretizations. Additionally, the background knowl-
edge and motivations of a priori error analysis for the two-scale CFE approximation of
parabolic IBVPs in two-dimensional convex and nonconvex polygonal domains are discussed.
To begin with, we first study a priori estimates in both L>°(L?) and L*°(H')-norms for the
spatially semidiscrete and fully discrete CFE approximation of the linear parabolic problem
in a convex domain with smooth initial data. The estimates of the associated elliptic or Ritz
projection in the framework of CFE method play an important role in the error analysis. We
derive optimal order convergence (up to logarithmic terms) for smooth initial data. Then, we

concentrate on the nonsmooth data error analysis for the homogeneous linear parabolic equa-
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tion in a convex domain. Optimal order error estimates (up to logarithmic terms) with respect
to space discretization are shown to hold for positive time even for nonsmooth initial data.
The eigenfunctions expansion related to the elliptic operator and the rational approximation

for exponential are the key technical tools used in nonsmooth data error analysis.

We next proceed to the a priori error analysis for the spatially semidiscrete and fully
discrete CFE approximation of linear parabolic problem in a nonconvex domain for both
smooth and nonsmooth initial data. Compared to the error estimates for convex domain,
the rates of convergence in nonconvex domain is reduced for both smooth and nonsmooth
data. Furthermore, we consider the CFE error analysis for nonlinear parabolic problems in
nonconvex domains. Both the spatially semidiscrete and fully discrete schemes are analyzed
and the related error estimates are derived. Finally, we focus on a priori error estimates in the
L?(L?)-norm for the spatially semidiscrete and fully discrete CFE approximation of parabolic
problem with measure data in time for both convex and nonconvex domains. The solution of
this kind of problem exhibits low regularity which introduces some difficulties in both theory
and numerics of CFE method. An effort has been made to investigate the CFE error analysis
and derive convergence properties for both convex and nonconvex domains.

We perform extensive numerical experiments of the proposed CFE method for both convex
and nonconvex domains to support our theoretical results. It is shown that the number of
degrees of freedom for CFE method is much less compared to the standard FEM, which

substantially reduces the computational effort.
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NOMENCLATURE

BVP Boundary value problem

IBVP Initial-boundary value problem

PDE Partial differential equation

FEM Finite element method

CFE Composite finite element

ROC Rate of convergence

R™ n-th dimensional Euclidean space

Q Bounded convex or nonconvex polygonal domain

Boundary of €2

U Exact solution of PDE
Ug Initial function
f Non-homogeneous term

LP(Q2), 1 <p < oo Standard Lebesgue space of order p over the measurable set )

|- 1lze ) Norm on LP(Q)

(-, e Standard L*(Q) inner product

Wmr(Q) Standard Sobolev space of order (m, p) over the measurable
set

I Norm on WP ()

H™(Q) Hilbert space W™?%(Q)

H} () Space of functions in H'(€2) that vanish on the boundary of

LP(0,7;B) The standard Bochner space with B is a Banach

space (1 <p < o0)

| - o (o,rB) Norm on L*(0,7;B)
D¢ One of the partial derivative of order |y| of ¢ : R* — R
cm™(Q) Space of functions with continuous derivatives up to and

including order m in Q
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CJ(Q) Space of all C™(2) functions with compact support in

C () Space of all infinitely differentiable functions with compact support
in €2

supp(¢)  Support of ¢

A(-, ) Bilinear form corresponding to the elliptic operator —A

ap Continuity constant for A(-, )

Bo Coercivity constant for A(, -)

Tan Two-scale grid discretization for the domain €2

U The set of grid points corresponding to 7,

Tu Initial overlapping coarse grid triangulations

Iy The set of grid points corresponding to 7y

T Finer grid triangulations

Tin Inner grid of Ty,

Vdof The set of vertices (degrees of freedom) corresponding to 7.
Tr A subset of Ty containing all near-boundary triangles
Vdlave Set of all slave nodes Yyave := U \ Vdof

& Extrapolation operator

& Extension operator

P Grid function

K Triangle (closed)

T To obtain 7, each K is splitted into four triangles by joining the
mid-points of the edges of K

diam(K) Longest side of K

int(K) Interior of K

sons(K)  Set of 7

Nk fsons(K)

Qin int (UKET}{" K)
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Sin

SCFE
RCFE

PCFE

O dist

Ouni

diam(K)

max(hg) for K € Ty

diam(7)

min(h,) for 7 € Typ, h < H

The time interval (0,7 with T' < co

n-th subinterval of [0, T']

Variable time step, constant time step

LA JIAX J

For € Ugave, A, € T has minimum distance to

For x € Ygayve, ' € I' has minimum distance to z

Minimal rectangle containing 2,y and 7 with one side
being parallel to zTy"

Set of vertices of a triangle K

Space of polynomials of degree < /¢

Linear function which interpolates @ in the vertices of K
Continuous, piecewise linear finite element space with respect
to the mesh Ty,

Continuous, piecewise linear finite element space with respect
to the mesh T

Composite finite element space with respect to the mesh 7y,
Elliptic or Ritz projection onto SCFF

L2-projection onto SCFF

The parameter control the width of the neighborhood of T"
The parameter control the distance from an inner

triangle A, to a slave node x

The constant describes the local quasi-uniformity of the initial

overlapping mesh 7y near the boundary
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FEr1, FEmo Standard finite element errors in the L°°(L?) and
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Introduction

The numerical approximation of parabolic partial differential equations (PDEs) posed
on a convex and nonconvex polygonal domain, are of vital importance in science and
engineering applications. The main objective of the present thesis is to study a pri-
ori error analysis for the two-scale composite finite element (CFE) approximations of
parabolic problems in both convex and nonconvex polygonal domains. This chapter
introduces the problems along with the necessary notations and preliminaries. It also
includes a brief survey of the relevant literature and the motivational background for
the present study. Finally, the organization of the thesis is presented in the last section

of this chapter.

1.1 Description of the Problems

In this section, we briefly discuss the model problems which are considered in this

thesis.
Linear parabolic problems in convex and nonconvex domains. Consider the

linear parabolic problems of the form

u—Au = f in Q t>0,
(1.1) u = 0 on I'yt>0,
u(-,0) = wy in Q,

where €2 is a bounded domain in R? with Lipschitz boundary I" having a finite length.

For simplicity, we assume that {2 is a polygonal domain, but the boundary of the domain

du
ot

and the Laplacian is denoted by A = Z?Zl 9?/9x3. The initial data ug is a function of

x only and is assumed to be smooth.

may still have a very complicated shape. Here u = u(x,t), f = f(z,t), u; denotes

TH-2233_136123008



CHAPTER 1. Introduction 2

We also consider the initial-boundary value problem (IBVP) for a homogeneous
parabolic equation, where the initial data is assumed to be nonsmooth. Thus, the

following model problem:
(1.2) uy=Au in Q, t >0,
u=>0 on I', t>0, with wu(-,0)=uy in Q,
is considered and analyzed for both convex as well as nonconvex polygonal domains
when the given data uy € L?(2).

Nonlinear parabolic problems in nonconvex domains. Let {2 be a nonconvex
polygonal domain in R? with boundary I'. Set Q7 = Q x J and 'y = I'" x J with
J :=(0,T], T < oco. As a model problem, we consider the following nonlinear parabolic
problem:

u — V- (a(u)Vu) = f(u) in Qp,
(1.3) u = 0 on I'r,
with u(-,0) = wg in €,
where v = u(z, t). Further, we assume that the functions a and f are smooth on R such
that

0<fi<alu) <M, |dw)|+]|f(w)|<B for uek,
where 11, M and B are some positive constants.

Parabolic problems with measure data in time in convex and nonconvex
domains. Let 2 be a bounded polygonal domain (may be convex or nonconvex) in R?
with boundary I'. Consider the following model IBVP:

u—Au = p in Qp,

(1.4) v = 0 on I'p,
u(-,0) = wuy in Q,

ou

Bt
function of x only. The source term p = ow, where o and w are given functions such

that o € C([0,T); L*(Q2)) and w € M|0, T]. Here M|0, T] is the space of real and regular
Borel measures in [0, 7], which can be defined as the dual space of C[0,T] with

where u = u(x,t), uy = A = 232:1 38_;2 the Laplacian and the initial data ug is a
J

T
|2l mpo,r) = Sup{/ vdp v e Cl0,T] and ||v|cor < 1}.
0
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CHAPTER 1. Introduction 3

Parabolic PDEs in convex and nonconvex domains appear in many physical phenom-
ena such as modelling of heat conduction in composite materials, environment modelling,
porous media flow and modelling of complex technical engines. Rigorous discussions on
heat conduction in chip design, elastic behaviour of composite materials, compression
of poro-viscoelastic media can be found in the articles of Coleman [26], Coleman and
Gurtin [27], Gao et al. [44], Habetler and Schiffman [49], Kosmopoulos and Keller [59],
Pegoretti et al. [75] and in the respective references therein. Furthermore, several works
involving nonlinear parabolic equations in nonconvex polygonal domains can be found
in the articles of Gao et al. [43] along with that of Li and Zhang [64]. The regularity
analysis for the solution of some linear and nonlinear models in a polygonal domain has
been extensively studied by Grisvard [48] and Kweon [61} 62]. Parabolic equations with
measure data in time have varied applications. One of the most important applications
for parabolic equations with measure data in time is related to the first order optimality
conditions of parabolic optimal control problems with pointwise state constraints, see
e.g., Casas [19], Lions [65], Meidner et al. [72] and the references quoted therein. In
general, for parabolic optimal control problems with pointwise state constraints, the
Lagrange multiplier ; associated to the state constraints belongs to M(Qyz), where
M(Qr) is the space of regular Borel measures on Qr, uq, = jtlap, pire = ptlr, and
pir = filgeqry (cf. Deckelnick and Hinze [30]). However, in the case where only point-
wise in time state constraints are imposed, the Lagrange multiplier ;1 appears to be a
measure only in time, and hence it can be decomposed as u = ow, where ¢ and w are

already mentioned.
It is evident from the discussion that the importance of the aforementioned parabolic

equations is noteworthy as they signify various physical phenomena. It is worthy of
mentioning that the topic of a prior: error analysis for the two-scale CFE method with
respect to these equations remained unexplored. Therefore, an attempt is made in this
thesis to study a priori error analysis for the two-scale CFE approximations of parabolic

problems.

1.2 Some Notations and Terminologies

In this section, we introduce some standard notations, function spaces and recall
some basic definitions and results which will be used throughout the thesis. All functions
considered here are real-valued. For the purpose of including notations, we assume that
(2 is a polygonal domain in R™ with boundary I'. Let x = (z1, 22, - ,x,) be an n-tuple
with dx := dx1dzy---dx,. The order of 7, where ¥ = (31,72, -+ ,7,) With 7; € Z,
(the set of nonnegative integers), is denoted by |¥| :==7; + Y2 + - - - +7,. Then the Fth
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derivative of ¢ denoted by D7¢ is defined by
ol

Oz 0z -+ O

DV¢ =

The support of a function ¢ on 2 is denoted by supp(¢) is defined by

supp(¢) == {z € Q| ¢(z) # 0}.

We say that ¢ has a compact support in € if supp(¢) is a compact set in €.

Now we introduce the following function spaces which we shall refer frequently. For
any nonnegative integer m, C™(Q) is defined as the space of m times continuously
differentiable functions on Q. We write C*(€2) to denote the space of all C™(£2) func-
tions with compact support in Q, and C§°(2) is the space of all infinitely differentiable
functions with compact support in ). Given a Lebesgue measurable set 2 C R", the
Lebesgue spaces LP(Q2), 1 < p < oo, refer to the linear space of equivalence classes
of measurable functions ¢ on Q such that [, [¢(z)[Pdz exists and is finite. The space

LP(Q), 1 < p < o0 is equipped with the norm

Il = (/hﬁ mm)  1=p<o,

and  ||@]|po@) = esssug]gb z)| <00, p=cc.
TE

When p = 2, L*(Q) is a Hilbert space with respect to the inner product

(QszLW@W@W

We now introduce the notion of Sobolev spaces. For an integer m > 0 and 1 < p < oo,
the Sobolev space WP(() is defined as a linear space of functions (or equivalence class
of functions) in LP(€)) whose distributional derivatives of order up to m are also in
LP(Q), i.e

WmP(Q) == {¢| D¢ € LP(Q) for 0 < [§] < m}.

The space W™P()) is endowed with the norm

1/p
||¢||m7p = Z ||D7¢||I£p(g) , 1< p<oo,
0<[F|<m
m.oco = D’Y ) y = .
91l m, [ax [D7¢(z)||L(0), p=o00

In particular, for p = 2, we denote the spaces W™?(Q) by H™(Q) and H°(Q) = L*(Q).
For simplicity of notations, we will denote || - |[z2@) by || - || = || - [lo,0 and || - | zm ) by

Il =1l
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CHAPTER 1. Introduction 5

The space H™(S2) is a Hilbert space with the norm induced by the natural inner
product defined by

@)= 3. [ DD vo.ue HMQ)
0<fF|<m ” S

The space HJ'(Q2) is also defined as the closure of C§°(2) in the H™-norm. Moreover,
the function space Hj({2) consists of the elements from H'(Q) which vanish on the
boundary I' of €2, where the boundary values are to be interpreted in the sense of trace
(the trace is a continuous (bounded) linear operator 7 : H'(2) — L?*(T) such that
7(u) = ulr).

For an integer m > 0, set s =m+ 07, 0 < 0 < 1, and then H* = H*(Q2) denote the

Sobolev spaces of fractional order with the norm defined by

1/2

2 |D%u(x) — Du(y)|®
Hs — u m —|— // po dxdy y
e + 3 [ |

|at|=m

[l

and let H® = H*(Q2) denote the completion of C*(2) with respect to this norm. For a
given Banach space B and 1 < p < oo, we define the Bochner spaces LP(0,7;B) as

LP(0,T;B) = {¢ :(0,7) — B | ¢(t) € B for almost all ¢ € (0,7)
T
and [ o0l < oo}

equipped with the norm

1
T 3
Iolrora = (/ ||¢<t>||§;) % so D < oo,
0

|P|lLe0rB) = ess sup [|o(t)]|s < oo, p=o0.
te(0,T)
For convenience, we write ||¢||zr(0.m;8) = ||¢|/zr@®). For having a complete idea on

Sobolev spaces, one may refer to Adams [2], Adams and Fournier [3], Dautray and

Lions [29], Grisvard [47] and Kellogg [50].
In the subsequent chapters, we shall use the following spaces and some preliminary

materials. The space H'(0,T; B) consists of all measurable functions ¢ : (0,7) — B for
which

T T 1/2
61l orim) = (/ ool + [ ||¢t<t>||%3dt) < .
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CHAPTER 1. Introduction 6

Let || - ||,jo,r) denote the norm on H"([0,T]) and the space H*"(Qr) = L*(0,T; H*(2)) N
H7(0,T; L*(Q)) be equipped with the norm

T 1/2
||v||5,r=(/ o 6)|dt + / ||v<x,->||%,[o,ﬂdm) |
0

where Qp = Q x (0,7]. We set

W(0,T) = L*0,T;Hy(Q))N H0,T; H*(Q)),
X(0,T) := L*0,T; H*(Q) N Hy(Q) N HY0,T; L*(Q)),

and define the space X (0,7T) as
X(0,7) := L*0,T; H(Q) N Hy(Q)) N H'(0,T; L*(2)) for 1/2<s < 1.
The L*inner product on L?(Q7) is defined by (u,v)q, = fQT wvdzdt ¥ u,v € L*(Qr).

Some inequalities. Now we shall recall some well known inequalities which will be
used often in our chapters (cf. Hardy et al. [54]).

Young’s inequality: If a, b are nonnegative integers, and ¢ > 0 then

b < a’ n eb?
a — 4+ —.
— 2e 2
An important consequence of the Young’s inequality is the celebrated Holder’s inequality.

The discrete and integral version of the Holder’s inequality are given as follows.

Holder’s inequality: The discrete analogue is stated as: Let p > 1 and ¢ be such that
—1—52 1. Then for any a;,b; € R, 1 =1,2,--- | n,

n n 1/p n 1/q
> laibi| < (Z |ai|p> (Z |bi’q> :
i=1 =1 =1

In particular, for p = ¢ = 2, the above inequality is familiar as the Cauchy-Schwarz

1
p

inequality in R".
The integral analogue is stated as follows: Let p,q € [1,00) be such that % + % =1
Suppose that ¢, : € — R are Lebesgue mesurable. Then

ol @y < Dllze@) ¥l Loe)-

In particular, for p = ¢ = 2, the above inequality is known as the Cauchy-Schwarz
inequality in integral form which will be used frequently.
Poincaré’s inequality [16]: Let Q be a bounded domain in R™. Then there exists a

positive constant Cp = Cp(£2) such that

I¢ll < CPIVEll Vo € Hy().
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An immediate consequence of the Poincaré’s inequality is that, ||V(-)|| defines a norm
on H}(Q). We now state the Brouwer’s fixed point theorem without proof. The proof
of the theorem is provided in the article of Kellogg et al. [57].

Theorem 1.2.1 (Brouwer’s fixed point theorem). Let X be a compact convex set in an
n-dimensional Fuclidean space. Then for any continuous function f : X — X there is
a point xy € X such that f(xg) = xo.

The simplest form of Brouwer’s fixed point theorem in the plane is given as: Every
continuous function from a closed disk to itself has at least one fixed point. Next, we
state without proof, the continuous version of Gronwall’s lemma. For a proof, see Rao
[83].

Lemma 1.2.1 (Gronwall’s lemma). Let G(t) be a continuous function and H(t) a non-
negative continuous function on the interval t € [0,T]. If a continuous function F(t)

has the property

Pt) < G(t) + / POHQC for ¢ € 0,7,

/ G(QO)H () exp (/tH(CN)d<~'> d¢ for t €[0,T].

In particular, when G(t) = C, a nonnegative constant, we have

F(t) < Cexp ( /0 H(g)dg) for t € [0,7].

then

Existence, uniqueness and regularity results. The existence and uniqueness
of the solution of parabolic problems for both linear and nonlinear models are inves-
tigated by numerous authors, see Douglas and Dupont [33], Girault and Raviart [45],
Ladyzenskaja et al. [63], Thomée [102], Zlamal [105] and the respective references pro-
vided therein. The existence and uniqueness result for parabolic problems with measure
data in time can be found in the work of Gong [46]. Due to presence of measure data
in time the solution of such problems possess less regularity and hence the standard
finite element error analysis trick cannot be applied directly. However, writing the weak
formulation by transposition techniques (cf. Lions and Magenes [66]), the author of
[46] has proved the existence and uniqueness of the solution to problem . The
regularity of the solution of these problems introduced above (in Section has been
extensively studied, see Chrysafinos and Hou [24], Evans [38], Gong [46], Luskin and
Rannacher [70] and Thomée [102] for convex domains and Babuska [6], Bacuta et al.
[8, @], Chatzipantelidis et al. [21], 22] 23], Grisvard [47, 48] and Kozlov et al. [60] for

nonconvex domains.
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1.3 Framework for the CFE Method

For the purpose of the CFE approximations of the model problems ([1.1)), (1.3) and
(1.4) we begin by writing the problems in weak form. The weak form of problem (|L.1]
is given by: For each ¢ > 0, find u(t) € H}(Q) such that

(1.5) (uelt), ©) + Alu(t), ) = (f(t),9) Vo€ Hy(Q), t >0,
u(0) = uy(v),

where A(-,-) : H}(Q) x H}(Q) — R is a bilinear form defined by
A(v,w) = (Vv,Vw) Yo,w € Hy(9Q),

here V denotes the spatial gradient. The bilinear form follows the following two prop-
erties: A(-,-) is bounded on Hy(f2), i.e., Jap > 0 such that

A, w)| < aolfvllsllwlls Yo, w € Hy(Q),
and A(-,-) is coercive on H} (), i.e., 38y > 0 such that
A(v,v) > Bollv]li Vv € Hy ().

The standard weak formulation of (1.3) may be stated as: Find u : J — Hg(Q) such
that

(1.6) (ue, ) + (a(u)Vu, V) = (f(u), @) Vo € Hy(Q), t € J,
u(0) = u,(z).

Next, for parabolic problem ([1.4)) involving measure data, we define the weak formulation
by transposition techniques [66] as follows: Find v € L*(0,T; H}(Q)) N L*(0,T; L*(Q2))
such that

(17) _<u7(pt)+A(u7gp>QT = <:u790>QT+(u07§0(70>> VSOEW(()’T)u
with (-, 7) = 0,

where A(u, ¢)o, = (Vu, Vo), and

stor = [ = [ ([ oot i) dute) v e 0.7 )
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CHAPTER 1. Introduction 9

Two-Scale CFE Discretization. In order to discretize the domain €2, we introduce
two-scale grid: The coarse-scale and the fine-scale grid (see e.g., Rech et al. [86]). The

two-scale CFE discretization describes in the following steps:
Step 1 (Two-scale grid refinement): Let Ty = {Ky, K, --- , K, } denote the coarse-

scale grid that contains the degrees of freedom. Also, let T;, denote the fine-scale grid
containing only slave nodes which adaptively resolves the boundary I'. For a triangle
K € Ty, hi denotes the diameter of K. The index H denotes the largest diameter of

the triangles in Ty and is defined by H := max{hx : K € Ty}.
We assume that Ty is an overlapping grid consisting of conforming shape regular

triangles (cf. Ciarlet [25]) with maximal diameter H. As Ty is an overlapping grid, we

have

Qc |J K with int(K)NQ#£0 VK € Ty,

KeTy

where int(K) denotes the interior of a triangle K. An adaptive procedure is used to
refine the triangles in a certain neighborhood of I' to resolve the boundary conditions.
The width of this neighborhood is controlled by a parameter ogir > 0. An algorithm
which marks two layers of triangles near the boundary I' can be found in the article of
Peterseim and Sauter [77] along with that of Rech [85]. For any K € Ty, the set of
sons, denoted by sons(K), is defined by

(1.8) sons(K) :=={r €Ty, : 7C K}

and its number is denoted by nx := fsons(K), where Tx denotes the two-scale grid.
To obtain 7 (sons of K'), we split each K into four triangles by joining the mid-points of
the edges of K. This leads to a new conforming and shape regular grid in the vicinity
of I', which is more refined than 7z and coincides with 7z in the interior of 2. In the

interior of the domain, at some distance from I', consider the submesh
T ={r€sons(K): K € Ty \ Tt} C Tun,

which is characterized by the coarse-scale parameter H, where Tt is a subset of Ty
containing all near-boundary triangles. The two-scale mesh Ty, is characterized by the
fine-scale parameter A in the neighborhood of I', where h := min{h, : 7 € Ty}, h < H.

So, the near-boundary triangles satisfy the following condition:

(1.9) dist(K,T) < oaischxe VK € Tan \ Tpp
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More precisely, the stopping criterion of finer scale grid refinement must contain the
condition ([1.9). The two-scale CFE discretization for convex and nonconvex domains
are depicted in Figures [I.1] and [1.2] respectively.

Step 2 (Specify the degrees of freedom): Let G(K') denote the set of vertices for any
triangle K. We now define free nodes for locating the degrees of freedom and the slave
nodes, where the function values are constrained. Let 9y denote the set of all vertices in
Tu. The degrees of freedom corresponds to those vertices in the coarse mesh 7. More
precisely, it depends on the inner mesh 7/ with a proper distance to the boundary.

Thus, the degrees of freedom is defined as
Dot 1= {l’ € G(K) K e 7}?}

All other nodes in Ty, are called slave nodes. The values of a CFE function is determined
by its values at the nodes x € Y4,r. The triangles and grid points are used for adapting
the shape of the CFE functions to the Dirichlet boundary conditions. An algorithm for
generating triangles and grid points can be found in the article of Hackbusch and Sauter
[53] along with that of Peterseim and Sauter [77].

Step 3 (Characterize the slave nodes): Let ¥y, denote the set of all vertices of the

two-scale mesh T ;. The set of slave nodes are defined by

ﬂslave = 19H,h \ 79d0f~

For a slave nodes x € gy, we determine a closest coarse grid triangle A, € 7}}“ and

the closest point z' on the boundary I':

r— A, €TF and x—z" €Tl

The mappings are illustrated in Figures [1.3a] and [1.3b| for convex and nonconvex do-

mains, respectively.

Remark 1.3.1. (a) For any 7 € sons(K), K € Ty, the local mesh size h, and the

coarse mesh size H is related by h, < hx < H.
(b) Let ng denote the number of sub-triangles in K € Tr. If ng = 1, then there

is no subdivision of K. In this case, the two-scale grid Ty simply coincides with the
coarse-scale grid Ty (h = O(H)). The method is referred to as ‘one-scale CFE method’.
When h < H, this is called ‘two-scale CFE method’. When the number ny is very
large, then the domain 2 is fully resolved by the grid T .

Extrapolation operator. As the degrees of freedom of the CFE space are located
at the inner nodes J4o¢ on the inner mesh f}n, the values at the slave nodes of the

two-scale mesh 7Ty, are determined by an extrapolation method.
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Figure 1.1: CFE discretization for the two-scale grid T, with smooth boundary T'. The dark-shaded
triangles form the inner triangulation T which contains the degrees of freedom. The near-boundary

triangles are denoted by dotted lines which contain the slave nodes.

Figure 1.2: CFE discretization for the two-scale grid Ty, with the nonsmooth boundary T'. The
domain boundary T is shown by the solid line. The degrees of freedom is located corresponding to the

dark-shaded region Q.

Let @ : ¥4, — R denote a grid function. For any K € Ty, there exists a uniquely
determined linear function @ € P;(R?) which interpolates @ in the vertices of K. Here,
we use P;(R?) to denote the space of linear polynomials on R? of maximal degree 1.

The values of the extension of ® at a slave node x € Vg, is defined by
(1.10) (E®), := Dp, (2) — Pa, (z1).

Note that (£®), = 0 for z € I'. The construction (1.10) ensures a sufficient approx-
imation quality of the Dirichlet boundary condition. The relation (1.10) defines an
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(a) (b)

Figure 1.3: (a) For slave node x (or y), the choice of closest inner simplex Ay (or Ay), and the
closest boundary point x* (or yv'), where the boundary T is smooth. (b) For slave nodes x (or y),
the choice of closest inmer simplex A, (or A,), and the closest boundary point z¥ (or y* ), where the

boundary I' shown by the dark line is complicated.

extrapolation operator & : RVt — RV#nr for the grid functions as follows:

/

q’:pu T E ﬂdof;

(L11)  (E@)s == Dp, (z) — DPa,(27), 7 € Dyaye A dist(z, A,) < oeha,,

0, otherwise,
\

where . > 0 be some control parameter, which is essential to control the distance from

an inner triangle A, to a slave node .

CFE space. With the above two-scale CFE discretizations for the domain €2 we are
now ready to define the CFE space. Let S denote the continuous and piecewise linear

finite element space on the mesh 7 be defined by
S = {U € CO(QHJL) | ’U|K cP VK € THJl},

where Q5 = int (U ket K ) Then the CFE space for the two-scale approximation
of Dirichlet boundary conditions on the mesh 7, is defined by

SFE .= fy e §|F® € RY with v(z) = (EP@), Vo € Iy}

From the definition of S®FF it is clear that SF® C S, where the values at the slave

nodes are restricted by the extrapolation.
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Remark 1.3.2. (i) The dimension of SYFF is determined by the number of nodes in

V4o Hence, the dimension of S°*F may be much less than the dimension of S.

(i1) The triangles in the two-scale grid Ty might overlap the boundary I' and thus

S CFE

the homogeneous boundary condition satisfied by the functions from only approxi-

mately.

Spatially semidiscrete CFE approximation. Now we define the spatially semidis-

crete CFE approximations based on the weak formulations (1.5)), (1.6) and (1.7). The
spatially semidiscrete CFE approximation based on the weak form (1.5 is to find
uCFE(t) == uCFE(. t) with uCYE(t) € SCFE for ¢+ > 0 such that

(ue™ x) + AW, x) = (f,x) Yx €S t>0,

uCFE(O) _ ugFE’
where u§*E is some suitable approximation of 1y in S¥E. We now pose the spatially
semidiscrete problem based on the variational form (1.6): Find u“¥E : J — S°FE such
that

(uSFE x) + (a(uFEYWVuE V) = (fuTF),x) Vx e STFE te

UCFE(O) _ UOCFE

In addition, we define the spatially semidiscrete CFE approximation based on the weak
formulation (1.7)) as: Find u“¥E(¢) € L?(0, T; S°FF) such that

_(uCFE’ UtCFE)QT + A(UCFE,UCFE)QT — <ﬂaUCFE>QT + (UOCFE, ’UCFE(', O))

VoFE e H1(0,T; SCFE), with v“FE(., T) = 0 and

T
(, v g, = / v = / (/ U(x,t)vCFE(I)dx) dw(t) Yo' € HY(0,T; SF).
ar 0 Q

Now we shall turn to introduce some notations for the fully discrete schemes. As
a fully discrete approximation we consider the backward Euler and the Crank-Nicolson
schemes for discretization with respect to the time variable. Let 0 = t5 < t; < --- <
t, < --- (nis a nonnegative integer) be a partition of the positive time axis and let k; be
the variable time step defined by k; = t; — t;_1. For a bounded time interval J = 0, 7],

we consider the grid points along time axis
0:t0<t1<t2<'~'<tN_1<tN=T7
and the corresponding time interval partitioning as

J={0}UJ,UJU---UJJy,
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with each subintervals J; = (¢;_1,t;] of size k;. For the constant time step, in each time
interval we have k; = k, i.e., the size of each subintervals (¢;_1,t;] is k. The fully discrete
approximation of the exact solution u(t) at t = t,, = nk in S°¥F is denoted by U". By
u™ and f" we mean that u" = u(-,t,) = u(t,) and f" = f(-,t,) = f(t,) for t = t,.

Throughout this dissertation, we shall use the backward Euler quotient

U™ .= (U™ —U" Yk and  3,U":= (U" —U"Y)/k,

for constant and variable time steps, respectively. Moreover, for the Crank-Nicolson
scheme the solution U™ is approximated at ¢t = i TS (n — 3)k with Ur = (U™ +
U1 /2.

1.4 Background and Motivation

This section presents a brief survey of the relevant literature concerning two-scale
CFE approximations for PDEs and their numerical solutions. Parabolic problems for
linear and nonlinear models and parabolic problems with measure data in time for both
convex and nonconvex domains appear in a wide variety of applications in science and
engineering. There are several numerical methods in the literature designed for numeri-
cal approximation of these kind of problems. In practice, a discretization procedure such
as finite difference method (FDM) and finite element method (FEM) are adapted. We
first describe a brief account of the literature concerning the FDM for solving parabolic

problems in convex and nonconvex domains.

Finite difference methods: There has been several considerable research to solve
parabolic PDEs using FDM, see [I}, 5l 28] 73], 8], [89] 96l [10T] and references therein.
Astrakhantsev [5] has constructed the finite difference schemes on a uniform mesh for
solving parabolic equations in a two-dimensional region, where the region €2 is bounded
and simple connected. The authors of [73] have studied the monotone FDM with an
adaptive grid refinement technique to produce a PDE discretization which is applied to
a broad class of equations, in curved or unbounded domains inclusive of free boundaries.
They have considered the grid refinement to be flexible and adaptive. The application of
the generalized FDM for solving the advection-diffusion equation has been investigated
by Prieto et al. [81]. The authors have formulated an explicit method to study the con-
vergence of the method and examined the truncation error over irregular grids. In [89],
Sapa has approximated the classical solutions of nonlinear second-order partial differ-
ential functional equations of parabolic type with Neumann’s condition by solutions of

associated explicit difference functional equations, where the functional dependence is of

TH-2233_136123008



CHAPTER 1. Introduction 15

the Volterra type. Sinsoysal and Coruhlu [96] have studied the finite differences scheme
for finding a numerical solution of the parabolic equation with double nonlinearity. For
this purpose, they have introduced a special auxiliary problem which have some advan-
tages over the main problem. Using the advantages of the proposed auxiliary problem,
they have derived the convergence of the numerical solution to the exact solution. The
numerical solution to linear PDEs of parabolic type by means of FDM has been studied
by Thomée in [101]. For further detailed discussion on FDM for parabolic problems, we

refer to [I, 28] and the references quoted therein.

Finite element methods: In recent years, FEM has emerged as a very powerful nu-
merical technique for finding approximate solution of PDEs over a given domain. For
the decades, several authors have been investigated the error analysis and the conver-
gence properties of FEM for different class of problems on the domains with smooth
boundary, or convex polygonal domains and the domains with complicated boundary,

or nonconvex polygonal domains.
There are wide range of articles available in the literature regarding a priori error

estimates for parabolic IBVPs for convex and nonconvex domains. In [102], Thomée has
considered the simplest Galerkin FEM corresponding to the IBVPs for the linear and
nonlinear parabolic equations. The discrete methods are based on associated weak, or
variational formulations of the problems. The author has demonstrated a priori error es-
timates in energy and mean square norms for these model problems. The error estimates
are derived first for the spatially semidiscrete problem resulting from discretization in
the spatial variables only. Then error estimates are also derived for the most commonly
used fully discrete schemes as obtained by discretization in both space and time, such as
the backward Euler and Crank-Nicolson methods. Moreover, the author has studied the
nonsmooth data error estimates for homogeneous parabolic equation for positive time,
where the given initial data is assumed to be in L?(Q). The error estimates by using
the theory of analytic semigroups generated by the elliptic operator and its discrete
analogue (cf. [37, [74, O8]) have also been studied. Bramble et al. [I5] have analyzed
the multi-step backward difference methods for the discretization of parabolic problems
with smooth and nonsmooth data. The maximum norm stability and error analysis for
parabolic finite element equations in convex domain have been investigated by Schatz et
al. [93]. Subsequently, in [80], Price and Varga have investigated the numerical approx-
imation of the solution of linear diffusion-convection equations for one spatial variable
and derived error bounds for the semidiscrete Galerkin approximations of such parabolic

problems.
A variety of Galerkin methods have been studied by Douglas and Dupont [34] for the
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parabolic equation subject to the nonlinear boundary condition with the usual initial
condtion. The authors have obtained an optimal order error estimates in the L? and
H'-norms. In [35], the authors have estimated the errors for a class of Galerkin methods
for a quasilinear parabolic equation. They have proved an asymptotic error estimates
of optimal order. Luskin [68] has analyzed a Galerkin method for nonlinear parabolic
equations with nonlinear boundary conditions, where an extrapolation in time is used
to yield a system of linear algebraic equations to be solved at each time level. The
development of the theory of finite elements for parabolic problems can also be found

in [39] 40}, 104] for linear models and [31, 32 82] for nonlinear models.
The numerical treatment of elliptic and parabolic equations by the standard FEM

involving measure data have been developed by numerous authors. The summability
results for the gradients of solution of nonlinear parabolic equations having measure
data with homogeneous Cauchy-Dirichlet boundary conditions are thoroughly studied
by Boccardo et al. [13]. The existence of solution for equations of elliptic and parabolic
type with bounded measure in a bounded open set €2 has been extensively studied, see
Boccardo and Gallouét [14]. The first contribution for the finite element approxima-
tions of second order elliptic problem involving measure data in convex domains with
homogeneous Dirichlet condition on the boundary is given by Casas [18]. In this article,
the author has considered the data to be real and regular Borel measures. Using a
quasi-uniform mesh of finite elements and polynomials of degree < 1, the author has
shown that in two-dimensions the convergence is of order O(h) in the L?*-norm and in
three dimensions of order O(h'/2). The convergence analysis of the linear finite element
approximate solution of a diffusion equation to a weak solution, with weak regularity
assumptions on the data has been investigated by Gallouét and Herbin [42]. Recently,
Gong [40] has investigated a priori error estimates for the finite element approximations
of parabolic equations with measure data in an open bounded domain in R? (d = 2 or 3).
The author has considered parabolic problem for both measure data in time and space,
respectively. For both cases standard piecewise linear and continuous finite elements
is used for the space discretization, while the backward Euler method is then used for
time discretization and a priori error estimates for the semidiscrete and fully discrete
problems are derived in the L?(L?)-norm. Due to the presence of measure data the
solution of these kind of problems exhibit low regularity. For the purpose of spatially
semidiscrete and fully discrete error analysis the author has used the duality argument

by introducing a backward in time parabolic problems.

Complicated domains: Up to now, all literature presented above are about the convex

domains. We shall now give some relevant literature concerning finite element approxi-
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mations of elliptic and parabolic problems in nonconvex polygonal domains. The most
important article in this direction was presented by Babuska [6]. It is known fact that
the rate of convergence (ROC) of the FEM is greatly influenced by the existence of
corners on the boundary. While solving nonhomogeneous problem Lu = f with homo-
geneous boundary conditions, where L is a second order elliptic differential operator,
the ROC for FEM strongly depends on the smoothness of the domain. Due to the pres-
ence of the corners on the domain boundary the solution does not have full regularity,
and this causes a reduction in the ROC. In this article, the author has dealt with the
problem of proper refinement in the FEM around the corners that leads to the ROC
which is same as it would be on the domain with smooth boundary. Bacuta et al. [§]
have studied the regularity estimates for elliptic boundary value problems (BVPs) in
the framework of Besov spaces. The analysis is based on new interpolation results and
multilevel representations of norms on Sobolev and Besov spaces. The first significant
contribution towards the finite element error analysis of parabolic equations in noncon-
vex polygonal domains is due to Chatzipantelidis et al. [22]. They have addressed the
IBVP for the heat equation of linear models with homogeneous Dirichlet boundary con-
ditions and considered the semidiscrete and fully discrete approximations of its solution
by piecewise linear finite elements in space. The semidiscrete error estimate are based

on the following decomposition of the main error € := u;, — u as
e(t) = (un(t) — Rpu(t)) + (Rpu(t) — u(t)),

where uy(t) = up(-,t) and u(t) denote the semidiscrete finite element solution and the
exact solution of the parabolic problem, respectively. Here, Ry, : H}(Q) — S, is the
Ritz projection as introduced by Wheeler in [104] and is defined by

A(Rv —v,x) =0 Vx €Sy, v e H (),

where S;, C Hj(f2) denotes the piecewise linear finite element space based on the tri-
angulations of €). A special feature in a nonconvex polygonal domain is the presence
of singularities in the solutions generated by the corners even when the forcing term
is smooth. These cause a reduction of the convergence rate in the FEM. In [22], the
authors have demonstrated that by a systematical mesh refinements toward the noncon-
vex corner (cf. [84]) the optimal order O(h) and O(h?) convergence is obtained in the
H' and L? norms, respectively. Recently, Gao et al. [43] have studied the stability and
convergence of fully discrete Galerkin FEM for the nonlinear thermistor equations in a
nonconvex polygon. Here, they have established the unconditional stability and optimal

error estimates of a linearized backward Euler Galerkin FEM for the time-dependent
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nonlinear thermistor equations in a two-dimensional nonconvex polygon. We refer to Li
and Zhang [64], Chatzipantelidis et al. [21], 23], Bacuta et al. [9], Schatz and Wahlbin

[94] and references therein for further works in this direction.

Composite finite elements (CFFEs): We now define a new class of finite elements, so-
called CFEs, for the discretization of parabolic problems in a two-dimensional convex as
well as nonconvex polygonal domains. The basic idea of the CFE procedure is to work
with fewer degrees of freedom by allowing finite element mesh to resolve the domain
boundaries and to preserve the asymptotic order of convergence on coarse-scale mesh.
In contrast to standard finite elements, CFE method uses the minimal dimension of the
approximation space. The dimension of the CFE space is independent of the domain
geometry and this is especially advantageous for problems on complex domains. These
new class of finite elements can be interpreted as a generalization of standard finite
elements by allowing the approximation of the domain boundaries in a flexible adaptive

manner.
It is for the readers’ ease in understanding the corresponding results obtained in the

present thesis work, we give a brief account of the literature concerning CFEs. The
idea of CFEs was first introduced by Hackbusch and Sauter [50] to define finite element
spaces which have the asymptotic approximation property with possibly less number of
unknowns and is independent of the shape of the domain. They have described how
CFEs can be used for Galerkin discretization in combination with standard multi-grid
methods. Later, in [51] 52], Hackbusch and Sauter have used CFEs for an approxima-
tion of elliptic BVP. The CFEs can be used for coarsening finite element spaces and the
coarse space dimension is independent of the boundary conditions. In [52], they have
presented a strategy for coarsening finite element spaces independent of the shape of the
object and used multi-grid methods for solving PDEs on domains with complex bound-
ary. In this article, they have focused only on the theoretical analysis to study the basic
approximation results. Whereas in [51], they have concentrated on the implementation
details of the theoretical aspects and presented numerical experiments. In [53], Hack-
busch and Sauter have considered CFEs for the discretization of PDEs on complicated
domains containing small micro-structures. They have used CFE method in conjunction
with multi-grid methods to obtain very coarse-scale discretization with extremely few
degrees of freedom. Recently, Rech et al. [86] have proposed the CFE method for the
discretization of elliptic problems with Dirichlet boundary conditions in both convex
and nonconvex domains. For the proposed FEM they have proved an optimal order
approximation (up to logarithmic terms), and the error estimates are also valid for the

cases when the exact solution has a reduced regularity due to re-entering corners of the
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domain boundary. Their work is based on the two-scale CFE discretization:

e The coarse-scale H describes the approximation of the solution in the interior of

the domain at a proper distance to the boundary, and

e the fine-scale h describes the local mesh size which is used for the approximation

of Dirichlet boundary conditions.

The boundary (conditions) are resolved in an adaptive way by refining the triangles in
a certain neighborhood of I'. For this purpose, the authors of [86] have adopted the

following procedures (algorithms):

(i) Procedure mark near_boundary_triangles,
(ii) procedure adapt_boundary (successively refines the near-boundary triangles),

(iii) procedure green closure (eliminates all hanging nodes in the actual triangulation

TH,h)-

In [92], Sauter and Warnke have studied the mathematical analysis of the CFE
approximation to elliptic BVPs with discontinuous coefficients, where the method pre-
serves the continuity across the interface in an approximate way. Recently, Antonietti
et al. [4] have introduced the hp-version discontinuous Galerkin CFE method for the
discretization of second-order elliptic PDEs. A relatively complete theory on the com-
posite mini element (CME) for the mixed discretization of the Stokes equations on two
and three-dimensional domains, which may contain a huge number of geometric details,
has been developed by Peterseim and Sauter [77]. The main idea is to adapt the shape
of the finite element functions instead of resolving the geometric details by the finite
element mesh. This CMEs belongs to the class of CFEs which have been introduced to
Poisson-type problems and to problems in linear elasticity (cf. [52,86]). More precisely,
the authors of [77] have generalized CFEs to the Stokes problem. Schwen et al. [95] have
presented the CFE method for 3D elasticity with discontinuous coefficients. Rather than
using complicated and computationally expensive tetrahedral meshing, they have used a
uniform hexahedral grid in order to construct the CFE basis functions. Later, Preusser
et al. [79] have been developed the CFE approach for scalar and vector-valued elliptic
BVPs with discontinuous coefficients across geometrically complicated interfaces. The
construction of composite basis functions is based on a suitable local interpolation on
the space of admissible functions. A more detailed discussions on coarsening finite ele-

ment spaces can be found in the literature, see Bank and Xu [10, 11}, Chan and Smith
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[20], Kornhuber and Yserentant [58], Ruge and Stiiben [87] and the references quoted

therein.
In the present work, we will introduce the two-scale CFE method for parabolic time

dependent problems in both convex and nonconvex polygonal domains. The numerical
treatment by means of CFEs have been received utmost attention in the recent years.
Though various studies have been conducted on the CFE error analysis for elliptic
BVPs on convex and nonconvex domains, yet the CFE method for parabolic problems
on convex and nonconvex domains are needs to be explored. This is so because the
particular field has not been illumined till date as per the knowledge of the present
author. In standard finite element discretizations, the computational effort depends
on the number of elements which are necessary to resolve the domain. Therefore, a
certain adaptivity has to be employed near the boundary for classical FEM to converge
at an optimal rate. As a consequence, the dimension of the solution space can be
very large for the domains with complicated structures. However, it is convenient to
use CFEs which are based on the idea of incorporating the geometric complexity of
physical domains into the shape of basis functions rather than into the finite element
mesh, see [50} 51, 53]. The coarse mesh in CFE discretization does not need to be
aligned with the boundary, whereas this is necessary for the classical FEM. Further,
the underlying discretizations use unstructured grids to refine the computational grid
in the vicinity of the boundaries until a desired approximation quality is reached. In
contrast to standard finite elements, CFE method uses the minimal dimension of the
approximation space. These CFEs can be used for coarsening finite element spaces and

the coarse space dimension is independent of the boundary conditions.
Since elliptic error estimates play a crucial role in the error analysis for parabolic

problems, therefore an attempt has been made in this thesis to generalize two-scale
CFEs for elliptic problems to parabolic problems in convex and nonconvex polygonal
domains. The two-scale CFE discretization uses two mesh parameters, the coarse-scale
mesh parameter H and the fine-scale mesh parameter A. The domain 2 is overlapped
by a uniform coarse-scale mesh Ty with mesh width H which is independent of the
geometry. The resulting two-scale mesh 7z, is obtained by adaptively refined the mesh
Ty towards the boundary I'. More precisely, the degrees of freedom corresponds to the
unrefined triangles with diameter H in the interior of 2. The CFE space coincides with
the classical, piecewise linear finite element functions on the coarse inner triangles, and
on the remaining vertices (slave nodes) of the two-scale mesh 7Ty 5, the CFE values are
determined via a simple extrapolation process introduced before. Thus, the dimension

of the CFE space do not increase by the triangles and grid points. To begin with, we
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first study a priori error estimates for the spatially semidiscrete and fully discrete CFE
approximation of the linear parabolic problem of the form (|1.1f), where §2 is a bounded
convex polygonal domain in R? with Lipschitz boundary I'. For the purpose of spatially

semidiscrete CFE error analysis, we decompose the total error as

e(t) = u"Et) —u(t)
= {uF(t) = R Pu(t)} + {RTPu(t) — u(t)}
= 0(t) +p(t),

where RCFF is the elliptic or Ritz projection defined in . Thus, the semidiscretiza-
tion CFE error bounds on the main error e in the L>°(L?) and L*(H')-norms are
obtained by using the error bounds of p and p; (see Lemma and equations
and ), and optimal order convergence (up to logarithmic terms) are established. In
order to estimate p in L>(H")-norm, we consider two cases depending on the two-scale
grid:
e For K € T}, the estimate of p follows from the standard interpolation estimate,
since on the inner triangulations 7* the CFE space coincides with the classical

piecewise linear finite element functions.

e For K € 7Tr, the estimate follows from the local estimate by introducing the

Lagrange interpolation operator on 7, 7 € sons(K).

It is noteworthy that for ‘one-scale CFE method’, i.e., for the case h = O(H), the result
coincides with the standard FEM. On the other hand, the fully discrete error analysis
is based on the backward Euler and Crank-Nicolson method. We again decompose the
main error e = U™ — u(t,) into two parts, 0" = U™ — R°"®y(t,,) and p" = R Pu(t,) —
u(t,). In the fully discrete error estimates we analyze the bounds of several errors
namely, backward Euler error analysis for constant time step, backward Euler error
analysis for variable time step and error analysis for the Crank-Nicolson method. Our
next aim is to study the spatially semidiscrete and fully discrete error estimates for the
solution of homogeneous parabolic equation for nonsmooth initial data in a convex
polygonal domain. Optimal error estimates (up to logarithmic terms) for positive time
is proved in the L>(L?)-norm. The eigenfunctions expansion related to the elliptic
operator and the rational approximations for exponential are the key technical tools
used in nonsmooth data error analysis. The space discretization error is based on some

auxiliary results which estimate the bounds for the total error e in terms of p (see

Lemmas|3.2.1]and [3.2.2). The backward Euler method is utilized for the error estimation

in the fully discrete scheme.

TH-2233_136123008



CHAPTER 1. Introduction 22

Our succeeding objective is to study the CFE error analysis for linear parabolic
problem in a nonconvex polygonal domain €2, where both smooth and nonsmooth
initial data cases are considered separately. The existence and uniqueness of the solution
of spatially semidiscrete problem relies on the construction of CFE nodal basis functions,
which is forged by using the extrapolation operator defined in (|1.11]). It is a known
fact that for convex domains the exact solution u of belongs to H*(Q) N H} ().
However, it is very likely to have a lower regularity for the exact solution in nonconvex
polygonal domains (especially for the complicated polygonal boundary I') due to the
existence of re-entrant corners on the boundary. Therefore, for a nonconvex domain
ue H™H(Q)N Hy (), s € [5,1] (cf. Rech et al. [86]). In order to derive the estimates
for Vp we introduce an operator £ that maps u to the error (u — R¥Fu) is defined
by Lu := u — R°®u (see Lemma [£.2.1). Observe that the operator £ is linear as the
projection is a linear operation in Hilbert spaces. For the purpose of estimation of p we
use the duality argument. Several error estimates are established for the linear parabolic
problem in nonconvex domains namely, spatially semidiscrete errors in the L>(L?)
and L°°(H')-norms, fully discretization errors for the backward Euler method with
constant and variable time steps for smooth initial data, and the spatially semidiscrete

and fully discrete backward Euler error estimates for nonsmooth initial data.
Proceeding further we are aimed to consider the CFE approximation to a model

nonlinear parabolic equation in nonconvex polygonal domains. We show error

estimates for the spatially semidiscrete problem as well as the fully discrete backward

Euler method. By introducing the elliptic projection a“FF = 4CFE(¢) of the exact

solution u of (1.3) in SFE defined in (5.5)), we split the term as e(t) = u“FE(t) —u(t) =
0(t) + p(t), where 0(t) = uFB(t) — a°FB(t) and p(t) = a"®(t) — u(t). Therefore,

a priori error bound in the L*®(L?)-norm for the semidiscrete problem comprises of

the bounds for temporal error and its derivative (see Lemmas [5.2.2] and [5.2.3)). The

backward FEuler method is used for the discretization with respect to time variable. An
use of Brouwer’s fixed point theorem guarantees the existence of the solution of fully
discrete approximation of the spatially semidiscrete problem. The error estimates for

the backward Euler scheme and its linearized modification are derived and analyzed.
Finally, we now concentrate on the error estimates for the two-scale CFE approx-

imations of parabolic equation (1.4)) with measure data in time for both convex and
nonconvex domains. The solution of exhibit low regularities mainly due to two
reasons: One, the existence of measure data and another, the presence of singularities in
the solution caused by the re-entrant corner. The theoretical and numerical analysis for

parabolic equations with measure data in time is not straightforward due to the presence
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of measure data. The key ingredients in our error analysis are estimates for the associ-

ated elliptic projection in the framework of CFE method (see Lemmas [6.2.2 and [6.2.3)

and the duality trick. The spatially semidiscrete error estimates in the L?(L?)-norm
for both convex and nonconvex domains rely on bound for the errors of dual problem
in the L>°(L?)-norm in convex and nonconvex domains, respectively (see Lemmas
and . As a fully discrete approximation we consider the backward Euler scheme
for discretization with respect to time variable. The fully discrete error estimates for
the backward Euler scheme in convex and nonconvex domains are obtained by using the

stability estimate for the solution of fully discrete CFE approximation.

1.5 General Outline of the Thesis

The present dissertation comprises of eight chapters and is organized as follows.

Chapter (1| introduces the problems and it contains the basic notations and prelimi-
nary materials to be used throughout the thesis. The CFE discretizations via introduc-
ing a two-scale grid and the construction of the CFE space via a simple extrapolation
method are presented. In addition, this chapter also refers to the motivation behind the

present study.
Chapter [2| is devoted to the a prior: error analysis for the spatially semidiscrete and

fully discrete CFE approximations of the linear parabolic problem in a convex
domain with smooth initial data. The error estimates in the L*°(L?) and L>*(H*')-
norms are established for both continuous time semidiscrete and fully discrete CFE
methods. The fully discrete CFE methods are based on the backward FEuler and Crank-
Nicolson approximations. The backward Euler scheme is considered for both constant

and variable time steps.
Chapter [3| addresses the nonsmooth data error estimates for both the spatially

semidiscrete and fully discrete CFE approximations of the homogeneous linear parabolic
equation in a convex domain. We have demonstrated an analogous behaviour for
the CFE solution which implies that optimal order convergence (up to logarithmic terms)
takes place in both spatially semidiscrete and fully discrete methods for positive time

even for nonsmooth initial data.
Chapter [4] presents a priori error analysis of the spatially semidiscrete and fully dis-

crete CFE approximations of the linear parabolic problem (|1.1]) in a nonconvex domain.
Both smooth and nonsmooth initial data cases are considered. The convergence prop-
erties for both spatially semidiscrete and fully discrete CFE methods in the L*(L?)
and L>®(H"')-norms are derived. The backward Euler method is employed for the fully

discrete scheme for both smooth and nonsmooth initial data.
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In Chapter 5, we address the CFE approximation for nonlinear parabolic problem
in nonconvex domains. Both spatially semidiscrete and fully discrete CFE methods
are analyzed. The fully discrete backward Euler method (nonlinearized form) has a
disadvantage that at each time level it is needed to solve a nonlinear system of algebraic
equations because of the presence of two nonlinear terms a(U") and f(U"). Thus, to
overcome this difficulty, a linearized modification of the fully discrete backward Euler
method has been considered and analyzed. A convergence of order O(H 2SI/JZ)/gS(H /h) +

k), 1/2 < s <1 is established for the fully discrete method.
In Chapter @, we study a priori error analysis for parabolic problems (1.4]) with mea-~

sure data in time for both convex and nonconvex domains. The spatially semidiscrete
and fully discrete error estimates in the L?(L?)-norm are demonstrated for both convex
and nonconvex domains. Moreover, the fully discretization error analysis, based on the
backward Euler method is done for both the cases. We derive error estimate of order
O(HIT(\)—él/z(H/h)) for convex domains and O(Hsfggm(H/h)), 1/2 < s < 1 for non-
convex domains with respect to the space discretization. An order O(k'/?) is obtained

for the time discretization.
In Chapter [, we perform numerical experiments for a two-dimensional test problem

to validate our theoretical results derived in Chapters [2] - [0l For convex domains, a
comparison between the CFE method and the standard FEM in terms of number of

degrees of freedom (f dof) is presented.
Finally, Chapter |8 discusses the critical evaluation of the results highlighting the

contributions made by the thesis. It also provides information for the scope of future

investigations.
For clarity of presentation we have repeatedly mentioned the relevant preliminary

materials at the beginning of each chapter. The pictorial representation of the thesis is

shown as follows.
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Two-Scale CFE Method for Parabolic Problems in

Convex Polygonal Domains with Smooth Initial Data

In this chapter, we derive a prior: error estimates for the spatially semidiscrete and fully
discrete CFE approximations of the problem in a convex polygonal domain with
smooth initial data. The error analysis is based on the error splitting technique. The
estimates of the elliptic or Ritz projection in the framework of CFE method play crucial
role in deriving the error estimates. The convergence properties in the L>(L?) and

L>*(H')-norms are demonstrated for both semidiscrete and fully discrete CFE methods.

2.1 Introduction
To begin with, we first recall the linear parabolic problem of the form
u—Au = f in Q, t>0,
(2.1) u = 0 on I',t>0,
u(-,0) = wo in Q,

where 2 is a bounded convex polygonal domain in R? with Lipschitz boundary I". Here
w and f are functions of x and ¢, u; denotes Ju/0t, and the Laplacian is denoted by
A = 25:1 0?/0x%. The initial data uo is a function of x only and is assumed to be

smooth.
As a first step towards CFE approximation of (2.1)), we recall the bilinear form

A(+,+) - HY Q) x HY(Q) — R defined by
A(v,w) = (Vo,Vw) VYo, w € Hy(Q).
The bilinear form A(-, ) is bounded and coercive on HJ (), i.e., Jag, By > 0 such that
[A(v, w)| < aollvllf|wlly Vv, w € Hy(Q),
27
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and

Av,v) > Bollv]li Vv € Hy ().

Then the weak formulation of (2.1)) is stated as follows: For each t > 0, find u(t) € H3(Q2)
such that

(ue(t), ) + A(u(t), 9) = (f(t).) Vo€ Hj(Q), t >0,
u(0) = wu,(w).

Additionally, we also recall the piecewise linear, continuous finite element space S cor-

responding to the triangulation 7y (as described in Chapter [1)) as
o {’U & CO(QH,h) | UlK eP, VK € TH,h},

where Qg = int (U KeTyn B > The CFE space S°FF corresponding to the triangula-
tion T, is defined by

SOFE.— fy e S |3 ® € RY with v(z) = (E®@), Vo € Iyl

where ® : Y4, — R is the grid function and the extrapolation operator £ : RVdet — RV#.n
is defined in ([1.11)). The spatially semidiscrete CFE approximation u“¥E(t) := u“FE(. ¢)
is to find u“F®(¢) € SCFF such that

(2:2) (we™x) + AW x) = (fix) ¥Yx €S >0,
where u§™® is some suitable approximation of ug in SCFE.

For purely parabolic problem, a priori error analysis for the spatially semidiscrete and
the fully discrete finite element approximations in convex domains has been studied by
Thomée in [102]. In order to estimate the errors, the author has used the elliptic or Ritz
projection as an intermediate solution and then adopted an error splitting technique in
the error analysis to derive a priori error bounds in the L>°(L?) and L>(H")-norms. For
the smooth initial data, optimal order error estimates in the L>°(L?) and L°°(H')-norms
are shown to hold for both continuous time spatially semidiscrete and fully discrete
FEM, where fully discrete FEM is based on the backward Euler and Crank-Nicolson
approximations. In [86], Rech et al. have investigated the two-scale CFE method for
the Poisson equation in two-dimensional convex domains with homogeneous Dirichlet
boundary condition. They have established the approximation and convergence prop-
erties of the CFEs in the framework of an a priori analysis. The authors of [86] have

studied a priori error analysis between the solutions of the continuous problem and the
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semidiscrete problem in the L? and H'-norms and proved optimal order estimates (up

to logarithmic terms).
In this chapter, an attempt has been made to extend two-scale CFE method for

elliptic problems to parabolic problems in a convex polygonal domain with smooth
initial data. The key technical tool for the error estimates include the estimates for the

associated elliptic or Ritz projection in the framework of CFE method.
The rest of this chapter is organized as follows. In Section 2.2 we introduce some

geometric constants which will be used in the error analysis. The existence and unique-
ness of CFE solutions is discussed in this section. Optimal order error estimates (up
to logarithmic terms) for the spatially semidiscrete and fully discrete CFE methods for
problem with smooth initial data are carried out in Section . Finally, we give

some concluding remarks in Section [2.5

2.2 Some Geometric Constants

Following Rech et al. [86], we now define some geometric constants which will be

used in the error analysis throughout the thesis.

e Let K € Tr. For any pair of vertices ,y € G(7), where 7 € sons(K), let R, .,
denote the minimal rectangle containing ', y" and 7 with one side being parallel
to 2'yl". The alignment condition is skipped when 2" = y'. Let the symbol R,
denote the minimal rectangle which contains UweG(T) R, ;4. Define the constant
C R by

(2.3) Cr = max max (%) :

K€eTr T€sons(K) h.-

where the condition (1.9 implies that Cr = O(1).

e For K € Tr, let By denote the minimal ball which contains the set

Ku< U (Tm’AxUTmr,Aw)>U U & |,

TEYg1aveNK T€sons(K)

where for a triangle K and a point € R? we denote T} x by the triangle Ts.
Here the index S is considered as the minimal number such that Ty contains x
and K. Weset By = K for K € 7}}“. The constant o,,;, which describes the local

quasi-uniformity of the initial overlapping mesh 7z near the boundary, is defined

by
diam B
(2.4) Ouni '= Max max (w) .
KeTr 7€Tu h.
TNB g #0
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e For the near-boundary triangles K € 7, we decompose the approximation error
estimates into a sum of error estimates on the sons, 7 € sons(K). For each
7 € sons(K), these estimates involve the given function in the neighborhood of
R, of 7. For this, a quantity will enter in the error estimates which measures the
overlap of such neighborhoods. Keeping this in mind we define the set 7o (7) for
K € Tr and 7 € sons(K), as

To(7) := {7 € sons(K) | R N1 # 0}.
The number of elements in 75 (7) is finite and this is estimated by

(2.5) #7a(7) < C(1 + log(hx /h-)),

where the constant C' depends on the constant Cr defined in (2.3) and on the
shape regularity of the mesh. For a proof of (2.5, see [86, Lemma 2.

e To measure {7, (7) (the cardinality of the set 7o (7)) globally, we introduce the

minimal constant C,; such that

$To1(7) < Cor max (1 +log(hg/hr)) :=log(hx /W) VK € Tr

T€sons(K)

holds, where A" := miI%K)hT. For K € T, we take log(hx/hm™) := 1. It’s
TEsons

global analogue is given by
Log(H/h) := max{log(hx /W'¥™) : K € Tr}.
e The second overlap constant Cy) 2 is defined by
Colz := max t{K € Ty : |Bg N7| >0},

where the constant Cy, - is related to the constant oy, as in (2.4).

e The error estimates for CFEs rely on the existence of an appropriate extension
operator on the domain €. For a bounded Lipschitz domain © C R?, there exists

a continuous, linear extension operator & : H*(Q2) — H*(R?), k € N, such that
(2.6) Vu € H*(Q): &Sulg=u and | Eu| grmey < Oexl[w]] e,

where the constant oy depending only on &k and €2 (cf. [97]). All details including

the characterization of the class of domain geometries can be found in [90] 91].

TH-2233_136123008



CHAPTER 2. CFE Method with Smooth Initial Data 31

2.3 Existence and Uniqueness of CFE Solution

In order to verify the existence and uniqueness of the solution of (2.2)), we need to
construct basis functions for the CFE space. For this purpose, we define the continuous

and piecewise linear finite element space with respect to the mesh T* as

St =Ly € COUO™) | ulx € Py VK € TP,

where the interior Q™" := int (U KeTip K > The extrapolation operator defined in (|1.11
can be written as an operator £ : S™ — S in terms of the corresponding spaces such
that

SOFE _ g(gim) g,
Let {0,}Y5™" be the standard nodal basis function of the finite element space S™,

where NY'E = dim(S“F) with the property
(2.7) oi(x;) = 0 V1<4,j SN,
where Jgor = {z; : 1 < j < N} are the free nodes in T,;* and

TR )

51‘]‘ =

T

Let {¢CFEINT™ be the nodal basis functions for SCFE is defined by
o7 = E[o;) € STFE V1 <i < NOE,

Now, with respect to each free node z; € V4., we can associate a corresponding basis

function ¢*F as in the standard FEM. Therefore, we have

For each t, u“FE(t) = uCFE(.;t) € SFE can be represent as

NCFE

W 1) = 3 ()6 ),

j=1
Therefore, the semidiscrete CFE approximation may be stated as follows: Find the

coefficients «;(t) such that

NCFE NCFE
DA BGTE 6T + D (Ve Vet
j=1 j=1

= (f7¢gFE)7 k: 1727"'7NCFE7
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with a;(0) = v, for j = 1,2, ..., N°FE where ,’s are the components of the given initial
approximation of u§¥® and N¥E = dim(S“FE). In matrix notation, we can express this

as
AFEQ/ (1) + BFE a(t) = fO"E(t)  for t > 0, with a(0) = 1,
where ATF = (A§F") is the mass matrix with elements
5" = (7, 457)
BOF = (By") is the stiffness matrix with entries
BSER = (V457 V™),

FOFE = (fFFE) is the vector with entries fCFE = (f, ¢¢FF) and v = (13). Since ACYE

is positive definite and hence invertible. Therefore, the resulting system of ordinary

differential equations
a,(t) 2 (ACFE)—IBCFE Oé(t) — (ACFE)_lfCFE(t) Wlth a(O) =7,

has a unique solution for ¢t > 0.

2.4 CFE Error Estimates

This section is concerned with the semidiscrete CFE error analysis for smooth initial
data. The convergence properties for the CFE solutions in the L>°(L?) and L>(H")-

norms are established.
For the purpose of error analysis of the semidiscrete problem, we introduce so-called

elliptic or Ritz projection RC'E onto SFE (RYFE . HI(Q) — SCYE) as the orthogonal

projection with respect to the inner product (Vv, Vw) so that
(2.8) (VR™y, V) = (Vo,Vx) Vx € S, forv e HL(Q).
It is easy to verify the stability of the elliptic projection in H'-norm, i.e.,

VR Ey|| < ||[Vo|| Vv e H(Q).

2.4.1 Spatially Semidiscrete Error Estimates

For the purpose of spatially semidiscrete error analysis we split the error u“FE(¢) — u(t)

uE () —u(t) = 0(t) + p(t), where 0(t) = uFE(t) — R Fu(t),

p(t) = RBu(t) — u(t).
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In the following lemma we estimate the errors in the Ritz projection in the framework

of CFE method.

Lemma 2.4.1. Let u € H}(Q)N H%(Q) and RE be defined by (@) Suppose that the
conditions and

(2.9) dist(z, Ay) < ocha, YT € Vgape

hold true. Then there exists a positive constant C depends on 0 gist, e, Ouni; Cor1, Cor2,

Text and the minimal angles in the triangulation Ty, such that

—1/2
(2.10) IV(RFu — )| < CHLog "~ (H/h)||ul|2,0,
and
(2.11) |RCFEy — ul| < CH?Log(H/h)||ul2.0.

Proof. We begin with the proof of (2.10). For u € H}(Q) N H*(Q), define the grid
function 1 : Ygor — R by U, = u(z), x € Jg0r. Let REFFu be the P;— nodal interpolant
of £ on Ty, where the extrapolation operator £ is defined in (1.11). We identify u

with its extension &u. Based on the two-scale grid discretization, two cases can arise:
Case I: For any K € T, the function R“"Fu|x is the restriction of Ry on

K of the values (u(x))scq(k). Hence, the estimate ([2.10]) follows from the standard

interpolation estimate (see e.g., [25]).

Case I1: Now consider K € Tr. In order to estimate (2.10]), we recall (1.8]) which

defines the set of sons. For any 7 € sons(K'), we can write

IR Fu—ullio < 37 Y IR Pu—ulli,

KeTy Tesons(K)

(2.12) <Y 3 [||RCFEu—Lu||iT+||Lu—u||iT,

KeTy T€sons(K)

where Z, : C°7) — Py(7) is the Lagrange linear interpolation operator on 7. To
estimate the two terms of the right-hand side of (2.12)), we argue as in [86, Theorem 1]

and use (2.6 to obtain

IRYPu — ul|} o < CLog(H/h) > hi||Eull3 s,

KeTy

< CCosLog(H/hH? Y ||€ull3,

TETH

S 0001720'2 Ifla/g(H/h)HQHu”;Qa

ext
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which shows (2.10). To prove (2.11]), we use the duality argument. For p € L*(Q), let
Y € HL(Q) N H%(Q) be the solution of

—AyY = in €, with =0 on T.
Setting y = RC¥F), we obtain

(RCFEU —u,p) = (V(RCFEU — ), V)
= (V(R™Pu—u), V(¢ —x))
IV (R Pu — )1V~ )|
(CHTog " (H /) ul)(C HLog " (H/h) [ ]]>)
C H?Log(H/1) [ull2 ¢l

INIA

IA

which gives
|RS"By — ul| < CH*Log(H/h)||ull20,

and this completes the proof of the lemma. n

Remark 2.4.1. We rewrite the equation (@ forv=w as
(VR By, V) = (Vu, V) foru € H}(Q),
differentiating both side with respect to ‘t’, we have
(VR Ey, V) = (Vug, V).

Analogous to the proof of Lemma and for uy € HY(Q) N H?(Q), it is easy to obtain

a bound for the temporal derivative of (R“"Pu — u) as

(213 IV (RO, — )l < CHEIog (H /M)l o,
and

(2.14) |RCPu, — || < CH*Log(H/R)||uy|2.0-

The main result for the semidiscrete CFE error estimate is given in the following

theorem.

Theorem 2.4.1. Let u®F®(t) and u(t) be the solutions of and (2.1]), respectively,
and u(t), us(t) € HJ(Q) N H*(Q) for each t. Also, let the conditions and
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hold. Then there exists a positive constant C' independent of (h, H) such that, fort >0,

we have
[P (0) — u(t)] < 1" — ul
(215) + Tt/ (i + e+ [ ulzadc).
and
IV @EE(t) — u(t))]| < CIV (™ — uo)]
ey (1) ol + )l + (| t o) ).

Proof. We closely follow the proof technique of [102]. Since p(t) is bounded by Lemma
2.4.1] it only remains to bound (). It is quite standard to verify that (t) satisfies the

error equation of the form

(2.16) (0, %) + A0, x) = —(pr,x) Yx €SB, t >0,

where we have used the fact that the operator R°F® commutes with respect to the time

differentiation. Since § € S°F*, we choose x = 0 in (2.16) and obtain
(2.17) (0:,0) + || VO|* = —(p1,0) fort > 0.

The first term (6;,0) = 14|0||* and the second term is nonnegative. Since ||f|| might
not be differentiable when ¢ = 0, we obtain from

1d

92
ol = 5+

2
<
=2 SR + ) < el

with € > 0 and hence
(110]* + € )1/2 (1017 + )2 < 1101
Using |0 < (]|0]|> + €2)'/2, we obtain
d o2 o 2y1)2
g UIOI7 + )7 < lpell.

Integrating from 0 to ¢ and letting ¢ — 0, it now follows that

(2.18) 1)l < 6(0)] + / lodlldC.
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Since
160)[| = Ilug™ — R¥Pug| < [lug™ — uoll + R uo — uoll = [Jug™ — uoll + [|p(0)],

we obtain from ([2.18))

(2.19) 1@ < llug™ — uoll + [lp(0)] +/0 e

Note that p(0) and p; are bounded as desired by Lemma [2.4.1] and (2.14)), respectively.
Using the bounds for p(0) and p; together with (2.19) we obtain the required estimate
(2.15)).

Next, to prove the gradient error estimates we split the error term as before

V(uE(t) — u(t)) = VO(t) + Vp(t),

and Vp(t) is bounded by Lemma [2.4.1, To estimate V6(¢) we choose this time x = 0,
in (2.16)) to obtain

1d
16:* + 5 —

1 1
5 7 IVOIP = —=(pe, 6) < Slleell® + 11617,

so that £[V||? < ||p¢||?, and simplifying
VO < [[VO(0)|* +/Ot lpe|*d¢
< (IIV(ug"™ = o) || + V(R P — uo)ll)* + /Ot lpell*dc,
which gives, using and Lemma ,
IVO()[” < 2|V (u§™™ — uo)|[* + CHLog(H/h) (HUOHg,Q + /Ot ||ut||g,9d€) :

and this completes the proof. O]

2.4.2 Fully Discrete Error Estimates

In this section, we study some simple schemes for discretization with respect to time
variable. We derive error estimates for the application of the backward Euler and the
Crank-Nicolson methods to the discretization with respect to time variable of the spa-

tially semidiscrete problem (2.2)).

Backward Euler method with constant time step: Let k be the constant time step
and let U™ be the approximation of the exact solution u(t) of (2.1) at ¢t = t,, = nk in
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SCFE where n is a nonnegative integer. Setting U™ = (U™ — U"1)/k, we define the

backward Euler method by replacing the time derivative in as
(2.20) QU™ x) + AU, x) = (f(ta):x) Vx € ST, > 1,
with U = uS*®.
The above equation can be written as
(U™, x) + kAU, x) = (U™ + kf(t,),x) Vx € SFE.

Now, with notations as in the semidiscrete case, we express the above equation in vector

and matrix notations as
(ACFE 4 kBCFE)an _ ACFE n—1 kaFE<tn)’

where AFE 4+ £ BCYE is positive definite and hence invertible.

We shall prove the following error estimate.

Theorem 2.4.2. Let U™ and u be the solutions of (@ and , respectively with
w,ug € HY(Q) N H*(Q). Then

|U™ = ultn) || < lu§™ = uoll + CH*Log(H/h) (HUOllz,a + /Otn Hut||z,9dC)
+ k/ot” luwllde forn > 0.
Proof. We first write
U™ —u(t,) = (U™ — Ru(t,)) + (R Fu(t,) — u(t,)) = 0™ + p".

Since p" is bounded in view of Lemma [2.4.1] we only need to estimate ™. It is easy to

verify that 0™ satisfies the following equation
(2.21) (96", x) + A", x) = —(W",x) Vx € ST, n>1,

where

W™ = REQu(t,) — uy(tn) = (REFF — Dou(t,) + (Ou(t,) — uy(ty)) = Wl + wh.

With x = 0" in (2.21]) we obtain

1671 < (16" + Kl I,
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a repeated application yields
(2.22) 1071 < 16°0 + & D> Nlefll + 5>l
j=1 j=1

Now, we need to estimate all the three terms appearing on the right-hand side separately.

The first term is estimated as

16°] = 1000)]| < Jlu§™ — uoll + [|RZ ™ uo — wol|
< |lug™ — uol| + CH?Log(H/h)|uo| 2,0

Following the arguments of [102], the second and third terms in (2.22)) can be bounded

as

n ) n tj P —_— tn

eSSl <Y [ CrPLogH ) ulandt = CH*Log(H/) [ ulzad.
j=1 j=1 7t ’
n ' n t; tn
eSSl < N[ (€= timuad@)agll < b [ .
j=1 j=1 Yt 0

Altogether these estimates complete the proof of the theorem. n

Remark 2.4.2. For the gradient norm error estimate we write V(U™ —u(t,)) = V0" +

V", where Vp" is bounded as claimed in Lemma|2.4. 1.
To estimate V0, choose x = 00" in to obtain

oIVem|* < flw"|I?,

and if VO° = 0, this gives
IVOm > < kD [P < Ch Y wil® + Ck > Jlwd?,
=1 = 41

using the estimates for w{ and w% as before and together with the estimates Vp"™ we have

V(U™ = u(t,))]| < C(u)(HLog" (H/h) + k).

So far we have used a constant time step k in the above time discretization scheme.
We now introduce the fully discrete method with a variable time step of the backward
Euler method.

Backward Fuler method with variable time step: Let 0 =ty < t; < --- < t, < ---

be a partition of the positive time axis and let k, be the variable time step defined by
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kn = t, — t,—1. Let U™ be the approximation of u(t,). Thus (2.20]) will be replaced by
(2:23) (DU, x) + AU x) = (f(ta) x) Yx€STF n>1,
with U° = ugFE,

where 9,U" = (U™ — U™ ') /k,. We shall prove the following error estimate which
reduces to that of Theorem for constant time steps with k, = k.

Theorem 2.4.3. Let U™ and u be the solutions of and , respectively with
u,uy € Hy(Q) N H?(Q). Then, we have for n > 0,

—_— tn
1" = u(ta)ll < llug™ — uoll + CH*Log(H /h) <HUOII2,Q +/ HUthdC>
0

+3k [ fualidc
j=1 tj—1
Proof. We first write U™ — u"™ = 0" + p". This time 0" satisfies
(90", x) + A0, x) = —(W",x) Vx € SUF, n>1,
where
w™ = (RE — o u™ + (Opu™ — ulf) = W + wh.

Analogous to (2.22]), we obtain
1671 < 16°11 + > K (llwr ] + e )
j=1
As before, we estimate
Soblll <Y [ CH Log(t/b)ulaadt < CHLog(H/m) [ fulaads
j=1 j=17ti-1 0
and
n ‘ n t; n t;
Sohldl <300 [ (¢ trmualch < 3ok [ e
j=1 j=1 -1 j=1 tj—1

Now, the above estimates together with the standard estimates for p* and #° completes
the proof. 0
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Next, we turn to the Crank-Nicolson CFE method which yields the second order

accuracy in k.
Crank-Nicolson method: In the Crank-Nicolson method, the semidiscrete equation

1} is discretized in a symmetric way around the point ¢, 1 = (n — 1)k. In this case,

for U™ in S°FF. n > 1, we have

ur+un!
2

with U% = uS*P,

(2.24) QU™ x) + A( X) = (flt,—1):x) Vx € STE n>1,

which can be put in matrix and vector form as

1 1
(ACFE 4 §kBCFE)an — (ACFE . ik/’BCFE)Oén_l I k,fCFE(tn_%)

Since ACFE %k‘B CFE is positive definite and hence, in particular, invertible. This proves

the existence and uniqueness of U™.

We now have the following theorem.

Theorem 2.4.4. Let U™ and u be the solutions of and (2.1), respectively with
u,uy € HY(Q) N H2(Q). Then, we have for n > 0

P tn
107 el < 1057 — o + C1Tag(at /i)l + [
0

tn
ol / (Thwsell + | Al c.

Proof. Since p™ is bounded as above, we will estimate only ™. In this case, we have
977, + en—l

(2.25) (00", x) + A( 5

X)) = —(wx) Vx €S n>1,

where

w" = (RYE — Dou(t,) + (Qu(t,) — ut(tn_%)) — A(u(t

1
=2

1
) — 5 (ltn) + ultn-1)))
= wi +wy + wsy.
Now, choosing x = % in 1) we obtain
1671 < 160+ & D (e | + el + Nl ),
j=1

where #° and w/ are estimated as before. To estimate w} and w}, we proceed as in [102]

to obtain
n tn
e (ledl+ ) < €8 [ el + 18wl
j=1
and this completes the proof. O]
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2.5 Concluding Remarks

In this chapter, we proposed a two-scale CFE method for time dependent IBVP ({2.1)
in a convex domain with smooth initial data. A two-scale CFE discretization is used
for the space discretizations, where the coarse-scale grid discretized the domain at an
appropriate distance from the boundary and determines the degrees of freedom and the
fine-scale grid is used to resolve the boundary. A continuous, piecewise linear CFE space
is employed for the spatially semidiscrete finite element approximation and the temporal
discretization is based on the backward Euler and the Crank-Nicolson schemes. Optimal
order error estimates (up to logarithmic terms) in the L>°(L?) and L*°(H')-norms are
derived for both spatially semidiscrete and fully discrete CFE methods with the smooth
initial data. We observe that when h = O(H), the two-scale grid Tp, coincides with the
coarse grid Tz and hence, Theorems[2.4.1], 2.4.2] [2.4.3] and [2.4.4] yields the same ROC as
in the case of standard FEM (cf. [102]). Numerical experiment is presented in Chapter
(see Example to support our theoretical results. In contrast to the standard FEM
the fdof is much smaller for the CFE method, which shows the efficiency of the CFE
method (see the comparison in Tables and of Chapter [7)).
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Two-Scale CFE Method for Parabolic Problems in
Convex Polygonal Domains with Nonsmooth Initial

Data

This chapter is concerned with a priori error analysis of the spatially semidiscrete and
fully discrete CFE approximations of the homogeneous parabolic problem in a
convex polygonal domain when the given data ug € L*(f2). The eigenfunctions expansion
related to the elliptic operator and the rational approximations for exponential are the
key technical tools used in nonsmooth data error analysis. The fully discrete error
analysis is based on the backward Euler method. A priori error estimates in the L>°(L?)-
norm for positive time is established. Like standard FEM, the analogous behaviour of
the CFE solution is studied and an optimal order convergence (up to logarithmic terms)

for the solution is derived even for nonsmooth initial data.

3.1 Introduction

We shall begin by recalling the IBVP for a homogeneous parabolic equation of the

form
(3.1) u=Au in §, t >0,
u=20 on I', t >0, with u(-,0)=wuy in £,

where (2 is a bounded convex polygonal domain in R? with Lipschitz boundary I' and
the initial data ug € L*(€2). The weak formulation of (3.1]) is stated as follows: For each
t >0, find u(t) € H}(Q) such that

(ue(t), ) + A(ult),9) = 0 Voe Hy(Q), t>0,
u(0) = wuy(v).
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In order to define the CFE space, let S be the piecewise linear and continuous finite

element space corresponding to the triangulation 7y as
S = {’U € CO(QHJL) | ’U‘K P, VK € TH,h},

where Qp j, := int (U KeTun K ) Then the CFE space S°FF corresponding to the trian-

gulation Ty, is given by
SE .=y e §|F® € R withv(z) = (EP®), Vo € Vgl

where @ : Y4, — R is the grid function and the extrapolation operator £ : RVt — RV#.n
is defined in ([1.11)). Then the spatially semidiscrete CFE approximation u®*®(t) :=
uCFE(., 1) is to find uCFE(t) € SCFE such that

(3.2) ("B )+ AWE ) = 0 Yy e SYE ¢t >0,
uCFE(O) — CrE
where u§™" is some suitable approximation of ug in SCFE.

Following [102], we introduce certain Hilbert spaces H”(Q), which are convenient
in describing the regularity of the solutions of the given IBVP (3.1). Let {¢;}52, be
the sequence of orthonormal eigenfunctions corresponding to the eigenvalues {\;}52,

associated with the eigenvalue problem
—Ap=Ap in Q, with ¢ =0 on TI.

Since {¢;}52, form a basis for L?(Q), for each v € L*(Q), we can write as v =

> i1 (v, 7)), and the following relation

Z v, p;)(w, ¢;)
j=1

holds, which is called the Parseval’s relation. For v > 0, let H” = H() be the subspace
of L2(2) defined by

00 1/2
[Vl e = (ZA;(U,%«)?) < oo forv>0.
j=1

The nonnegative powers of the operator —A is given by

—A)v = Z N (v, p5)p;  forv > 0.
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Thus the norm || - || ;» may be expressed as
ol e = 1(=2)"0]| = (=4)"v,v) "/,
For v is a nonnegative integer we have the following characterization: The space
H'(Q)={ve H'(Q): Av=0 on I, for j <v/2},

where the boundary conditions are interpreted in the sense of traces in L*(T'), and the

norms || - || 5o and || - || g~ are equivalent in A [102, Lemma 3.1].
Let E(t) be the solution operator of problem (3.1)). Then the solution may be written

as
(3.3) u(t) = Z e " (ug, p;)p

Note that, F(t) is an analytic semigroup on L?(Q) generated by the Laplacian A (cf.
Pazy [74]). For ug € L*(Q) and ¢ > 0, the solution u(t) = E(t)ug of (3.1)) belongs to
H”(Q) for v > 0. Further, for 0 < v < ¢ and [ > 0, we have

(3.4) | DLE (t)uo)| e < Ct=2 gl i for ug € HY(Q), t > 0.

For a proof of this inequality, see [102, Lemma 3.2].
Results for nonsmooth data for the homogeneous equation in the framework of FEM

were first discussed by spectral representation in Blair [12], Fujita and Mizutani [41] and
Thomée [99]. Later, finite element approximation for the homogeneous equation with
nonsmooth initial data has been studied by the energy method in Luskin and Rannacher
[69], Sammon [8§] and Thomée [100]. Thomée [102] has studied a priori error analysis for
the finite element approximation of the solution of homogeneous parabolic equation in
convex domains with nonsmooth initial data and proved that optimal order convergence

takes place for positive time even the initial data is nonsmooth.
In this chapter, we derive L>(L?) a priori error bounds for the semidiscrete and

fully discrete CFE approximations of homogeneous parabolic equation (3.1]) in convex
domains with nonsmooth initial data. A priori error analysis is based on the eigen-
functions expansion related to the elliptic operator and the rational approximations for

exponential.
The layout of this chapter is as follows. Section is devoted to the spatially

semidiscrete error analysis. Section is concerned with the fully discrete error anal-

ysis for the backward Euler method. Finally, some concluding remarks are presented in

Section 3.3l
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3.2 CFE Error Estimates

In this section, we concentrate on the spatially semidiscrete and fully discrete CFE
error analysis for the problem (3.1)) with initial data uy € L*(2). The convergence

properties for the CFE solution for positive time in the L°°(L?)-norm is established.

3.2.1 Spatially Semidiscrete Error Estimates

For the purpose of spatially semidiscrete error estimate, let 7' be the exact solution

operator of the Dirichlet problem
—Au=f in Q, with u=0 onT,

defined by u = T'f, and let {T“FE} be a family of solution operators T°E : [2(Q) —

SCFE approximating 7' such that «“FF = TCFEf ¢ SOFE and
(VU™ Vx) = (f,x) VYx e S
Using the definition of T¢"F, we have
(f, T%Fg) = (VIEf, VI Fg) = (T"f, g) Vf,g € L*(Q),
and hence,
(TEF, ) = IVTEEF)? > 0.

Thus TCFF is selfadjoint and positive semidefinite on L?(Q2). In fact, T°FF is positive

definite on S°FE. Further,
(VTR f,Vx) = (f, x) = (VT f,Vx) = (VRPTf, Vy) Vyx e ST,

and hence TCYE = RCFET . The following properties holds for TCFE:
(a) [(TF =T)f| < CH?|If|| for f € L*(2), and
(b) TCFE is selfadjoint, positive semidefinite on L?(£2) and positive definite on SCFE.

Let ACFE . GCFE s GCFE he a discrete Laplacian defined by
(35) (ACFEwCFE, X) — _(vaFE, VX) v wCFE’ X € SCFE.
Then, observing the following

(FFE,x) = (V(TEOF), vx) = —(ACTE(TTEfO) ) for y € S,
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we conclude that TCFF = (—~ACFE)~1 Notice that,
p=—(T" —T)Au = (R® — Iu.

Set e(t) = uFE(t) — u(t). For the problem (3.1), writing the semidiscrete problem and

the continuous problem in terms of 7°"F and T', we find that
TP 4w P =0 for ¢ >0, with u“(0) = uf"™,
and
Tui+u=0 for t>0, with u(0)=uo.
Now, it is easy to derive the error equation as

TCFEet Le = (TCFEutCFE +uCFE) _ (TCFEut +u)

= (T =T Au = p.
Before we turn to the semidiscrete error estimate, we need some auxiliary results.

Lemma 3.2.1. Let T°FF be a selfadjoint and positive semidefinite on L?() and
(3.6) TFe, +e=p for t>0, with T%%e(0)=0.
Then
le(®)I < Cﬁ?él;(CHM(C)H + [lp()) for t = 0.
Proof. Taking L*-inner product of with 2e;, we obtain
AT ey, ) + el = 2(p,c0)

l’/ — s U1 ll }C7 /Ct7 Y

TCFE

where we have used the fact that is positive semidefinite. Now, multiplying the

above by t, we have

d

—(tllell’) < 2i(t(ﬂ, e)) = 2t(pe, ) + [lel|* — 2(p, e).

dt
Integrating over (0,t), this yields

t
tle®lI* < 2tllpllllel +/ (Ilell* + 2lipllllell + 2¢]lpellell)dC,
0
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which implies

B e <o (10 + 7 [l + ol + Clad)ic).

Now we need to estimate the term [} ||e[|?d¢. Taking the L*-inner product of (3.6)
by e and noting the fact that 7°F® is selfadjoint, we obtain

d
—(T% e, e) +2]ell* = 2(p, €) < llpll”* + [lell”,

after integration

(T Fe(t), e(t)) + / lellPdc < (TFe(0), e(0)) + / lolPdc.

Since T¥Ee(0) = 0 and TCFF is positive semidefinite, we conclude that

t t
Jletpac < [“olrac,
0 0

which combine with (3.7)) gives

t

1 t
le(t)]* < C <||p(t)!|2 o —/0 (lloll* + C2||pt||2)dé) :
and hence the desired result follows. O

Remark 3.2.1. By an obvious modification of the proof of Lemma fore >0

arbitrary, we obtain

2 t 1 t
et < [ @miiac + ¢, (oo + [ tolPac).
and this yields
(3.8) le(®)]l < eigzz(dlpt(C)H) +C i@gg!lﬁ(()ll for t=0.

We now concentrate on the main auxiliary result which will be used in the semidis-

crete error estimate.

Lemma 3.2.2. Let the assumptions of Lemma hold true. Then, we have

le@®)ll < Ct™ igzz(Czllpt(C)ll + Ol + lp(OI) - for >0,

where p(t) = fot p(C)dC.
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Proof. Setting V = te and using (3.6 we have
TRV, +V =175,
where 77 = tp + T¥Ee. By (3.8)), we obtain

(3.9) VI < esclig(Cllﬁt(C)ll) +C igl;llﬁ(()ll-

Since
1(0) < ¢l + T Fe ()],

it now follows that

@l < Cllp@ll + ol + T e (O]
< Cllo Ol +2¢l o)l + Clle(@)ll
= Cllo Ol + 2¢Ol + VI,

where we have used the error equation (3.6)) to obtain the second inequality. Therefore,
with € = 1/2 we obtain from (3.9)),

1
VOl < §Ség1t3||V(C)|| + CS&g(@IIm(C)II +CloOIl + 1T Ee()1)-

Set sup||V(Q)|| = ||[V(€*)]| for some &*(t). Then
(<t

(3.10) VOl < IVE) < Cigg(CQ\lpt(C)\! + ¢l + 1T Fe(O1).

To estimate || TCFel|, we integrate the error equation (3.6]) from 0 to t with T¥Ee(0) =
0 to obtain

(3.11) TEe + & =T ¢, + ¢ = p,
where é(t) = | e({)d¢. By Lemma , we have
le)ll < CS&E(CHMC)H + (1) < CS&E(CHP(C)H + [lp(E)1D)-
Hence, (3.11]) yields
1T )] < lle@)ll + lp@)ll < CS@};I;(CHP(C)H + 111,
which together with leads to

Vol < Ciglto(ézllmll + <ol + 1121),

and this completes the rest of the proof. m
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Now, we are in a position to derive the semidiscrete error estimate for nonsmooth

initial data.

Theorem 3.2.1. Let u“"2(t) and u(t) be the solutions of (3.4) and (3.1)), respectively
and u(t) € H(Q)NH?(Q) for eacht. Assume that u§*E = Puy, where PYFY denotes
the L%-projection onto SFE, and the conditions (a) and (b) hold. Then, we have

[u(t) = u(t)| < CH*Log(H/h)t™"|[uo]|  for t > 0.

Proof. By Lemma we have
(312)  [[u""E@) —u(t)]| < Ct_lb‘clg(@llpt(é)ll + CllpOI +NIa(Ol) - for > 0.
Using the condition (a) and equation (3.4]), we have

Cllo(O) = Il T = Tyu(Q)l| < CH Log(H/h)C|[ui(Q)]| < CH*Log(H/h)|uol.

Similarly,

N =1 [ 00 = | [ 7% = Ty dd) = 7% - T)u() = o
< CH*Log(H/)(lu(¢)] + 1w} < CH*Lag(H/1) ]l

and

Cllee Il = CITE = Thun(Q)]
< CH?Log(H/h)¢*|[u(C)|| < CH*Log(H/M)|lus|-

Combining the above inequalities with (3.12)) we complete the rest of the proof. n

3.2.2 Fully Discrete Error Estimates

CFE (t) c SCFE

The spatially semidiscrete problem of (3.1)) may be stated as: Find u such

that
(3.13) ud™E = ACFEGCFE for ¢+ >0,  with u“TF(0) = uf"F,
where ACYE is defined in (3.5)). The equation (3.13)) can be expressed in the form

(3.14) ™+ BuFE =0 for t >0, with u“FF(0) = u{"",
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where B = —ACFE is a linear, selfadjoint, positive definite operator in SFF.
With the solution operator E(t), we can represent the exact solution u(t) as in ((3.3)).

Let ECFE(t) be the corresponding discrete analogue of the operator E(t), so that uCF®(t)
can be represented in terms of ECFE(t). Let {\,}V5"

j=1
B with the corresponding basis of orthonormal eigenfunctions {y, };V:ClFE. The spectrum
NCFE

of B be denoted by o(B) which is given by o(B) = {\;};2; . The solution operator
ECFE(t) of (3.14]) can be viewed as the exponential e=& (cf. [102]).

The backward Euler scheme is then given by

be the eigenvalues of operator

(3.15) (U x) + kAU, x) = (U"',x) Yxe€STF n>1,

with U° = ug"™,
which can be written using in the operator form as
(I — kKAEY™ = U™,
or,
U™ = (I — kAR~ 1y,

Let r(\) be a rational function approximating e*. Hence for n > 1, U™ is recursively
defined as

(3.16) U" = E, U™ for n>1, with U°=u§"™,

where Ej = r(kB) and the rational function r()\) is defined on the spectrum o(kB).

Here, r(\) = 35 Note that, [r(A)] <1 for A > 0.

If the the scheme is accurate of order 1, then we have (cf. [102])
(3.17) r(A) =e* +0(\?), as A — 0.
Therefore, for Ay is small enough
(3.18) Ir(\) — e < CA? for 0 <A< ).
We can further restrict Ay such that
(3.19) Ir(\)] < e for 0 <A<\, with 0<e< 1.

Classification of r(X). In order to estimate the error we will require some properties
of the rational function r(\) approximating e*. We classify r(\) of the following types

for discretizations in time as follows:
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i) [rAN)] <1lfor0<A<a, a>0,
(i) |r(A)] <1 for A >0,
(iii) |r(A)| <1 for A >0, and |r(c0)| < 1.

For the purpose of application to the spatially semidiscrete problem (3.14]), we further
classify the schemes of the type (i) and (ii) as follows:

(1) r(XA) is of type (i) and kApax < o, for some ap with 0 < ay < @, and
(i) r(A) is of type (ii) and kXyax < @y, for some @; with 0 < &y < oo,

where A\pnax denotes the largest eigenvalue of B = —ACYE. For the schemes of type (i)
and (ii)" satisfying , we note that with A\g = @y and a;, respectively, we obtain
[r(A)] <1 for 0 < A < Ay, and thus holds. Since kA < Ay for A € o(B), we have
lr(\)| < e for A € (kB) and 0 < ¢ < 1.

We now have the following result.

Lemma 3.2.3. Let U™ and u“FE(t,) be the solutions of (3.16) and (5.14)), respectively.

Assume that the discretization scheme is accurate of O(1) and of type (i)', (ii)’, or (iii).

Then, we have
1U™ = w B (t,)|| < Okt Hlug ™| for ¢, >0,

where the constant C' depends on the parameters ay and &y for type (i) and (ii)’, re-

spectively, and in case (iii), C' is independent of B.

Proof. To begin with, we first introduce the function G,,(\) = r(A\)” — e ™. In view of

(3-16)), we write
U™ —u®FE(t,) = r(kB)"u§"™ — e PuS*E = G, (kB)uS"F.
To prove the result, we need to show that
G (kB)ug™ || < Cht;|lug™ |,
which can be written in terms of operator norm as
|G (kB)|| < Ckt;' for t, > 0.
Since t,, = nk, it is enough to prove that

(3.20) |G.(N)| < Ckt;' =Cn™t for A€ o(kB), n> 1.
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Note that for the schemes of type (i)’ and (ii)’, (3.19)) is valid with A\g = ap and ay,
respectively. Further for schemes of type (iii), (3.19) is valid for any Ay > 0. Therefore

using ((3.18)) together with (3.19)), we have

G = )" = e
= )~ e Oy e
= ) — e Yy e

S Cn)\Qefcn)\
= Cn_l(n)\)Qe_C"’\ < Cn7' for 0 <)< ).

Since kApax < Ao, the proof of (3.20) for the cases of types (i)’ and (ii)" follows.
Now it remains to prove the lemma for the scheme of type (iii). For type (iii),

we consider A is large. Note that, (3.19) holds for Ay an arbitrary positive number.
Therefore, for A > )\g = 1, we have e < e < On~!. Again, for |r(co)| < 1, we have

for ¢ > 0, sup,>,|r(A)| = e~¢. This gives

sup [r(\)"] < e < Cn” .

A>1
Therefore,
sup G (V)] = sup [r(A)" — e~ < O™,
A>1 A>1
and this completes the proof. m

Now we are in a position to show the error estimate for nonsmooth initial data for
the backward Euler CFE method.

Theorem 3.2.2 (Backward Euler method). Let U™ and u(t,) be the solutions of
and (3.1), respectively and u € H3 ()N H?(Y). Then under the assumptions of Lemma
with u§TF = PPy, where PCTF is the L*-projection onto SFE, we have

U — u(t,)|| < C(H*Log(H/R)t;" + Kkt |luo|  for t, > 0.
Proof. By the triangle inequality we write the error as
(3.21) U™ = u(ta) || < U™ = wE ()| + [[u P () — u(ta)].
For the first term, we have from Lemma that

U™ — uCFE(t,)|] < Okt M| PO Bug|| < Ckt Hug||  for t, >0,
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and, by Theorem the second term on the right of (3.21]) gives
B (t,) — u(t,)|| < CH*Log(H/h)t, ||ug||  for t, >0,

which completes the proof. O]

3.3 Concluding Remarks

In this chapter, we have considered a two-scale CFEs for the discretization of ho-
mogeneous parabolic equation in convex domains with nonsmooth initial data. We use
standard piecewise linear and continuous CFEs for the space discretization and derive
a priori error estimates for the semi-discretization problem, while the backward Euler
method is then used for time discretization and a priori error estimates for the fully
discrete problem are also derived. Further, for nonsmooth initial data, optimal order
estimate (up to logarithmic terms) for positive time is proved in the L°°(L?)-norm.
The proposed CFE method enables us to provide a powerful technique to resolve the

Dirichlet boundary conditions without increasing the degrees of freedom. The spatially

semidiscrete and fully discrete error bounds (Theorems [3.2.1] and [3.2.2)) do not pose any

restriction on the fine-scale parameter h, and in the case h = O(H), the results are co-
incide with the result of standard FEM for convex domains. Numerical results for a test
problem are presented in Chapter m (Example to support our theoretical analysis.
A comparison with standard FEM in terms of the fdof is also given in Chapter (7] (see

Tables and [7.12]).
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Two-Scale CFE Method for Parabolic Problems in

Nonconvex Polygonal Domains

This chapter is devoted to the a priori error analysis for the spatially semidiscrete
and fully discrete CFE approximations of the problem (1.1)) in a nonconvex polygonal
domain for both smooth and nonsmooth initial data. The discretization with respect
to space is by piecewise linear CFEs, and in time we have applied the backward Euler
approximation. We derive the spatially semidiscrete and fully discrete error estimates in
the L>°(L?) and L*°(H")-norms with smooth initial data. In addition, for homogeneous
equation, error estimates for the spatially semidiscrete and fully discrete methods are

established in the L*°(L?)-norm for nonsmooth initial data.

4.1 Introduction

We shall begin by rewriting the model IBVP for the heat equation

u—Au = f in Q, t>0,
(4.1) T =0 ~am I' % 0,
u(-,0) = wy in €,

where () is a nonconvex polygonal domain in R? with boundary I'. Here u = u(z,t), u

denotes du/0t, and the Laplacian is denoted by A = 25:1 9%/ 0x3.
To present the CFE method for the problem (4.1]), we now introduce its weak for-

mulation: For each t > 0, find u(t) € H}(£2) such that

(4.2) (ue(t), o) + Au(t), ) = (f(t),0) Vo€ Hy(Q), t >0,
u(0) = uy(z),
25
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where the bilinear form A(-,-) : HJ(2) x Hj(2) — R is defined by
A(v,w) = (Vv,Vw) Yo,w € Hy(Q).
The bilinear form \A(-, -) is bounded and coercive on H}(Q), i.e., I, By > 0 such that
(A, w)| < aollvlliflwlls Vv, w e Hy(Q),

and
A(v,v) > 60||’U||% Yv € Hé(Q).

For the purpose of CFE approximations, we need to define the CFE space. Let S be the
continuous and piecewise linear finite element space corresponding to the triangulation
Tr p is defined by

S = {U € CO(QHJL) | ’UlK & ]Pl VK € TH,h},

where Qp j, = int <UKE¢H . K). Then the CFE space S“FF (as described in Chapter )

on the two-scale mesh 7Ty is now defined by
SOFE .~y e § |3 ® € RY with v(z) = (E®@), Vo € Iyl

where ® : Y4, — R is the grid function and the extrapolation operator £ : RVdet — RV#.n
is defined in (1.11)). From the definition of S°¥® it is clear that S°F C S, where the
values at the slave nodes are restricted by the extrapolation. The CFE approximation

is now stated as follows: Find u“FE(¢) := u“FE(.,¢) € SFE such that

(4.3) (ug™x) + AW x) = (fix) Yxe ST >0,
where uST® is some suitable approximation of ug in SFE.

The fully discrete backward Euler scheme for both constant and variable time step
are discussed. We shall use the following notations for the fully discretizations scheme:
Let k be the constant time step with ¢t = t,, = nk, and U" be the approximation of u"
in SFE | where u™ = u(t,). We shall use the backward Euler quotient for the constant

time step

ou™ = (U™ -U"1)/k.

For the backward Euler scheme with variable time step, let 0 =5 <t; < --- <1, <---
be a partition of the positive time axis with the variable time step k,, = t,, —t,—1. Then,

we define the backward Euler quotient for the variable time step as

B,U™ = (U™ — U™™) k.
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FEM for linear parabolic PDEs in nonconvex polygonal domains were studied by
Chatzipantelidis et al. [22]. They have considered piecewise linear finite elements with
respect to space discretization. The regularity of the solutions of corresponding sta-
tionary elliptic problem has been extensively studied by Bacuta et al. [§] and Grisvard
[47, [48]. If the physical domain is nonconvex or very complicated, the standard FEMs
require to generate finite element mesh that resolves the domain boundary. The minimal
number of simplices can be very large and distributed in a nonoptimal way with respect
to the approximation quality. As a result, the dimension of the finite element space
becomes very large which increases the computational effort. The authors of [22] have
derived a priori error bounds in the L®(L?) and L>(H')-norms and shown that the
order of convergence for the nonconvex domains with respect to spatial discretization
is reduced from the optimal order O(h?) (the order of convergence in convex polygonal
domains) because of the lack of regularity of the exact solution caused by the re-entrant
corner. However, they have introduced a suitable mesh refinements toward the non-
convex corner which essentially restore the order O(h?) error bound (cf. Schatz and
Wahlbin [94]). Rech et al. [86] have investigated the two-scale CFE method for the
Poisson equation with homogeneous Dirichlet boundary condition in two-dimensional
nonconvex domains. The authors have demonstrated the convergence of order O(H'™*),
1/2 < s <1 in the L?*-norm and (’)(HSIT(\)TgSp(H/h)), 1/2 < s <1 in the H'-norm.

Since elliptic error estimates play a crucial role in the error analysis for parabolic
problems, an attempt has been made in this chapter to generalize two-scale CFE method
for elliptic problem to parabolic problem in nonconvex polygonal domains with smooth
and nonsmooth initial data. We have studied both semidiscrete and fully discrete CFE
methods and derive convergence properties in the L>°(L?) and L>(H')-norms. Further,
for the homogeneous problem, error estimates are derived when the given initial data
ug is only in L*(Q).

The rest of this chapter is planned as follows. A priorierror estimates for the spatially
semidiscrete and fully discrete CFE methods with smooth initial data are carried out
in Section [£.2] In Section [1.3] a priori error estimates for nonsmooth initial data are

discussed. Finally, some concluding remarks are given in Section [4.4]

4.2 CFE Error Estimates

This section is concerned with both the spatially semidiscrete and fully discrete CFE
error analysis for smooth initial data. The convergence properties for the CFE solutions
in the L*>°(L?) and L>(H")-norms are established.
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4.2.1 Spatially Semidiscrete Error Estimates

For the purpose of semidiscrete error analysis we recall the elliptic or Ritz projection
RCFE . H1(Q) — SCYE be defined by

(4.4) (VRCFEy, V) = (Vo,Vx) forv € HY(Q), Vx € SFE.

RCY¥Ey satisfies the following stability estimate:

IVRE|| < |Vl Yo € Hy(Q).

Since ) is nonconvex, the exact solution v ¢ H?(Q) N Hj(2), that is, the exact
solution u of the problem have a lower regularity due to the re-entrant corner of the
boundary T'. Therefore, for the nonconvex domain u € H}(Q) N H™(Q), 1/2 < s <1
(cf. [86]). For the regularity of elliptic problems in nonconvex domains and problems

having a singularity in the solutions, we refer to [8, 47, [4§].

The next lemma gives an estimate for (R“*Fu—u) in the L>°(L?) and L>(H!)-norms.

Lemma 4.2.1. Let u € H} Q)N H™(Q), 1/2 < s <1 and RE . HL(Q) — S pe
defined by . Assume that the conditions and (@) hold true. Then, we have

(4.5) V(R Py —w)|| < CHSEOV,CIS/z(H/h)HuHHS,Q for 1/2 <s <1,
and
(4.6) HRCFEu —ul| < CH252-/\0-§8(H/h)”U/H1+S’Q for 1/2 < s <1,

where the constant C' depends on o gist, e, Ouni, Cor1, Cor2, Teqt and the minimal angles

in the triangulation Ty (as described in Chapter@.

Proof. We shall follow the tricks from [16] and [86, Theorem 2]. Let £ be an operator
that maps u to the error u — R°¥Fu is defined by Lu := u— R®¥Fu. Clearly, the operator

L is linear as the projection is a linear operation on Hilbert spaces.
It follows from [86, Theorem 1] and Lemma that £ maps H%(Q) to H'(Q) and

the estimates

—1/2
| L\ r2()—m1 (@) < CHLog ~ (H/h)
hold.
Note that, £ also maps HY(Q) to H*(Q). In view of ||u — R¥Bu||; o < ||lulli.q, we
have

Ll )= mr ) < 1.
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Further, for 1/2 < s < 1, £ maps H'™(Q) to H*(Q) (cf. [86, Lemma 3]), and this yields

/2
[ Ll m+s @) mr ) < CHLog  (H/R),

which completes the proof of (4.5)). In order to show (4.6)), we use the duality argument.
Let ¢ € H} () N H™(Q), 1/2 < s < 1 be the solution of

—AY=¢ in Q, with ¥ =0 on T,
where ¢ € L*(Q). With x = Ry, we have

(R — u, @) (V(RC" By — u), Vi)

(V(RFu — ), V(¢ — X))

IV (R Fu — u) [V (4 = X)|
(CH*Log” (H/h)|ull1..) (CHLog

= CH”Log (H/h)[ulliss¢lh+s,

IA

/2(

IA

H/)[[P]l1+4)

using the regularity estimate |[¢||1+s < C||Av| = Clle|| (see [8, 22]), we have
(RPu—u, ) < CH*Log (H/h)|[ullissl]l )
which implies
IRy — ul| < CH*Log (H/h)||ul14s0.
This completes the proof of the lemma. O

Remark 4.2.1. According to Lemmal{.2.1] one can easily obtain the temporal derivative
of V(R — u) and (RFu — u), for 1/2<s <1, as

T —5/2
IV(RPuy — )| < CH®Log (H/R) w1450,

and
(4.7) IR, — || < CH* Log (H/h)|[uy] 1450

The following theorem presents the semidiscrete CFE error estimates.

Theorem 4.2.1. Let u € HL(Q) N H™(Q), 1/2 < s < 1, be the solution of
and let wCFF be the solution of . Assume that the conditions and hold
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true. Then there exists a positive constant C' independent of (h, H) such that, fort >0,
1/2 < s <1, we have

() = w@®) < llug™ — uoll
(4.8) +CH* Log (H/h) [||Uo||1+s,9 +/ ||ut||1+s,9dé} ,
0

and

IV (" () — u(t))l| < OV (™ — wo)l| + CH*Log”"(H/h) [HUOHHS,Q

(49 Ot ol 0007
Proof. We first decompose the error (u“FE(t) — u(t)) as
uE() —u(t) = (@) = R Fu(t) + (R Pu(t) — u(t))
= 6(t) + p(t).
In view of Lemma [4.2.1] we have
o)l < CH*Log (H/h)|[u(t)||1+s0
(4.10) < CHTog (H/M)[uolhese+ | lulissad)

It now remains to estimate 6(¢). Using the definition of Ritz projection (4.4)), together

with (4.2) and (4.3), we obtain
(4.11) (01, %) + A0, x) = —(pr,x) Vx € SE t>0.
We now introduce a discrete Laplacian ACFF : SCFE 5 SCFE defined by

<_ACFE¢7 X) = (vwa VX) N 1/}7 X< SCFE.

_ACFE

It can be easily verified that the operator is selfadjoint and positive definite in

SCFE with respect to (-,-). Note that
(AFERCFEY ) = —(VREy, V) = —(Vv, V)
= (Av,x) = (P“""Av,x) ¥ x € STF,
where P“FE denotes the orthogonal L2-projection onto SFF. Thus,

ACFE RCFE _ pCFEA
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Now, we can express (4.11)) as

(QMX) - (ACFE97X) = _(PCFEpt7X> VX € SCFE7 > 07

which can be written as
(4.12) 0, — A°YE) = —P°FEp, 1t >0,
with  0(0) = u§™™ — Ry,

Let EFE(t) = A"t be the discrete analogue of the solution operator E(t) of the
homogeneous case of (4.1]). Then the solution of (4.12)) is given by

00 = EE000) — [ B - QP Q)
0
Since both E°YE(t) and PFE are stable in the L2-norm, we have
jocel < oot + [ oo
< 10§ = wal + o) + | Nl
which combine with and , we obtain
10@) < [luSTE — uol| + CH*Log (H/h)(||uollisn + /Ot ]| 145,0dC),

and this proves the estimate (4.8).
Next, for the gradient error estimate (4.9), we write V(u“YE(t) — u(t)) = VO(t) +

Vp(t). Since Vp(t) is bounded by Lemma we need to estimate VO(t). Now, choose
x = 6; in (4.11) to obtain

1d 1 1
16:1% + 5 = IVOIP = = (o1, 62) < Slloel® + 511617,

2dt -2
and hence £[|V8||> < ||p||>. Which upon integration from 0 to ¢ yields

19617 < 900 + [ lolac
< (V0™ — w)l + V(R0 — w)) + [ e
Now using and Lemma we obtain
IV000)° < 296 — a7+ O Cog 0170 ([l + [l ).

which combine with the estimate for Vp(t) completes the rest of the proof. n
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Remark 4.2.2. With h = O(H), the results of Theorem coincide with the results
of standard FEM for nonconvexr domains. This is because in this case the two-scale grid
Tupn coincides with the coarse grid Ty. Theorem does not pose any restriction on

the fine-scale parameter h.

4.2.2 Fully Discrete Error Estimates

This section is devoted to the fully discrete CFE method based on the backward Euler
time discretization scheme. Here, the spatially semidiscrete problem (4.3)) is discretized

with respect to time for both constant as well as variable time steps.

Backward Fuler method with constant time step: Let k be the constant time step
with ¢,, = nk, and U™ be the approximation of u" in S¥F| where u" = u(t,).

The fully discrete backward Euler CFE method is defined by replacing the time
derivative in (4.3)) as follows: Find U" € SFE such that

(4.13) QU™ x) + AU",x) = (f(ta), x) Yx €SUF, n>1,
with U? = ugFE,
which gives
(U™ x) + kAU", x) = (U + kf(tn), x) Vx € SO

Using the same notation as in the semidiscrete case (in Chapter , the above equation

can be expressed in vector and matrix form as
(ACFE 4 | BCFE)on — ACFEn—1 4 f ¢CFB(y )

where A“FF + EBCFE is positive definite and hence, in particular, invertible.

We shall prove the following error estimate:

Theorem 4.2.2. Let U™ and u be the solutions of and , respectively. Then
forn>0,1/2<s <1, we have

——s tn
1" = u(ta)ll < llug™ = uoll + CH* Log (H/h) (||U0||1+s,9 + / ||ut||1+s,szdc>
0

tn
Tk / el dc.
0

Proof. Splitting the error term, we have

U™ —u(t,) = (U™ — R"Bu(t,)) + (RFu(t,) — u(t,)) = 6" + p".
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Since the estimate of p” is known from Lemma [4.2.1] we need only to bound 6". It is

easy to verify that 6™ satisfies
(4.14) (96", x) + A(0",x) = —(w",x) Vx € ST, m>1,

where

w" = REou(t,) — w(t,) = (RYF — Dou(t,) + (Ou(t,) — ui(tn)) = wi + wh.
Choose x = 6™ in ({4.14) to obtain
(4.15) 1671 < 160+ kD llwdll + 5D N1l
j=1 j=1
The first term on the right-hand side of (4.15]) yields
16°1] < Jlug™ = woll + [[R“ o — uoll
< [[u§™® — uoll + CH>Log (H/h)||ugl|1+s0-

For the second term, using the arguments as in [102] to obtain
n . n t; .
eSSl < X [ CH Lo H e
j=1 j=1Jti-1

_ CH*Dog (H/h) / el
0

and similarly for the third term,

S EIED / " (€= ) un(QdC] < k / " unlidc.
j=1 j=1 Jti-1 4

J

U

Altogether these estimates complete the proof of the theorem.

Remark 4.2.3. In order to estimate the error for the gradient we split V(U™ —u(t,)) =
VO™ +Vp™, where Vp™ is bounded as desired by Lemma . Further, choose x = 00™
mn to obtain

oIVe"|* < Jlw"|?,
and with V° = 0, we get

VORI < k> |l |IP < CE Y lw]ll” + Ck Y [lwi]|.
j=1 j=1 j=1

Using the estimates for wl and w} as before together with the estimate of ||Vp)|, we
obtain

IV U™ = ut )| < Cu)(H Log”(H/h) + k) for 1/2< s <1.
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In the above time discretization schemes we have used a constant time step k. We
shall now study fully discrete method of a variable time step for the backward Euler

method.
Backward Euler method with variable time step: Let 0 =ty <t; < ---<t, <--- be

a partition of the positive time axis with the variable time step k,, = t, — t,_1, and let
U™ be the approximation of u(t,). Set 9,U" = (U™ — U™ ') /k,. Thus, (4.13) will be
replaced by

(4.16) (B.U™,x) + AU, X) = (f(ta),x) Vx €S, n>1,

with U° = u§*™.
The following theorem shows the L>°(L?) error estimate with variable time steps.

Theorem 4.2.3. Let U™ and u be the solutions of (@ and , respectively. Then,
we have forn >0,1/2<s <1,

tn
10" = u(ta)ll < llug™ — woll + CH* Log (H/h) <|IuO||1+s,Q + / |IUtH1+s,QdC)
0

n t;
+Z@[nwm.
=1 Yt

Proof. We first write U™ — u™ = 6" + p". This time 6" satisfies
(0,07, %) + A", x) = —(w", x) Vx € SE, n>1,
where
W™ = (RFE — Nou™ + (Opu™ — u?) = W} + w.

Analogous to (4.15]), we obtain

101 < 01611+ > ks (It Il + o).

=

As before, we estimate

n n t i
Shldl < Y / CH*Log (H/h)|[wil|14s0d¢
j=1 j=17ti-1

——35 tn
O Tog (H/h) / el odC,
0

and
n ' n t] n t]
Sohsldl <300 [ (¢t < 3ok [ e
j=1 j=1 “Yli-1 j=1 tj—1
The above estimates together with the standard estimates for p” and 6° completes the

rest of the proof. |
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4.3 Nonsmooth Data Error Estimates

This section considers a priori error analysis for the CFE method when vy € L?(Q)

and the convergence properties for the CFE solution for positive time is established.
We shall rewrite the homogeneous form of (4.1)) as

(4.17) u=Au in §, t >0,
u=20 on I', t >0, with u(-,0)=wuy in £,

where (2 is a nonconvex polygonal domain in R? with boundary I' and the initial data
ug € L*(Q). We now write the weak formulation of (4.17) as follows: For each ¢ > 0,
find u(t) € H}(2) such that

(us (1), ) + A(u(t), ) = 0 Vo€ HL (), t >0,
u(0) = uy(w).

The spatially semidiscrete CFE approximation of (4.17)) is stated as follows: Find
uCFE(t) € SFE such that

(4.18) W™ )+ AWE x) = 0 Vxe S°FE >0,
where u§¥F is some suitable approximation of ug in SCFE.

We now introduce certain Hilbert spaces H” () (cf. [22]). Consider the orthonormal
eigenfunctions {¢;}52, and the corresponding eigenvalues {\;}%2, associated with the

eigenvalue problem
—Ap=Xp in Q, with ¢ =0 on I.

Since {g;}32, form an orthonormal basis in L*(Q), for each v € L*(Q), we can write as

v =77 ,(v,¢;)pj, and the Parseval’s relation

Z v, ¢5)(
7=1
holds. Thus, let the space H” = H”(Q) be defined by the norm

1/2
|v||Hu:(ZX’v<p] ) <oo forv>-—-1,ve H"
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For 0 < v < 1, we have H™* = H", since both H~* and H" is the uniquely defined
interpolation space between L? and H~'. Notice that, H* = HY for 0 < v < 1, and for
1 < v <2, H” consists of the functions u € HZ () such that Au belongs to the negative
space H"™2 (cf. [9]).

Let E(t) be the solution operator of problem (4.17). Then the solution u(t) is
represented by

u(t) Ze (uo, ;) p; foruge H™',

where E(t) is an analytic semigroup in L%, and A is the generator of F(t) (cf. [74, 98]).
Using the Parseval’s relation it follows that E(t) is a contraction in L? and it satisfies

the smoothing property

(4.19) IDLE()ug || jve < Ct= 272 || oy, for —1 <1y <1, 1=0, 1.
The following theorem gives the L>(L?) error estimates for the semidiscrete case.

Theorem 4.3.1. Let u®FE(t) and u(t) be the solutions of and ({4.17), respectively
and u(t) € HY(Q) N H'(Q), 1/2 < s < 1, for each t. Then with u§™ = PFuy and
for1/2 < s <1, we have

[uCFE(t) — u(®)|| < CH* Log (H/Rh)t~ 972 ||lug||  for t > 0.

Proof. Tt follows from Lemma that

(4200 [JuTEE) —w(t)] < Ct‘ISCgItD(Czlmt(OII + (Ol + (O for ¢ >0,

where p(t) = f(f p(¢)d¢. Note that the smoothness of I' is not required for proving
the above inequality. Using the definition of H** and H'** together with 1) and
Lemma [4.2.1], we easily obtain

Clp@ll < CCHLog (H/R)|[u(C)] s
< CCHQSI/JBJgS(H/h)C_(1+S)/2|\u0|| — CHQSI/E)%S(H/h) (1- s/2||u H

In a similar way,

Cllp(Qll < CH*Log (H/)C|un(C)| e < CH*Log (H/R)CH2|Jug||.

TH-2233_136123008



CHAPTER 4. CFE Method in Nonconvex Domains 67

Since s < 1, we have

¢ ~ .
5 < d
16Ol < / 1(&)dé
. ¢ 5
< CHTog'(H/h) / EC1912| | dE
0
< CH>Log (H/h)¢" =72 ||u|.

Altogether these inequalities and (4.20]) completes the rest of the proof. O

We now turn to the fully discrete backward Euler approximation of the problem
(4.17). The backward Euler scheme is stated as follows: Given U° = uS"®, seek U™ €
SCFE such that

(4.21) (U",X) + RAU™, x) = U™, x) ¥y € SFE, n> 1.

Next, we turn to show the error estimates for the fully discrete backward Euler

method with nonsmooth initial data.

Theorem 4.3.2. Let U™ and u(t,) be the solutions of and ([4.17), respectively.

Assume that u§TE = PYFFuy. Then, for 1/2 < s <1, we have

10" — ulta)l| < C(H Log (H/R)G 2 + ktg Yol for t, > 0.
Proof. We split the error term as
(4.22) U™ — u(ta) ]| < U™ = uSF ()] + [ () = ulta)l.
For the first term on the right-hand side of (4.22)), we have from Lemma [3.2.3] that
U™ = uCFE(t,)|| < Okt M| P Bug|| < Ckt Hug|  for t, >0,
and in view of Theorem [4.3.1] we obtain the estimate for the second term. Altogether
these inequalities complete the rest of the proof. O

4.4 Concluding Remarks

In this chapter, we have presented the CFE method for parabolic problem in a
nonconvex polygonal domain. Both smooth and nonsmooth initial data cases are con-
sidered and analyzed. For a two-scale CFE discretization, error estimates of order
O(H>Log (H/h) + k) in the L*(L2)-norm and O(H*Log" (H/h) + k) in the L*°(H)-

norm for 1/2 < s < 1, are proved for smooth initial data. Also, an error estimate of
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order O(H*Log (H/h)tn "™ + kt=1), 1/2 < s < 1, t, > 0 in the L®(L?)-norm is
established for nonsmooth data. Note that, when s = 1, the results of this chapter coin-
cide with the results for the convex domains derived in Chapters 2] and [3] The present
approach allows to resolve the boundary to take into account the Dirichlet boundary
condition without increasing so much degrees of freedom, which is very advantageous
when the domain boundary is very complicated. As the degrees of freedom for the CFE
method located on the inner region Q™, the dimension of the CFE space is much less
than the standard finite element space for the complicated domains. Moreover, The-
orems [4.2.1} 4.2.2] and [4.2.3| for smooth initial data and Theorems and for

nonsmooth initial data yields the same ROC as in the standard FEM for nonconvex

domains when the ‘two-scale CFE method’ becomes ‘one-scale CFE method’, i.e., when
the two-scale grid Ty, coincides with the coarse-scale grid Ty for the case h = O(H).
Numerical experiment for both smooth and nonsmooth initial data are presented in

Chapter [7] (see Examples [7.3 and to support our theoretical analysis.
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Two-Scale CFE Method for Nonlinear Parabolic

Problems in Nonconvex Polygonal Domains

In the previous chapters, we have considered a two-scale CFEs for the approximation
of linear parabolic IBVPs with the Dirichlet boundary conditions. In this chapter, we
discuss a prior: error analysis for the spatially semidiscrete and fully discrete CFE ap-
proximations of nonlinear parabolic IBVP of the form with the Dirichlet boundary
condition in a nonconvex polygonal domain. A continuous, piecewise linear CFE space
is employed for the spatially semidiscrete finite element approximation and the tem-
poral discretization is based on the backward Euler scheme at equidistant time step.
The modified linearized backward Euler scheme is also considered for the temporal dis-
cretizations. We derive almost optimal order convergence (up to logarithmic terms) in

space and optimal order in time for the CFE method in the L*°(L?)-norm.

5.1 Introduction
To start with, we first recall the nonlinear parabolic IBVP:
ur— V- (a(u)Vu) = f(u) in Qp,
(51) u = 0 on FT,
with u(-,0) = wg in €,

where u = u(x,t), Qp == Q@ x J and I'r := ' x J with J := (0,7], T < oco. The
spatial domain 2 is assumed be a nonconvex polygonal domain in R? with boundary I'.

Further, we assume that the functions a and f are smooth on R such that
(5.2) 0<f<alu) <M, |dw)|+]|f(u)]<B for uekR,
69
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where 1, M and B are some positive constants and the above problem admits a unique

solution.
The weak formulation of the problem (5.1 is written as: Find u : J — H} () such
that

(ug; ©) + (a(u)Vu, Vo) = (f(u),9) Ve e Hy(Q), t e,

u(0) = u,(z).

In order to pose the semidiscrete problem we recall the CFE space SCFE. We first
define the continuous and piecewise linear finite element space S corresponding to the

triangulation 7z, as

S = {U € CO(QHJL) | 'UIK e P VK € THJl},

£ : RVt — RV defined in (1.11]), we now write the CFE space S°FF corresponding to

the triangulation Ty,

where Qp ), := int (U ket I ). Then using the definition of the extrapolation operator
é

SOFE . — fy e § |3 ® € RY with v(z) = (E®@), Vo € Iyl

where ® : ¥4, — R is the grid function. Note that, S°FF is a subspace of S, where the
values at the slave nodes are restricted by the extrapolation. For a domain with very
complicated boundary I, the dimension of SFF is very less than the dimension of S

SCFE

because the number of nodes in ¥4.s determines the dimension of . We now pose

the semidiscrete problem as to find «“F® : J — S°FF such that

(5.3) (" x) + (e TBYVuTE, V) = (f(uE),x) Vx e SE te

UCFE (0) — USFE,

CFE CFE
¢ SCFE,

where u is an approximation of ug in

For the fully discretization scheme we use the backward Euler scheme. For the
constant time step k with ¢, = nk, consider the backward Euler quotient OU™ = (U™ —
Um=1)/k, where U™ is the approximation of u(t,) in S°F . Then the fully discrete
backward Euler approximation of the problem associated with the CFE space

SCFE ig stated as follows: Given U° = uOCFE, seek U™ € SCFE for n > 1 such that
(5.4) (OU™,x) + (a(UM)VU",Vx) = (f(U"),x) Vx €S t, e

We also consider the modified linearized backward Euler scheme. By replacing the terms
a(U™) and f(U™) in (5.4) by a(U"') and f(U™ '), respectively. Then the linearized
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modification for the backward Euler scheme is stated as follows: Given U° = u§¥E, seek

U™ € SCFE guch that
(U™, x) + (a(U VU, Vx) = (F(U"),x) Vx €S t, e

A priori error analysis for the Galerkin finite element approximation of nonlinear
parabolic problems has been investigated by numerous authors, see Dendy [31], Douglas
[32], Douglas and Dupont [35], Gao et al. [43], Luskin [68], Rachford [82], Li and Zhang
[64] and Thomée [102]. In [68], Luskin has analyzed the Galerkin method for nonlin-
ear parabolic equations with nonlinear boundary conditions, where an extrapolation in
time is used to yield a system of linear algebraic equations to be solved at each time
level. Thomée [102] has developed the standard Galerkin FEM for the approximation of
nonlinear parabolic problem in convex domains, where the discretization with respect
to space is done by piecewise linear finite elements and in time the backward Euler and
Crank-Nicolson methods are applied. The author has proved an optimal order conver-
gence O(h?) with respect to space in the L>°(L?)-norm for the spatially semidiscrete
scheme. With respect to time an optimal order convergence O(k) and O(k?) for the
backward Euler and the Crank-Nicolson method, respectively has been proved. The
stability and convergence of fully discrete Galerkin FEM for the nonlinear thermis-
tor equations in a nonconvex polygonal domain has been investigated by Gao et al.
[43]. They have established the unconditional stability and optimal error estimates of a
linearized backward Euler Galerkin FEM for the time-dependent nonlinear thermistor

equations in a two-dimensional nonconvex polygonal domain.
In this chapter, we have considered a two-scale CFEs for the approximation of non-

linear parabolic IBVP with the Dirichlet boundary condition in a nonconvex polygonal
domain. The key idea in the error analysis is the error splitting technique and the es-
timates for the associated elliptic or Ritz projection in the framework of CFE method.
We derive a priori error bounds in the L>°(L?)-norm for both the semidiscrete and fully

discrete CFE method.
The outline of this chapter is as follows. In Section [5.2] we have presented some

auxiliary results which will be needed in the error analysis. The spatially semidiscrete
and fully discrete CFE error analysis are presented in this section. Some concluding

remarks are presented in the last section.

5.2 CFE Error Estimates

Before we start the error analysis, we first show the existence and uniqueness of
the solution of (5.3). Following the similar argument as described in Chapter , let
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{oCFEYN be the nodal basis functions for the CFE space SCFE defined by
6CFF . £(0,) € SOFF W1 < i< NOFE,

where {0;}¥]"" be the standard nodal basis function of the finite element space S™ as
defined in (2.7)). For each free node x; € Yq40f, we can associate a corresponding basis

function ¢¥F as in the case of standard finite elements. Thus, we have

Representing the solution in terms of the basis functions {¢{™*} Y™ as u“®(z,t) =
Zj‘vzcl a; ()¢5 (x), 1D may be written as

NCFE NCFE NCFE
D a6 ) + > i) (al Y i)y ) Ve, V™)
=1 =1 i=1

NCFE

= (f(Y_ ait)e™®),¢68), k=1,2,.., N,

=1

This can be written in the matrix form by setting a = a(t) = (a1 (1), ... , aycre(t))? as
Ao + BYE(0) o = f"E(a) for t € J, with a(0) =7,

where 7 is the vector of the nodal values of ug™™. Here the matrices A%" = (AGFY)
and B () = (BG®(a)) with elements

NCFE

ACFE (¢CFE gFE> and BCFE Z o ¢CFE QbCFE ngCFE)7

respectively, and fO"(a) = (f7"F(a)) is the vector with entries

NCFE

fCFE Z a (bCFE ¢JCFE)

Using our assumption (5.2)), it can be easily derive that the matrices A°FF and B°FF(a
g ption (5.2), y

are positive definite, and hence in particular, A°F¥ is invertible. Also, B“*E(a) and
fCYE(a) are globally Lipschitz continuous on RY 1t follows easily that the system

has a unique solution which is bounded for ¢ € J.
Before we start the error estimates for the semidiscrete problem (/5.3), we need the

following auxiliary result. For a proof, see Lemma [4.2.1]
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Lemma 5.2.1. Let w € HY(Q) N H™*(Q) for 1/2 < s <1 and RFF . HL(Q) — SOFE
be defined by (4.4). Also let the conditions and hold true. Then

IV (w — REFPw)|| < CH*Log" (H/R)|w]|issn for 1/2<s <1,

where the constant C' depends on o a4isi, Oc, Tuni, Cor1, Cor2, Ter and the minimal angles

in the triangulation Ty, (as described in Chapter @)

5.2.1 Spatially Semidiscrete Error Estimates

This section concerns about the error analysis for the spatially semidiscrete problem
(5.3). To begin with, we define the elliptic projection a“*F = 4°FE(t) of the exact
solution u of (5.1)) in S¥E as

(5.5) (a(u(@®)V(@"E(t) —ut)),Vx) =0 Vx e SUE ¢ >0.

In order to estimate the error for the semidiscrete problem ({5.3)), we split the error term

as follows:
(5.6) uE — oy = (W — @) (2O — ) = 0+ p.
The next result shows the estimate for p in the L>®°(L?) and L>*(H')-norms.

Lemma 5.2.2. Let p be defined by (@, and let hold true. Then, under the

appropriate reqularity assumptions on u, we have for 1/2 < s <1,

VA < Cu)H Log " (H/h), and |5(t)]| < C(u)H> Log (H/h),

where C(u) is independent of t € J.
Proof. In view of and for any y € SFE,| we have
AV (@™ —w)* < (a(u) V(@™ - u), V(@ - u))
= (a(u)V (@™ —u), V(x — u))
< M[V@™™ — )|V (x = wll,

and hence,

IV (@™ —w)l| < (M/E)[[V (x = w)ll.
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Choosing y = R Py and using Lemma [5.2.1], we obtain
N s 5/2
IV(@“** —w)|| < CH*Log " (H/h)|[ull1+s0.

which proves the estimate for |V (t)||. To estimate ||5(¢)]|, we use the duality argument.
For ¢ € L*(Q), consider the problem:

(5.7) =V - (a(u)VY) = —a(u)AY — Va(u) - Vi = ¢ in Q,
with ¥ =0 on T.
Since ||| < C|| V|| for v € H}(2), we have

AIVEl® < (a(w) Ve, Vi) = (¢, 9) < [lelllvll < Cllelllvall,

which gives ||V¢|| < C|l¢||. Since Va(u) = a/(u)Vu, using the regularity estimate (see
[8, 22]) and with the help of (5.2)), we have

(5.8) [$ll14s < CllAY[| < Clla(uw)Ay[| = Clle + Va(u) - Vi < Clle]l,

for 1/2 < s < 1. Setting x = R“¥F4 together with (5.8), we obtain

(@ —u, ) = (a(uw)V (@ —u), Vi)

= (a(u)V(@™" —u), V(¢ — X))

< M|V@E""E - )|V — x|

5N5/2 SNS/Q

< (crTog (H/Mulh o) (CHTog " (H/W) [ Wll1+s)

< CH*Log (H/h)|ulli+.]¢l,
and hence

[@" — ul| < CH*Log (H/h)[lull1+vs0:

This completes the proof. -

Next, we concentrate on the estimates of p; in the L>(L?) and L>(H')-norms.

Lemma 5.2.3. Let p be defined by , and let hold true. Then, under the

appropriate reqularity assumptions on u, we have for 1/2 < s <1,

IVAt) < Clu)H* Log " (H/h). and ||fu(t)]| < C(u)H* Log (H/h).

where C(u) is independent of t € J.
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Proof. To begin, we differentiate to obtain
(5.9) (a(u)Vpy, V) + (a(u)Vp, Vx) =0 Yy e S°FE
By the uniformly boundedness of a(u) and a(u); together with using (5.9), we have
AlVal? < (a(u)V e, Vr)
= (a(u)Vpe, V(x = u)) + (a(u) Ve, V(@™ = X))
= (a(u)Vpe, V(x = u)) + (a(u):Vp, Vx — 4" "))
< CUVAIV(x = )l + IVAIIV (x — a7 "))

< C(IVAdIIV (= u)ll + VAN IV (x = w)ll + 1V (we — @ )D).
Setting y = R°"Pu,, we have
Ay W ) .
AVA® < SIVAIF+ CIVAIP + C(u)H*Log (H/h),
and using the previous estimate of Vp already shown, we have
. sT—5/2
(5.10) Vol < C(u)H*Log ™ (H/h).

Now, in order to estimate |||/, we again use the duality argument as in the proof of

Lemma Let ¢ be defined as in (5.7), then using we write
(P, p) = (a(u)Vpr, V1))
= (a(u)Vp, V(Y = X)) + (a(u) Vi, V)
= (a(w)V i, V(¥ = X)) = (a(u) V5, V)

= (a(u)Vpy, V(¥ = X)) + (a(u): V5, V(¢ = X)) = (V5, a(u)Vi)).

Choose x = R®FF1) in the above and use integration by parts formula for the last term,

we obtain

_ /2 2
[(Pe, )| < C(IVpe]|[H*Log ™~ (H/h)|[¢|lys + VA H Log ™ (H/h)|[Y]l1+s

(5.11) + A1V - (a(u) V).
In view of (5.8) and for Va(u); bounded, the last term gives

IV - (a(u): V)| = [[Va(u), - Vi + a(u) Ay ||
< C(IVel + lla(u)Ad])

< Cllell + [1Av]]) < e,
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which together with Lemma [5.2.2] equations (5.10) and (5.11) yields

(p1, )] < C(u)H*Log (H/R)|¢ll,

and hence, ||| < C(u)HQSITo/gS(H/h). This completes the proof of the lemma. O

We now derive the main result of this section. The following theorem shows an

estimate for the error in the L>°(L?)-norm for the semidiscrete problem ([5.3)).

Theorem 5.2.1. Let u“FF and u be the solutions of and , respectively. Then,
under the assumption of , we have

() = u(@)]| < Cllu§™ — uol| + C(u)H* Log (H/h)

for1/2<s<1,teJ.

Proof. To begin, we split the error as in ([5.6)). In view of Lemma m it is enough to
estimate . Using 1} we have for y € SCFE,

(62, x) + (a(u®)VE, Vy)
= (ug"",x) + (a(uF)VuF, V) — (777, x) — (a(u ") Vi, Vy)
= (f), x) — (@™ = u, x) — (w, x) — (a(u) Va", Vy)
+((a(u) — a(u™ ) Vi, Vy)
= (f(@™),x) = (Bt x) — (ur, x) — (a(u)Vu, Vy)
+((a(u) = a(uF)ViF, Vy)

(5.12) = (F(u™) = (). x) + ((a(u) — a(™) V@™, Vx) = (51, x)-
Now, using and (5.5), we have
ﬁHvaCFEHZ — //I(VﬂCFE, V[LCFE)
< (a(U)VﬂCFE, VfLCFE)

(a(u)Vu, Vi) < M(Vu, Va©'®),

which leads to

(5.13) IVa“TE| < (M/@)[|[Vul| = C[|Vul|.
Now choosing y = 6 in {D then using 1) and 1) we obtain
1d

S IO+ AIVON < C (I = ull (101l + 1V61) + lal11o])

< AIIVOIZ + CUII + 1711 + 11711)-
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An integration from 0 to t leads to
a7 < (101 +c [ Qo+ 1p17ac) + [
We apply Gronwall’s lemma to obtain
(5.14) 1617 < Cl)* + C/Ot(llﬁllg +[1pel[*)d,
where C' is now depending on T". Note that,
1000 < [lug™ — woll + @F(0) — uoll

(5.15) < |[u§T® — || + CH*Log (H/h)|luol1-s-

Now, altogether (5.14)), (5.15]), Lemmas [5.2.2| and |5.2.3| yields

16@)]| < C||uSTE — uo|| + C(u)H*Log (H/h),

and this completes the proof. O]

5.2.2 Fully Discrete Error Estimates

This section considers the discretization with respect to time variable of the spatially
semidiscrete problem . We begin with the backward Euler CFE method and derive
some a priori error estimates. Let k& be the time step with ¢, = nk and consider
oU™ = (U™ — U™ 1) /k, where U™ is the approximation of u(t,) in S°*E. The backward
Euler CFE method, for n > 1, is given by

(5.16) (OU™, x) + (a(U")VU", Vx) = (f(U"),x) Vx €S, t, € J,

U0 = ulFE.

NCFE

We write U" = )

written as

iy of¢f*T, then the matrix form of the equation (5.16) can be

ACFE o _ka + BCFE(an) ot = fCFE(an>7

where " is the unknown vector. Which after simplification leads to
(ACFE + kBCFE(Oén))Oén _ ACFEanfl + kaFE<&n) for tn c J,

with o’ =7,

TH-2233_136123008



CHAPTER 5. CFE Method for Nonlinear Problems 78

where ACFE BFE(q), fFE(q) and ~ are defined as before. Now we show the existence

and uniqueness for the solution of equation ([5.16)).

Ezxistence: In order to show the existence, we proceed as in [102]. Multiply (5.16)
by 2k and write it as (FFE(U™),x) = 0 Vx € S°FE. Clearly, FCFE ; SCFE _ GCFE jg
a continuous function. Now, for ||| is large enough and with the condition (5.2), we

have

(FR(x), x) = 2(x = U™, x) + 2k(a(x) VX, V) — 2k(f(x), X)

> Il = U242 = Ch( + [IxDIIxI > o,

provided £ < k' < 1/C. Tt is known from the of Brouwer’s fixed point theorem that if
(FCFE(x), x) > 0 for ||x|| = p, then the equation F¥E(Y") = 0 has a solution Y € B; =
{x € SFE . ||x|| < p}. The proof is by contradiction. Let us assume that FCF®(y) # 0
in B;. Then we can easily construct a continuous map W' : B; — B; such that
VOFE(y) = —pFFE(x) /|| F"B(x)||. Therefore it has a fixed point y in Bj such that

TE(Y) = ¥,
this imply
7 = IxII” = =p(FE (%), )/ | FFE )|,

which contradicts the fact (F“FE(y), ) > 0. This proves the existence of the solution

of (E10).

To prove the uniqueness of solution, we first show the following error estimate which
is valid for any solution of (5.16]).

Theorem 5.2.2. Let U™ and u be the solutions of and , respectively. Then
under the assumption and for small k, we have

|0 = u(ta)|| < Cllu§™ = uol| + C(u) (H* Log (H/h) + k),

fort,eJ,1/2<s<1,

Proof. We borrow the proof technique of [I02]. We first decompose the error in two

parts 0 and j as follows:
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where u” = u(t,) and U" = a°"B(t,) with aFF(t,) be the elliptic projection of u”
defined in 1} Since p" is bounded by Lemma m, it only remains to estimate 6.
Using the elliptic projection defined in (5.5 and for x € S°FE,| we note that

(96™, x) + (a(U™)VO", V)

= (0U™, x) — (90U, x) + (a(U")VU", V) — (a(U")VU", Vx)
= (f(U"),x) = (uf’, x) = (U™ = uf', x) = (a(u")VU", V)

— ((a(U") = a(u™))VU", Vx)
= (F(U"),x) = (uf’, x) = (AU =}, x) = (a(u")Vu", V)

— ((a(U™) = a(u)VU", Vx)
= (f(U") = f(u"),x) = (9p", x) — (Qu" — uf', x)

— ((a(U™) — a(u")VU", V),

and hence,

(06", x) + (a(U")VE", Vx) = (f({U") = f(u"),x) = (85", x) — (Ou" — u}’, X)

— ((a(U") = a(u"))VU", V).

With x = 6", we use (5.2) and the boundedness of VU™ as in 1) to obtain

15 an -~ nn n n nn nn 3 ~n 3,n n nn

SO6™I1° + BV ||® < ClU™ = ™[I0 + IV6"I1) + (105" | + [|9w™ — w[)]6"]]-
Using (5.17) and after simplification we obtain

oll6™ 1> + AV eI < C(16"11> + 105" + 17" 1> + [|9u™ — w'[|*)
(5.18) = C(10"1° + Qn),
where Q,, = [|0p™||? + ||5"]|> + || Ou™ — u||*. Multiply both sides of (5.18)) by k to obtain
(1= CR)I6"]* < 16" + CkQn,

which, for small k, yields

167112 < (1 + CR)[|6" |12 + CEQn.
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A repeated application leads to

167117 < (1 + CR)"I6°)2 + Ck Y (1 + Ck)"Q;
7j=1

(5.19) < ClOO)* +Ck Y Qs

j=1

Now, we estimate ); which includes three different terms. Following [102], together
with Lemmas [5.2.2] and [5.2.3 we obtain

17| < C(u)H>Log (H/h),

_ B i1 tj —
107 = 1=l =W [ el < o Lo ().

J

and
|07 — || = [k~ (0! — /™" — k)|

= & / " (€= ty)un(0) dCfl < Clw)k.

J

Altogether these estimates now yields
Qi = 10711 + 17 11? + 1|18w — w]|)®
(5.20) < C(u)(H*Log (H/h) + k)?,

which combine with (5.15)) and (5.19) gives

(5.21) 1671 < Cl[uf™™ = uol| + C(u)(H*Log (H/h) + k).
Now, equation ((5.21)) and Lemma completes the rest of the proof. O

Next we turn to the uniqueness of the solution of (5.16]).

Uniqueness: Given U™, let U™ = P and U™ = @) be two solution of (5.16]). Further,
let [|u§¥E — || < CHQSITOE(H/h)HuOHHS@ holds true. Since both P and @ satisfy

(5.16)), by subtraction we have

(P—Q,x)+ k(a(P)VP — a(Q)VQ,Vx) = k(f(P) — f(Q),x) Vx € S°E.
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Setting x = P — ), we have

1P = QII* + k(a(Q)V(P = Q), V(P = Q)) = k(f(P) — f(Q), P — Q)
— k((a(P) —a(Q)) VP, V(P = Q)),

a kickback of the term [|[V(P — Q)] leads to
L.
(5.22) 1P =QI" + SkalIV(P = Q) < CIP = QIP(k + K[V P?).

We now claim that k||V P||? is bounded by an arbitrary small constant, provided H 2LAo/g(H /h)
and k are sufficiently small. By (5.13)) we have

IVPI| < V(U™ =T + VU] < [[V8*] + C(u).
Using , and , we get
KV > < CU0" P + k(107 + kQn) < C(u)(H**Log (H/h) + k)2,
which gives
(5.23) F|IVP|* < Clu)(k + (HLog(H/h))™),

and this proves the claim. Now combining ((5.23)) with (5.22]) we conclude that ||P—Q|| =

0, and this completes the proof of uniqueness.
The disadvantage of the method just described above is that at each time level we

had to solve a nonlinear system of algebraic equations because of the presence of two
nonlinear terms a(U™) and f(U") in (5.16]). To avoid this difficulty we modify (5.16)) to

a linearized form in the following manner.

Linearized modification for the backward Euler method: Replacing the terms a(U™)
and f(U™) in (5.16) by a(U™1) and f(U™'), respectively, we obtain

(5.24) (OU",x) + (a(U" VU™, Vx) = (f{U""),x) Vx €S8P t, €,
with U = u§"®.
The resulting linear systems can be solved for a™, and this can be expressed as

(ACFE + kBCFE(anfl))an _ ACFEanfl + kaFE<an*1> for t, € J)

CFE CFE CFE
ACFE B f

where and are given as before.

We now derive error estimate for the linearized backward Euler CFE method in the

following theorem.
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Theorem 5.2.3. Let U™ and u be the solutions of and , respectively. Then
under the assumption we have,

|0 = u(ta)|| < Cllu§"™ = uol| + C(u)(H* Log (H/h) + k),

fort,eJ,1/2<s<1,

Proof. In view of (5.17) and Lemma [5.2.2, we only need to estimate 6. This time we

have

(96", x) + (a(U"1)VE", V) = (F(U"1) = f(u").x) — (95", x) = (Ou" —uf', x)
(5.25) — ((@(U"™") = a(u")VU", Vx),
where
U=t = < {16+ 15" + 10w
Setting x = 6" in 1) we obtain
%5”5””2 +AlIVe | < cut —u (16" + 1V 1) + (195" + 19u" — ui )16
Using the Poincaré’s inequality [|6”|| < C||V8"||, we have
%5”5””2 +AIIVE 1 < G + 17" + klldut || + 19" + |9u" = uf || V6"
A similar calculation as before leads to
016" > < ClI6" > + C(u) (HLog (H/h) + k)
and hence
16717 < (14 k)6 ||* + C(w)k(H*Log (H/h) + k)*.
A repeated application yields
167 < ClI6°|1> + C(u) (H> Log (H/h) + k)?,
together with gives
16" < Cllus™ — woll + C(w)(H**Log (H/h) + k).

This completes the proof. n
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5.3 Concluding Remarks

This chapter considers a two-scale CFEs for the discretization of nonlinear parabolic
problem with Dirichlet boundary conditions in a nonconvex domain. We have studied
the error analysis for both the spatially semidiscrete and fully discrete CFE methods for
a two-scale CFE discretization. For the fully discrete method, we have used the back-
ward Euler method for the discretization in time of the spatially semidiscrete problem
. We have also studied the modified linearized backward Fuler method in order to
overcome the difficulty for the backward Euler method (nonlinearized form) in which
we need to solve a nonlinear system of algebraic equations at each time level. For the
spatially semidiscrete scheme, we use energy method to derive error estimate of order
O(H*Log (H/h)), 1/2 < s < 1 in the L®(L?)-norm. The estimates for elliptic projec-
tion (see, Lemmas|5.2.2|and [5.2.3)) play a key technical tool in our analysis. For the fully
discrete scheme, an error estimate of order O(H QSEBE;S(H /h)+ k), 1/2 < s <1 is estab-
lished. In contrast to the standard finite element procedure, the proposed CFE method

not only reduces the dimension of the finite element space but, it is also advantageous

for a domain with complicated boundary. Furthermore, the spatially semidiscrete and

fully discrete error bounds (Theorems |5.2.1} [5.2.2| and 5.2.3)) do not pose any restriction

on the fine-scale parameter h. To support our theoretical findings, numerical experiment
for a test problem is presented in Chapter [7| (see Example .
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Two-Scale CFE Method for Parabolic Problems with
Measure Data in Time for Convex and Nonconvex

Domains

In this chapter, we study the spatially semidiscrete and fully discrete CFE approxi-
mations of parabolic problem with measure data in time for both convex and
nonconvex domains. The solution of this kind of problem exhibits low regularity with
respect to time variable which introduces some difficulties in both theoretical and nu-
merical analysis of FEM. We use piecewise linear and continuous CFEs for the space
discretization and derive a priori error estimates in the L?(L?)-norm for the spatially
semidiscrete problems, and use the backward Euler method for time discretization and
derive a priori error estimates in the L?(L?)-norm for the fully discrete problems. The
key technical tools in our error analysis include the estimates for the associated ellip-
tic projection in the framework of CFE method (see Lemmas [2.4.1] and [4.2.1]) and the
duality trick.

6.1 Introduction

Let © be a bounded polygonal domain in R? with boundary I", but the boundary of
the domain may still have a very complicated shape. Set Q7 :=Q x Jand I'r :=1T x J
with J := (0,7, T' < co. We now recall the following model IBVP:

up—Au = p in Qr,
(6.1) u = 0 on I'p,
u(-,0) = wy in Q,
where u = u(z,t), u; = %, A = 2]2.:1 8872]2_ the Laplacian and the initial data ug € L*(Q).
85
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Let M0, T be the space of real and regular Borel measures in [0, 7] with the norm

T
| 22l o,y = sup{/ vdp v e Cl0,T] and ||v|[cor < 1},
0

The space M|[0,T] can be defined as the dual space of C[0,T]. Thus, p can be written
as ;1 = ow, where ¢ and w are given functions such that o € C([0,T]; L*(Q2)) and
w € M[0,T]. We also recall the following spaces:

W(0,T) := L*0,T;Hy(Q)NH0,T; H (),
X(0,T) = L*0,T; H*(Q) N Hy(Q) N HY(0,T; L*(€)), and

X(0,T) = L*0,T; H'™(Q)N Hy(Q)) N H'(0,T; L*(2)) for 1/2<s< 1.
It is straightforward that (cf. [66])
W(0,T) < C([0,T); L*(Q)) and X(0,7), X(0,T) — C([0,T]; H;(2)).

The weak formulation of the problem (6.1)) may be stated as follows by using transpo-
sition techniques (cf. [66]): Find w € L?(0,T; H}(2)) N L>(0, T; L*(Q2)) such that

(6.2) —(u, ) + A(u,v)o, = (U, v)q, + (ug,v(-,0)) VYo e W(0,T),
with o(-,7) = 0,

where A(u,v)q, = (Vu, Vv)gq, and

(u,v)q, = /QT vdp = /OT (/Q a(x,t)v(x,t)d:v> dw(t) Yuv € C([0,T); L*(2)).

In order to define the CFE space, we first define the continuous and piecewise linear

finite element space .S corresponding to the triangulation 7z as
S = {U c CO(QHJL) | 'U\K e P VK € THJL},

where Qpp, = int (U KeTun B > The CFE space S°FF corresponding to the triangula-
tion T, is defined by

SFE .=y e §|F® € R withv(z) = (EP@), Vo € Vgl

where ® : ¥4 — R is the grid function (as described in Chapter and the extrapolation

operator £ : RV%ot — R4 is defined in (1.11). Clearly SCF® is a subspace of S.
We now state the spatially semidiscrete CFE approximation based on the weak

formulation (6.2)) is to find u“¥E(¢) € L2(0, T; S°F) such that

(63) _<UCFE7 UtCFE)QT + "4<UCFE7 UCFE)QT = <:u7 UCFE>QT + (USTFE’ UCFE('7 O))
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VoCFE € H1(0,T; SCFE), with vCFE(., T) = 0, where u§¥® € SCFE is an approximation

of ug and

T
(, v g, = / vy = / (/ a(x,t)vCFE(x)dx) dw(t) YO e HY(0,T; SF).
Qp 0 Q

The numerical treatment of elliptic and parabolic equations in convex domains by
the standard FEM involving measure data are thoroughly studied in Boccardo et al.
[13], Boccardo and Gallouét [14], Casas [18], Gallouét and Herbin [42] and Gong [46].
In [18], Casas has studied the FEM for second order elliptic problems with homoge-
neous Dirichlet condition involving measure data in convex domains, where the data
are considered as real and regular Borel measures. A convergence of order O(h) in
two-dimensions and O(h'/?) in three dimensions in the L?-norm have been established.
Recently, error estimates of FEMs for parabolic equations with measure data in a do-
main with smooth boundary have been investigated by Gong in [46]. Due to presence
of measure data in time the solution of such problems possess less regularity and hence
the standard finite element error analysis tricks do not apply directly. However, writ-
ing the weak formulation by transposition techniques (cf. [66]), the author of [46] has
proved the existence and uniqueness of problem [46, Theorem 2.2]. A priori error
estimates for both spatially semidiscrete and fully discrete problems have been analyzed
and optimal error estimates of order O(h) for the space discretization and O(k'/2) for

the time discretization have been established.
In this chapter, we investigate the convergence analysis of the CFE approximations

of parabolic problem with measure data in time for both convex and noncon-
vex polygonal domains. A priori error estimates in the L?(L?)-norm for the spatially
semidiscrete and fully discrete problems for both convex and nonconvex domains are
derived.

The structure of the remaining sections of this chapter is as follows. In Section [6.2]
we present some auxiliary results which will be used in the error analysis. The spatially
semidiscrete and fully discrete error estimates for the domain with smooth boundary,
or a convex polygonal domain are derived in Section Section is devoted to the
error analysis for nonconvex polygonal domains for both spatially semidiscrete and fully
discrete schemes. The fully discretization error analysis is based on the backward Euler
method in both convex and nonconvex domains. Finally, we present some concluding

remarks in Section [6.5]
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6.2 Some Auxiliary Results

In this section, we shall state the existence and uniqueness result for the solution of
(6.1) and some auxiliary estimates which will be used in the error analysis. Let & be the

solution of the forward in time parabolic problem given by, for f € L*(Qr),

&—AL = f in Qr,
(6.4) £ = 0 on I'p,
€0) = 0 in Q.

Also, let 1 be the solution of the following backward in time parabolic problem, for

f € Lg(QT)v

-t — A77 = f in QT7
(6.5) n = 0 on I'rp,
n(T) = 0 in Q.
Following [70], we have the standard stability estimates for the solutions of (6.4) and
63).

Lemma 6.2.1. Let £ and n be the solutions of problem and , respectively.
Assume z = € or z = n, then z € L*(0,T; H*(Q) N HY(Q)) N H'(0,T; L*(Q)) —
C([0,T]; H3 () and satisfies

||Z||L2(0,T;H2(Q)) T ||Zt||L2(0,T;L2(Q)) < C||f||L2(o,T;L2(Q))-

The next theorem shows the existence, uniqueness and regularity of the solution of
(6.1). For a proof, see [40].

Theorem 6.2.1. Let y = ow, where o and w are given functions such that o €

C([0,T]; L*(2)) and w € M[0,T), and define the following inner product

(u,v)0p = /QT vdp = /OT (/Q o(x,t)v(:c,t)dx) dw(t) Yv e C([0,T); L*(Q)).

Then there exists a unique solution v € L*(0,T; Hy(Q))NL>(0,T; L*()) of the problem

such that

_(uvvt)+A(uav>QT = <:uvU>QT+(UOvU('7O)) VUGW(O,T),
U(',T) = 07
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where A(u,v)q, = (Vu, Vv)q,.. Further, we have

[ull 20,7513 )y + lull oo, miz2(0)) < Cllol| Lo o.r;22(@) Wl Mmpo,1) + uollog)-

For the purpose of error analysis of the semidiscrete problem, we introduce so-called
elliptic or Ritz projection R°FF onto SCFF as the orthogonal projection with respect to
the inner product (Vov, Vw) so that

(6.6) (VR ¥y, Vx) = (Vu,Vx) Vx € SE forv e Hy(Q).
It is easy to verify the stability of the elliptic projection in H'-norm, i.e.,
IVRTEu|| < [[Vol] Yo € Hy(€).

For convenience, we now recall the following auxiliary results for the errors in the
Ritz projection for convex and nonconvex domains, respectively (cf. Lemmas and
4.2.1).

Lemma 6.2.2. Let v € H}(Q) N H2(Q) and R be defined by (6.6). Assume that the
conditions and hold true. Then, we have

—1/2
V(R v —v)|| < CHLog  (H/h)||v| 2.0,
and
IRTEy — || < CH? Log(H/h)||v])20.

where the constant C' depends on caist, Oc, Tuni, Cor1, Col2, Tegt and the minimal angles

in the triangulation Ty p.

Lemma 6.2.3. Let v € H}(Q) N HY(Q) for 1/2 < s < 1 and R be defined by
. Assume that the conditions (@) and @) hold true. Then there exists a positive
constant C which depends on ogsi, Oc, Ouni; Cor1, Coi2, Text and the minimal angles in

the triangulation Ty, such that
IV (ROPPy — )| < CH Tog”(H/W) 0]l 5.0
and
IRCPPy — || < CH* Log (H/h)||v||145.0,

for1/2 <s<1.
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6.3 CFE Error Estimates for Convex Domains

To begin with, we first write the CFE approximation of the forward parabolic prob-
lem (6.4)) as follows: Find £¥E(t) € H*(0,T; SFF) such that

(6.7) & Xar +AETT X)ar = (fiX)ar Yx e ST,
with  (£€9F%(0),x) = 0 Vy € S°FE

Similarly, we now pose the CFE approximation of the backward parabolic problem (6.5)):
Find n°YE(t) € HY(0, T; SFE) such that

(6.8) (7" ar + AN X)ar = (fix)ar Vx €S9,
with  (n“F¥(T),x) = 0 Vye S°FE

6.3.1 Spatially Semidiscrete Error Estimates

Now we concentrate on the spatially semidiscrete error estimates of the problem (6.1)

with measure data in time. we start with the following auxiliary result.

Lemma 6.3.1. Let ¢ and i denote the solutions of problem and , respectively.
Also, let EFF and n°FF be the solutions of and (6.8), respectively, where £, n €

X(0,T) = C([0,T); H}(R)) and £°FF n“FE € HY(0,T; SF). Then for é = £ — £°FE

CFE

orée=mn—n""* we have

~ —1/2
(6.9) €l o0, r:z2(0)) < CHLog ™ (H/h)| flL2(0,r:22()-

Proof. With é(t) = £(t) — €°FE(#), and using the variational form of (6.4) and equation
(6.7), we write the error identity

(e, X) +A(é,x) =0 Vy e SE,
Setting y = R°FFé, this yields
(&, R°"Ee) + A(é, R é) = 0,
which implies

(6r.8) + A(6,6) = (&6 — ROPE) + A(e, & — RTF¢)
el IREEE = &Il + Clell | B¢ = €l

A

(6.10)
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Lemma implies

d, . i — )
—lell® + Collellt < CH Log(H/R) (&l + [I<]12),

for some positive constant Cjy. Integrating the above from 0 to ¢ we obtain

t t
(6.11)  [le®)]” +Co/ leflid¢ < CHzLog(H/h)/ (llecI” + ligliz)dc.
0 0
Analogous to Lemma we have the following estimate on the discrete level

165 20,2200 < Cll Il 20m5020))

which combine with Lemma [6.2.1] yields
t t T
(6.12) | ediac= [ e —emEpac< o [ sk
Now, using (6.12)) and Lemma it follows from (6.11]) that
¢ . T
le(®) = TR + Co/ l€ — €°TF)Td¢ < CHzLog(H/h)/ I£1?d¢ vt € [0,T],
0 0

and this shows .

Arguing in a similar way, for é = 7 — n“*F with é(T) = 0, we obtain

¢ ol 7
(6.13)  [In(t) =0 “"F @) + Co/0 [l = n“F|Id¢ < C’HQLOg(H/h)/O Hxe
Vt € [0,7] and this completes the proof. O

We now concentrate on the error estimates between the solutions of the continuous
problem and the semidiscrete problem . As the solution of has low
regularity it is, therefore, reasonable to estimate the error in the L?(L?)-norm. Letting
PCFE be the L2:projection onto SCFE we set uSTF = PCFEy4 be the L:-projection of

Uug-.

Theorem 6.3.1. Let u € L*(0,T; H}(2)) N L>(0,T; L*(Q)) and u®F* € L?(0,T; SE)

be the solutions of the problems and , respectively, with . = ow, o and w are

gwen functions such that o € C([0,T]; L*(Q)) and w € M[0,T]. Then, we have

/2
(

—1
lu — w20, 1,0200)) < CHLog " (H/R)(||o]| oo 0.7 220 l|wl mpo,ry + [[wollog)-
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Proof. Let n be the solution of the problem (6.5) with f € L?(0,T;L*(2)). Then
using the continuous problem (6.2)) and the semidiscrete problem (6.3]) together with
the orthogonality property, we have

/ (u — u*®) fdadt
Q

T _ /0 ' /Q (1 — uCFBY (=, — Any)dadt

= (U, _nt)QT i A(U, U)QT L (UCFEv nt)QT - ’A(UCFE7 n)QT

= <:ua 77>QT + (Uo, 77(0)) o (UCFEv 771§CFE>QT e A<UCFEa nCFE>QT
= (1 mar + (u0,1(0)) = (1, % )a, — (PPug,n"(0))
= (0 — n“"Fay + (w0, n(0) — n°F(0))

(6.14) = [ ([ ot = 1yt o)+ G 00) ~ (0

Now using the relation ||w||p1j0,7) < ||w|| 0,77, the first term on the right-hand side of

gives
[ ([ ot =) avto

< / o)z m(E) — 770 ey ()

CFEHLoo(

= ||0||L<>°(0,T;L2(Q)) ||w||L1[0,T] ln—n 0,T;L2())
< ||0HL°<>(0,T;L2(Q))HWHM[O,T} |7 — TICFE||Loo(o,T;L2(Q)),
and hence, (6.14)) yields
/ (u — UCFE)fdl'dt S C(HUHL‘X’(O,T;LQ(Q)) HWHM[O,T}
Qr
+ [luolloe)lln = 17l L 0,120 -

An use of Lemma [6.3.1] leads to
—1/2
/ (u — ) fdedt < CHLog (H/B) (ol 0.:220 Il
Qp

+ lluollo@) 1f 1l 20.7:22 0,
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and by the definition of L?(£27)-norm, we obtain

(f, U — uCFE)QT

|lu — U/CFEHL2(O,T;L2(Q)) = sup
rerzorizz@) [ Fllzzomr2 @)
f#0
—1/2
< CHLog  (H/h)(l|o|l 7.2 lwllmpor + [[uollos),
which completes the proof of the theorem. n

Remark 6.3.1. From Theorem|6.3.1| it is clear that, there is no restriction on the fine-
scale parameter h. In fact, the results of the theorem also holds when the two-scale grid
Tu.n coincide with the coarse-scale grid Ty, i.e., h = O(H). When h = O(H), Theorem
yields the same ROC as in the standard FEM (cf. Gong [46]).

6.3.2 Fully Discrete Error Estimates

In this section, we turn our attention to the fully discrete approximations for the semidis-
crete problem (6.3). As a fully discrete approximation we consider the backward Euler

scheme for the time discretization. Let k& be the time step and consider the time points
O=to<ti<ta< ---<ty1<ty=T.
Let J = [0, T] be the time interval partitioning as
J={0YU U J,U---UJy,
with subintervals J; = (¢;_1, ;] of size k. Replacing the time derivative in by the

backward Euler quotient to find US* € SCFE § =1,2 ... N such that

CFE CFE

(615) ( ) : ,’UCFE)—FA(U,L-CFE,UCFE) : <M7UCFE>J¢ VUCFEGSCFE,

with US¥8(z) = uf™(2), z€Q,

where UCYF denotes the fully discrete approximation of u in S¢F¥. UCFE is piecewise
constant in time and piecewise linear in space on each time interval. We set k = O(h?)

in our analysis. Here

1 I
(p, vEY ;= —/ v B = —/ (/ o(m,t)vCFE(x)dx> dw(t) Vo©FF e SOFE
k QX (ti—1,ti] k ti—1 Q

In the following, we derive stability estimate for the solution of (6.15]).
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Lemma 6.3.2. Let USFP € SCFE j =1,2,--. | N be the solutions of the fully discrete
scheme . Assume that uOCFE = P By, and k < Ch?, then we have

N
Y NUTE = ULEIG o + KIUS™IR 0 < Clol7m o220 1ol 30,21 + [1u0llE 02,
=1

where C' is a constant independent of (h, H, k) and the data (o, w, uyp).

Proof. The proof follows the idea of [46]. Setting v“*® = k(U™ — UCHE) in (6.15)), we

have
(UE™® — UCEE, USFE — USEE) + RA(USFE, USFE — USKE) = k{1, USFE — USEE),,
or,
IUSTE — UZFIG o + KIUTT IR

t;
<BAUSUSE) + [ (00, U - VBNt
ti—1
1 1 b 1
< SHIUSEE R g+ SHIUSE R +C( [ lote)loadu®)? + SIUS*™ - USTEIR o
ti—1
Summing over ¢ from 1 to N, this yields

N
D NUEFE —USE e + KU ™Iiq
1=1

t .

N
¢ 2
B P2+ C S ( / lo(®)llondw(t))
i=1 t;

i—1

IN

T
2
< K| P2 + O / lo(®)loade(t))
(6.16) < kI[P Pugl? g + Cllolles or:22ap 10l o 11

Now for any 7 € sons(K), using the inverse estimate (see e.g., [16, Section 4.5]) and the
fact k < Ch? < Ch?, we obtain

NP uollt - < BhZ2 1P Fuoll5 - < Clluoll3

where PSPy is the L:-projection of uy on 7, and hence

FIP Pl < ) Y0 KPS uli,

KeTh Tesons(K)

< ) Y lwll, < Clluligg.

K€Th Tesons(K)
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Therefore, (6.16) gives

N
D NUEE = UZE IR+ KIUF ™ a < Clluollf o + ol o7:c200 10l o zy)-

This proves the desired result. [

Now we are ready to prove the main result. The following theorem gives the error
estimate in the L?(L?)-norm between the solution of the continuous problem (6.2)) and
the fully discrete problem (6.15)).

Theorem 6.3.2. Assume p = ow, o and w are given functions such that
o€ C([0,T); L*(Q)) and w € M0,T). Let u € L*(0,T; H}(Q)) N L>=(0,T; L*(2)) and
UCFE be the solution of and , respectively. Then, we have

lu— UOFE”LQ(&T;L?(Q))
—1/2
< C(HLog " (H/h) + k')(||o || L= o220 1w smpo,r1 + o lo,0)-

Proof. Let n be the solution of (6.5) and f € L?*(0,T; L*(2)). In analogy with (6.2)) we

write

/ (u — UT®) fdadt
Qp

/ / — UE) (=, — An)dadt

N
= ~(u, m)er +A(u,n)ay + Z/ (kN U g =) = A(USTE, ) Yt
= (1, May + (uo,n Z/ (k=N U = USE ") + AU, n) Yt
+ (U™, ™) = (U, n(0))
N
== [ O U ) + At +
+ (uo — Ug ™", n(0)).

Now from (6.15]), we obtain

Z{k (U™ — UCEE ROPEy) + AQUC™, BFPn)y = (0, RO,
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where RCFEp € SCFE is defined on J; as

) 1
(6.17)  RFFy = Ry = ROEn(-, 1) = / REFER(. )dt, i >0,
J;

with RCFEpN — ROFEy(T'). Also, 7j denotes the average of 7 in .J; as in (6.17)), and hence
it follows that

[ @-nai=o
Ji
Thus, we find

/ ( UCFE deL’dt Z/{k UCFE Ui(iFlE,ni*l)+A(U1'CFE,77)}dt
Qp

_Z/ {1, RCFEn>Ji+Z/ {k’l(UZ-CFE UZCI;E’RCFE )
i=1 7 Ji i=1 v Ji

+A(USTF, ROFE) bt + (ug — U™, 1(0))

(6.18) = Z “L(UCFE — UCRR =t _ ROFE) - A(UCFE, ;j — ROFBy) }dt

By / (1, ) 1} + (o — USTE,1(0)) = Q1 + Qs + Q.
i=1 7 i

To estimate ()1 we proceed as follows. From the definition of Ritz projection and for

UFFE € SCFE we obtain
| Awers - T —o,
Ji

and hence, by the Cauchy-Schwarz inequality we have

Q) = \—Z / LUCFE _ OFE it RO |

1/2 N 1/2
(6.19) < (Z IS — UﬁFlEHaQ> : (Z [ RCFEnHag) =G .Gy,
=1

i=1
where

N 1/2 N 1/2
:(z|waE—UfﬁEuaﬂ) | GF(zuw—RwEnuag) |
=1

i=1
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In view of Lemma we obtain
G1 < C|lof|zeo,r:22@) [|w mio,z1 + [1wolfo,0)-
Now,
In"~t = R¥Eplloq < [l7"" = qilloq + (17 — RFEn]lo.0.
Since

i—1

H77 N 77Ho,ﬂ < kl/zHWtHL?(chti;L?(Q))a

using Lemma and the definition of 7, we have
17 — BFPyllog < CH?Log(H/h)|[lla < CH?Log(H/h)k™ 2|0l 2¢,  :2(0)-

Using Lemma and the fact Ch? < CH?, we conclude that

N 1/2

G, < C Z(kHnt”%?(ti_l,ti;Lz(Q))+H4@2(H/h)k_1||77||%2(ti_1,ti;H2(Q))>
1=1
< C(HLog(H/h) + K[ f|l20z:22(@)-
Therefore, implies that
|@1] < C(HLog(H/h) + k"?) (|l ||t 07220 || papo.ry
(6.20) + [[uollo.)If | 20,7522 (2))-

Furthermore,

N —_—
Qa2] = !<u7n>QT—Z/<u7RCFEn>Ji
=1 i

- 1> / 1( / o, )(n — FOFEy) () d)do ()

RCFE

< Cllo|lzeeo,r;2 @ llwll mpomlln — Nl Lo 0,1522(02))-

Now,
In = REFEn| neomiz2) < 0 — 0l o,rr2@) + 111 — BB 2o 0,1;22(0)
—1/2
CEY2|[nll 10,722 + CHLog ™
—1/2
C(k'* + HLog "~ (H/h))|nll2.1
—1/2
< C(k"* + HLog " (H/h))| fllz20,7:220)-

IN

H/D)|[7| o 0,111 (90))

IN
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Altogether these estimates yields

12
(6.21)  |Q2| < C(HLog "~ (H/h) + k)0 || L0220 1wl mpo,r1 || || 20, 2202 -

Similarly, by the definition of PF¥ and (6.13)), we have

Qsl = (o — US™®,n(0))
— (o — P Pug, n(0) — 1 (0)) + (g — P Pug, n"H(0))
= |(up — PSP, n(0) — nFE(0))|
< Clluolloaln(0) = n=(0)]
(6.22) < cHLog (H/Wuollosllfl2.r:020)-

Combining (/6.20)), (6.21) and (6.22]) with (6.18)), we obtain

f; U — UCFE
lu = U 2oz = sup ( o
fEL2(0,T;L2(Q)) If ||L2(0,T;L2(Q))
F#0

—1/2
< C(HLog " (H/h) + k) (|lo | 1=(0,7:22p lwll mozz1 + [[uollo),

and this completes the proof. O

Remark 6.3.2. Theorem|6.3.2 shows an order (’)(Hf()/gl/Q(H/h) + k%) of convergence
for the fully discrete case with respect to measure data in time. Note that, for the ‘one-
scale CFE method’ i.e., when h = O(H), the result coincides with the standard FEM

(cf. Gong [{0]).

6.4 CFE Error Estimates for Nonconvex Domains

In this section, we carry out the above semidiscrete and fully discrete error estimates

to nonconvex domains. We show that there is a reduction in the convergence from the
—1/2 ——s/2

order O(H Log / (H/h)) in a convex polygonal domain, to O(HsLogs/ (H/h)), 1/2 <

s < 1 in a nonconvex polygonal domain.
We now prove the following lemma.

Lemma 6.4.1. Let &,n € X(0,T) — C([0,T); H () be the solutions of the problem

and , respectively. Also, let EFF and n“F be the solutions of and ,
respectively, where E°FF nCFE ¢ HY(0,T; SFE). Then, for é = € —¢9FF oré = n—n©rE,

we have

~ SNS/Q
||€”L°°(07T;L2(Q)) < CH’Log (H/h)Hme(o,T;L?(Q))-
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Proof. We recall equation ([6.10) and use Lemma to obtain
(€, €) + A(é, €)
< [l [R7EE = €l| + Clell | ROTF¢ — €l
HIWEl+5)
el )

< ¢ (metos™ (mym)ell) (H°Tos™"(
+ el (HLog
or,

d. . . — i
Z el + Collélly < CH**Log (H/R)([lé” + I<17-).

after integration from 0 to ¢ with é(0) = 0, we have

t ., v
(6.23)  [le()] +Co/0 I€ll7d¢ < CH*Log (H/h)/0 (lleI1” + Ngls)dc.
Now using the regularity estimates [8, 22], we have

1€ll1s < (1€l + 111,

hence by standard estimates (cf. Lemma [6.2.1)),

t t T
2 2 2 2
/0 €12, d < / (N2 + 1F1P)de < € / 1f1dC.
Thus, implies
t ., T
l€(t) — EFP@)IP + Co / 1€ — £5FE|2¢ < CH>Tog (H/h) / | FIPdC.
0 0

Similarly, for é(t) = n(t) — nFE(¢), we have

t S T
©:20) In(®) 1B (OIF + Co [ In = nPRdc < cHLog'(11/m) [ fIPdc,

0 0
and this completes the proof. O]

Therefore, our semidiscrete error estimate can be stated as follows:

Theorem 6.4.1. Assume = ow, 0 and w are given functions such that
o€ C([0,T]; L*(Q)) and w € M0, T]. Let u € L*(0,T; H}(Q)) N L>(0,T; L*(2)) and
uE € [2(0,T; S°FE) be the solutions of problems and (6.3), respectively. Then,

for 1/2 < s <1, we have the following error estimate:

/2
lu — w2 0.1.1200) < CH®Log ~ (H/h)(||o|| 1o 020 ||w]l mpo.r) + [2ollo0)-
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Proof. Let n be the solution of problem (6.5) with f € L*(0,7; L?(Q2)). Then a similar
calculation as in Theorem and an use of ((6.24)) yields

/ (u— u") fdzdt < C(||o || Lo, r2@) 1ol Moy
Qr

+ |uolo,0) I — HCFEHLOO(O,T;L?(Q))

S/—\—/s/2
< CH°Log  (H/h)(||o| e o2 llwll mio.r) + [uollo) | fll 2205229,

which completes the proof of the theorem. O

Now we turn to the fully discrete error estimate based on the L*(L?)-norm.

Theorem 6.4.2. Assume = ow, 0 and w are given functions such that

o € C([0,T]; L*(Q)) and w € M[0,T]. Let u € L*(0,T; Hi(Q)) N L>=(0,T; L*())
and UYFE be the solutions of the problems and , respectively. Then, for
1/2 < s <1, we have

lu — U\ 120,752

T 5/2
< C(H*Log " (H/R) + K"*)(lloll =0z 2@ l@ ] mozy + luollo).

Proof. Following the similar argument as in Theorem we obtain
/ (u — UCT®) fdadt
Qr

N
==> [ {kK(UFF - UZF, ™" = ROBy) + AUS™™, 77 — RFEn) }dt
i=1 /i

N

(6.25) +{{.mar — Z/ (1, REFER) 1.} + (uo — U ™%, 0(0)) := Q1 + Q2 + Qs,
i=1 7 Ji

where @;’s are defined as in (6.18)). In order to estimate @)y, we have this time

7"~ = REFEq|l0.0
<|n" ' =alloqe + 17 — BR°FEnlloq
< kmHWtHL?(tH,ti;L?(Q)) + CH*Log (H/h)||7]l1+s0

< k1/2”ntHLQ(ti—latﬁLQ(Q)) + CHQSLOg (H/h)kil/ZHnHLZ(tifhti;HHS(Q))7
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and hence, using the fact Ch? < CH? < CH? for 1/2 < s < 1, the term G5 is estimated

as
N ) 1/2
Gy, < C Z(antH%Q(ti,l,ti;LQ(Q))+H4SLOg (H/h>k_1HUH%?(ti,l,ti;Hl'*‘S(Q)))

=1

< C(H*Log (H/R) + k)| fllr20msr2)-
Therefore, (6.19) leads to
Q1| < C(H?*Log (H/h) + k*)(||o || o 0122200 |0 ]| mgo.
(6.26) + lluolloo) 11l 20,7202 -

To estimate (0o, we write

l7 — ROFBy|| o 0,522
< In = 7llzee 0,522 (0)) + 17 — WUHL“’(&T;LQ(Q))
< Ok1/2||77||H1(0,T;L2(Q)) + CHSIES/Q(
H/h)) Nl 14

H/P) fllz2 0,522 () -

H/R)|[7| oo 0,501 )
——s/2
< Ok + H°Tog " (
—s/2
< O + H*Log " (
Thus, we have
T —5/2
(6.27) |Qz| < C(KY? + H*Log "~ (H/h))||o|| Lo (0,720 |wll mo, 1 f | 20,7220 -
Also, following the procedure as before for Q3 and using (6.24)), we have

|(uo — U™, 1(0))]
< Clluolloeln(0) — n“*(0)||
(6.28) < CHTog"(

Qs

H/h)luolloell fll20.r:L2 (@)

Altogether ([6.25))-(6.28]) leads to

lu = U 220,7,22(0)
SNS/Q
< C(H°Log " (H/h) + k'*)([lo]| L0720 || mapo,r1 + [luolog),
which completes the proof. O]
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7

Remark 6.4.1. Theorems|6.4.1 and|6.4.2 yield error estimates of order O(Hsfoz}s H/h))
and (’)(Hsﬂ)/gs/z(H/h) + k%), 1/2 < s < 1 for the semidiscrete and the fully discrete

scheme, respectively in a nonconver domain. Due to the singularity in the re-entrant

corners the order of convergence is reduced, however for s = 1, these results coincide

with the previous results derived for the convex case (see Theorems|6.3.1] and|6.5.3).

6.5 Concluding Remarks

In this chapter, we have undertaken CFEs for the discretization of parabolic equa-
tions in a two-dimensional convex as well as nonconvex domain with measure data in
time. A continuous, piecewise linear CFE space is employed for the spatially semidiscrete
finite element approximation and the temporal discretization is based on the backward
Euler scheme. We derive a priori error estimates in the L?(L?)-norm for the spatially
semidiscrete and fully discrete problems in both convex and nonconvex domains. Our
analysis relies on the error estimates for the associate elliptic projection in the CFE
framework and the duality argument. Our results not only generalize the work of [46] to
CFE method for convex domains but also treat the problem for nonconvex domains
and derive convergence properties for CFE method. Parabolic equations with measure
data in time finds huge applications in optimal control theory. For the CFE method,
our estimated results in this chapter can be viewed as the first step, but a crucial step,
for the error analysis of the CFE approximation to parabolic optimal control problems
with pointwise control, where control acts on finitely many points of the domain. In the
present approach, the degrees of freedom of the CFE space located on the inner region
(2) of the domain, hence the minimal dimension of CFE space is independent of the
domain geometry. Therefore, the dimension of the CFE space is less than the standard
finite element space, and this is advantageous mostly for problems on domains with
complicated geometry. An order O(HII)/gl/Q(H/h) + k1/2) of convergence in the L?(L?)-
norm is obtained for the fully discretization finite element approximation of parabolic
equations with measure data in time for the convex polygonal domain, whereas the order
reduces to O(HSITBJgS/Q(H/h) + k'/2),1/2 < s < 1 for the nonconvex polygonal domain
with respect to the space discretization. Numerical results are presented in Chapter
for both convex and nonconvex domains (see Examples and to support our

theoretical analysis.
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Numerical Experiments

In this chapter, we shall present the results of numerical experiment to exemplify some
of the practical aspects of a priori error estimates derived in the previous chapters. The
main goal here is to compute the CFE solutions in every time level and evaluate the
ROC. For the two-scale CFE discretization, we choose the coarse and the fine-scale mesh
size and perform numerical tests on uniform time steps. The ROC will depend on the
coarse-scale only. All computations are carried out using the software FreeFEM++ (cf.
Hecht [55]). The computation of the errors for the backward Euler method of Chapter
in the L=(L?) and L*°(H")-norms with smooth initial data are presented in Example
In Example [7.2] we compute the L>(L?) errors and the corresponding ROC for
nonsmooth initial data for the backward Euler method of Chapter [3] Examples
and [7.4] evaluate the CFE errors for both smooth and nonsmooth initial data for the a
priori error estimates discussed in Chapter ] The computation of the CFE solutions
and the corresponding errors presented in Example validates the theoretical results
of Chapter [5] Finally, Examples [7.6] and [7.7] illustrate the theoretical results of Chapter

[6] by computing the errors in the L?(L?)-norm for the solutions.
For a given finite number of successive iterations (indexed by i), let

e E(i) := the error corresponding to the L>(L?), L°(H") or L*(L?)-norms on the

i-th iteration, and

e H(i) := the corresponding coarse-scale mesh size.
Then the ROC is given by
_ log(E(i+1)/E())
log(H (i +1)/H (i)
Example 7.1. This example is subjected to find the CFE solution and calculate the
L>(L?) and L°°(H') errors for the coarse-scale grid of the backward Euler method

103

(7.1) ROC(E(3))
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presented in Theorem [2.4.2) Consider the following time dependent problem:

u— Au=—e Haylx — 1)y — 1)+ 22(x — 1) +2y(y — 1)} in Q x (0,0.1],
(7.2) u=0 on T x (0,0.1],
w(z,y,0) =zy(z —1)(y —1) in &,

where Q = (0,1) x (0,1) € R? The exact solution of is given by u(x,y,t) =
etay(w = 1)(y — 1)

We choose the coarse and fine-scale mesh size such that h < H for the two-scale
CFE method and the stopping criterion follows from . Initially, we choose the
coarse mesh size H = 0.152, the finer mesh size A = 0.072 and the time step & = 0.02.
We calculate the number of triangles in 7" as the inner grids containing the degrees
of freedom. The CFE solution corresponding to smooth initial data is given by Figure
. Figure shows the behaviour of the error as a function of (x,y). For each run,
the spatial mesh size becomes half of the previous mesh size. Tables . compute
the CFE solution and the corresponding errors in each time level. We denote the CFE
error in the L>(L?) and L>*(H")-norms by CFE,;; and CFE,,2, respectively. Table|7.5
reveals the second order convergence for the error in the L°°(L?)-norm and linear order

convergence in the L>(H"')-norm.
For the purpose of comparison of CFE method with the standard FEM we consider

the same problem . For the standard FEM, we choose the initial mesh size h =0.152
and perform the numerical tests on the uniform time step & = 0.02. Let the errors in
L>(L?*) and L*°(H')-norms for the standard FEM be denoted by FE..; and FEq.s,
respectively. The computations for the standard FEM are shown in Table [7.6] which
calculates the fdof, the errors in L°°(L?) and L*(H')-norms and the corresponding
ROC. From Tables and it is clear that the CFE method produces an optimal
order convergence which coincides with the standard FEM, whereas the number of
unknowns (i.e., fdof) for the CFE method is much smaller than the standard FEM.
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0.050913
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0.045256

1.5562e-68
CFE solution

(a) (b)

Figure 7.1: (a) CFE solution computed in domain Q0 for smooth initial data at the time level t = 0.1
corresponding to the coarse-scale size H = 0.019 with the mazimum value 0.05657. (b) CFE error for
smooth initial data (H = 0.019).

Table 7.1: H = 0.152, § triangles in T = 156 for Example

Time level(t's) uCrE |uCFE(E) — u(t)|| 2 |uCFE () — u(t)|| g
0.02 0.0612773 6.06715e-04 1.64418e-02
0.04 0.0599843 6.05182e-04 1.61197e-02
0.06 0.0587474 6.01556e-04 1.58042e-02
0.08 0.0575514 5.89049¢-04 1.54944e-02
0.10 0.0563894 5.66624e-04 1.51899e-02

Table 7.2: H = 0.076, f triangles in T

590 for Fxample

Time level(t's) uCFE |uCFE(t) — u(t)|| 2 |uCFE(t) — u(t)|| g
0.02 0.0612158 1.48133e-04 8.65068e-03
0.04 0.0599861 1.47746e-04 8.34819e-03
0.06 0.0587868 1.46899e-04 8.08527e-03
0.08 0.057615 1.43885e-04 7.92549e-03
0.10 0.0564687 1.38452e-04 7.7688e-03

TH-2233_136123008




CHAPTER 7. Numerical Experiments

Table 7.3: H = 0.038, f triangles in T = 2426 for Ezample

Time level(t’s) uCrE |uCFE(#) — u(t)]| L2 |uCFE(#) — u(t)|| g
0.02 0.0612495 3.3209e-05 4.51563e-03
0.04 0.0600351 3.3090e-05 4.23216e-03
0.06 0.0588453 3.2819e-05 4.05034e-03
0.08 0.0576795 3.2441e-05 3.97015e-03
0.10 0.0565369 3.1988e-05 3.89154e-03

Table 7.4: H = 0.019, § triangles in T/ = 9760 for Ezample

Time level(t’s) uCrE |uCFE(t) — u(t)|| 2 |uCFE(t) — w(t)|| g
0.02 0.0612623 6.95739e-06 2.28019e-03
0.04 0.0600514 9.95558e-06 2.18803e-03
0.06 0.0588638 5.29591e-06 2.0467¢-03
0.08 0.0576994 4.85273e-06 2.00619e-03
0.10 0.0565676 4.54462¢-06 1.96648e-03

Table 7.5: CFE errors in the L>=(L?) and L>(H')-norms and the ROC for E:mmple

H f dof CFEem ROC CFEc2 ROC
0.152 95 6.06715e-04  — 1.64418e-02 —
0.076 328  1.48133e-04 2.03  8.65068e-03  0.926
0.038 1278  3.3209e-05 2.16  4.51563e-03  0.938
0.019 5009  6.95739¢-06  2.25  2.28019e-03  0.986
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Table 7.6: Finite element errors in the L°(L?) and L°(H')-norms and the ROC for Emample

h ¢ dof FEem ROC FEeno ROC

0.152 244 5.41466e-04  — 1.43544e-02 —
0.076 954 1.00817e-04 243  5.38731e-03 1.41
0.038 3818  2.03482e-05 2.31  2.61137e-03 1.04

0.019 14062 4.57315e-06  2.15  1.30817e-03  0.997

Example 7.2. In this example, we study the numerical behaviour of the errors in the
L>=(L?)-norm and compute the corresponding ROC for the backward Euler method
presented in Theorem [3.2.2] Consider the following test problem:

U — 1—12Au =0 in Qx(0,0.5],
(7.3) u=0 on I x(0,0.5],

u(z,y,0) = u,(z,y) in Q,

where Q = (0,1) x (0,1) C R? and

1 if 1/4<z,y <3/4,
uy (2, y) =
0 otherwise.

The exact solution of (7.3)) is given by

[e.9]

8 21+ 1)2 25 +1)?
u(m,y,t):FZcicjexp(—W%( ' ) ;_2( j+1) )
irj=0

x sin(mz(2i + 1)) sin(my(25 + 1)),
where

(1)@ (25 + 1)1 if 7is even,
C; =
(—1)+D/2(24 4 1)1 otherwise.

Initially, we choose the coarse mesh size H = 0.32, the finer mesh size h = 0.148 and the

time step size k = 0.1. The CFE solution corresponding to given nonsmooth initial data
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0.35973

0.34175
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CFE solution

(a) (b)

Figure 7.2: (a) CFE solution computed in domain Q0 for nonsmooth initial data at the time level
t = 0.5 corresponding to the coarse-scale size H = 0.04 with the mazimum value 0.35973. (b) CFE
error for nonsmooth initial data (H = 0.04).

shown in Figure and the behaviour of the error as a function of (x,y) is depicted in
Figure We use the same formula given by ([7.1]) to compute the ROC. Tables (7.7 -
[7.10] compute the CFE solutions and the corresponding errors in various time level. The

computation shows an optimal order convergence for ¢ > 0 even for nonsmooth initial
data (see Table [7.11])).
We also consider the standard FEM for the problem ([7.3]). Choosing the initial mesh

size h = 0.32 we perform the numerical tests on the uniform time steps £k = 0.1. The
results for numerical simulation are given in Table|7.12, The # dof, errors in the L>(L?)-
norm and the corresponding ROC are calculated in Table Tables and
show that the fdof for the standard FEM is more than the CFE method.

Table 7.7: H = 0.32, 4 triangles in T = 36 for Example

Time level(t’s) uFE |uCFE(t) — u(t)|| g2
0.1 0.802554 7.61202¢-01
0.2 0.530683 2.32296e-01
0.3 0.389728 8.7469e-02
0.4 0.305853 7.3275e-02
0.5 0.248969 6.2003e-02
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Table 7.8: H = 0.16, 4 triangles in T;* = 152 for Example

Time level(t’s) uCrE |uCFE(t) — u(t)|| 2
0.1 0.851426 1.98382e-01
0.2 0.625978 9.7096¢-02
0.3 0.479243 4.4589%e-02
0.4 0.383026 3.4541e-02
0.5 0.314538 2.8232e-02

Table 7.9: H = 0.08, # triangles in T;:* = 584 for Ezample

Time level(t’s) uCFE luCFE(t) — u(t)||z2
0.1 0.872603 5.4658e-02
0.2 0.666299 4.2113e-02
0.3 0.519585 2.6926e-02
0.4 0.419023 1.7194e-02
0.5 0.345704 1.2538e-02

Table 7.10: H = 0.04, § triangles in T;7* = 2398 for Ezample

Time level(t’s) uCFE luCFE(t) — u(t)|| 2
0.1 0.882367 1.45424e-02
0.2 0.683835 1.13604¢e-02
0.3 0.537399 1.04583e-02
0.4 0.435109 8.0191e-03
0.5 0.359734 6.2444e-03
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Table 7.11: CFE errors in the L>=(L?)-norm and the ROC for Ewample

H ﬁ dof CFEerrl ROC

0.32 27 7.61202e-01 —
0.16 93 1.98382¢-01  1.94
0.08 325 5.4658e-02 1.86

0.04 1264 1.45424e-02 191

Table 7.12: Finite element errors in the L>(L*)-norm and the ROC for Example

h  tdof FEern ROC

0.32 26 4.18136e-01 -—

0.16 240 1.02771e-01  2.03
0.08 945  2.59921e-02  1.98
0.04 3798 6.76534e-03 1.94

Example 7.3. In this example, our aim is to solve the given problem ([7.4)) numerically
to find the CFE solution for the backward Euler method presented in Theorem [4.2.2and
calculate the L>(L?) and L*°(H"') errors for the coarse-scale grid and the corresponding
ROC which depends on the coarse-scale only. We consider a computational domain
with a complicated boundary in this example. Let the domain © = (0,2) x (0,2) C R?,
where a series of tiny “finger-like” cuts have been removed from both the left and right-
hand boundary. More precisely, each side of the domain z =0, 0 < y < 2 and = = 2,
0 <y < 2, possesses 16 equidistributed tiny gaps (cf. Figure . Consider the

following problem in 2:

uy — Au = (272 + cos(t)) emOsin(mz)sin(7y) in Q x (0,0.5],
(7.4) u = 0 on T x (0,0.5],
u(z,y,0) = sin(mx)sin(my) in Q.

We discretized the domain €2 by employing two-scale grid, where H be the coarse-

scale and h be the finer scale mesh size. Initially, we choose the coarse mesh size
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Figure 7.3: (a) Square-shaped domain with a series of tiny “finger-like” equidistributed cuts have
been removed from both the left and right-hand boundary. (b) CFE solution computed in domain Q) for
smooth initial data at the time level t = 0.5 corresponding to the coarse-scale size H = 0.04 with the

mazimum value 1.20611.

H = 0.32, the finer mesh size h = 0.1178 and the time step £ = 0.1. In order to
compute the fdof, we calculate the number of triangles in 7.*. The experiment is
carried out with P; elements. The CFE solution corresponding to the smooth initial
data is depicted in Figure The ROC is calculated by the formula ([7.1). The CFE
solutions and the errors for different coarse-scale mesh size H in various time levels are
computed in Tables - We investigate the fdof, errors and the corresponding
ROC in both L*°(L?) and L*(H")-norms. Table reveals that numerical results
validate our analytical ROC.

Table 7.13: Coarse-scale size H = 0.32 for Example

Time level(t’s) — uCFE |uCFE(t) — u(t)|| 2 luCYE(t) — u(t)|| g
0.1 0.85022 1.62507e—01 8.79537e—01
0.2 0.88415 1.57349e—01 8.64399¢—01
0.3 0.92778 1.52343e—01 8.47990e—01
0.4 0.99834 1.49461e—01 8.37386e—01
0.5 1.09645 1.34501e—01 8.26771e—01
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Table 7.14: Coarse-scale size H = 0.16 for Emample

Time level(t’s) — uCF® |uCFE(t) — u(t)|| 2 |uCFE(t) — w(t)|| g
0.1 0.86875 4.38051e—02 4.67244e—01
0.2 0.89045 4.28408e—02 4.45869e—01
0.3 0.96243 4.24893e—02 4.20463e—01
0.4 1.05173 4.13885e—02 4.13501e—01
0.5 1.14851 3.99385e—02 4.02826e—01

Table 7.15: Coarse-scale size H = 0.08 for Example

Time level(t’s) — uCF® | uCFE(t) — u(t)|| 2 |uCFE(t) — u(t)|| g
0.1 0.89847 1.14686e—02 2.46682e—01
0.2 0.93022 1.02814e—02 2.45910e—01
0.3 1.00744 9.84355e—03 2.42684e—01
0.4 1.10145 9.71614e—03 2.39461e—01
0.5 1.20305 9.55241e—03 2.37538e—01

Table 7.16: Coarse-scale size H = 0.04 for Emample

Time level(t’s) — u“FE |uCFE(#) — u(t)|| L2 |uCFE(#) — u(t)| g
0.1 0.89980 2.92015e—03 1.27353e—01
0.2 0.93221 2.87651e—03 1.11405e—01
0.3 1.00991 2.83209e—03 9.88414e—02
0.4 1.10423 2.80378e—03 9.44558e—02
0.5 1.20611 2.77881e—03 9.18084e—02
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Table 7.17: CFE errors in the L>°(L?) and L°>°(H")-norms and the ROC for E:cample

H  #dof CFEei  ROC CFEens  ROC

0.32 84 1.62507e—01 — 8.79537e—01  —
0.16 357 4.38051e—02 1.891 4.67244e—01 0.913
0.08 1386  1.14686e—02 1.933 2.46682¢e—01 0.922

0.04 5327  2.92015e—03 1974 1.27353e—01 0.954

Example 7.4. This example is considered to evaluate the L>°(L?) error for the given
problem (|7.5)) with nonsmooth initial data for the fully discrete backward Euler method
presented in Theorem [4.3.2] We consider 2 as the H-shaped domain shown in Figure
[7.4al Consider the following test problem in :

u —Au = 0 in Q x (0,0.5],
(7.5) u = 0 on T x (0,0.5],

w(@,y,0) = uy(z,y) in Q,

where

1 if x<0.5 Vye{,
u,(7,y) =
-1 it ©>0.5 Vyel

To validate the sharpness of the theoretical results we perform the numerical tests by
choosing two-scale, coarse-scale (H) and fine-scale (h). Initially, we choose the coarse-
scale size H = 0.3 and the fine-scale size h = 0.12. We perform the numerical tests on the
uniform time step k£ = 0.1. The spatial mesh size becomes half of the previous mesh size
in each run. The CFE solution is computed with the P, finite elements and is evaluated
in different time levels are shown in Tables —[7.21] Figure demonstrates the
CFE solution corresponding to the nonsmooth initial data. Table computes the
# dof, errors and the corresponding ROC in the L>(L?)-norm for the H-shaped domain

with nonsmooth initial data.
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Figure 7.4: (a) H-shaped domain. (b) CFE solution computed in domain Q for nonsmooth initial

data at the time level t = 0.5 corresponding to the coarse-scale size H = 0.0375 with the mazimum

value 0.16675.

Table 7.18: Coarse-scale size H = 0.3 for Example

HI

(b)

Time level(t’s) uCrE |uCFE(E) — u(t)|| 2
0.1 0.177673 6.03407e—02
0.2 0.175656 6.02635e—02
0.3 0.172516 5.95997e—02
0.4 0.170365 5.38475e—02
0.5 0.169355 4.88781e—02

Table 7.19: Coarse-scale size H = 0.15 for Emample

Time level(t’s) uFE |uCFE(E) — u(t)|| 2
0.1 0.177409 1.83594e—02
0.2 0.175391 1.26481e—02
0.3 0.172253 9.86612e—03
0.4 0.169112 9.37742e—03
0.5 0.168539 8.78467e—03

0.16675
0.15007
0.1334

0.11672
0.10005

0.083374
0.0667
0.050025
0.03335
0.016675
7.0669e-07
-0.016674
-0.033349
-0.050023
-0.066698
-0.083373
-0.10005
-0.11672
-0.1334
-0.15007
-0.16675
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Table 7.20: Coarse-scale size H = 0.075 for Example

Time level(t’s) uCrE |uCFE(#) — u(t)]| L2
0.1 0.176524 5.13645e—03
0.2 0.174507 4.48228e—03
0.3 0.171372 3.81033e—03
0.4 0.168852 3.15085e—03
0.5 0.167954 2.84619e—03

Table 7.21: Coarse-scale size H = 0.0375 for Example E
Time level(t’s) uCrE JuCFE(#) — u(t)| 2
0.1 0.174261 1.42837e—03
0.2 0.173244 1.00339e—03
0.3 0.171109 9.73796e—04
0.4 0.168223 9.32573e—04
0.5 0.166748 8.95397e—04

Table 7.22: CFE errors in the L>°(L?)-norm and the ROC for Ezample

H # dof CFEem ROC

0.3000 44 6.03407e—02 —

0.1500 155 1.83594e—-02  1.717
0.0750 496 5.13645e—03  1.838
0.0375 1766 1.42837e—03  1.846
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Example 7.5. Our purpose is to compute the CFE solution for the problem (7.6)) and
calculate the corresponding errors in the L>(L?)-norm to evaluate the ROC presented
in Theorem [5.2.3, Let Q = (0,1)?\ [0.6,1)?. Consider the following IBVP:

u— V- (a(u)Vu) = 1 in Qx(0,0.1],
(7.6) uw = 0 on I"x(0,0.1],

with u(z,y,0) = xy in Q,

where, a(u) = ko(1 + Su), ko = 0.2, § = 0.002. To compute the solution numerically
we choose the mesh size corresponding to the coarser scale as H = 0.152 and the finer
scale as h = 0.072. The temporal discretization is based on the linearized backward
Euler method. We choose the uniform time step k& = 0.02. Tables - computes
the CFE solution in different time level for the IP; finite elements. It is clear from Table
that the CFE method yields an almost optimal order convergence for the given test
problem in an [L-shaped domain.

Table 7.23: Coarse-scale size H = 0.152 for Example@
Time level(t’s) uCrE |uCFE(t) — u(t)|| 2
0.02 0.410369 0.175232
0.04 0.305549 0.155759
0.06 0.264802 0.150272
0.08 0.246841 0.145008
0.10 0.245309 0.139832
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Table 7.24: Coarse-scale size H = 0.076 for Example@
Time level(t’s) uCFE uCFE(#) — u(t)| 2
0.02 0.382372 0.050974
0.04 0.321401 0.048779
0.06 0.297965 0.046450
0.08 0.272995 0.042963
0.10 0.261469 0.039374

Table 7.25: Coarse-scale size H = 0.038 for Example E
Time level(t’s) uCrE | uCFE(#) — u(t)| 2
0.02 0.374979 0.014511
0.04 0.325051 0.012593
0.06 0.293313 0.009869
0.08 0.276252 0.008679
0.10 0.260983 0.008305

Table 7.26: Coarse-scale size H = 0.019 for Example@
Time level(t’s) uCrE |uCFE(#) — u(t)]| L2
0.02 0.373033 0.0042705
0.04 0.324247 0.0036182
0.06 0.294701 0.0032389
0.08 0.274014 0.0020663
0.10 0.259475 0.0013944
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Table 7.27: CFE errors in the L>=(L?)-norm and the ROC for Ewample

H Jj dof CFEerrl ROC

0.152 72 0.175232 —

0.076 284 0.050974 1.78
0.038 1081 0.014511 1.81
0.019 2692 0.0042705 1.76

In the next two examples, we compute the CFE errors for parabolic problems with
measure data in time for both convex and nonconvex domains, respectively. We consider

the following parabolic equation with Dirac source term on the right-hand side in time:

ut—Au — ,LL in QT,
u = 0 on I'p

u(-,0) = wuo in €,

where pu = o(z,t)w(t), o(z,t) € C([0,T]; L*(R2)) and w(t) € MJ0,T]. For a fixed time
steps we first examine the behaviour of the error for a sequence of discretizations with
various mesh sizes. Then we show the behaviour of the error for different time steps

with a fixed spatial triangulation.

Example 7.6. In this example, we study the behaviour of the fully discrete backward
Euler errors in the L?(L?)-norm presented in Theorem [6.3.2, Let Qr = Q x [0, 1], where
Q= (-1,1) x (—1,1) C R?. Consider the exact solution such that

p(z,t) = sin(m|z|?) 575(%) + sin(r]z[?) - () + (—4mcos(r|x[*) + 4|z Psin(r]x[*)) - B(2),
where

2t, t < 0.5, t2, t < 0.5,
Y(t) = and  B(t) =
2t + 2, t > 0.5, 2+ 2t, t > 0.5,

and d;(z) denotes the Dirac measure with respect to the variable ¢ concentrated at ¢ = z

and the initial condition uy = 0.
We discretized the domain ) by employing the two-scale grid, where H is chosen to be

the coarse-scale mesh size and A is the fine-scale mesh size. Since the exact solution u is
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not known, thus the error is computed in standard way by taking the differences between
the numerical solutions UCF® for different mesh size. We test the convergence order with
respect to space and time discretization in order to confirm the theoretical ROC. In
order to investigate the convergence order with respect to space discretization we fixed
the time discretization with N = 2187. Furthermore, to investigate the convergence
order with respect to the time discretization we fixed the space discretization with 6945
degrees of freedom for the CFE space. We denote the CFE errors and the standard

finite element errors in the L?(L?)-norm by CFE.,3 and FE,3, respectively.
Observing Table [7.28] we conclude that the ROC with respect to the space discretiza-

tion is C’)(Hzﬂaé;(H/h)) and with respect to the time discretization is O(k). Both the
results are better than our theoretical ROC. Table[7.29| computes the ROC for the stan-
dard FEM by choosing the same mesh size (iz = H, where h be the mesh size for the
standard FEM), and note that the fdof in the standard FEM is higher than the CFE
method.

Table 7.28: CFE errors in the L*(L?)-norm and the ROC for Example

fdof CFEe¢3 ROC N CFEc,3 ROC
9 8.452876e-01 — 3 1.654967¢e-01 T
43 2.597449¢-01 1.702 g 8.903991e-02 0.894

130 8.471876e-02 1.616 27 4.759459¢-02 0.904
401 2.969053e-02 1.513 81 2.512674e-02 0.921
1820 1.039381e-02 1.514 243 1.335980e-02 0.911
6945 3.657804e-03 1.507 729 7.318611e-03 0.868
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Table 7.29: Finite element errors in the L*(L?)-norm and the ROC for Emample

# dof FEe3 ROC N FEens ROC
22 3.295312e-01 — 3 2.534983e-02 —
70 7.669150e-02 2.103 9 1.282108e-02 0.983

263 3.801804e-02 1.012 27 6.448768e-03 0.991
998 9.609069¢e-03 1.984 81 3.189907e-03 1.016
3831 2.515786e-03 1.933 243 1.608414e-03 0.988
15129  6.408696¢-04 1.973 729 8.085935e-04 0.992

Example 7.7. In this example, we perform the numerical experiments to compute the
CFE errors for the backward Euler method presented in Theorem Let Qp =
2 x [0, 1], where Q2 is a H-shaped domain as depicted in Figure . Assume v € (0, 1),

A € R and €(t) = e — ¢=*2. Consider the exact solution such that

At

(1) = sin(rlaf®) - 5(2) + sin(rlal®) - 7
+ { — 4dmcos(n|z)?) + 4n*|z|*sin(r|z[*) } - 4 9(t),
Al —7)
where
5(t) = . t23 and  9(t) = O £
et)™, t<i, (0" — (), t< i,

and the initial condition is chosen as ug = 0.
Here we investigate the theoretical ROC with respect to space and time discretiza-

tion, respectively. For A = 1, 2, we fixed the time discretization with N = 2048 in order
to compute the convergence order with respect to the space discretization, while the
space discretization is fixed with 5741 degrees of freedom to investigate the convergence
order with respect to the time discretization. Tables and show the results for
A =1and X = 2, respectively. From the results listed in Tables [7.30[ and it is clear
that, the convergence order with respect to the space discretization is 1 and with respect

to the time discretization is O(k'/?), which is consistent with our theoretical results.
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Table 7.30: CFE errors in the L*(L?)-norm and the ROC for Emample with A =1

fdof CFEe¢3 ROC N CFEep3 ROC
7 2.057311951 — 2 3.201419e-01 —
27 9.588952¢-01 1.101 4 2.060825e-01 0.635
107 4.807041e-01 0.996 8 1.341176e-01 0.620
378 2.416223e-01 0.992 16 8.958405e-02 0.582
1636 1.214987e-01 0.992 32 5.964293e-02 0.587
5741 6.136635e-02 0.985 64 3.997911e-02 0.577
Table 7.31: CFE errors in the L?>(L?)-norm and the ROC for E:cample with A = 2
f dof CFEeps ROC N CFEc3 ROC
7 2.941392317 — 2 4.139383e-01 -
27 1.345564269 1.128 4 2.790946e-01 0.569
107 6.550968e-01 1.038 8 1.951306e-01 0.516
378 3.286618e-01 0.995 16 1.395739¢-01 0.483
1636 1.664162¢-01 0.982 32 9.944764e-02 0.489
5741 8.457827e-02 0.976 64 7.141553e-02 0.478

Numerical experiments are presented in this chapter for the various kind of parabolic
problems discussed in Chapters [2] - [6] in order to validate the theoretical results. An
optimal order convergence in the L>(L?) and L>°(H*')-norms are presented for smooth
initial data (cf. Table . Also for nonsmooth initial data, optimal order convergence
is shown in the L>(L?)-norm (cf. Table[7.11). A comparison between the CFE method
and the standard FEM (see, Tables and for smooth initial data, and Tables
and for nonsmooth initial data) in terms of f dof is presented, which confirms
that our proposed method provides a good approximate solution without increasing so
much degrees of freedom. The computation of the errors and ROC for linear parabolic

problems in complicated domains are presented for both smooth and nonsmooth initial

data (cf. Tables [7.17| and [7.22). An almost optimal order convergence for nonlinear
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parabolic problems in nonconvex domains in the L*(L?)-norm has been established
(cf. Table[7.27). Finally, numerical experiments are presented in order to compute the

CFE errors and the corresponding ROC for parabolic problems with measure data in

time for both convex (cf. Table|7.28) and nonconvex domains (cf. Tables and [7.31)).
Further, a comparison between the CFE method and the standard FEM in terms of f dof

has been presented for the convex domains (cf. Tables and [7.29) which indicates
the gdof of the CFE space is much smaller than the standard finite element space.
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Conclusions and Extensions

The present chapter deals with the critical assessment of the results highlighting the
significance of the current thesis work and the corresponding techniques used in deriv-
ing them. It also provides information for the scope of possible extensions and future

investigations.

8.1 Ciritical Review of the Results

In this thesis, the study was set out to explore the a priori error analysis of the
CFE methods for various kinds of parabolic problems as described in Chapters [2| —[0]
in both convex and nonconvex domains. A priori error bounds for both smooth and
nonsmooth initial data cases are considered and analyzed. We believe that the work
in this thesis could be a first step, but a crucial step for the error analysis of the CFE
method for various kind of IBVPs with complex geometry. The proposed method leads
to an efficient numerical method that uses two-scale grids for the space discretization.
The coarse-scale is used to approximate the solution in the interior of the domain at a
proper distance to the boundary and the fine-scale is used to approximate the Dirichlet
boundary conditions. In the CFE method, the degrees of freedom located in the inner
region (™) of the domain, and hence, the minimal dimension of CFE space does not
dependent on the domain geometry. Without much increment of degrees of freedom,
the CFE method provides us a suitable technique to resolve the Dirichlet boundary
conditions, which is very advantageous in contrast to the standard FEM, especially for
problems on domains with complicated geometry. In order to estimates the error by
an error splitting technique, we have introduced the elliptic or Ritz projection in this
thesis. The estimates for the Ritz projection are derived in the CFE framework which
plays an important role in the error analysis for both convex and nonconvex domains.

The critical review of the results of each chapter is presented below.

123
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Chapter [2| studies a priori error analysis for the spatially semidiscrete and fully dis-
crete approximation for parabolic problem in a bounded convex polygonal domain
in R? with smooth initial data. The essential tool used in the error analysis is the
estimates for the Ritz projection in the CFE framework (cf. Lemma [2.4.1)). For the
spatially semidiscrete error analysis the splitting technique have been used, where an
intermediate object is used to split the total error into two parts, namely the parabolic
error and the elliptic error. Then, the L>(L?) and L>(H")-norms a priori error bounds
for the main error (cf. Theorem are obtained by estimating each term separately.

A priori error bounds for the fully discrete backward Euler approximation with con-

stant and variable time steps (cf. Theorems [2.4.2| and [2.4.3] respectively) and for the

Crank-Nicolson approximation (cf. Theorem [2.4.4)) are derived .
In Chapter [3|, we have studied a priori error analysis for the spatially semidiscrete

and fully discrete approximation of in a convex polygonal domain with nonsmooth
initial data, i.e., ug € L*(€). The essential components used in the analysis are: (i) The
eigenfunctions expansion related to the elliptic operator in the spatially semidiscrete
error analysis, and (i¢) the rational approximations for exponential in the fully discrete
error analysis. A continuous, piecewise linear CFE space is employed for the spatially
semidiscrete finite element approximation and the temporal discretization is based on
the backward Euler scheme. Nonsmooth data error estimates in the L°°(L?)-norm for
positive time is established for both the spatially semidiscrete (cf. Theorem and

fully discrete backward Euler scheme (cf. Theorem [3.2.2)).
A priori error analysis for the spatially semidiscrete and fully discrete schemes for

the linear parabolic IBVP in a nonconvex polygonal domain in R? with smooth
and nonsmooth initial data are discussed in Chapter [4. We have derived a priori error
bounds for the Ritz projection (cf. Lemma(4.2.1)) in the CFE framework when the exact
solution w is having a lower regularity, i.e., u € Hy(Q) N H'™(Q), 1/2 < s < 1. The
estimates for the spatially semidiscrete error in the L*°(L?) and L*(H')-norms with
smooth initial data (cf. Theorem and in the L>°(L?)-norm with nonsmooth initial
data (cf. Theorem are established. Moreover, a priori error analysis for the fully

discrete backward Euler time discretization scheme for both constant and variable time

steps with smooth initial data (cf. Theorems|.2.2and |4.2.3)) and with nonsmooth initial

data (cf. Theorem |4.3.2)) are presented.
Chapter [5| deals with the a priori error analysis for the nonlinear parabolic IBVPs

(5.1) concerning the spatially semidiscrete (cf. Theorem |5.2.1)) and fully discrete (cf.

Theorems [5.2.2 and [5.2.3]) schemes. An almost optimal order convergence (up to loga-

rithmic terms) in space and optimal order in time for the CFE method in the L>(L?)-
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norm are demonstrated. The spatially semidiscrete and fully discrete error estimates
rely on the bounds of p and j, in the L=(L?) and L>®(H')-norms (cf. Lemmas [5.2.2]
and . The backward Euler method is used in the fully discrete error analysis. We
have also considered the modified linearized backward Euler method for the time dis-
cretization in order to avoid the laborious task of solving a nonlinear system of algebraic

equations in every time level.
Chapter [0] is devoted to study both the spatially semidiscrete and fully discrete

CFE approximations of parabolic problem (6.1)) with measure data in time for both
convex and nonconvex domains. The space discretization uses the continuous, piecewise
linear CFEs while the backward Euler approximation is used for the time discretization.
The key argument used in the error estimates is the estimates for the associated elliptic
projection in the CFE framework in both convex and nonconvex domains and the duality
treatment. The main crucial part in the error analysis is to estimate the errors for the
dual problem with respect to the L*°(L?)-norm (cf. Lemmas [6.3.1] and [6.4.1). For
both convex and nonconvex domains, the error estimates for the spatially semidiscrete
method (cf. Theorems and and the fully discrete backward Euler method

(cf. Theorems [6.3.2] and [6.4.2)) in the L?*(L?)-norm are derived.
Chapter 7] is concerned with numerical assessment of the derived error estimates of

Chapters [2| — |§] All computations are carried out using the software FreeFEM++ [55].

For the two-scale grid discretization in space, the coarse-scale (H) and the fine-scale
(h) is chosen. The main emphasis is given on the computation of the CFE solutions
in different time level, the errors in various norms and the corresponding ROC. The
comparison between the CFE method and the standard FEM is shown in terms of § dof,
which reveals that the CFE method enables us to provide a good approximate solution
with much less f dof than the standard FEM.

8.2 Extensions and Remarks

The CFE method for parabolic problems in convex and nonconvex domains have
a wide variety of applications in science and engineering. Despite being so rich in the
numerical approximations to solutions of parabolic IBVPs and the importance of the
CFE method, the topic of CFE approximations for parabolic equations in a convex and
nonconvex polygonal domain are yet to be explored. To the best of our knowledge,
this is the first instance that a priori error estimates of CFE method for the space-
time discretization of various kind of parabolic problems are attempted. Moreover, the
proposed method developed in this thesis unlock several new research directions. Now,

we briefly outline some interesting problems that may be undertaken and studied in
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near future.

Two-scale CFE method for an evolution equation with a positive-type
memory term in both convex and nonconvex domains with smooth initial
data. The CFE error analysis developed in this thesis can be extended to an evolution

equation with a positive-type memory term. We consider the model IBVPs of the form

w(t) = fo Bt = QAu(Q)d¢ = f(t) in Q, t>0,
(8.1) y=J= |0 on I, t>0,
u(-,0) = wy in Q,

where u; = Ou/0t, the initial data ug is a function of = only is assumed to be smooth.
We consider  is a bounded polygonal domain in R? with boundary I', where the domain
Q) may be convex as well as nonconvex. Here 3 is a real-valued and positive-definite
kernel, i.e., for each ¢t € (0, 7] with T > 0, 8 € L1 1,(R,), R, = (0,00), and satisfies

/ /m— Q)dCdt >0 Ve € C[o,TY.

McLean and Thomée [71] have studied the numerical solution of an IBVP for a Volterra
type integro-differential equation of the form , in which the integral operator is
a convolution product of a positive-definite kernel and an elliptic partial differential
operator. They have used Galerkin FEM in order to discretize the equation in space
and used finite differences in combination with various quadrature rules (which preserve
the positive character of the memory term) to discretize the equation in time. An obvious
extension of our work is to study a priori error analysis for the spatially semidiscrete
and fully discrete approximations of . We believe that the estimates for the elliptic
or Ritz projection in the CFE framework for both convex and nonconvex domains will

play a vital role in the error analysis.

Two-scale CFE method for an evolution equation with a positive-type

memory term in both convex and nonconvex domains with nonsmooth initial
data. Consider the IBVP (8.1)) with homogeneous form (f = 0) as

— [1B(t—OAu()dC = 0 in Q, >0,
(8:2) u = 0 on I't>0,
U’(70) = U in Q,

where 2 C R? may be a convex (or nonconvex) polygonal domain and 3 is a real-
valued and positive-definite kernel. The given initial data assumed to be nonsmooth,
ie., ug € L2(Q)
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Some investigations concerning nonsmooth data error analysis for an approximations
of an evolution equation with a positive-type memory term have been conducted in the
framework of FEM by Lubich et al. [67]. It will be an interesting and challenging
task to extend nonsmooth data error analysis for the CFE method for both convex
and nonconvex domains as discussed in Chapters [3| and [4] to the equation (8.2)) with a

positive-type memory term.

Two-scale CFE method for parabolic interface problems in both convex
and nonconvex domains. Let 2 be a bounded convex polygonal domain in R? with
Lipschitz boundary I, and let ©; be a subdomain of Q with C? boundary I'; := . The
interface I’ divides the domain € into two subdomains Q; and Q5 := Q\ Q. We consider

the linear parabolic interface problem of the form

(8.3) w(z,t) — div(B(z)Vu(z,t)) = f(z,t) in Qx (0,T]
with prescribed initial and boundary conditions

(8.4) u=0 on I'x[0,7T7; u(z,0) = ug(xz) in Q
and the jump conditions on the interface

~Ou ~
(8.5) [u] =0, [ﬁ—] =0 across I' x [0,7],
on

where u; = g—’;, [v] dsnotes the jump of a quantity v across the interface T, ie., [v](z) =
v1(z) — va(x), € T’ with v;(x) = v(z)|g, for i = 1,2, and T < +o0, and n denotes
the unit outward normal to the boundary I'y := I'. The initial data up(z) and the
forcing term f(x,t) are real-valued functions and are assumed to be smooth. Moreover,
the interface is assumed to be of arbitrary shape with class of C?, and the diffusion
coefficient B (x) is assumed to be positive and piecewise constant on each subdomain,
ie.,

B(x)zﬁl for x €y, i=1,2.

Recently, Peterseim [76] has developed the CFE method for elliptic interface prob-
lems. The author has considered CFEs to approximate the Dirichlet problem with
discontinuous diffusion coefficient, where the discontinuity appears across the interface
of the domains. To the best of authors’ knowledge, the CFE method for parabolic
interface problems in convex domains are not available in the literature. It would be
interesting to investigate the CFE error analysis for parabolic interface problem ({8.3))

— (8.5) in convex domains. It would be further challenging to study the convergence
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analysis of the CFE method for parabolic interface problem ({8.3) — (8.5) in a nonconvex

polygonal domain 2 with the interface T is of class C2.

A posteriori error analysis of the CFE method for parabolic problems
in both convex and nonconvex domains. An a posteriori error estimate is a com-
putable quantity in terms of the approximate solution and the data of the given problem,
i.e., a posteriori error estimators employ the numerical solution and the data of the prob-
lem itself to derive estimates on the actual errors. A relatively complete theory for the
derivation of a posteriori error estimators of FEM for elliptic and parabolic problems
has been developed by Babuska and Rheinboldt [7], Verfiirth [103], Eriksson and John-
son [36] and Picasso [78]. On the contrary to a priori error analysis, a posteriori error

analysis predicts the bounds of the form
lu—Ullx <7(U, data),

where ||- ||+ denotes a specified norm. The estimator 77(U, data) is a computable quantity
which depends on the numerical solution U and the data of the problem, and also
n(U, data) decreases with respect to the mesh parameters requiring the lowest possible
regularity permitted by the problem. A posteriori error analysis of CFE method for
elliptic PDEs on domains with complicated structures has been extensively studied by
Carstensen and Sauter [17]. As a model problem, they have considered the Poisson
equation with mixed boundary conditions on a domain which contains huge number of
geometric details such as small holes or pores, and presented a reliable and efficient a
posteriort error estimates. Thus, another obvious extension of our work would be to
extend a posterior: error analysis for the CFE method for elliptic problems to parabolic

problems in both convex and nonconvex domains.

CFE approximations with higher degree polynomials. The extension of CFE
error analysis with higher degree polynomials for both elliptic and parabolic problems

is an interesting issue and will be taken up in future.
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