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Abstract

Optomechanical systems serve as a versatile platform for the study of classi-
cal and quantum phenomena both in the mesoscopic and macroscopic regime.
They are also useful to analyze higher-order nonlinear effects or control the
transmission, storage and retrieval of optical signals. Moreover, by integrat-
ing such systems into solid-state platforms and coupling other degrees of
freedom to the optical and mechanical modes, one can study a multitude of
phenomena arising in hybrid systems. In this thesis, we theoretically explore
a handful of such macroscopic classical and quantum phenomena that emerge
due to the radiation-pressure-induced optomechanical interaction in different
configurations of hybrid open quantum systems. Specifically, we analyze (i)
the behaviour of quantum synchronization in optically-coupled optomechani-
cal systems, (ii) the transmission of a weak probe beam in an optomechanical
analogue of annularly-trapped Bose-Einstein condensate placed inside a cav-
ity, and (iii) the generation and the enhancement of robust entanglement and
mechanical squeezing in modulated optomechanical setups. Our studies may
find applications in optical sensing, quantum communication and quantum
information processing with continuous variables.
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CHAPTER

1

Introduction

It is the early 1600s. German philosopher Johannes Kepler is studying the
trajectories of comets when he notices something unique in these moving ob-
jects — their dust tails always direct away from the sun [1]. A neoplatonic
Kepler, who believes that light influences all inanimate matter [2], postu-
lates that the rays of the sun “expell the effluvium” from the head of the
comet. More than two centuries later, British mathematician William Thom-
son (Lord Kelvin) comes up with a theory on the “mechanical action of radi-
ant heat”, proposing that light can excite mechanical degrees of freedom [3].
In just a few years, Scottish physicist James Clerk Maxwell introduces his
revolutionary theory on the electromagnetic nature of radiation, establishing
that electromagnetic waves can carry momentum, and therefore, exert pres-
sure [4]. And with that, what was once a hypothesis of metaphysical origin
takes a credible mathematical form by the name of radiation pressure!

Select parts of this chapter are compiled from our article published in Indian J. Pure
App. Phys. 61, 822 (2023), titled Tutorial: Cavity Quantum Optomechanics and authored
by Amarendra K. Sarma and Sampreet Kalita [5] (©2023 Indian Journal of Pure and
Applied Physics under the Creative Commons Attribution 4.0 International license).
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2 Chapter 1

Figure 1.1: A brief history of optomechanics.

Another era of experimental breakthroughs begins with the discovery of
the laser in the 1950s. Arthur Ashkin demonstrates its utility in trapping
micro-particles inside an optical potential well [6]. Braginskii and Manukin
study the ponderomotive effects of its radiation pressure, discussing optome-
chanical damping and bistability [7]. Caves demonstrates the quantum limits
of sensitivity in interferometric optomechanical setups [8]. And by the be-
ginning of the 21st century, a substantial number of theoretical proposals and
experimental demonstrations of optomechanical effects surface in the scien-
tific community [9, 10]. With further advancements in nano-fabrication and
refrigeration techniques, optomechanical systems span a very wide spectrum
of devices, ranging from nanometer-scale structures to macroscopic architec-
tures maintained at cryogenic temperatures (refer to Figure 1.2).
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Figure 1.2: Operational regimes of different optomechanical devices [11, 12]:
(a) Ultracold atoms, (b) optomechanical crystals, (c) electro-optomechanical sys-
tems, (d) mechanical resonators coupled to waveguides, (e) suspended mechanical
membranes, (f) suspended mirrors and (g) interferometric setups. Due to this
diversity, such devices can exhibit a multitude of phenomena, such as bistabil-
ity [13], chaos [14], synchronization [15], cooling [16], induced transparency [17],
anti-bunching [18], entanglement [19], squeezing [20], solitons [21], and so on.

For an extensive list of works on various classical and quantum phenomena in diverse
open quantum systems, the reader may refer to our “quantum optomechanics resources”
website. Theoretical proposals for various phenomena in optomechanics are available at
this webpage. Experimental works with various setups are also available at this webpage.
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4 Chapter 1

Optomechanical models have been utilized to study various phenomena in
diverse physical systems. Most of them diverge into seemingly different direc-
tions, but their underlying formalisms fall under the same umbrella of cavity
optomechanics. Here, we explore a few such directions in detail. The first one
is the ubiquitous phenomenon of synchronization, where two or more systems
sympathetically adjust their rhythms to oscillate in unison. Initially observed
in the oscillations of maritime clocks [22], classical synchronization has been
reported across several domains of nature, from micro-biological beings to ce-
lestial objects [23]. This phenomena has also been studied for time-keeping
applications in classical networks [24,25] and has gathered recent interest as
the quantum resource [26,27], both as a measure of quantum correlations [28]
and as an attribute in quantum communication protocols [29].

The next phenomenon we shall explore is a consequence of destructive in-
terference between excitation pathways in Λ-type energy configurations and
is known as induced transparency. Analogous to electromagnetically induced
transparency, which is observed in Λ-type atomic systems [30], optomechani-
cally induced transparency results in a window of transmission in the output
spectrum of a weak probe beam when it perturbs a strongly driven optome-
chanical system [17,31]. This provides a two-way benefit. On one hand, the
output probe spectrum can be used to gather information about the system
by minimally disturbing it, making this method useful for sensing applica-
tions [32]. On the other hand, the properties of the system can be used to
manipulate the dispersion profile of the output probe beam, resulting in a
controllable variation in its propagation speed [33].

Finally, we shall analyze in detail the phenomenon of entanglement in a
close connection with mechanical squeezing. A characteristic feature of quan-
tum mechanics, entanglement describes a form of spatial correlation that is
shared between two components even when they are separated by large dis-
tances. It not only throws light on the fundamental nature of physical real-
ity [34–37], but also serves as an important resource for quantum information
processing [38, 39]. Numerous schemes have been proposed to enhance the
entanglement between optical and mechanical degrees of freedom, notable
among which are the introduction of modulations [40] and the application of
feedback [41]. Although both optomechanical entanglement and mechanical
squeezing have established their significance in metrology [42,43], entangling
microwave and optical signals in hybrid open quantum systems can open up
new prospects to build electro-optomechanical converters [44, 45]. Such ar-
chitectures may find applications in the development of quantum radars [46].

 TH-3401_186121105
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In this chapter, we present the theories and methodologies required to
study the above-mentioned phenomena in optomechanical systems. We first
introduce the underlying principles of a single optomechanical cavity, cover-
ing in detail the interesting physics and the mathematics of its formalism with
suitable examples. The theoretical models discussed in the rest of the chap-
ters utilize these physical descriptions and mathematical structures. Next,
we provide an overview of different classical and quantum phenomena. Fi-
nally, we describe the numerical workflow and outline the structure of this
thesis. Throughout the chapter, we highlight most useful terms, mention
background facts, add relevant notes, point out approximations, specify pa-
rameter regimes and connect related theories through short digressions.

1.1 Cavity Optomechanical Systems

Figure 1.3: Illustration of a driven optomechanical cavity.

Optomechanical effects can be realized in a wide variety of platforms,
ranging from nanomechanical cantilevers to kilogram-scale interferometric
setups. Although, a surprisingly simple model can be used to describe most of
the phenomena displayed by these seemingly different platforms. We depict
this simplistic form in Figure 1.3, where we illustrate a driven cavity with
two highly reflective mirrors — one fixed and the other moveable, separated
by some distance L — driven by a laser of amplitude Al and frequency ωl [9].

 TH-3401_186121105



6 Chapter 1

At the heart of all cavity optomechanical systems is the radiation pressure
interaction of optical photons with a mechanical element. The cavity plays an
important role in boosting this optical force by circulating the light field for
longer durations. The radiation pressure force exerted by this intracavity field
then results in a continuous transfer of momentum to the mechanical element.

r
e
c
a
l
l

A Fabry-Pérot cavity with two
fixed mirrors can accommodate
modes that have frequencies in
the integral multiples of πc/L,
where c is the speed of light.

The resultant displacement of the
mechanical element caused by this
intensity-dependent force changes
the length of the cavity, thereby
changing the cavity’s resonant fre-
quency. One can estimate the de-
pendence of the cavity frequency ωc

on the mechanical displacement q̂ by
focusing on a single mode (say with a mode number n) at an optical frequency
of ωo which is close to the laser frequency. For a general cavity, we have

ωc(q̂) ≈ ωo +
∂ωc(q̂)

∂q̂
q̂ +

∂2ωc(q̂)

2∂q̂2
q̂2 + . . . . (1.1)

Equation (1.1) is core to all optomechanical systems and one can imme-
diately work out three very important outcomes from this relation. First,
the intensity-dependent mechanical displacement induces multistability in
the intracavity optical field as it modifies the cavity frequency. Second, the
cavity now behaves like a nonlinear optical medium because of the uneven
phase shifts introduced in the output field of the cavity due to this displace-
ment. Third, by detuning the laser frequency around the resonant frequency
of the cavity, one can change the intracavity intensity, which in turn changes
the mechanical displacement, thereby influencing the radiation pressure force
acting on the mechanical element. This introduces a change in the mechanical
spring constant and the mechanical damping. All these outcomes play a cru-
cial role in the design, working and output of optomechanical systems. Before
diving into their details, let us first systematically formulate the Hamiltonian.

The Hamiltonian of a driven optomechanical system Ĥs consists of the
contributions from the optical photons, the mechanical element, the interac-
tion between the optics and mechanics, and the laser drive Hamiltonian Ĥd.
The optical field is considered to be a harmonic oscillator with annihilation
operator â. The mechanical excitations can also be treated as a harmonic os-
cillator with mass m, frequency ωm and mode annihilation operator b̂. Both
these optical and mechanical modes obey the Bosonic commutation relations

 TH-3401_186121105
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[Ô, Ô†] = 1 (Ô ∈ {â, b̂}) with number operators given by n̂O = Ô†Ô.

note

The momentum imparted by the photons to the mechanical element gives
rise to mechanical degrees of freedom, whose individual movements are given
by the response of the elastic strain in their harmonic modes [12]. However,
the macroscopic displacement of the mirror largely depends on the shorter-
wavelength microscopic phononic modes and their collective excitations can
be described by a harmonic oscillator with effective mass and fixed frequency.
We conventionally refer to the single-mode treatment of effective excitations
and the resultant pheonmena arising from such analysis as “macroscopic” [9].

One can then express the full Hamiltonian of the driven cavity in terms
of the energy and number (n̂a, n̂b) of each quanta using Equation (1.1) as

Ĥs = h̄ωc(q̂)n̂a + h̄ωmn̂b + Ĥd = h̄ωoâ
†â+ h̄ωmb̂

†b̂+ Ĥi + Ĥd, (1.2)

where Ĥi denotes the energy of interaction between the optical and mechan-
ical modes, and Ĥd is the Hamiltonian of the laser drive. For a simplified 1D
scenario of the mechanical displacement (ωc(q̂) = nπc/(L+ q̂) ≈ ωo−ωoq̂/L),
we can approximate the Hamiltonian for the optomechanical interaction as

Ĥi ≈ −h̄f q̂â†â = −h̄g0â
†â
(
b̂† + b̂

)
. (1.3)

Here we introduce two new parameters. The first is the frequency pull pa-
rameter [9] f = −∂ωc(q̂)/∂q̂ = ωo/L, which quantifies linear dispersive shifts
in the resonance frequency of the optical field induced by the displacement,
and is related to the radiation pressure force as F̂rad = −∂Ĥi/∂q̂ = h̄f â†â.

r
e
c
a
l
l

The zero-point fluctuations in
the position of a harmonic oscil-
lator of mass m and frequency
ωm is given by

√
h̄/(2mωm).

The second parameter is a more
fundamental one called the optome-
chanical coupling constant [9] g0 =

f
√
h̄/(2mωm). This relates the ra-

diation pressure force of a single pho-
ton on a single phonon and estimates
the strength of their interaction.

Finally, we write the contribution of the laser drive based on the quantized
electromagnetic field description as Ĥd = ih̄Al

(
â†e−iωlt − âeiωlt

)
and obtain

Ĥs = h̄ωoâ
†â+ h̄ωmb̂

†b̂− h̄g0â
†â
(
b̂† + b̂

)
+ ih̄Al

(
â†e−iωlt − âeiωlt

)
. (1.4)

 TH-3401_186121105



8 Chapter 1

The time-dependent terms can also be removed by switching to the frame of
the laser frequency via a unitary transformation. Taking the laser detuning

as ∆0 = ωl − ωo, the Hamiltonian in the rotating frame of the laser reads as

Ĥl = −h̄∆0â
†â+ h̄ωmb̂

†b̂− h̄g0â
†â
(
b̂† + b̂

)
+ ih̄Al

(
â† − â

)
. (1.5)

Digression 1.1

Rotating Frame Transformation

Let us take a quick look at the Schrödinger equation ih̄ d |Ψ⟩ /dt = Ĥs |Ψ⟩,
where we have defined |Ψ⟩ as the wavefunction in the Schrödinger picture. If

we choose a unitary operator Û = eiωlâ
†ât such that |Ψl⟩ = Û |Ψ⟩ is the new

wavefunction in the rotating frame of the laser frequency, it can be shown by
a simple substitution into the Schrödinger equation that

ih̄
d |Ψl⟩
dt

=
(
ÛĤsÛ

† − h̄ωlâ
†â
)
|Ψl⟩ = Ĥl |Ψl⟩ ,

where Hl is the Hamiltonian in the laser frame. Using the fact that Û Û † = 1,
one can derive this Hamiltonian with the Baker-Campbell-Hausdroff relation,

eÂB̂e−Â = B̂ +
[
Â, B̂

]
+ · · ·+ 1

n!

[
Â,
[
Â, . . .

[
Â,
[
Â, B̂

]]
. . .
]]

+ . . . .

pa
r
a
m
e
t
e
r

Typically, the resonant optical
frequency of the cavity is on
the order of 1015 Hz, whereas
the mechanical frequency usu-
ally lies in between KHz and
GHz. The optomechanical cou-
pling constant can range from a
few hundred Hz (weak regime)
to a few GHz (strong regime).

By switching to the laser frame,
one can now analyze the slower dy-
namics of the mechanical motion.
The laser frequency can also be ad-
justed in such a way that the detun-
ing ∆0 is comparable to ωm to facili-
tate the exchange of energy between
the photons and the phonons. We
discuss the scenarios pertaining to
the different types of detuning later
in this chapter. Also, for the sake of
simplicity in subsequent expressions,
we shall drop the circumflex (hat notation) in the operators henceforth.

In addition to the contributions mentioned above, open quantum systems
such as optomechanical systems also dissipate quanta into the environment.

 TH-3401_186121105
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The photons experience absorption and scattering losses since they are cou-
pled to the external environment through the mirrors. These losses collec-
tively define the optical energy decay rate κ. This rate also determines the
quality factor of the cavity Qo = ωo/κ, which signifies the total number of
times a single photon oscillates inside the cavity before decaying out. Sim-
ilarly, the mechanical motion is affected by environmental factors such as
viscous drag, clamping losses, phonon-phonon interactions and losses due to
its composition. The mechanical energy decay rate γ takes these effects into
account. It also characterizes the strength of coupling between the mechan-
ical mode and the environment. The mechanical quality factor Qm = ωm/γ
is another equivalent parameter which is related to the phonon lifetime.

a
p
p
r
o
x
im

a
t
io
n

The thermal environment sur-
rounding an open quantum sys-
tem can be modelled as a col-
lection of non-interacting har-
monic oscillators. The noise en-
tering the system can then be
safely approximated as Marko-
vian, with zero mean and δ-
correlated second moments [12].

In addition, the environment intro-
duces thermal fluctuations into the
system. Thermal phonons play a
very important role on the quantum
dynamics of the mechanical mode.
However, as the optical frequencies
are very high, the effect of the ther-
mal photons entering the cavity can
be safely neglected and the cavity
can be considered as being coupled
to a reservoir at zero temperature.
The main source of noise in the op-

tical mode is the input from the laser drive. The laser power Pl entering the

cavity is related to its amplitude as Al =
√
κPl/h̄ωl and the input power

associated with its white noise ain is given by Pin = h̄ωl⟨a†inain⟩ [47]. The
white noise entering through the laser and the Langevin noise bin perturbing
the mechanical oscillations obey [12,47–49]

⟨ain(t)a†in(t′)⟩ = δ(t− t′), (1.6a)

⟨b†in(t)bin(t′)⟩ = nthδ(t− t′), (1.6b)

⟨bin(t)b†in(t′)⟩ = (nth + 1) δ(t− t′), (1.6c)

where nth = [e{h̄ωm/(kBT )} − 1]−1 is the mean thermal occupancy at bath fre-
quency ωm and bath temperature T , kB being the Boltzmann constant. Us-
ing the mean-field approximation, it can be derived that the optical mode
is modulated by an extra amount of

√
κain and the output field exiting the

cavity is given by the input-output theory as aout = ain −
√
κa [47].
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Digression 1.2

Heisenberg Equations of Motion

In the Heisenberg picture, the operators OH evolve in time whereas the
wavefunctions |ΨH⟩ are constants of time. Using the unitary time-evolution
operator U = e−iHlt/h̄, a transformation from the Schrödinger picture to the
Heisenberg picture can be carried out such that OH = U †OU and |Ψ⟩ =
U |ΨH⟩ is the wavefunction in the Schrödinger picture. Using these relations
and the Schrödinger equation ih̄ d |Ψ⟩ /dt = Hl |Ψ⟩, it can be shown that

dOH

dt
=

1

ih̄
(OHHl −HlOH) =

1

ih̄
[OH , Hl] .

Using Equation (1.5), we can derive the Heisenberg Langevin equations
corresponding to the optical and mechanical modes, which read as

ȧ =
1

ih̄
[a,Hl]−

κ

2
a+

√
κain (1.7a)

= −
(κ
2
− i∆0

)
a+ ig0

(
b† + b

)
a+ Al +

√
κain, (1.7b)

ḃ =
1

ih̄
[b,Hl]−

γ

2
b+

√
γbin (1.7c)

= −
(γ
2
b+ iωm

)
b+ ig0a

†a+
√
γbin. (1.7d)

It can be clearly seen here that the frequency shift introduced in the
optical mode by the mechanical position changes the optical mode ampli-
tude, which in turn changes the mechanical mode amplitude. Both of these
phenomena depend directly on the optomechanical coupling constant, and
therfore, on the frequency pull. To have a better grasp on how these parame-
ters affect the system dynamics, let us quickly analyze the classical scenario.

Assuming that the input fluctuations are zero-mean Gaussian in nature,
we obtain the equations of motion of classical mean amplitudes α = ⟨a⟩ and
β = ⟨b⟩ by taking an ensemble average of Equations (1.7), which gives

α̇ = −
(κ
2
− i∆

)
α + Al, (1.8a)

β̇ = −
(γ
2
+ iωm

)
β + ig0α

∗α, (1.8b)

where we have introduced the effective detuning as ∆ = ∆0 + g0(β
∗ + β).

 TH-3401_186121105



Introduction 11

a
p
p
r
o
x
.

In deriving Equations (1.8), we
utilized the mean-field relation,
⟨OiOj⟩ ≃ ⟨Oi⟩⟨Oj⟩, giving us a
decoupled effective detuning.

Depending on the parameters of the
systems, in the long-time limit, the
dynamics of these complex-valued
classical amplitudes may settle down
either into a stationary steady-state,
undergo self-sustained oscillations,
or even display chaotic behaviour.

For the first case, we can obtain the exact steady-state amplitudes by
equating the right-hand sides of Equations (1.8) to zero. This gives us
αs = Al/(κ/2 − i∆s) and βs = ig0|αs|2/(γ/2 + iωm). It can be seen here
that the mechanical mode gets displaced by an amount proportional to the
optical field intensity |αs|2, and this displacement gives rise to a phase shift
in the optical mode through the effective steady-state detuning ∆s. Substi-
tuting the expression of βs in the effective detuning, we obtain a cubic in the
mean optical occupancy No = |αs|2, which reads as

4C2N3
o + 8C∆0N

2
o +

(
4∆2

0 + κ2
)
No − 4 |Al|2 = 0. (1.9)

where C = 2g20ωm/(γ
2/4 + ω2

m).

Figure 1.4: Number of intracavity optical photons (No) with variation in the
laser detuning (∆0) for different values of the coupling constant (g0) obtained
using Equation (1.9). The shaded areas in blue denote the regions of bistability.
The parameters used (in units of ωm) are Al = 5.0, γ = 0.005 and κ = 0.15.
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The solutions to Equation (1.9) give us the two regimes of steady-state
values. One of them contains one real root while the other one contains three
real roots. The latter case is the multistable steady-state regime with three
branches (shaded areas in Figure 1.4). However, when the detuning of the
laser is gradually changed, the photons do not trace the central branch and
the system makes discontinuous jumps between the upper and lower branches
displaying a hysteretic behaviour [13], thereby displaying bistability [9, 12].

note

In most situations, it is preferable to retain the system away from bistabil-
ity. One can also derive analytical conditions for the dynamical stability of
the steady-state amplitudes obtained using the mean optical occupancies by
utilizing the Routh-Hurwitz criteria for nonlinear dynamical systems [50].

Digression 1.3

Routh-Hurwitz Stability Criteria

The determinant of any eigenvalue equationA−λ1 = 0 for a Jacobian matrix
A of dimension d can be expressed as a polynomial in the eigenvalues λ as∑d

k=0 ekλ
d−k = 0, where ek are the corresponding coefficients. One can then

construct a square matrix M such that its elements (0-indexed) are given by

Mij =

{
e2i−j+2, if 0 ≤ 2i− j + 2 ≤ d,

0, otherwise.

The Routh-Hurwitz criteria [50] simply states that the number of positive
real eigenvalues of A is equal to the number of times the sequence Tk+1/Tk

is negative. Here, Tk = det[Mk] are the determinants of the square sub-
matrices Mk, comprising of the first k rows and columns of M, with T0 = a0.

When the cavity is strongly driven, the radiation pressure force enhances
considerably due to the large number of intracavity photons. Even for small
strengths of optomechanical coupling, the effective coupling between the op-
tics and the mechanics enhances significantly. At this point, the system can
be approximated by its linearized description. This means that the mode op-
erators can be expressed as a sum of their large classical mean amplitudes and
the quantum fluctuations around these values, i.e., a = α+δa and b = β+δb.
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The dynamics of these fluctuations can be derived from Equations (1.7) as,

δȧ = −
(κ
2
− i∆

)
δa+ ig

(
δb† + δb

)
+
√
κain, (1.10a)

δḃ = −
(γ
2
+ iωm

)
δb+ i

(
gδa† + g∗δa

)
+
√
γbin, (1.10b)

where g = g0α is the effective coupling constant [12]. Thus, we see that the
optomechanical coupling strength is enhanced by the optical mode amplitude.

a
p
p
r
o
x
im

a
t
io
n

In the presence of a strong laser
drive, the classical mean ampli-
tudes assume much larger val-
ues than the quantum fluctua-
tions. Assuming that the op-
tomechanical coupling is com-
paratively weaker than its ef-
fective value, we can ignore the
second-order terms in δa and δb
as a part of this linearization.

At this point, it is interesting to
consider a simple scenario where
the classical values settle down to
a steady state and the phase of the
laser light is adjusted in such a way
that αs assumes only real values,
with gs = g0|αs| = g0αs. One can
then obtain a set of linear equations
where the dynamics of the optical
and mechanical fluctuations is gov-
erned by a position-position interac-
tion. An equivalent simplified lin-
earized Hamiltonian that describes

this scenario is given by [12]

Hl = −h̄∆sδa
†δa+ h̄ωmδb

†δb− h̄gs
(
δa† + δa

) (
δb† + δb

)
. (1.11)

Digression 1.4

Optomechanical Cooling and Parametric Amplification

When the cavity is driven by a laser source, the light scattered by the me-
chanical excitations gives rise to Stokes and anti-Stokes sidebands, where a
quanta of mechanical energy is either absorbed or excited by the light field
respectively. Depending on the detuning of the laser, this results in either
cooling or heating of the mechanical element. In the red-detuned regime,
when ∆s = −ωm, the interaction Hamiltonian takes the form of a beam-
splitter interaction under the rotating wave approximation [12], given by the
energy-conserving interaction Hamiltonian

H̃i = −h̄gs

(
δa†δb+ δaδb†

)
.

 TH-3401_186121105
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Since the mechanical mode is at a higher temperature than the optical mode,
such a Hamiltonian preserves the phonon de-excitation process and this leads
to a cooling effect in the mechanical motion. Cooling of the mechanical mode
is a requirement for most quantum optomechanical applications and various
schemes have been proposed to cool the mechanical oscillator to its quantum
ground state. Similarly, in the blue-detuned regime, when ∆s = ωm, the
Hamiltonian takes a form known as the squeezed interaction, such that

H̃i = −h̄gs

(
δa†δb† + δaδb

)
.

Under suitable conditions, the resonant interaction of the modes supresses the
photon de-excitation process and this leads to heating or amplification of the
mechanical mode through simultaneous excitations of optical and mechanical
quanta. This form can also be used to squeeze the variance of the position
fluctuations of the mechanical mode at the expense of increased variance in
the momentum fluctuations [20,40]. Such parametric processes are routinely
used in interferometric setups to enhance the mechanical sensitivity.

In order to estimate the degree of various quantum phenomena, it is, in
general, useful to extract the correlations between the components of the
system. To achieve this, we first express the Equations (1.10) in terms of the
fluctuation quadratures , defined as X = (δa† + δa)/

√
2, Y = i(δa† − δa)/

√
2,

Q = (δb† + δb)/
√
2 and P = i(δb† − δb)/

√
2, which results in

δẊ = −κ

2
X −∆Y − 2gIQ+

√
κXin, (1.12a)

δẎ = ∆X − κ

2
Y + 2gRQ+

√
κYin, (1.12b)

δQ̇ = −γ

2
Q+ ωmP +

√
γQin, (1.12c)

δṖ = 2gRX + 2gIY − ωmQ− γ

2
P +

√
γPin, (1.12d)

where gR and gI are the real and imaginary components of g respectively,
while Xin = (a†in + ain)/

√
2, Yin = i(a†in − ain)/

√
2, Qin = (b†in + bin)/

√
2

and Pin = i(b†in − bin)/
√
2 are the noise quadratures governed by Equations

(1.6). Using u = (X, Y,Q, P )T as the vector of quadratures, we can rewrite
Equations (1.12) compactly as the fluctuation quadrature rate equation

u̇(t) = A(t)u(t) + n(t) (1.13)

 TH-3401_186121105



Introduction 15

where n = (
√
κXin,

√
κYin,

√
γQin,

√
γPin) and the drift matrix A equals

−κ
2

−∆ −2gI 0
∆ −κ

2
2gR 0

0 0 −γ
2

ωm

2gR 2gI −ωm −γ
2

 . (1.14)

Finally, we define the correlation matrix of the quadratures as [19]

Vij =
1

2
⟨uiuj + ujui⟩ (1.15)

It can be shown that the dynamical form of this matrix satisfies the equation

V̇(t) = AV(t) +V(t)AT +D, (1.16)

where D = Diag[κ/2, κ/2, γ(nth + 1/2), γ(nth + 1/2)] is the noise matrix .
This correlation matrix also preserves the compact uncertainty relation

V +
i

2
Ω ≥ 0, (1.17)

where Ω =
⊕N

k=1

(
0 1
−1 0

)
; N being the number of modes in the system.

To estimate bipartite phenomena in optomechanical systems, this matrix is
usually written in terms of correlation submatrices in the 4× 4 block form

V =

(
A C
CT B

)
, (1.18)

where A and B represent the individual submatrices of the two participating
components and C represents the submatrix of their cross-correlations.

note

The stability of the formal solution is a necessary condition for the derivation
of this dynamical form. In order to satisfy this dynamical stability condition,
the eigenvalues of the drift matrix cannot assume positive real values.
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Digression 1.5

Dynamical Form of the Correlation Matrix

The compact rate equation for the quadrature vectors is analogous to

u̇i(t) =
∑
k

Aik(t)uk(t) + ni(t),

whose formal solution can be obtained using the Langevin approach as

ui(t) =
∑
k

Mik(t, t0)uk(t0) +
∑
k

∫ t

t0

dsMik(t, s)nk(s),

where Ṁ(t, t0) = A(t)M(t, t0) with M(t, t) = 1. Due to the presence of
the stochastic noises inside the integral, we cannot write an exact analytical
solution for the dynamics of the quantum fluctuations. However, by utilizing
the properties of Gaussian noises, we can focus on the second-order moments
of the fluctuation quadratures through the correlation matrix. Differentiating
Equation (1.15), one obtains the dynamics of each correlation element as

V̇ij(t) =
∑
k

Aik(t)Vkj(t) +
∑
l

Ajl(t)Vil(t)

+
1

2
⟨ni(t)uj(t) + uj(t)ni(t)⟩

+
1

2
⟨ui(t)nj(t) + nj(t)ui(t)⟩

The final term in this expression can be further simplified by substituting
the formal solution and using the fact that the noises have zero mean, giving
us ∑

k

1

2

∫ t

t0

dsMik(t, s)⟨nk(s)nj(t) + nj(t)nk(s)⟩

=
∑
k

∫ t

t0

dsMik(t, s)Dkjδ(s− t)

=
1

2

∑
k

Mik(t, t)Dkj =
1

2
Dij

where we have defined the noise matrix D in such a way that ⟨ni(t)nj(t
′) +

nj(t
′)ni(t)⟩/2 = Dijδ(t − t′). Similarly, it can be shown that ⟨ni(t)uj(t) +

uj(t)ni(t)⟩/2 = Dij/2. Thus, we can simplify the correlation dynamics to

V̇ij(t) = [A(t)V(t)]ij +
[
V(t)AT (t)

]
ij
+Dij .
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1.2 Classical and Quantum Phenomena

The inherently nonlinear interactions between the optical and the mechan-
ical elements of cavity optomechanical systems give rise to a rich variety of
observable effects, both in the classical and the quantum domain. Through
this section, we attempt to introduce the physical origins of those phenom-
ena which are relevant to this thesis, namely, synchronization, induced trans-
parency, entanglement and squeezing. We also present a brief mathematical
background of some established quantifiers pertaining to these phenomena.
These figure of merits are utilized in later chapters where we discuss their
applications in detail. Here we demonstrate how these phenomena can be
observed in optomechanical systems with small changes in their parameters.

1.2.1 Nonlinear Dynamics and Synchronization

Figure 1.5: Phase-space trajectories for the time evolution of normalized classical
position (q̄ =

√
mωm(β∗+β)/

√
h̄) and normalized classical momentum (p̄ = i(β∗−

β)/
√
h̄mωm) obtained using (a) a red-detuned laser (∆0 = −ωm) of amplitude

Al = 10 and (b) a blue-detuned laser (∆0 = ωm) of amplitude Al = 50. The light
blue dots denote the initial conditions for the simulation (q̄ = 0, p̄ = 0). The red
dot in (a) highlights the fixed point into which the mechanical mode settles down.
The red loop in (b) illustrates the limit cycle dynamics of the mechanical mode.
In both figures, we have plotted the dynamics of the system upto t = 103/ωm.
Other parameters (in units of ωm) are g0 = 0.005, γ = 0.005 and κ = 0.15.
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Cavity optomechanical systems are typical nonlinear dynamical systems
in the classical regime. The time evolution of their classical mean amplitudes
can trace different types of attractors. Two such attractor diagrams for the
mechanical mode of the cavity optomechanical system described in Section
1.1 are depicted in Figure 1.5. It can be seen here that the phase-space trajec-
tory of the classical dynamics in Figure 1.5 (a) settles down into a fixed point,
which is analogous to the steady state behaviour discussed earlier. Whereas,
from Figure 1.5 (b), it is evident that optomechanical systems also exhibit
limit-cycle oscillations. When systems with such self-sustained dynamics are
coupled to other oscillating components whose frequencies are close to that
of the self-oscillations, their motions tend to synchronize with each other.

r
e
c
a
l
l

Due to the uncertainty principle
in quantum mechanics, there is
no clear identification of phase-
space trajectories for the quan-
tum fluctuations of a system.

For coupled systems, synchroniza-
tion may initially appear between
their classical mode amplitudes and
the classical synchronized dynamics
may in turn result in the synchro-
nization of their quantum fluctua-
tions [51, 52]. Although different
proposals attempt to quantify the
degree of this quantum synchronization via different measures [28], we shall
restrict ourselves to the widely accepted measure proposed by Mari et. al.
[15]. This measure employs the effective phase mismatch between the quan-
tum fluctuations in the rotating frame of the classical phases. Using this
approach, one can estimate the degree the quantum phase synchronization

between two components as,

Sp =
1√
2
⟨P 2

−⟩−1, (1.19)

where P− = P̃j − P̃j′ represents the mismatch between the rotated phase
quadratures P̃k (k ∈ {j, j′}) such that P̃ke

iϕk = Pk are the momentum
quadratures of the respective modes; ϕk = arg[⟨Ok⟩] being the corresponding
classical phases. In terms of the block form in Equation (1.18) containing
the correlation elements for the constituent modes, we can rewrite this as

Sp =
(
Ṽ11 + Ṽ33 − 2× Ṽ13

)−1

, (1.20)

where Ṽ = RVRT is the phase-rotated correlation matrix (0-indexed), with

R =
⊕

k∈{j,j′}

(
cosϕk sinϕk

− sinϕk cosϕk

)
containing the classical rotation matrices.
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Figure 1.6: (a) A figurative model of two cavity optomechanical systems coupled
using an optical channel of strength λ, and driven by lasers of amplitude Al and
detuning ∆0j (j ∈ {L,R}). aj and bj denote their optical and mechanical annihi-
lation operators interacting with strengths gj . The optical energies decay at a rate
of κ whereas the damping rate of the mechanical energies, (frequencies ωmj and
mean thermal occupancies nthj

) is γ. (b) Behaviour of time-averaged quantum

phase synchronization (⟨Sp⟩ = τ−1
∫ t0+τ
t0

Sp(t)dt) with variation in the normalized
detuning (δ/ωmL = ωmR/ωmL − 1) and the normalized coupling strength of the
optical channel (λ/κ). Here, τ = 10× 2π/ωm and t0 is chosen in such a way that
tmax = t0 + τ = 103/ωmL. The parameters used (in units of ωmL) are Al = 52,
g0 = 0.005, γ = 0.01 and κ = 0.3, with ∆0j = ωmj and nthL

= nthR
= 0.

To demonstrate this measure, let us consider two nearly identical blue-
detuned optomechanical cavities (j ∈ {L,R}) coupled using an optical chan-
nel of strength λ as depicted in Figure 1.6 (a). We assume that the coupling
Hamiltonian Hc = −h̄λ(a†LaR + aLa

†
R) characterizes a photon-hopping inter-

action between the two cavities. Due to the optical channel, the mechanical
modes of the individual systems now get coupled to one another indirectly,
and thereby, display quantum phase synchronization after a transient period.
Figure 1.6 (b) shows the variation of time-averaged values of this synchroniza-
tion with change in the detuning between the two mechanical frequencies and
the optical channel’s coupling strength. This variation is a classic example
of the Arnold tongue — a characteristic feature in classical synchronization.
We shall discuss such classical signatures in more detail and analyze quantum
phase synchronization in coupled optomechanical systems in Chapter 2.
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1.2.2 Optomechanically Induced Transparency

An interesting outcome of interference is observed when a weak probe laser
is introduced alongside the laser drive pumping an optomechanical cavity in
the resolved sideband regime. When the detuning of the probe beam from
the pump is close to the mechanical frequency, the anti-Stokes sideband of
the pump field (originating due to scattering via the mechanical mode) inter-
feres destructively with the probe field. This suppresses the build-up of the
intracavity field at the probe frequency and renders the probe transparent.

note

An analogous effect in Λ-type atomic systems is EIT [30], where destruc-
tive interference between the excitation pathways of the system result in the
transmission of a weak probe beam in the presence of a strong control field.

Figure 1.7: (a) Positions of the pump and probe frequencies with reference
to the cavity frequency and the mechanically-scattered Stokes and anti-Stokes
sidebands. (b) Variation of transmission at the probe frequency (T ) with change
in the normalized probe detuning (δ/ωm = (ωp−ωl)/ωm) and the normalized pump
amplitude (Al/ωm) at the resonance condition ∆s = −ωm. Other parameters (in
units of ωm) are g0 = 0.0005, γ = 0.005 and κ = 0.15, with µ = 0.5.

To derive an analytical expression for the output field of the cavity at
the probe frequency, we first rewrite the Hamiltonian in Equation (1.5) by
adding the probe laser term Hp = ih̄Ap(a

†e−iδt − aeiδt). Here, Ap (≪ Al) is
the amplitude of the probe beam and δ = ωp − ωl is its detuning from the
pump, ωp denoting the frequency of the probe. Figure 1.7 (a) illustrates this
configuration of the probe laser, the pump laser and its first-order sidebands.
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The classical dynamics described by Equation (1.8) can then be rewritten as

α̇ = −
(κ
2
− i∆

)
α + Al + Ape

−iδt, (1.21a)

β̇ = −
(γ
2
+ iωm

)
β + ig0α

∗α. (1.21b)

Since the amplitude of the probe beam is much smaller than that of the
pump, it is safe to assume that, along with the steady-state intracavity field,
the primary contributions in the output transmission are from the first-order
mechanically-scattered sidebands of the strong pump field. Using an ansatz
of the form α = αs+A−e

−iδt+A+e
iδt and β = βs+B−e

−iδt+B+e
iδt, we then

obtain a set of linear equations at the Stokes and anti-Stokes frequencies as

A−

(κ
2
− i∆s − iδ

)
− ig0

(
B− +B∗

+

)
αs = Ap, (1.22a)

A∗
+

(κ
2
+ i∆s − iδ

)
+ ig0

(
B− +B∗

+

)
α∗
s = 0, (1.22b)

B−

(γ
2
+ iωm − iδ

)
− ig0

(
α∗
sA− + αsA

∗
+

)
= 0, (1.22c)

B∗
+

(γ
2
− iωm − iδ

)
+ ig0

(
α∗
sA− + αsA

∗
+

)
= 0, (1.22d)

where we have used ∆s = ∆0 + g0(β
∗
s + βs) as the effective steady-state

detuning. Solving the above equations gives us the sideband amplitude as

A− =

(
K+G+G− + 2ig20ωm |αs|2

K+K−G+G− + 4g20∆sωm |αs|2

)
Ap, (1.23)

with K± = κ/2±i∆s−iδ and G± = γ/2±iωm−iδ. This amplitude represents
the intracavity field at the probe frequency. The transmission intensity at the
probe frequency can then be obtained using the input-output relation as

T =

∣∣∣∣√µκA− − Ap/
√
µκ

Ap/
√
µκ

∣∣∣∣2 = ∣∣∣∣1− µκA−

Ap

∣∣∣∣2 , (1.24)

where µ is the laser-cavity coupling parameter.
We plot the transmission of light through the cavity at the probe fre-

quency when ∆ = −ωm and the probe beam is close to the resonance condi-
tion δ = ωm in Figure 1.7 (b). As the power of the pumping laser drive in-
creases, one can see that a window of optomechanically induced transparency
emerges at resonance. In Chapter 3, we shall investigate this phenomena in
a more complex system and probe deeper into its consequent effects.
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1.2.3 Quantum Entanglement

The dispersive coupling between the optical and mechanical elements of an
optomechanical cavity may also give rise to a finite amount of entanglement.
By expressing the correlations between them in the form of Equation (1.18),
we can quantify the degree of Gaussian quantum entanglement as [19,53],

EN = max[0,− ln[2η−]], (1.25)

where η− = 2−1/2{Σ̃[V ] − (Σ̃[V ]2 − 4 det[V ])1/2}1/2, with Σ̃[V ] = det[A] +
det[B]− 2 det[C]. This figure of merit is known as logarithmic negativity .

Digression 1.6

Partial Positive Transpose and the Simon’s Criteria

Using a local symplectic operation Sl that preserves the compact uncertainty
relation, the block correlation matrix V can be diagonalized as [54]

V = SlVsS
T
l ; Vs =


a 0 c1 0
0 a 0 c2
c1 0 b 0
0 c2 0 b

 ,

such that det[A] = a2, det[B] = b2, det[C] = c1c2 and det[V] are invariants of
the transformation. Under partial positive transposition [55], this becomes

Ṽs = ΛVsΛ =


a 0 c1 0
0 a 0 −c2
c1 0 b 0
0 −c2 0 b

 ,

where Λ = Diag[1, 1, 1,−1] performs a phase-space mirror reflection on the
second state [56]. It is important to note that under this transpose operation,
only the cross-correlation matrix of Ṽs changes sign, i.e., det[C̃] = −det[C].
One can then obtain the positive symplectic eigenvalues of Ṽs as

η± =
1√
2

√
Σ[Ṽs]±

√
Σ[Ṽs]2 − 4 det[Ṽs],

with Σ[Ṽs] = det[Ã] + det[B̃] + 2 det[C̃] = det[A] + det[B] − 2 det[C] = Σ̃[V]
such that det[Ṽs] = η2±Σ[Ṽs] − η4±. Thus, Simon’s necessary and sufficient
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condition for separability under partial transposition criterion results in [57]

4
(
ab− c21

) (
ab− c22

)
≥

(
a2 + b2 + 2 |c1c2|

)
− 1

4

⇒ 4 det[Ṽs] ≥ Σ[Ṽs]−
1

4

Therefore, a necessary and sufficient condition for entanglement between the
two states can be imposed on the smallest symplectic eigenvalue as [58]

η− <
1

2
,

which is equivalent to the logarithmic negativity quantifier.

Figure 1.8 (a) shows the optomechanical entanglement in the steady-state
of the system discussed in Section 1.1. Entanglement may also be observed
across the components of coupled subsystems. We shall elaborate on the
behaviour of entanglement and propose methods to enhance it in Chapter 4.

Figure 1.8: (a) Stationary entanglement (EN ) between the optical and mechan-
ical modes obtained at different values of the normalized laser detuning (∆0/ωm)
and the optomechanical coupling constant (g0/ωm). The gray region marks dynam-
ical instability and multistability. (b) Single-mode Wigner distribution (W ) for the
mechanical mode at t = 103/ωm obtained using a blue-detuned laser (∆0 = ωm)
with a coupling constant of g0 = 0.0001. Other parameters used (in units of ωm)
are Al = 10, γ = 0.005 and κ = 0.15, with nth = 0.
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1.2.4 Mechanical Squeezing

r
e
c
a
l
l

A coherent Gaussian state of
a quantum harmonic oscillator
contains minimum uncertainty.

The mechanical mode of a quantum
harmonic oscillator is ideally lower-
bound by a quadrature variance of
Vjj = 0.5 (or equivalently 3 dB).
But one can increase the precision
in the measurement of one of these
quadratures at the expense of increasing the variance of the other, lead-
ing to a “squeezing” of the mode. The degree of this squeezing (expressed
in decibels as −10 log10[Vjj]) can be visualized in the phase-space by the
Wigner probability distribution function of the mechanical mode [12]

W =
1

2π
√

det[Vm]
exp

[
−uT

mV
−1
m um

2

]
, (1.26)

where um is the vector of the mechanical mode’s fluctuation quadratures and
Vm is the 2×2 correlation matrix of the mechanical mode. This measure can
also be used to visualize multi-mode squeezing in coupled quantum systems
by appropriately scaling the quadrature vector and the correlation matrix.

note

Mechanical squeezing can also be generated from the creation or annihilation
of correlated photon-phonon pairs. The corresponding Hamiltonian of their
interaction gets amplified in the presence of parametric processes in the blue-
detuned regime. Such a two-mode squeezing effect typically results in higher
degrees of entanglement between the optical and mechanical modes [59].

Figure 1.8 (b) demonstrates a ∼ 2.83 dB variance of the mechanical po-
sition for the system described in Section 1.1 driven by a blue-detuned laser
into a steady state. One can also calculate the corresponding value from
the analytical expressions of the steady-state variances of the quadratures
obtained by solving Equation (1.16). In Chapter 4, we shall discuss multiple
scenarios where we enhance the precision in the measurement of the me-
chanical position by increasing the variance of the corresponding momentum
quadrature and study the effect of two-mode squeezing in the enhancement
of bipartite entanglement.
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1.3 Numerical Methods and The Toolbox

With the linearization approximation, our numerical simulations mostly re-
duce to solving coupled ordinary differential equations for the classical mode
amplitudes and the correlation matrix elements introduced in Section 1.1
using standard numerical techniques. Once these values are obtained, we
estimate the degree of the classical and quantum phenomena based on their
established measures as discussed in Section 1.2. The routine that we use to
obtain most of the results presented in this thesis is illustrated in Figure 1.9.

Start System

Mode RatesDrift Matrix Noise Matrix

Stable?
Solve Coupled Ordinary
Differential Equations

Quadrature CorrelationsAmplitudes

Estimate MeasuresStop

Yes

No

Figure 1.9: Workflow to simulate a linearized system with fixed parameters.

To implement the above workflow in a parallel manner, we developed an
object-oriented Python library — the quantum optomechanics toolbox [60].
This toolbox (packaged as qom) is a wrapper-styled, scalable framework fea-
turing multiple modules to calculate stationary and dynamical properties of
many-body optomechanical systems. Its solvers also contain several options
to fine-tune the simulations. The key advantages of this toolbox can be sum-
marized as (i) automatically-managed loopers with parallelization utilities,
(ii) configurable solvers to obtain dynamics, stability and measures, and (iii)
customizable plotters to work across libraries with a common syntax.

 TH-3401_186121105



26 Chapter 1

Apart from supporting linearized many-body quantum optomechanical
systems, the toolbox also contains modules for classical nonlinear dynamical
systems and open quantum systems in general. In addition to this, it features
a graphical user-interface that reduces the process of simulating different sets
of parameters for each user-defined system to just a few clicks! It, therefore,
serves as an easy-to-use alternative towards writing explicit code and avoiding
repetitive exercises to present the results. All the figures presented in this
thesis are plotted using this qom toolbox.

1.4 Structure of the Thesis

The thesis contains five chapters that cover some of the works completed
during the doctoral tenure. This introductory chapter familiarizes the reader
to the field of optomechanics and provides a flavour of the various phenomena
that can be studied in such systems. The subsequent chapters are divided
on the basis of these phenomena, where we detail our corresponding works.
In what follows, we briefly outline the contents of these individual chapters.

Chapter 2: In this chapter, we discuss quantum synchronization in much
more detail, comparing different approaches to measure it and relating the
significance of these measures to physical observables. We then report our
work where we analyze the dynamical behaviour of quantum phase synchro-
nization in two optomechanical systems coupled via an unidirectional optical
channel. The idea behind the study of such phenomena in hybrid optome-
chanical systems is to develop stable networks of synchronizable quantum
systems that can relay information with a very less amounts of phase noises.

Chapter 3: Here, we introduce an annularly-trapped Bose-Einstein con-
densate placed inside a cavity and driven by strong pump beams carrying or-
bital angular momentum. We briefly discuss the formulation of an analogous
optomechanical Hamiltonian that can describe such a system and present
our work involving a weak probe beam passing through this system. We
systematically analyze the transmission profile of the probe beam and the
modifications in its propagation caused by the atomic condensate. Our ap-
proach connects semi-classical interference to atomic rotation sensing and
highlights how methods pertaining to optomechanics can be utilized to ex-
tract information about the condensate in a minimally destructive manner.
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Figure 1.10: Structure of the thesis.

Chapter 4: This chapter deals with the area of modulated optomechan-
ics. We begin by introducing different ways by which one can modulate the
dynamics of optomechanical systems. We then report our works where we
analyzed two modulated systems — a membrane-in-the-middle optomechan-
ical cavity and an electro-optomechanical system. The motivation behind
such studies is to generate higher degrees of entanglement between optical,
mechanical and electrical components and to enhance mechanical squeezing.

Chapter 5: We summarize all our works in this chapter, highlighting their
novelties, caveats and scalability. We also revisit the key findings of the dis-
cussed works, connect them to potential near-future applications and discuss
the scope of further research in these areas.
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CHAPTER

2

Synchronizing
Coupled Quantum

Systems

Synchronization is an ubiquitious phenomena observed in an extremely wide
spectrum of systems — from nanoscale masses to astronomical objects [23].
It’s first account dates back to the 17th century where the motion of two mar-
itime pendulum clocks was formally analyzed by Christian Huygens [22]. And
over the years, the phenomena of synchronization has been extensively stud-
ied in numerous physical, biological, chemical as well as social systems [61].
Although one can simply describe synchronized behaviour as a sympathetic
adjustment of intrinsic rhythms between coupled bodies, the analysis of the
coupled nonlinear dynamics which lead such complex systems to eventually
oscillate in unison is an engaging (and equally surprising) field of research!

This chapter is based on our work published in J. Phys. Commun. 5, 115006 (2021),
titled Switching of Quantum Synchronization in Coupled Optomechanical Oscillators and
authored by Sampreet Kalita, Subhadeep Chakraborty and Amarendra K. Sarma [62,63]
(©2021 The Author(s) under the Creative Commons Attribution 4.0 license).
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Figure 2.1: Examples of synchronization in different types of systems (top to
bottom): flashing of fireflies, oscillation of pendulum clocks and slow applause in
stadiums. The illustrations on the left denote the initial transients of each system
whereas the ones on the right denote the synchronized phases.

Spontaneous synchronization plays a significant role in time-keeping and
design of communication protocols for classical information processing [24,
25]. Quantum analogues of this nonlinear dynamical phenomenon have also
been explored in diverse models for similar applications in the quantum
domain. These include the analysis of van der Pol oscillators [64], Kerr-
anharmonic oscillators [65], atomic ensembles [66], ions [67], spin systems [68]
and hybrid architectures [69,70]. As demonstrated in Section 1.2.1, synchro-
nization can even emerge in optomechanical systems between coupled me-
chanical elements that undergo limit-cycle dynamics. In fact, this has been
experimentally validated using optically coupled micro-disk resonators [51]
and optical racetrack cavities with integrated mechanical oscillators [71].
This has enthused the investigation of synchronization in many-body quan-
tum networks [72–74]. Several proposals to enhance the degree of quantum
synchronization have also been reported, notable among them being the ad-
dition of secondary laser drives and squeezed driving [75,76]. Thermal noise
driven steering of synchronous behaviour and the study of chaotic synchro-
nization are other areas of active research in the field [77–79].
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In this chapter, we present our theoretical exploration of quantum phase
synchronization in optically coupled optomechanical oscillators. The specific
choice of exploiting the optical coupling as opposed to the mechanical one is
motivated by recent theoretical investigations [29, 77, 80], and experimental
demonstrations [51, 81] using optical channels. We first begin by discussing
the measure used to quantify quantum phase synchronization in Section 2.1.
We then describe the unidirectionally-coupled configuration of near-identical
optomechanical systems and discuss the novelty of our results in Section 2.2.
We also systematically compare this system with the bidirectionally-coupled
system introduced in Section 1.2.1. Finally, we summarize our findings and
mention the applications of our work in Section 2.3.

2.1 Quantum Phase Synchronization

As discussed in Section 1.2.1, we employ the criteria in Equation (1.19) for
the estimation of quantum synchronization in our works, which reads as

Sp =
1√
2

1

⟨
(
P̃j − P̃j′

)2
⟩
, (2.1)

where P̃k (k ∈ {j, j′}) are the rotated phase quadratures with P̃ke
iϕk = Pk as

the momentum quadratures of the respective modes and ϕk = arg[⟨Ok⟩] as
their corresponding classical phases. This figure of merit can be thought of as
an inverse quantifier of the effective mismatch between the phase quadratures
of the oscillators. Hence, higher values of Sp imply a lower degree of phase
noise between the two oscillators. This can be visualized from Figure 2.2.

It can be immediately seen here that, (i) since Sp incorporates the classi-
cal phase ϕk, the mechanical mode amplitudes (βk = β̄k+rke

iϕk) must attain
limit-cycles (rk > 0) in the classical dynamics for a physically plausible value
of quantum phase synchronization, and (ii) since Sp is defined in the frame of
the limit-cycle dynamics, it must contain signatures of the classical nonlinear
dynamics alongside the quantum signatures. Whereas these are analogous
to the necessary conditions for synchronization [23], the dynamical stabil-
ity of the system needs to be ascertained separately using the drift matrix.
Moreover, because of the relative difference between the phase quadratures
in Equation (2.1), this measure only reflects the strength of synchroniza-
tion and cannot determine its type (in-phase, anti-phase or other values).
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Figure 2.2: Interpretation of rotated phase-fluctuations in phase-space.

To comment on the type of synchronization, we take into account another
widely-accepted measure for classical and quantum correlations known as
the Pearson correlation factor [28]. In terms of the fluctuation quadratures
relevant to the measure of quantum phase synchronization in Equation (2.1),
this measure reads as [28]

C =

∫ t0+τ

t0
⟨PjPj′⟩dt√∫ t0+τ

t0
⟨P 2

j ⟩dt
∫ t0+τ

t0
⟨P 2

j′⟩dt
, (2.2)

where t0 and τ respectively denote the initial time and the duration for which
the measure is being calculated. While C ∼ 1 (−1) characterizes an in-phase
(anti-phase) evolution, C ∼ 0 refers to the absence of any correlation.

note

Numerous efforts have also been made to connect the onset of quantum syn-
chronization to the generation of quantum correlations [67,82–87]. However,
determining a concrete relation between the two and formalizing an universal
measure of quantum synchronization is still a challenging task [15,27,88].
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2.2 Switching of Quantum Synchronization

Before defining the unidirectional configuration, let us rewrite the Heisenberg
Langevin equations for the bidirectional configuration in Figure 1.6(a) as

ȧj = −
(κ
2
− i∆0j

)
aj + ig0

(
b†j + bj

)
aj + iλaj′ + Al +

√
κainj

,(2.3a)

ḃj = −
(
iωmj +

γ

2

)
bj + ig0a

†
jaj +

√
γbinj

, (2.3b)

where j ∈ {L,R} (j′ ∈ {L,R} − {j} unless specified otherwise). Here, the
L and R denote the left and right systems respectively while the rest of
the symbols have their usual meaning. The reversible exchange of photons
between the two systems is denoted by the Hermitian Hamiltonian Hc =
−h̄λ(a†LaR + aLa

†
R), where λ is the coupling strength of the optical channel.

Using a linearized description of the quantum dynamics and proceeding in
the same way as detailed in Section 1.1, we obtain Figure 1.6 (b). It may be
noted here that each individual point in the figure represent a time-averaged
value of Sp, obtained using the last 10 cycles of oscillation.

Figure 2.3: A pictorial depiction of the unidirectionally coupled systems.

We now proceed to the unidirectional configuration, illustrated in Figure
2.3, where the two optomechanical oscillators are arranged in a forward-fed
manner. Such a cascaded geometry can be modelled using [89–91]

ainR
(t) → √

ηaoutL (t− τ ′) +
√
1− ηainR

(t), (2.4)

where η ≤ 1 is the transmission loss between the optical cavities and τ ′ is the
time required for light to travel from the left to the right cavity. However,
for theoretical simplicity, we will consider τ ′ = 0 in the rest of our discussion.
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note

This configuration is different from the bidirectional one in the sense that
photons are only allowed to leave the left cavity and enter the right one. Such
a behaviour can be described by a non-Hermitian dissipative Hamiltonian.

The full dissipative dynamics can then be described by

ȧL = −
(κ
2
− i∆0L

)
aL + ig0

(
b†L + bL

)
aL + Al +

√
κLainL

, (2.5a)

ȧR = −
(κ
2
− i∆0R

)
aR + ig0

(
b†R + bR

)
aR −√

ηκaL

+
(√

η +
√

1− η
)
Al +

√
κR

√
ηainL

+
√
κR

√
1− ηainR

, (2.5b)

ḃj = −
(γ
2
+ iωmj

)
bj + ig0a

†
jaj +

√
γjbinj

, (2.5c)

which gives us the drift matrix as (refer to Section 1.1 for its derivation)

−κ
2

−∆L −2GLIm
0 0 0 0 0

∆L −κ
2

2GLRe
0 0 0 0 0

0 0 −γ
2

ωmL 0 0 0 0
2GLRe

2GLIm
−ωmL −γ

2
0 0 0 0

−µ 0 0 0 −κ
2

−∆R −2GRIm
0

0 −µ 0 0 ∆R −κ
2

2GRRe
0

0 0 0 0 0 0 −γ
2

ωmR

0 0 0 0 2GRRe
2GRIm

−ωmR −γ
2


. (2.6)

In deriving Equation (2.6), we have used ∆j = ∆0j + g0(β
∗
j + βj) as the

effective detuning, Gj = g0αj = GjRe
+ iGjIm as the effective optomechanical

coupling rate and µ =
√
ηκ. The corresponding noise correlation matrix is



κ
2

0 0 0 µ 0 0 0
0 κ

2
0 0 0 µ 0 0

0 0 γ
2

(
nthL

+ 1
2

)
0 0 0 0 0

0 0 0 γ
2

(
nthL

+ 1
2

)
0 0 0 0

µ 0 0 0 κ
2

0 0 0
0 µ 0 0 0 κ

2
0 0

0 0 0 0 0 0 γ
2

(
nthR

+ 1
2

)
0

0 0 0 0 0 0 0 γ
2

(
nthR

+ 1
2

)


.(2.7)
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We numerically simulate the dynamics of the classical mode amplitudes
and the correlation matrix elements and estimate the degree of quantum
phase synchronization between the mechanical modes of the two systems.
We find that, in contrast to the bidirectional configuration, the unidirectional
configuration takes a longer time to reach synchronous behaviour. This can
be attributed to the fact that the weighted classical nonlinearity entering the
quantum dynamics, together with the intrinsic asymmetry associated with
the unidirectionality of the configuration, hinder the sympathetic adjustment
of rhythms in its mechanical oscillators, delaying their synchronization.

Figure 2.4: Time-averaged values of quantum phase synchronization (⟨Sp⟩) with
variation in the normalized detuning (δ/ωmL) and the transmission loss (η). The
red (dashed) line denotes the values of the detuning at which synchronization is
maximum. Here, ωmLtmax = 104. The parameters used (in units of ωmL) are
Al = 52, g0 = 0.005, γ = 0.01 and κ = 0.3, with ∆0j = ωmj and nthL

= nthR
= 0.

Another interesting effect of the unidirectionality can be observed when
the detuning between the mechanical oscillators δ = ωmR − ωmL is varied.
This is depicted in Figure 2.4, where we plot the time-averaged values of the
synchronization, ⟨Sp⟩ = τ−1

∫ t0+τ

t0
Sp(t)dt. Here, τ = 10 × 2π/ωm represents

the time taken to complete the last 10 cycles of the numerical simulation.
Unlike the case with the bidirectional configuration depicted in Figure 1.6,
we find that synchronization gets suppressed in identical oscillators (δ = 0)
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and ⟨Sp⟩ is maximum at finite positive values of δ. To reason this out, let
us consider a simple scenario with asymptotic mechanical mode amplitudes
βj = g0|αj|2/(ωmj− iγ/2). It is apparent that these amplitudes increase with
increasing intracavity mode intensities (|αj|2) and decrease for higher values
of mechanical frequencies (ωmj). Thus, in the bidirectional configuration,
when the mechanical oscillators are identical, i.e., ωmL = ωmR, the two os-
cillators are likely to acquire equal mode amplitudes, leading to a significant
degree of synchronization between them. Whereas, for the unidirectional
scenario, the amplitude of the right optical mode surpasses that of the left
one for identical oscillators, resulting in higher βR values. Therefore, in this
case, detuned oscillators with ωmR > ωmL are the ones that acquire simi-
lar mechanical mode amplitudes with a constant phase difference and are
more likely to synchronize than identical ones. To verify this analytically,
we calculate the difference between the phonon numbers for either configu-
rations in the linearized quantum regime (refer to the analytical expressions
in Appendix A). We observe that the phonon numbers acquire equal mag-
nitudes for identical oscillators in the bidirectional configuration, whereas,
for the unidirectional configuration, the phonon number difference is non-
zero at the zero detuning. Rather, we find that the corresponding non-zero
detunings that result in equivalent number of phonons largely depend on η.

Figure 2.5: Time-averaged values of quantum phase synchronization, ⟨Sp⟩
(dashed black lines), and Pearson correlation factor, C (solid blue circles), obtained
for the unidirectional setup at different values of normalized detuning δ/ωmL. The
dotted blue line represents C = 0. The shaded areas in the figure denote that the
quanta of phonons in the right mechanical mode is higher than that in the left
one. Here, η = 0.75. Other parameters used are the same as those in Figure 2.4.
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To gain further insights into the behaviour of synchronization in the uni-
directional configuration, we take the Pearson correlation factor into account.
Figure 2.5 depicts the variation of this measure with respect to the frequency
detuning δ for a fixed value of the transmission loss parameter (η = 0.75).
It can be seen here that the two oscillators undergo successive transitions,
from in-phase to anti-phase, and back from anti-phase to in-phase states.

n
o
t
e

Similar signatures of transitions
can also be observed for higher
number of thermal phonons.

Finally, the oscillators switch from
a highly in-phase state (C ≈ 1)
to a moderately in-phase oscillatory
state. Therefore, by choosing appro-
priate mechanical frequencies, one
can selectively synchronize the two

oscillators. And with higher degrees of synchronization, the phase noise be-
tween the two oscillators can also be reduced, making them useful in designing
time-keeping and communication protocols.

2.3 Summary of the Chapter

In this chapter, we systematically investigated the phenomenon of quantum
phase synchronization in two unidirectionally coupled optomechanical sys-
tems and compared our results with the bidirectional case. We observed
that irrespective of the coupling topologies, synchronization builds up after
an initial transient. However, the time required for the mechanical modes
to synchronize is longer in the unidirectional one. Moreover, while analyzing
the dependence of this synchronization on the frequencies of the mechani-
cal oscillators, we observed that synchronization does not attain maximum
values for identical oscillators. It rather peaks around a finite detuning be-
tween their frequencies. We also found that the two oscillators undergo syn-
chronization transitions between in-phase and anti-phase values at different
detunings. Our work throws light on the behaviour of quantum phase syn-
chronization for variation in coupling paradigms and mechanical detunings,
and highlights the ability to perform controlled switching between quantum
phase-locked conditions of coupled oscillators. Also, the reduction of phase-
noise with high degrees of synchronization can act as a great resource for
time-keeping applications and can be utilized in quantum communication
and for devising multi-oscillator quantum networks.

 TH-3401_186121105
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3

Optomechanically
Induced Transparency

Cavity optomechanical systems and their hybrid analogues have long been
used to probe the quantum-classical boundary. Much like their utility in
the study of classical nonlinear phenomena in the micrometer scale, these
systems also serve as a highly demanded platform to understand quantum
phenomena in the macroscopic domain. Specifically, coherent interactions
between the mechanical elements and the intracavity optical fields inside
these systems have been extensively utilized to control and measure several
classical and quantum properties in the past decade. Whereas majority of
such systems rely on the transfer of linear momentum from the optical field
to the mechanics via radiation-pressure interaction, atypical setups that in-
volve more composite forms of interaction have also been designed to achieve
remarkable results both in the classical and the quantum regime!

This chapter is based on our work published in Phys. Rev. A 107, 013525 (2023),
titled Pump-probe Cavity Optomechanics with a Rotating Atomic Superfluid in a Ring and
authored by Sampreet Kalita, Pardeep Kumar, Rina Kanamoto, Mishkatul Bhattacharya
and Amarendra K. Sarma [92, 93] (©2023 The Author(s) under the Creative Commons
Attribution 4.0 International license).

39

 TH-3401_186121105

https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


40 Chapter 3

Figure 3.1: Common setups to generate beams with orbital angular momentum
(left to right): cylindrical lenses, spiral phase plates and holographic gratings.
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Photons can also carry orbital
and spin angular momentum,
analogous to the classical phase
and circular polarization.

One way to interlace photons and
phonons without using conventional
vibrational optomechanics is via the
exchange of orbital angular momen-
tum (OAM) [94]. Coherent optical
beams carrying OAM can be gener-
ated using special setups that encode
a spatially varying phase into an otherwise linear beam (refer to Figure 3.1).
These OAM-carrying beams can then exert torque on mechanical elements,
altering their rotational state and thereby affecting their mass distribution.
Such effects have been experimentally demonstrated in nanoparticles [95,96],
and even in in macroscopic states of matter such as liquid crystals [97] and
Bose-Einstein condensates (BECs) [98–100]!

In addition to the transfer of angular momentum, OAM-carrying beams
also carry vortices (singularities) in their axial profile. In fact, superposed
OAM-carrying beams such as Laguerre-Gaussian modes are routinely used
to confine BECs inside circular vortices [101] (refer to Figure 3.2). Such
annularly-trapped BECs have emerged as a remarkable system for studying
a plethora of phenomena associated with quantized circulation [102–108].
Along with supporting quantized vortices for macroscopically long times
[99, 109, 110], these systems topologically stabilize states of higher circula-
tion [111], thus providing a versatile platform for investigations of superfluid
hydrodynamics [112, 113], matter-wave interferometry [114], atomtronic cir-
cuits [115,116], and fermionic superfluidity [117–119]. However, for the stud-
ies mentioned above, it is very important to characterize the circulation of the
ring condensate. The determination of the rotation of atomic superfluid typ-
ically requires the measurement of the winding number of a rotational state.
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Figure 3.2: Geometries of annularly-trapped Bose-Einstein condensates (left to
right): Fabry-Perot cavities, hemispherical cavities and microsphere waveguides.

The existing techniques for detecting the winding number involve atomic ab-
sorption of the photons used for imaging, and are thus fully destructive, thus
precluding real-time observation and placing requirements on the replication
of initial conditions [102]. Also the radius of the vortex (in this case, the
ring trap) is typically smaller than the optical wavelength, thereby making it
difficult to perform in situ detection of vortices in the trapped dilute gases,
and requiring time-of-flight expansion techniques [104].

To circumvent the above issues, very recently, a versatile system [120] was
proposed to sense and manipulate the rotation of annular BEC with minimal
destruction, in situ and in real-time. The method improves the rotation sen-
sitivity of ring BECs by three orders of magnitude compared to demonstrated
methods and also provides a unique way to manipulate atomic currrents by
generating optomechanical entanglement between atomic matter waves. In
this chapter, we investigate another way to gauge the atomic rotation and
study its quantum coherent effects using a similar optomechanical approach.
Specifically, within the paradigm of rotational optomechanics [94], we ex-
amine the modification, by a rotating atomic superfluid, of the destructive
interference between a strong pump field and a weak probe field driving the
cavity containing the superfluid. In Section 3.1, we discuss the formalism
of the system from an optomechanical perspective and derive a general ex-
pression for the transmission amplitudes of the optical field in-phase and
out-of-phase with the probe frequency. We then analyze the optomechani-
cally induced transparency (OMIT) and the group delay of the probe field.
Finally, we conclude by summarizing our findings and mentioning the advan-
tages of our method in Section 3.2.
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3.1 Pump-probe Cavity Optomechanics

with an Annularly Trapped

Bose-Einstein Condensate

We consider an atomic BEC (sodium, Na) of N atoms confined in a ring
trap of radius R placed inside an optical cavity as shown in Figure 3.3, and
rotating with a winding number Lp. For such a configuration, the potential
experienced by each atom in the condensate is such that the motion decou-
ples along radial (ρ), axial (z), and azimuthal (ϕ) directions. We employ
a one-dimensional description of the problem, i.e., we consider the dynam-
ics only along the azimuthal direction by assuming that the quantum state
along radial and axial directions remains unchanged throughout the dynamic
evolution of the system. Such a one-dimensional description can be applied
if [121], N < 4

√
πR

√
ωρ/(3dNa

√
ωz). Here, dNa and ωρ (ωz) are the ground

state scattering length of the Na atoms, and the radial (axial) harmonic
trapping frequency respectively.

A superposition of two control lasers carrying OAM±lh̄ interacts with the
condensate. The generation of such a coaxial OAM superposition has already
been achieved experimentally [122–124]. The corresponding optical beams
generate an angular lattice inside the cavity and causes Bragg-scattering of
some atoms in the condensate. For a weak dipole potential [120], only the
first-order diffraction needs to be considered (see inset of Figure 3.3), namely,
scattering from the rotational state with winding number Lp to states with
winding number Lp ± 2l. We now introduce a weak laser drive of frequency
ωp and power Pp to probe the ring BEC-cavity system.

Using the above arguments and the fact that the dynamics of the macro-
scopically occupied state with winding number Lp is essentially classical, we
write the Hamiltonian as [120] (refer to Appendix B for a brief derivation)

H

h̄
= −∆̃a†a+

∑
j=c,d

ωj

2

(
X2

j + Y 2
j

)
+G (Xc +Xd) a

†a+
∑
j=c,d

2g̃N
(
X2

j + Y 2
j

)
+2g̃N (XcXd − YcYd) + iAl

(
a† − a

)
+ iAp

(
a†e−iδt − aeiδt

)
. (3.1)

Here, the first term denotes the energy of the optical mode with ∆̃ =
ωl − ωo − g2aN/(2∆a), where ωo, ga, and ∆a are the cavity frequency, the
single atom-photon interaction strength and the detuning of the laser fre-
quency from the atomic transition respectively. The second term denotes
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Figure 3.3: (a) A Fabry-Perot cavity with partially reflecting mirrors is driven
by coherent control beams (red and blue helices on the left) carrying OAM, which
interact with a toroidally-trapped BEC. A second weak laser (light blue beam)
probes the cavity and its transmission is measured at the output. Inset: Position
of the Bragg-scattered sidemodes on either sides of the initial winding number. (b)
Position of the frequencies and the first mechanical sidebands of the control laser.

the energies of the sidemodes in terms of their dimensionless position and
momentum operators. (Unless specified otherwise, we shall use j ∈ {c, d} for
the bosonic atomic operators obeying [j, j′†] = δjj′ for the rest of the text.)

 TH-3401_186121105



44 Chapter 3

Here, the sidemode frequencies which are quadratic in angular momenta can
be expressed as [120] ωc = h̄(Lp+2l)2/(2I) and ωd = h̄(Lp−2l)2/(2I), where
I = mR2 is the atomic moment of inertia about the center of the ring trap,
m being the mass of each Sodium atom. It may be noted here that the actual
sidemode frequencies obtained from the Bogoliubov mode analysis are given
by ω′

c,d = (ω2
c,d + 4ωc,dg̃N)1/2. However, here we use ω′

c,d ∼ ωc,d by imposing
ωc,d ≫ 4g̃N , where g̃ = g/(4πh̄) corresponds to the scaled two-body atomic
interactions, with g = 2h̄ωρaNa/R [120]. Further, the third term on the right
hand side of Equation (3.1) denotes the optomechanical coupling between
the sidemodes and the optical field where the effective sidemode coupling
strength is given by G = g2a

√
N/(2

√
2∆a). The next two terms describe the

inter-mode coupling owing to atom-atom interactions of strength g̃. The final
two terms denote the control laser field and the probe laser field entering the
cavity respectively, having amplitude Ak =

√
µκPk/h̄ωk, with k = l (p) for

the control (probe) laser and µ as the laser-cavity coupling parameter. The
detuning of the probe laser from the control laser is δ = ωp − ωc.

In the presence of the probe field, the corresponding Heisenberg Langevin
equations for the system become

ȧ = −
[κ
2
− i
{
∆̃−G (Xc +Xd)

}]
a

+Al + Ape
−iδt +

√
µκain, (3.2a)

Ẍc = −γẊc − Ω2
cXc −Gω̃ca

†a−AXd + ωcϵc, (3.2b)

Ẍd = −γẊd − Ω2
dXd −Gω̃da

†a+AXc + ωdϵd. (3.2c)

Here, γ corresponds to the decay of supercurrents [125] and ϵj denote the
Brownian noises in the mechanical sidemodes [9]. Also, for the sake of sim-
plicity, we have introduced the quantities Ω2

j = (ωj + 4g̃N)2 − 4g̃2N2 and
ω̃j = ωj + 2g̃N , A = 2g̃N(ωc − ωd).

With the above formalism, we study the output spectra of the Stokes field,
which is in phase with the probe frequency to determine its transparency
and amplification windows. We begin by assuming that the probe field is
sufficiently weak in comparison to the control field (Al ≫ Ap) so that its
effect can be treated as a perturbation to the otherwise classical steady-
state. This, together with a sufficiently strong control field, allows us to
present a linearized description of the system [12,126]. Proceeding in a similar
way as Section 1.2.2, the classical expectation values are approximated as
⟨a⟩ = αs + A−e

−iδt + A+e
iδt, ⟨Xc⟩ = qcs + C−e

−iδt + C+e
iδt and ⟨Xd⟩ =
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qds + D−e
−iδt + D+e

iδt, where αs, qcs and qds are the steady-state classical
mode amplitudes in the adiabatic limit (κ ≫ γ, g2a/∆a) given by

αs = Al/ (κ/2− i∆) , (3.3a)

qcs = −Gω̃d|αs|2/
√

A2 + Ω2
cΩ

2
d, (3.3b)

qds = −Gω̃c|αs|2/
√
A2 + Ω2

cΩ
2
d, (3.3c)

with effective detuning ∆ = ∆̃−G(qcs + qds). Solving this gives us

A− =
Ap

(
Γ+ + iG2Λ |αs|2

)
Γ+Γ− + 2∆G2Λ |αs|2

, (3.4a)

A∗
+ =

−iG2ApΛ (αs)
2

Γ+Γ− + 2∆G2Λ |αs|2
, (3.4b)

where Γ± = (κ/2± i∆− iδ), χj = 1/(Ω2
j − iδγ − δ2) and Λ = {Aχcχd(ω̃c −

ω̃d) + χcω̃c + χdω̃d}/(A2χcχd + 1). Now, using the input-output convention
for the system in Figure 3.3 as aout = −ain+

√
µκa, the expectation value of

the cavity output field can be expressed as

⟨aout⟩ = sle
−iωlt + sSe

−i(δ+ωl)t + saSe
−i(δ−ωl)t (3.5)

Here, sl =
√
µκαs − Al/

√
µκ is the signal at the control laser frequency ωl,

and sS =
√
µκA− − Ap/

√
µκ is the Stokes sideband signal oscillating at the

frequency of the probe field δ + ωl = ωp. On the other hand, the anti-Stokes
signal saS =

√
µκA+, which oscillates at ωl − δ = 2ωl − ωp, results in the

four-wave mixing effect, due to the interaction of the upconverted control
field and the reflected probe field. Above Stokes and anti-Stokes sidebands
can also be visualized as the mechanical sidebands which arise due to the
scattering of the strong control field. This can be viewed from Figure 3.3(b),
when the resonance condition δ = Ωm is achieved. Thus, the transmission
intensity at the probe frequency is obtained as [17,127]

T = |tS|2 =
∣∣∣∣1− µκA−

Ap

∣∣∣∣2 =
∣∣∣∣∣1− µκ

(
Γ+ + iG2Λ |αs|2

)
Γ+Γ− + 2∆G2Λ |αs|2

∣∣∣∣∣ . (3.6)

Here the real and imaginary parts of the amplitude tS reflect the absorption
and dispersion properties of the system in response to the probe field.
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To investigate the effect of control field-mediated interference on the out-
put probe field, we choose experimentally feasible parameters [102,120–122,
128–130]: m = 23 amu, R = 10 µm , N = 104, λl = 589 nm, Lp = 1 (un-
less stated otherwise), l = 20 (unless indicated otherwise), ga/(2π) = 0.36
MHz, ∆a/(2π) = 4.7 GHz, depth of the optical potential U0/(2π) = 28.3
Hz, G/(2π) = 1 kHz, γ/(2π) = 0.8 Hz, κ/(2π) = 1 kHz, µ = 0.5, dNa = 0.1
nm, the atomic interaction in the mean-field regime g̃m = h̄

4IN
g̃m/(2π) ∼

0.11 mHz, g̃ ∼ 12g̃m, and ωz/(2π) = ωρ/(2π) = 840 Hz. For the above
parameters, our system is minimally destructive, namely, very few atoms
get diffracted from the ring trap to first-order Bragg-diffraction sidemodes.

a
p
p
r
o
x
.

The strength of the atom-atom
coupling has a negligible effect
on the probe transmission and
we therefore set g̃ = 0 for the
rest of our analysis [120].

Also, as stated earlier, we have veri-
fied that these set of parameters sat-
isfy (i) a one-dimensional descrip-
tion of our model, (ii) ωc,d ≫ 4g̃N ,
and (iii) the inequality required for
weak potential [120]. In what fol-
lows, we numerically simulate the
probe transmission spectrum.

Digression 3.1

Stability and Choice of Control Power

To proceed further, we first choose the parameters for which the system re-
mains monostable [120, 130] and also satisfies the Routh-Hurwitz criteria.
Also, we set the control field detuning equal to the mean of the sidemode fre-
quencies, i.e., ∆̃ = −Ωm = −(Ωc+Ωd)/2. This choice of the cavity detuning
allows us to elicit the signatures of both single (non-rotating BEC) as well as
double-OMIT (rotating BEC) resonances from our system, as explained be-
low. We observe that the system displays bistability for a few femtoWatts of
input power for a red-detuned control field. Also, for control powers Pl ≪ 6
fW, and 0 ≤ Lp ≤ 10, the system is dynamically stable. The characteristic
analytical expression for the critical control power at ∆̃ = −Ωm is given by

Plcr =
h̄ωlΩm

54µκC

(
4Ω2

m + 9κ2
)

where C = G2(ω̃c + ω̃d)/(A2 +Ω2
cΩ

2
d)

1/2. For the remainder of our analysis,
we choose parameters (for instance Pl ≪ Plcr and Pl ≪ 6 fW) to keep our
system away from bistability and also in the dynamically stable regime.
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3.1.1 Induced Transparency

Figure 3.4: (a) Transmission spectrum of the probe field (T ) for Lp = 0 obtained
at ∆̃ = −Ωm at different values of control power (Pl). Here, Plcr = 28 fW. (b)
Energy levels and transition pathways for the system at ∆̃ = −Ωm.

In the absence of atomic rotation (Lp = 0), the two mechanical sidemodes
are degenerate. In the presence of the control beam, the probe transmission
spectrum obtained from Equation (3.6) shows signatures of OMIT [127,131],
as shown in Figure 3.4(a). This is because the simultaneous presence of the
control and probe fields causes the radiation pressure force to oscillate at a
beat frequency δ = ωp − ωl. If these oscillations are in resonance with Ωm,
then the mechanical sidemode also starts vibrating coherently. This further
gives rise to the Stokes (ωl − Ωm) and anti-Stokes (ωl + Ωm) scattered light
from the strong control field (refer to Figure 3.4(b)). At ∆̃ = −Ωm, the
Stokes scattering becomes highly off-resonant and thereby gets suppressed.
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As a result, only anti-Stokes light (|1⟩ → |3⟩ → |2⟩ → |3⟩) builds up in the
cavity which is degenerate with the probe field (|1⟩ → |3⟩). The destructive
interference between the probe and the anti-Stokes scattering hinders the
formation of the intracavity probe field and produces transparency [31,132].

The physical origin of the OMIT can also be understood from the Λ-type
energy level structure for Lp = 0 shown in the left half of Figure 3.4(b).
In this configuration, the probe field excites a direct transition |1⟩ ↔ |3⟩
in which the occupation of the mechanical oscillator remains unchanged.
However, the control laser is scanned close to the red sideband on an indirect
transition (|2⟩ ↔ |3⟩). In this transition, a mechanical excitation quantum is
annihilated and a photon is created inside the cavity. Since the control laser
is much stronger than the probe, the magnitude of excitation amplitude of
the indirect transition is of the same order as the direct transition. Under
resonant conditions (δ = Ωm, and ∆̃ = −Ωm), the excitation amplitude of the
indirect pathway is π out of phase (|2⟩ → |3⟩ and | |3⟩ → |2⟩ each contribute
π/2 phase shift) with respect to the direct excitation pathway. In other
words, the two excitation pathways, |1⟩ → |3⟩ and |1⟩ → |3⟩ → |2⟩ → |3⟩,
interfere destructively to create transparency for the probe field [133].

Digression 3.2

Approximate Expressions for Peak Value and Peak Width

The interference effects discussed above are classical in nature and are
studied in the linearized regime where quantum nonlinear effects are ne-
glected [134–136]. In this regime, the OMIT response is determined by a
combined parameter G|αs| and is typically observed for γ ≪ Γom (with
Γom = 4G2|αs|2/κ), and G|αs| ≪ κ ≪ Ωm. The expressions for the peak
value and width of the OMIT window can therefore be approximated as [17]

T (δ = Ωm) ≈
(

C
1 + C

)2

Γm ≈ γ (1 + C)

where C = Γom/γ is the cooperativity of the system. Both these analyti-
cal expressions fit well with the exact numerical values at different powers.
Moreover, since the degree of interference can be controlled by the power of
the control laser, the features of the OMIT, such as the height and width of
its window, can also be manipulated by varying the control laser’s power.
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Figure 3.5: (a) Transmission of the probe field (T ) as a function of the winding
number (Lp) for Pl = 1 fW. For this case, the critical power is Plcr = 33 fW. (b)
Separation between the transparency peaks (dδ, normalized by κ) as a function of
the winding numbers (Lp) at control laser detuning ∆̃ = −Ωm and for different
values of OAM. Other parameters used are same as those in Figure 3.4.

For an initially non-rotating BEC (Lp = 0), the Bragg-scattered mechan-
ical modes become degenerate and the probe transmission spectrum exhibits
OMIT in the presence of a control laser. However, in the presence of a persis-
tent flow in ring BEC (Lp ̸= 0), the mechanical sidemodes no longer remain
degenerate and acquire distinguishable frequencies. This in turn modifies
the output probe transmission spectrum, as shown in Figure 3.5(a). Specif-
ically, the spectrum shows double-OMIT, i.e., two transparency windows
emerge along with the absorption window of width ∼ |Ωc − Ωd| situated at
δ = Ωm [132, 137, 138]. Further, it can be seen that the two transmission
peaks are situated at δ+ = Ωd and δ− = −Ωc, respectively.
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The underlying mechanism for the double-OMIT structure can be ex-
plained from the interference between three transition pathways formed for
Lp ̸= 0 (refer to the right half of Figure 3.4(b)). Similar to the case of Lp = 0,
here, the destructive interference due to π phase shift between the excitation
pathways — (i) |1⟩ → |3⟩ and |1⟩ → |3⟩ → |2c⟩ → |3⟩, or (ii) |1⟩ → |3⟩ and
|1⟩ → |3⟩ → |2d⟩ → |3⟩ — suppresses the buildup of the intracavity field at
the respective beat frequencies. Thus, whenever the two sidemodes frequen-
cies (at energy levels |2c⟩ and |2d⟩) are resonant with the beat frequency δ, a
transparency window is observed, resulting in a double-OMIT structure [137].
However, a complete absorption at δ = Ωm results from the constructive in-
terference between one direct pathway (|1⟩ → |3⟩) and two indirect excitation
pathways (|1⟩ → |3⟩ → |2c⟩ → |3⟩ and |1⟩ → |3⟩ → |2d⟩ → |3⟩). This is be-
cause the indirect pathways give rise to a total of 2π phase shift with respect
to the direct transition pathway.

Interestingly, an increase in the magnitude of the winding number of the
persistent flow results in a higher frequency separation between the Bragg
scattered mechanical side-modes. This characteristic feature of the probe
transmission may serve as a tool to sense the state of rotation of the BEC. For
instance, the separation of the transmission peaks from resonance increases
with the BEC winding number. This dependence can be used to detect
the magnitude of the winding number of the persistent flow present in the
atomic superfluid. To obtain more insight, we study the separation between
the transmission peaks such that dδ = δ+ − δ− as shown in Figure 3.5(b).
Salient features of this plot are: (i) the peak-separation varies linearly with
the winding number, Lp. This is due to the fact that the transmission dips
appear at frequencies, ωp = ωl + Ωc and ωp = ωl + Ωd, respectively. Thus,
the difference between the transmission dips varies as the beat frequency of
the two mechanical sidemodes which is linearly proportional to the winding
number. (ii) The difference in the peak separation remains immune to the
sign of the winding number. A change of sign of Lp is analogous to the
swapping of the sidemode frequencies about their mean, resulting in equal
and opposite values of frequencies, thereby producing equal transmissions.

note

When the laser detuning and the pump-probe detuning are not resonant with
the mechanical frequency, asymmetric Fano profiles are observed [139,140].
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3.1.2 Group Delay

In the preceding section, we exploited the control beam-generated destruc-
tive interference to obtain narrow transmission windows in the probe output
spectrum. Another remarkable effect in this system is the dispersion, which
allows the use of a transparency window for the exploration of slow- or fast-
light. Specifically, it is the rapid variation of the transmission phase of the
probe field within the transparency window which governs the dispersion.
Using Equation (3.6), one can obtain such a dispersion profile from the ar-
gument of the transmission amplitude and calculate the transmission group
delay from its slope, such that [141]

ϕ(ωp) = arg[tS(ωp)], (3.7a)

τg =
dϕ(ωp)

dωp

. (3.7b)

Figure 3.6 displays the transmission phase and group delay as a function
of pump-probe detuning in the absence and presence of quantized circulation.
Around resonance, δ = Ωm, the transmission phase of the probe field shows
a rapid positive (negative) variation for Lp = 0 (Lp = 1), as shown in Figure
3.6(a). It suggests that within the transparency window, switching from
positive group delay (slow light) to negative group delay (fast light) takes
place once the BEC starts rotating, as exhibited in Figure 3.6(b).

Figure 3.6: (a) Transmission phase (ϕ) and (b) group delay (τ) as a function of
normalized pump-probe detuning (δ/Ωm) for Lp = 0 (dashed blue) and Lp = 1
(solid red). Other parameters used are same as those in Figure 3.4.
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Figure 3.7: Group delay (τ) as a function of (a) control power (Pl) for different
winding numbers (Lp) and (b) winding number (Lp) for different control powers
(Pl). Here, δ = Ωm. Other parameters used are same as those in Figure 3.4.

As per Equation (3.7b), the variation of the transmission phase at res-
onance plays an important role in determining the group delay. In Figure
3.7(a), we exhibit the group delay at δ = Ωm, as a function of the power
of the control beam for different winding numbers. For Lp = 0, the group
delay decreases with control power, as shown in the inset of Figure 3.7(a).
This is because, for lower power the transmission window is very narrow and
therefore, the corresponding dispersion profile has a very sharp slope around

 TH-3401_186121105



Optomechanically Induced Transparency 53

resonance which corresponds to high group index and slow light. However,
with an increase in power, the transmission window broadens and eventually
the slope of the dispersion decreases. In the presence of atomic circulation,
the group delay becomes negative corresponding to fast light. And with the
increase in control power the negativeness of the group delay diminishes for
the same reason as explained above. Since the absorption window around
resonance broadens for an increase in the winding number, the negativity
of the slope of the dispersion profile decreases, the group delay takes larger
negative values as shown in Figure 3.7(b).

3.2 Summary of the Chapter

Here, we introduced an annularly trapped Bose-Einstein condensate inside
a cavity and systematically investigated how coherent interference effects
can be manipulated by atomic persistent currents in the presence of strong
control fields and a weak probe beam. First of all, we analyzed the trans-
mission spectrum of the probe field. Under resonant conditions, we observed
that destructive interference results in the emergence of symmetric narrow
transmission windows in the probe spectrum, exhibiting optomechanically
induced transparency. However, in the presence of atomic superflow, the
probe transmission spectrum is modified and a double-peaked structure ap-
pears with an absorption window at the resonance. Moreover, we found that
the characteristic features of the output probe spectrum can be manipulated
by tuning the quantized circulation. For instance, the separation between the
peaks in the probe transmission provides as a useful tool for establishing the
magnitude of the quantized circulation. In addition to studying the probe
transmission, we also presented our findings on the group delay of the probe
field. Remarkably, the system shows switching from slow to fast light as the
atomic circulation is turned on. The observed phenomena can be employed
to realize quantum state transfer protocols [142,143], measurement of OAM
of light [144], optical switching [145,146] and wavelength conversion [147].
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CHAPTER

4

Modulated
Optomechanics

Quantum phenomena such as entanglement and squeezing have been studied
extensively in a wide range of theoretical models and realized experimentally
in a multitude of platforms. Several applications, ranging from sensing mi-
nuscule forces and displacements to preparation of highly nonclassical states
in quantum devices, have their roots in the generation of robust squeezing
and significant entanglement between the constituent components. Here, we
introduce the technique of modulations for the generation, enhancement and
retention of these quantum properties in atypical optomechanical setups.

This chapter is based on two of our published works: (1) J. Opt. Soc. Am. B 40,
1398 (2023), titled Robust Mechanical Squeezing beyond 3 dB in a Quadratically Cou-
pled Optomechanical System and authored by Priyankar Banerjee, Sampreet Kalita and
Amarendra K. Sarma [148,149] (©2023 Optica Publishing Group) and (2) Phys. Rev. A
106, 043501 (2022), titled Significant Optoelectrical Entanglement and Mechanical Squeez-
ing in a Multimodulated Optoelectromechanical System and authored by Sampreet Kalita,
Saumya Shah and Amarendra K. Sarma [150, 151] (©2022 American Physical Society).
All reproduced content are added with permission.
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For most sensing applications, the precision of measurements in microme-
chanical systems is bounded by their zero-point quantum fluctuations [12].
Moreover, these position measurements also introduce noises that mostly
exceed the standard quantum limit (SQL) of 3 dB [152]. To circumvent
this, the motional quadratures are typically squeezed beyond this SQL us-
ing suitable approaches [153–156]. In the past decades, mechanical squeez-
ing has been proposed using squeezed photons [157, 158], two-tone driv-
ing [152,156,159,160], reservoir engineering [40,161–163] and frequency mod-
ulation [164]. Also, squeezed vacuum light is routinely used in gravitational
wave detectors [165,166]. Such interferometric setups are also useful for infor-
mation processing, where quantum entanglement serves as a crucial resource
[167]. This phenomena has been theoretically studied in several optome-
chanical models [19, 53, 168–171], and experimentally realized in simple as
well as hybrid setups [172–175]. Transduction of information through quan-
tum phenomena has also been reported in hybrid “opto-electro-mechanical”
systems [176–178]. Such devices rely on the fact that optomechanical sys-
tems are highly integrable into solid-state electronics through their mechani-
cal components. The radiation-pressure-induced mechanical displacement in
the optomechanical half [9,10] of such systems induces voltages and currents
in the quantum electrical elements [179], thus enabling transfer of informa-
tion between the optical and electrical components. These hybrid systems
offer sufficient scalability together with the ability to leverage entanglement
for efficient communication and storage schemes [44, 46, 180–183]. However,
entanglement usually gets decohered with time due to the constant interac-
tions of the system with the environment. Therefore, there is a continuous
lookout for systems that can accommodate this properties not only for longer
durations but also in substantial amounts.

One way to enhance quantum properties like squeezing and entanglement
is by introducing higher-order nonlinearities, typically a squeezed-mode in-
teraction Hamiltonian [12]. For example, in Section 1.1, we formalized the
Hamiltonian of a simple optomechanical system considering only the linear
term in the expansion of the cavity frequency (refer to Equation (1.1)). One
can also consider the terms which are quadratic or higher in q and study the
effect of higher-order interactions in optomechanical systems. Of popular in-
terest is the inclusion of the quadratic term, which results in the optomechan-
ical interaction Hamiltonian Hi ≈ −h̄g0a

†a(b†+b)+h̄g1a
†a(b†+b)2, where the

quadratic coupling is governed by the constant g1 = h̄ωo/(4mωmL
2). Com-

pared to the linear term, the contribution of the quadratic term is usually
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very small in typical moveable-end-mirror setups, and can often be ignored.
But in certain systems such as those with a thin membrane at the node or
antinode of a fixed-miror cavity, the second term can play a significant role [9].
Such “membrane-in-the-middle” setups have been used to analyze the effect
of second-order interactions, in the generation of quantum phenomena [184]
and also in sensing applications [185].

Another widely followed protocol to enhance the generated entanglement
and squeezing is the introduction of modulations [20, 40, 186–189]. We shall
discuss this method in this chapter. In Section 4.1, we briefly introduce the
effects of laser modulations in the dynamical state of a simple optomechanical
system and analyze the its contributions towards the enhancement of the me-
chanical squeezing and optomechanical entanglement. We then extend this
analysis to a quadratically-coupled membrane-in-the-middle optomechanical
system in Section 4.2. Here, we present the dissipative generation of me-
chanical squeezing by periodically modulating the driving amplitude and
show that along with a robust squeezing, a high degree of optomechanical
entanglement can be produced. We then introduce a hybrid opto-electro-
mechanical system in Section 4.3. Here, we study the bipartite entanglement
between the optical and the electrical components in the presence of multiple
modulations — the laser drive amplitude, the voltage drive amplitude and
the mechanical spring constant. Additionally, we analyze the squeezing in
the mechanical position and comment on the windows of maximum mechan-
ical squeezing and optoelectrical entanglement. Finally, we summarize the
chapter and mention the applications of our works in Section 4.4.

4.1 Effect of Amplitude Modulations

In the presence of a laser drive whose amplitude is modulated as Al =
Σ∞

n=−∞Alne
−inΩlt (where Aln are the strengths of the sideband modulations

and Ωl denotes the frequency of the modulation), the laser Hamiltonian in-
troduced in Equation (1.4) can be re-written as

Hd = ih̄
(
Ala

†e−iωlt − A∗
l ae

iωlt
)
= ih̄

∞∑
n=−∞

Aln

(
a†e−i(ωl+nΩl)t − aei(ωl+nΩl)t

)
.

This results in a time-dependent laser amplitude term in the Heisen-
berg Langevin equation corresponding to the optical mode. A semi-classical
treatment then incorporates this term in the classical mean amplitude of the

 TH-3401_186121105



58 Chapter 4

optical mode. Utilizing a power series ansatz for the asymptotic classical
dynamics to obtain the mean amplitudes oscillating at the frequencies nΩl,
one finds that a suitable approximation of the dynamical behaviour can be
given by just considering the first-order sidebands (refer to Reference [40]).

Figure 4.1: (a) Dynamics of the classical mode amplitudes |α|/103 (blue) and
2Re[β] (red) in the presence (solid) and absence (dotted) of modulations in the
laser amplitude. (b) Corresponding dynamics of the correlations ⟨Q2⟩ (red) and
optomechanical entanglement EN (blue). Here, we have used Al0 = 25.0 with
Al± = 0.1Al0 and Ωl = 2.0. Other parameters are the same as Figure 1.5(a).

As can be seen in Figure 4.1(a), the modulations in the laser drive intro-
duce oscillations in the classical mode amplitudes even in the red-detuned
regime. Since these modes are integral parts of the effective detuning and the
effective coupling, the drift matrix becomes time-dependent, and as a result,
the quantum properties follow similar behaviour as shown in Figure 4.1(b-c).
We now proceed to analyze these properties in two different systems.
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4.2 Optomechanical Entanglement and

Mechanical Squeezing in a

Quadratically Coupled System

Figure 4.2: A laser-driven membrane-in-the-middle optomechanical system.

Figure 4.2 illustrates our membrane-in-the-middle setup inside an optical
cavity driven by an amplitude-modulated laser drive. In the rotating frame
of the laser frequency ωl, we write the Hamiltonian of this system as [9]

H = −h̄∆0a
†a+ h̄ωmb

†b+ h̄g1a
†a
(
b† + b

)2
+ih̄

(
Ala

† − A∗
l a
)
+ h̄η

(
b† + b

)
. (4.1)

Here, the third term denotes the optomechanical interaction energy with
quadratic coupling coefficient g1. The fourth term represents the amplitude-
modulated laser drive and the final term represents a constant impulsive
force of strength η acting on the mechanical membrane, which prevents the
mechanical motion of the oscillator from dying out in the long time limit.

For a sufficiently strong laser drive, the Heisenberg Langevin equations
obtained from the Hamiltonian in Equation (4.1) can be approximated by a
semi-classical description such that the classical dynamics are governed by

α̇ = i∆0α− κ

2
α− ig1α (β∗ + β)2 + Al, (4.2a)

β̇ = −iωmβ − γ

2
β − 2ig1 |α|2 (β∗ + β)− iη, (4.2b)
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and the dynamics of the quantum fluctuations are given by

δȧ = i∆1δa−
κ

2
δa− 2ig1α (β∗ + β)

(
δb† + δb

)
+
√
κain, (4.3a)

δḃ = −iωmδb−
γ

2
δb− 2ig1

(
α∗δa+ αδa†

)
(β∗ + β)

−2ig1 |α|2
(
δb† + δb

)
+
√
γbin, (4.3b)

with ∆1 = ∆0 − g1(β
∗ + β)2 as the new effective detuning. The drift matrix

for the quantum fluctuation quadratures can then be obtained as

A =


−κ

2
−∆1 8g1αIβR 0

∆1 −κ
2

−8g1αRβR 0
0 0 −γ

2
ωm

−8g1αRβR −8g1αIβR −ωm − 4g1 |α|2 −γ
2

 , (4.4)

where αR (βR) and αI (βI) are the real and imaginary components of α (β)
respectively. The corresponding noise correlations terms are given by the
matrix D = Diag[κ(na + 1/2), κ(na + 1/2), γ(nb + 1/2), γ(nb + 1/2)].

As discussed in Section 4.1, we now assume that the primary contribution
of the modulated drive comes from the offset strength and the first-order
modulations, and that the optical mode and the mechanical mode amplitudes
display a periodic profile which is similar to that of the modulated external
field [20,188]. We, therefore, assume a classical ansatz for the amplitudes as

α = α−1e
iΩlt + α0 + α1e

−iΩlt, (4.5a)

β = β−1e
iΩlt + β0 + β1e

−iΩlt. (4.5b)

At this point, it is interesting to analyze the dynamics of the slowly
varying fluctuations by moving into the rotating frame of their oscillations.
To do this, we rewrite the fluctuation operators (input noises) for the optical
and mechanical modes as δa = ãei∆1t (ain = ãine

i∆1t) and δb = b̃e−iωmt

(bin = b̃ine
−iωmt) respectively. By tuning the classical dynamics of our system

in such a way that ∆1 ≈ −ωm and Ωl = 2ωm, one can obtain

˙̃a = −iG0b̃− iG1b̃
† − κ

2
ã+

√
κãin, (4.6a)

˙̃b = −iG0ã− iG1ã
† − iG̃0b̃− iG̃1b̃

† − γ

2
b̃+

√
γb̃in, (4.6b)
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where we have used the ansatz in Equations (4.5) to obtain

G0 = 2g1 {2α0β0 + (α−1 + α1) (β−1 + β1)} , (4.7a)

G1 = 2g1 {α0 (β−1 + β1) + 2α1β0} , (4.7b)

G̃0 = 2g1
(
α2
0 + α2

−1 + α2
1

)
, (4.7c)

G̃1 = 2g1α0 (α−1 + α1) . (4.7d)

a
p
p
r
o
x
.

In deriving Equations (4.6), we
used the rotating wave approx-
imation (RWA) to ignore the
highly oscillating terms in ωmL.

To verify the above approximation,
let us numerically simulate Equa-
tions (4.6) and compare these results
with those obtained using Equations
(4.3). To do this, we first write the
drift matrix under RWA as

Ã =


−κ

2
0 0 G−

0 −κ
2

−G+ 0

0 G− −γ
2

G̃−
−G+ 0 −G̃+ −γ

2

 , (4.8)

with G± = G0 ±G1 and G̃± = G̃0 ± G̃1.

Digression 4.1

Dynamical Stability under RWA

To ascertain the dynamical stability of our system under RWA, we apply
the Routh-Hurwitz criteria discussed in Digression 1.3 for the drift matrix in
Equation (4.8). This gives us the following conditions:

γ + κ > 0,
1

4

(
γ2 + 4γκ+ κ2

)
+ 2G−G+ + G̃−G̃+ > 0,

G̃−G̃+κ+

(
1

4
γκ+G−G+

)
(γ + κ) > 0,

κ2

16

(
4G̃−G̃+ + γ2

)
+G2

−G
2
+ +

γκ

2
G−G+ > 0.

In the rest of our analysis, we verify that the above conditions are met at all
times during the evolution of our system.

 TH-3401_186121105



62 Chapter 4

Figure 4.3 presents the time-evolution of the variances of the position and
momentum quadratures in the presence of amplitude-modulated laser drive.
Without RWA, the quadrature variances display oscillatory dynamics in the
long-time limit. Under RWA, the variance in the quadratures follow the
extremas of the otherwise oscillatory dynamics. It can be seen here that the
maximum amount of squeezing achieved in the position quadrature for both
the un-approximated and approximated scenarios is the same. We therefore
utilize the dynamical values obtained under RWA for the rest of our analysis.

Figure 4.3: Time-evolution of the variance in (a) position fluctuation (Q) and
(b) momentum fluctuation (P ) with RWA (solid red) and without RWA (solid
blue). The thin dashed line denotes the standard quantum limit. The insets illus-
trate the closeness of the minimum (maximum) values of the variance in position
(momentum) with and without RWA once the system reaches periodic dynamics.
The parameters used are ∆1 = −ωm, g1 = 10−4ωm, Ωa = Ωb = 2ωm, κ = 0.1ωm,
γ = 10−6ωm, a0 = 2.0, a±1 = 0.2, b0 = 100, b±1 = 25, na = 0 and nb = 10.
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Figure 4.4: Behaviour of the steady-state variance in the position quadrature
⟨Q̃2⟩ under RWA (red) and occupancy of the Bogoliubov mode ⟨β̃†β̃⟩ (blue) with
variation in the ratio of the sideband coupling strengths G1/G0 for nb = 10 (solid)
and nb = 1000 (dot dashed). Here, we have used (b−1 + b1) ∈ (0, 225.0] to obtain
the given range of G1/G0 with ωmtmax = 103. The thin dashed line denotes the
SQL and the region under the thin dotted one corresponds to the cooling of the
Bogoliubov mode (⟨β̃†β̃⟩ < 1). Other parameters are the same as in Figure 4.3.

In Figure 4.4, we show the maximum squeezing in the mechanical posi-
tion for a wide range of the ratio G1/G0 in the long-time limit. We observe
that the squeezing initially increases with the increase in the sideband ratio.
However, as its value approaches unity, it suddenly drops and the correspond-
ing variances exceed the SQL. To understand this behaviour of steady-state
squeezing under RWA more intuitively, we perform the Bogoliubov mode
transformation on the mechanical mode such that β̃ = cosh[r]b̃ + sinh[r]b̃†,
where r = arctan[G1/G0] [159] (refer to Appendix C for detailed derivation).
This transforms Equations (4.6) to

˙̃a = −iGβ̃ − κ

2
ã+

√
κãin, (4.10a)

˙̃β = −iGã− γ

2
β̃ +

√
γβ̃in − i

{(
G2

0 +G2
1

G2

)
G̃0 −

2G1G0

G2
G̃1

}
β̃

−i

{(
G2

0 +G2
1

G2

)
G̃1 −

2G1G0

G2
G̃0

}
β̃†, (4.10b)

where G =
√

G2
0 −G2

1 is the effective coupling between the optical mode and

the mechanical Bogoliubov mode, with β̃in = cosh[r]b̃in+sinh[r]b̃†in. It can be
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easily shown that the optomechanical interaction that describes Equations
(4.10) takes the formHi = G(ã†β̃+ãβ̃†). This Hamiltonian is analogous to the
beam-splitter interaction which describes the energy exchange between the
optical and mechanical mode and is widely applied for mechanical sideband
cooling [16, 190]. In our case, the Bogoliubov mode β̃ undergoes ground-
state cooling by interacting with the optical mode ã. Further, the squeezing
parameter r = tanh−1[G1/G0] increases with an increase in G1 for a given G0.
This enhances the squeezing of the mechanical mode initially. However, as G1

approaches G0, the effective coupling parameter G =
√

G2
0 −G2

1 goes to zero,
decoupling the optical mode from the mechanical Bogoliubov mode. At this
point, the cooling of the Bogoliubov mode no longer takes place and there
is a sharp increase in its steady-state occupancy, ⟨β̃†β̃⟩ (refer to Figure 4.4).
After this stage, the effects of thermal noises dominate, making it impossible
to achieve high degrees of squeezing. This is shown by the abrupt fall of
−10log10[⟨Q̃2⟩] around G1/G0 values corresponding to ⟨β̃†β̃⟩ > 1. Thus,
there exists an optimal value of the sideband ratio for maximum squeezing.

Figure 4.5: Maximum squeezing in the position quadrature, −10 log10[⟨Q̃2⟩min]
(red), and the corresponding optimal sideband ratios, G1/G0 (blue), plotted
against the variation in the decay rate κ for nb = 10 (solid) and nb = 1000
(dot dashed) with ωmtmax = 104. The thin dashed line denotes the SQL while the
dotted one represents G1 = G0. Other parameters are same as in Figure 4.4.

We now numerically analyze the effect of optical dissipation on the opti-
mal value of the sideband ratio. In Figure 4.5, we show that the minimum
quadrature variance ⟨Q̃2⟩min for a specific value of the sideband ratio increases
with an increase in κ only up to a certain threshold. As κ is increased further,
the magnitude of squeezing decreases [159]. We also plot the optimal values
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of G1/G0 from the position of maximum squeezing (for example, from Figure
4.4) by varying κ. We find that this typical choice of G1/G0 is close to 1.
Similar to the maximum value of squeezing, the value of the optimal ratio also
decreases for higher values of dissipation. It may be noted here that with an
increase in the phonon number, the minimum value of ⟨Q̃2⟩ increases due to
the effect of thermal noise. For our system, even for a hundred-fold increase
in thermal occupancy, the amount of squeezing obtained remains significantly
above the SQL. This is shown in Figure 4.6. Alongside this, we also plot the
behaviour of entanglement between the optical and mechanical modes of our
system at the points where the maximum squeezing is observed. Here, we
have used the logarithmic negativity quantifier introduced in Section 1.2.3.
Similar to the behaviour of squeezing, we observe that the entanglement be-
tween the modes is robust up to a few tens of thermal photons. However,
the value of observed entanglement is very small for smaller values of G1/G0

and greatly enhances when the ratio is close to unity. In the next section,
we present a multi-modulated system to generate significant entanglement.

Figure 4.6: Maximum squeezing in the position quadrature, −10 log10[⟨Q̃2⟩min]
(red), and corresponding optomechanical entanglement, EN (blue) with varying
occupancies of the mechanical mode, nb for κ ∈ {0.1, 1.0}ωm at optimal values of
G1/G0. Here, ωmtmax = 103. The thin dashed line in the figure denotes the SQL.
Other parameters are the same as in Figure 4.3.

note

Most modulation proposals for mechanical squeezing in dissipative systems
apply two-tone driving [152,159,164,191], which may induce instability [20].
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4.3 Optoelectrical Entanglement and

Mechanical Squeezing in a

Multi-modulated System

Figure 4.7: Illustration of the complete opto-electro-mechanical system. The
moveable end-mirror of a laser-driven optomechanical cavity (left half) is capaci-
tively coupled to an LC circuit (right half) connected to a voltage source.

The schematics of our hybrid system is depicted in Figure 4.7, where
a driven cavity optomechanical system is coupled to an LC circuit via its
mechanical end-mirror. A metallic coating on the end-mirror serves as one
plate of a parallel-plate capacitor. The radiation pressure of the laser imparts
momentum to the moveable end-mirror. This couples the cavity mode to the
mechanical mode. The displacement of the mirror also alters the capacitance,
thereby coupling it to the LC circuit mode. An external voltage drives the LC
circuit. The complete Hamiltonian of the system can be expressed as [179]

H = h̄ωaa
†a+

1

2
mbω

2
bq

2
b +

p2b
2mb

+
q2c
2Cc

+
p2c
2Lc

+ih̄
(
Ala

†e−iωlt − A∗
l ae

iωlt
)
− qcVc. (4.11)

Here, the second (fourth) and third (fifth) terms together represent the
mechanical (LC circuit) energy satisfying [qj, pj] = ih̄, qj and pj being the
position (charge) and momentum (flux) operators (j ∈ {b, c} unless specified
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otherwise). Unlike the symbols used in Section 1.1, here we use the subscripts
a, b and c to denote the optical mode, the mechanical mode and the LC circuit
mode respectively. Thus, mb and ωb denote the effective mass and frequency
of the mechanical end-mirror whereas the LC circuit’s total capacitance and
inductance are denoted by Cc and Lc. The electromechanical coupling is
capacitive in nature, with a total capacitance of Cc = Ccp + Cc0d/(d − qb),
where d is the unperturbed distance between the parallel plates and Cc0

(Ccp) is the base (parasitic) capacitance of the LC circuit. The final term in
Equation (4.11) is the energy of the voltage drive with amplitude Vc.

To analyze the collective dynamics of the system, we rewrite this Hamil-
tonian in terms of the dimensionless mode operators j with qj = qjZP

(j†+ j)
and pj = ipjZP

(j† − j), such that [j, j†] = 1. qjZP
and pjZP

are the corre-
sponding zero-point values. In the rotating frame of the laser frequency ωl,
the total Hamiltonian takes the form (refer to Appendix D for its derivaiton)

H = −h̄∆0a
†a+ h̄ωbb

†b− h̄g0a
†a
(
b† + b

)
+ ih̄

(
Ala

† − A∗
l a
)

+h̄ωcc
†c− h̄g1

(
b† + b

) (
c† + c

)2 − h̄Av

(
c† + c

)
, (4.12)

a
p
p
r
o
x
im

a
t
io
n

While deriving Equation (4.12),
we have neglected the terms
quadratic or higher in qb/d, as-
suming that the displacements
are much smaller the separation
between the parallel plates.

where ωc = 1/
√

Lc(Ccp + Cc0) is
the resonance frequency of the LC
circuit and Av = qcZP

Vc/h̄ is the
normalized amplitude of the voltage
drive. This gives us the electrome-
chanical coupling strength

g1 =
r2qbZP

q2cZP

2h̄Cc0d
, (4.13)

where r = Cc0/(Ccp+Cc0) is the participation ratio of the capacitance. It can
be seen from Equation (4.12) that g1 is constraint by the physical parameters
of the system. For an LC circuit operating in the radio frequency with µm-
scale parallel-plates and for a weak optomechanical coupling, the ratio g1/g0
is constraint to ∼ 102r, where r is typically of the order of 10−3 [181].

We now introduce the modulations corresponding to the laser amplitude
as Al = Al0 +

∑
k=±1Alke

−ikΩlt, the voltage amplitude as Av = Av0 +

Av1 cos (Ωvt) and the mechanical frequency as ωb = ωb0

√
{1 + θ cos (Ωst)}

(which results from the modulation of the mechanical spring constant). Such
a voltage drive amplitude can be realized by using an AC signal with a DC
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bias. The modulation of the mechanical spring constant can be realized us-
ing a parametric oscillator [189,192–194] or through an ancilla cavity with a
quadratic optomechanical coupling [195,196]. Assuming that the modulation
of the laser drive amplitude is gentle [40] whereas those of the voltage drive
amplitude and the mechanical spring constant are strong, we obtain

ȧ = −
(γa
2

− i∆0

)
a+ ig0a

(
b† + b

)
+ Al +

√
γaain, (4.14a)

ḃ = −
(γb
2
+ iωb

)
b+ ig0a

†a+ ig1
(
c† + c

)2
+
√
γbbin, (4.14b)

ċ = −
(γc
2
+ iωc

)
c+ 2ig1

(
b† + b

) (
c† + c

)
+ iAv +

√
γccin. (4.14c)

The dynamics of the linearized quantum fluctuations can then be derived as

δȧ = −
(γa
2

− i∆
)
δa+ iGα

(
δb† + δb

)
+
√
γaain, (4.15a)

δḃ = −
(γb
2
+ iωb

)
δb+ iGαδa

† + iG∗
αδa

+2iGχ

(
δc† + δc

)
+
√
γbbin, (4.15b)

δċ = −
(γc
2
+ iωc

)
δc+ 2iGχ

(
δb† + δb

)
+2iGβ

(
δc† + δc

)
+
√
γccin. (4.15c)

In deriving these equations, we have introduced three new terms. The
first one is Gα = g0α, which enhances the intrinsic optomechanical coupling
by a factor proportional to the intra-cavity field. The second one is Gβ =
g1 (β

∗ + β), which detunes the frequency of the oscillating electrical flux. The
final term is Gχ = g1 (χ

∗ + χ), with χ = ⟨c⟩, which accounts for the back-
action of the mechanical position on the LC circuit mode and that of the LC
circuit charge on the mechanical mode. Equations (4.15) then gives us

A =


−γa

2
−∆ −2GαI 0 0 0

∆ −γa
2

2GαR 0 0 0
0 0 −γb

2
ωb 0 0

2GαR 2GαI −ωb −γb
2

4Gχ 0
0 0 0 0 −γc

2
ωc

0 0 4Gχ 0 −ωc + 4Gβ −γc
2

 , (4.16)

as the drift matrix of the quadratures, where GαR and GαI are the real and
imaginary parts of Gα, with D = Diag[γa/2, γa/2, γb(nthb

+ 1/2), γb(nthb
+

1/2), γc(nthc + 1/2), γc(nthc + 1/2)] as the noise correlation matrix.
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Digression 4.2

Choice of Numerical Parameters and Dynamical Stability

To estimate the numerical ranges of the parameters for which the system is
stable, we first study the steady state of the system in the absence of all
modulations, i.e., with Al = Al0, Av = Av0 and ωb = ωb0. To do this, we set
the classical mode rates obtained from Equations (4.14) to zero and obtain
the coupled steady-state equations for the intra-cavity photon number, the
mechanical position and the electrical charge as,

α∗
sαs =

4A∗
l0Al0

γ2a + 4 {∆0 + g0 (β∗
s + βs)}2

,

β∗
s + βs =

8ωb0

{
g0α

∗
sαs + g1 (χ

∗
s + χs)

2
}

γ2b + 4ω2
b0

,

χ∗
s + χs =

8ωcAv0

γ2c + 4ω2
c − 16ωcg1 (β∗

s + βs)
.

Solving these steady-state equations in terms of βs, we get a polynomial
equation of the form Σ5

k=0ek(β
∗
s + βs)

5−k = 0 where the coefficients are

e0 = 16g20g
2
1ω

2
c

(
γ2b
4

+ ω2
b0

)
,

e1 = −8g0g1ωc

{
−4∆0g1ωc + g0

(
γ2c
4

+ ω2
c

)}(
γ2b
4

+ ω2
b0

)
,

e2 =

[
16

(
∆0

2 +
γ2a
4

)
g21ω

2
c + g0

(
γ2c
4

+ ω2
c

){
− 16∆0g1ωc

+g0

(
γ2c
4

+ ω2
c

)}](
γ2b
4

+ ω2
b0

)
,

e3 = −2

{
−∆0g0

(
γ2c
4

+ ω2
c

)
+ 4g1ωc

(
∆0

2 +
γ2a
4

)}(
γ2b
4

+ ω2
b0

)
×
(
γ2c
4

+ ω2
c

)
− 8g0g1ωb0ω

2
c

(
4g1A

2
l0 + g0A

2
v0

)
,
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e4 =

(
∆0

2 +
γ2a
4

)(
γ2b
4

+ ω2
b0

)(
γ2c
4

+ ω2
c

)2

+16g0g1ωb0ωc

{
A2

l0

(
γ2c
4

+ ω2
c

)
−A2

v0∆0ωc

}
,

e5 = −2A2
l0g0ωb0

(
γ2c
4

+ ω2
c

)2

− 8A2
v0g1ωb0ω

2
c

(
∆0

2 +
γ2a
4

)
.

The real roots of this equation depict the steady-state mechanical positions.
We use these values to numerically obtain the regions of mono-stability at the
intrinsic mechanical frequency. The choice of parameter values is motivated
by some of the recent works in opto-electro-mechanical systems [44, 45, 197]
as well as relevant works in modulated optomechanics [40, 188, 189]. From
our analysis, we determine the feasible ranges of laser and voltage drive
amplitudes such that the system is away from multi-stability. We further
verify that stability holds for fixed values of amplitudes within those ranges
by choosing different mechanical spring constants around the intrinsic one.

In the presence of modulations, the classical amplitudes do not settle into
a steady state. Instead, they display oscillatory dynamics in the long time
limit [40] due to the presence of the time-dependent parameters ∆, Gα, Gβ

and Gχ. We, therefore, incorporate the Routh-Hurwitz criteria discussed in
Digression 1.3 to determine the dynamical stability using the characteristic
equation for the drift matrix,

∑6
k=0 ekλ

6−k = 0, where the coefficients are

e0 = 1,

e1 = γa + γb + γc,

e2 = D2 +O2
b +O2

c + (γbγc + γbγa + γcγa) ,

e3 = D2 (γb + γc) + γaγbγc + γbO
2
c + γcO

2
b + γa

{
O2

b +O2
c

}
,

e4 = D2
{
O2

b +O2
c + γbγc

}
+ 4∆ |Gα|2 ωb + γa

{
γbO

2
c + γcO

2
b

}
+O2

bO
2
c − 16G2

χωbωc,

e5 = D2
{
γbO

2
c + γcO

2
b

}
+ 4∆ |Gα|2 γcωb

+γa
{
O2

bO
2
c − 16G2

χωbωc

}
,

e6 = D2
{
O2

bO
2
c − 16G2

χωbωc

}
+ 4∆ |Gα|2O2

cωb,

with D2 = ∆2 + γ2a/4, O
2
b = γ2b /4 + ω2

b and O2
c = γ2c /4 + ωc{ωc − 4Gβ}.
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Figure 4.8: Line Plots: Dynamics of the variance in the mechanical position,
⟨Q2

b⟩ (red), and the optoelectrical entanglement, EN (blue), in the presence of
(a) only the laser modulation (dotted), (b) laser and spring constant modulation
(dashed), (c) laser and voltage modulation (dash-dotted) and (d) all three types of
modulations (solid). The dashed black line represents the SQL for the mechanical
variance. The shaded regions represent high values of squeezing and entanglement.
Contour Plots: Wigner distributions depicting the degree of squeezing with time in
the presence of all modulations. Other parameters (in units of ωb0) are Al0 = 100,
Al± = 10, Av0 = 50, Av1 = 100, ∆0 = −1, γa = 0.2, γb = 2 × 10−6, γc = 0.02,
g0 = 10−3, g1 = 2× 10−4, Ωl = 2, Ωv = 2, Ωs = 2 and ωc = 1.1, with θ = 0.5.
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note

In the mono-stable regime of the system, neither optoelectrical entanglement
nor high mechanical squeezing is observed when the modulations are absent.

It has been well-established in several works that incorporating a laser
modulation not only enhances the degree of maximum bipartite entanglement
between the optics and mechanics, but also helps surpass the standard quan-
tum limit of the mechanical position [40, 198, 199]. In our system, since the
mechanical mirror is simultaneously coupled to the LC circuit mode, the opti-
cal and electrical modes get entangled through the mechanical mode. We plot
the corresponding optoelectrical entanglement and variance of the mechanical
position in the presence of only the laser modulation in Figure 4.8(a). We find
that the windows of maximas in entanglement and squeezing can be tuned by
varying the voltage drive amplitude. This effect can be predicted from Equa-
tions (4.15), where the magnitude of LC circuit charge alters the amplitude
of the mechanical mode and therby introduces a shift in optical frequency.

n
o
t
e

The phenomena are robust upto
a few hundred milli-Kelvins of
phonon bath temperatures but
only upto a few hundred micro-
Kelvins of the LC circuit bath.

It is worth mentioning here that a
finite amount of optomechanical en-
tanglement is observed correspond-
ing to the windows of high mechan-
ical squeezing. Further, since the
optomechanical cavity is driven by
a red-detuned laser, the mechanical
motion simultaneous cools down.

Together with the laser modulation, we now introduce the mechanical
spring constant modulation. This results in a higher degree of squeezing
in the mechanical position as shown in Figure 4.8(b). For our set of pa-
rameters, the minimum quadrature variance decreases to ≈ 0.4 from ≈ 0.44
in Figure 4.8(a). However, the maximum optoelectrical entanglement de-
creases slightly. Next, we implement the laser modulation along with the
voltage modulation without modulating the spring constant. This enhances
the maximum degree of generated optoelectrical entanglement significantly
with a value of ≈ 0.12 as shown in Figure 4.8(c) compared to just ≈ 0.04 in
Figure 4.8(a). Finally, as depicted in Figure 4.8(d), both the maximum val-
ues of optoelectrical entanglement and mechanical squeezing are sufficiently
enhanced in the presence of all three modulations. The corresponding values
are ENmax ≈ 0.13 and ⟨Q2

b⟩min ≈ 0.36, denoting a squeezing of 28%.
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To understand the role of modulation frequency on the enhancement of
entanglement, let us write the linearized Hamiltonian that describes Equa-
tions (4.15) in terms of the effective parameters as,

Hl = −h̄∆δa†δa+ h̄ωbδb
†δb+ h̄ωcδc

†δc− h̄
(
Gαδa

† +G∗
αδa
) (

δb† + δb
)

−2h̄Gχ

(
δb† + δb

) (
δc† + δc

)
− h̄Gβ

(
δc†δc† + δcδc

)
. (4.21)

One can approximate this Hamiltonian with ∆ ≈ −ωb0 (red detuned),
ωc ≈ ωb0 and ωb ≈ ωb0 and obtain the linearized interaction Hamiltonian as

Hi ≈ −h̄
{
Gα

(
δa†δb†e2iωb0t + δa†δb

)
+G∗

α

(
δaδb† + δaδbe−2iωb0t

)
+2Gχ

(
δb†δc†e2iωb0t + δb†δc+ δbδc† + δbδce−2iωb0t

)
+Gβ

(
δc†δc†e2iωb0t + δcδce−2iωb0t

)}
. (4.22)

In the long time limit, the classical amplitudes α, β and χ acquire the
same form as their external driving fields [20,40], such that when Ωl,v,s = 2ωb0,
we have C ≈ C−e2iωb0t + C0 + C+e−2iωb0t, where C ∈ {α, β, χ}. Substitut-
ing these values and neglecting the terms rotating at frequencies ±2ωb0 and
±4ωb0 under the rotating wave approximation, we obtain the Hamiltonian

H̃i ≈ −h̄g0
(
α+δa

†δb† + α0δa
†δb+ α∗

0δaδb
† + α∗

+δaδb
)

−2h̄g1
(
χ∗
− + χ+

) (
δb†δc† + δbδc

)
− 2h̄g1 (χ

∗
0 + χ0)

(
δb†δc+ δbδc†

)
−h̄g1

(
β∗
− + β+

) (
δc†δc† + δcδc

)
. (4.23)

It can be easily seen from here that the resonant interaction of the down-
converted LC circuit mode with the mechanical mode gives rise to entan-
glement between them. Similarly, the optical mode gets entangled with the
mechanical mode through a two-mode squeezed interaction. The mechanical
mirror then mediates the entanglement between the optical and LC circuit
modes via two distinct processes: (i) the frequency shifts due to the mechan-
ical position, and (ii) the backactions of the mechanical position. To verify
our analysis, we numerically simulate the behaviour of maximum optoelec-
trical entanglement and minimum quadrature variance that can be achieved
around the optimal modulation frequencies.
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note

When the resonance condition is not satisfied, the system dynamics for each
set of parameters follows oscillations within a slowly varying envelope. When
the modulation frequency is close to resonance, the extremas of this envelope
are well-separated in time, spanning several fast oscillations. At resonance,
the dynamics settles down into a simple oscillatory state with fixed extremas.

Figure 4.9: Minimum values of variance in the mechanical position (red) and
maximum values of the optoelectrical entanglement (blue) plotted with (a) vari-
ation in the voltage modulation frequency in the absence (dashed dotted) and
presence (solid) of spring constant modulation, (b) variation in the modulation
amplitude of the spring constant and (c) variation in the modulation frequency of
the spring constant in the absence (dashed) and presence (solid) of voltage mod-
ulation. The thin dashed line in each of the plots represents the SQL for the
mechanical variance. Other parameters are the same as Figure 4.8.
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Figure 4.9(a) shows the variation of these measures with change in the
voltage modulation frequency. It can be seen here that the maximum value
of entanglement is observed when this frequency is close to twice that of
the mechanical frequency. Likewise, the amount of achievable mechanical
squeezing reaches its maximum value when the frequency of modulation is
close to twice the mechanical frequency and its modulation amplitude is close
to half. This can be visualized from Figure 4.9(b-c). We also observe that
the electromechanical coupling strength and the LC circuit frequency play
an important role in the amount of achievable entanglement between the op-
tical and LC circuit modes. It may be mentioned here that even though the
degree of maximum squeezing reported in this work is less in comparison to
recent schemes with individual or coupled optomechanical systems [20, 188],
we report this generation of mechanical squeezing in a hybrid opto-electro-
mechanical system supporting the simultaneous generation of optoelectrical
entanglement. Moreover, although similar works on modulation have been
carried out in the context of individual optomechanical and electromechan-
ical systems [189, 198, 199], our work introduces a more general formalism
for a compact opto-electro-mechanical system in the presence of all three
forms of modulation. The enhancement of both optoelectrical entanglement
and mechanical squeezing in the presence of multiple modulations, and the
observation of alternate maximas of squeezing and entanglement even in the
microwave or the radio-frequency regime are the key findings of this work.
The numerical values for the observed maximum entanglement are compa-
rable to previous works for GHz-scale signals [44] or in the strong coupling
regime [45]. However, we obtain these values for MHz-scale signals which
have several applications in sensing and communication. We also assume a
weak coupling regime, making our scheme more feasible experimentally.

4.4 Summary of the Chapter

We began this chapter by mentioning the motivation behind generating
squeezing in optomechanical systems, and briefly hinted on its applications
in the development of quantum devices. We also discussed the importance of
quantum entanglement in quantum information processing applications and
highlighted a few ways to enhance this quantum signature. We then analyzed
the effects of modulations on the enhancement of quantum phenomena in op-
tomechanical systems and presented two of our works to illustrate the same.
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In the first work, we demonstrated the combined effect of pump modulation
and cavity dissipation for the generation of mechanical squeezed states in a
membrane-in-the-middle optomechanical setup. By introducing a periodic
modulation in the amplitude of the external laser field, we observed that,
under the rotating wave approximation, the linearized Hamiltonian between
the mechanical and the optical mode takes the form of a beam-splitter inter-
action, which contributes to the ground-state cooling of the mechanical Bo-
goliubov mode. We then analyzed how the magnitude of squeezing depends
on the ratio of the coupling sidebands and numerically optimized this ratio
to obtain maximum squeezing for a given cavity dissipation strength. A key
outcome of our study is the robustness of the degree of mechanical squeezing
and optomechanical entanglement, which stays well above the SQL even for
a large thermal noise component in the mechanical mode. The second work
that we discussed involved the study of a hybrid opto-electro-mechanical
system where the optical and electrical components were coupled through
a common mechanical mode. We then systematically studied the effect of
multiple modulations — in the amplitudes of the laser and the voltage drives,
and the spring constant of the moveable end-mirror — on the generation of
optoelectrical entanglement in this system. We reported the enhancement
in the achievable entanglement and squeezing in the presence of all three
modulations. The generalized dynamics discussed in our work enables us to
approach the radio-frequency regime of LC circuit frequencies. Moreover, we
perform our analysis in the weak optomechanical coupling regime and with
a red-detuned laser which simultaneously cools down the mechanical mirror.
A direct advantage of our study is transduction between optical and elec-
trical degrees of freedom, which paves the path towards the development of
novel schemes such as quantum radars that rely on opto-electro-mechanical
converters for their operation. Another key output of our result — tunable
windows of squeezing and entanglement — allows us to periodically estimate
the fluctuations entering the system without interfering with the optical-to-
electrical transduction.
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5

Conclusion

The design and analysis of open quantum systems in the mesoscopic scale is
crucial to understand quantum phenomena arising in macroscopic objects. In
this thesis, we presented a few such studies involving optomechanical systems.
We began Chapter 1 by formalizing the effects of light-matter interaction in
optical cavities that contain a mechanically compliant element. By defining
the Hamiltonian for such an optomechanical system, we outlined the typical
methods that are used to ascertain its stability and obtain the dynamical
behaviour of its classical modes and correlations in quantum fluctuations.
Finally, we introduced certain measures to estimate classical and quantum
properties in such a system and demonstrated them by appropriate choices
of the system’s parameters and corresponding approximations.

Select parts of this chapter are taken from two of our published articles: (1) Phys.
Rev. A 107, 013528 (2023), titled Synchronization of a Superconducting Qubit to an
Optical Field mediated by a Mechanical Resonator and authored by Roson Nongthombam,
Sampreet Kalita and Amarendra K. Sarma [200,201] (©2023 American Physical Society)
and (2) J. Opt. Soc. Am. B 41, 447 (2024), titled Quantum Interference induced Magnon
Blockade and Antibunching in a Hybrid Quantum System and authored by Pooja Kumari
Gupta, Sampreet Kalita and Amarendra K. Sarma [202, 203] (©2024 Optica Publishing
Group). All reproduced content are added with permission.
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In Chapter 2, we elaborated on the theory behind the measure of quantum
phase synchronization for coupled harmonic oscillators. We then introduced
two different configurations through which nearly-identical optomechanical
systems were optically coupled. Here, we observed that these coupled systems
maintained a self-sustained oscillatory state in both configurations after an
initial transient. In the configuration where there was a reversible exchange
of photons between the two cavities, the quantum synchronization between
their corresponding mechanical phases displayed a behaviour similar to the
Arnold tongue in classical synchronization, reaching highest synchronization
in identical oscillators. On the other hand, for the configuration where there
was an irreversible exchange of photons from one cavity to the other, the
maximum value of synchronization was not observed for identical oscillators.
Rather, it peaked at finite detunings between the mechanical frequencies.
Also, one could switch between in-phase and anti-phase synchronization by
varying this detuning and the photon transmission loss of the optical channel.
We explained these observations with analytical reasoning and connected
them to the difference in the average phonon numbers of the two mechanical
oscillators by analyzing the dynamics of the system in the adiabatic limit.

In Chapter 3, we introduced another hybrid configuration containing an
annular Bose-Einstein condensate trapped inside a cavity. Using an equiva-
lent Hamiltonian containing an optical mode and two mechanical modes de-
picting the Bragg-scattered sidemodes, we employed the toolbox of optome-
chanics to analyze the steady-state output spectrum of a weak probe beam
in the presence of a strong control laser driving the system. An interesting
outcome of this study was the detection of rotation of the condensate from
the probe transmission profile observed at the output. When the detuning of
the control laser was in resonance with the sidemode frequencies, we observed
a single transparency window in the absence of atomic circulation. Whereas,
in its presence, the profile displayed two transmission windows equidistantly
spaced from the pump-probe resonance condition. Moreover, the distance
between the transmission peaks increased linearly with the degree of circu-
lation, thereby providing information of the condensate’s rotation strength
in a minimally destructive manner. Finally, we analyzed the group delay of
the probe beam from its dispersion profile by varying the strength of atomic
rotation. Similar to the behaviour observed in the transmission profiles, we
observed a switching from slow to fast light in the dispersion profile when
the condensate started rotating. The magnitude of this change also increased
with the strength of rotation.
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In Chapter 4, we first demonstrated the effect of modulations in the laser
amplitude on the dynamical behaviour of an optomechanical system and the
enhancement observed in its corresponding classical and quantum properties.
We then introduced a membrane-in-the-middle system with a quadratic type
of optomechanical interaction, and driven by a modulated laser. Choosing a
rotating wave approximation that agreed with the minimum variance in the
mechanical position, we sought for the optimal sideband modulation ampli-
tudes at which the mechanical squeezing was maximum. We observed that
this optimal ratio was related to the occupancy of the mechanical Bogoliubov
mode. We also observed that the degree of this squeezing and corresponding
optomechanical entanglement was robust to few milliKelvins of temperature.
Next, we introduced another hybrid setup where an optical mode was disper-
sively coupled to a mechanical mode, which in turn was capacitively coupled
to an LC circuit mode. Here, we analyzed the effects of three different types
of modulations — the laser drive, the voltage drive and the mechanical spring
constant. We found that the application of all three modulations at twice the
mechanical frequency significantly enhanced the degree of mechanical squeez-
ing and optoelectric entanglement. The observation of tunable windows for
maximum squeezing and maximum entanglement was another notable result.

Alongside these, we carried out similar works involving open quantum
systems containing mechanical or spin elements that mediate optical and
electrical degrees of freedom. In one of them, we proposed the preparation
and monitoring of the polarization state of a superconducting qubit using
an optical drive via a mechanical membrane [200]. We achieved this con-
trollability through the semi-classical synchronization of one of the bistable
states of the qubit with an external reference optical drive. The idea be-
hind such works is the transduction of information between microwave and
optical signals, which is at the heart of realizing long-distance communica-
tion of quantum information. In another work, we proposed a mechanism
to generate antibunched magnons in a hybrid ferromagnet-superconductor
system by driving one of two magnon modes inside a cavity containing a
qubit [202]. Since the magnon modes were coupled indirectly to the qubit
via a microwave drive, the parameters of the qubit could also be used to fine
tune this antibunching and achieve magnon blockade in the system. The
study of such magnonic systems is currently on the rise owing to their po-
tential implementation as a quantum computing platform. Given the rapid
advancement in nanofabrication, we believe that such hybrid systems will be
extensively explored in the coming years.
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It is also worth mentioning here that the systems described in this thesis
utilized the linearization approximation for the quantum dynamics. This ap-
proach is primarily useful (and usually sufficient) in the weak coupling regime
where the effect of most higher order coupling terms is almost negligible.
Also, such a regime typically favours experimental feasibility. However, the
theoretical exploration and experimental setup of open quantum systems in
the strong coupling regime is also an active field of research. Moreover, open
quantum systems strongly coupled to the environment are also gaining rapid
popularity for the ability to steer system dynamics using the reservoir. Addi-
tionally, control over dynamical quantum phenomena and shortcut towards
steady-state behaviour by use of electronic feedback techniques or tuning
sequences predicted using machine learning are evolving areas of interdis-
ciplinary research. Figure 5.1 connects some such trends in the extended
domain of cavity optomechanical systems.

Figure 5.1: Recent trends in cavity optomechanics.

 TH-3401_186121105



Appendices

81

 TH-3401_186121105



 TH-3401_186121105



APPENDIX

A

Phonon Number in
Coupled Systems

To have a better insight on the quantum dynamics of the mechanical oscil-
lators in the coupled configurations described in Section 2.2, let us analyze
the behaviour of their phonon numbers in the adiabatic limit of the cavity
fields. We begin with the bidirectional configuration. In the rotating frame
of the left mechanical frequency (U = exp[iωmL

∑
L,R(−a†jaj + b†jbj)t]), the

linearized quantum dynamics can be obtained from Equations (2.3) as

δȧL = −κ

2
δaL + i (∆L − ωmL) δaL + iGLδb

†
L + iλδaR +

√
κainL

,(A.1a)

δȧR = −κ

2
δaR + i (∆R − ωmL) δaR + iGRδb

†
R + iλδaL +

√
κainR

,(A.1b)

δḃL = −γ

2
δbL + iGLδa

†
L +

√
γbinL

, (A.1c)

δḃR = −γ

2
δbR − i (ωmR − ωmL) δbR + iGRδa

†
R +

√
γbinR

, (A.1d)

where the symbols represent the quantities defined in Section 2.2. It may
be noted here that in deriving these equations, we have removed the highly
oscillating terms in ωmL under the rotating wave approximation. Now, as-
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suming ∆L = ωmL = ∆R for analytical simplicity, we eliminate the cavity
modes to obtain the slower dynamics for the coupled mechanical modes as,

δḃL =
(
ΓL − γ

2

)
δbL − iχ∗δbR + ϵL

(
ia†inL

+
2λ

κ
a†inR

)
+
√
γbinL

,(A.2a)

δḃR =
(
ΓR − γ

2

)
δbR − i (ωmR − ωmL) δbR − iχδbL + ϵR +

√
γbinR

,(A.2b)

where we have used Γj = 2κ|Gj|2/(4λ2 + κ2), χ = 4λG∗
LGR/(4λ

2 + κ2) and

ϵj = 2
√
κκGj(ia

†
inL

+2λa†inR
/κ)/(4λ2+κ2). To obtain the steady-state value

of the difference in the phonon numbers, we rewrite these equations in terms
of the fluctuation quadratures which obey Equation (1.16). The steady-state
solutions of these correlation elements then give us

ndiff ≈ γκ2 (nth + 1) (ΓR − ΓL) (1 + ζ2)

ΓRΓL {8λ2 + 2κ2 (1 + ζ2)}
, (A.3)

where we assume Γj ≫ γ, with ζ = (ωmR −ωmL)/(ΓR +ΓL). For a complete
derivation of this expression, the reader may refer to the notebooks in [63].
The above expression hints that the phonon number difference vanishes in
the steady-state only when ΓR = ΓL (i.e., when ⟨αR⟩ = ⟨αL⟩).

Following the exact same procedure for the unidirectional configuration,
one can obtain the rate equations pertaining to the mechanical modes as

δḃL =
(
ΓL − γ

2

)
δbL + iϵLa

†
inL

+
√
γbinL

, (A.4a)

δḃR =
(
ΓR − γ

2

)
δbR − i (ωmL − ωmR) δbR − χδbL

+ϵR

(
−i

√
ηδa†inL

+ i
√

1− ηδa†inR

)
+
√
γbinR

, (A.4b)

where Γj = 2|Gj|2/κ, χ = 4
√
ηG∗

LGR/κ and ϵj =
√

4/κGj. Here, we obtain
the corresponding phonon number difference (assuming Γj ≫ γ) as

ndiff ≈ γ (nth + 1) (ΓR − ΓL)

2ΓRΓL

− 2ηγ (nth + 1)

(ΓR + ΓL) (1 + ζ2)
. (A.5)

It can be easily inferred from this expression that even at zero detuning
(ζ = 0), a finite value of η can give rise to a non-zero difference [63].
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B

Hamiltonian
Formalism of the
Ring-BEC System

The one-dimensional Hamiltonian describing the azimuthal motion of the
BEC in the rotating frame of the laser frequency is given by [120]

H = −h̄∆oa
†a+

∫ 2π

0

Ψ†(ϕ)

[
− h̄2

2I

d2

dϕ2
+ h̄Uo cos

2 (lϕ)a†a

]
Ψ(ϕ)dϕ

+
g

2

∫ 2π

0

Ψ†(ϕ)Ψ†(ϕ)Ψ(ϕ)Ψ(ϕ)dϕ− ih̄Al

(
a† − a

)
, (B.1)

where Ψ(ϕ) denotes the bosonic atomic field operator obeying [Ψ(ϕ),Ψ†(ϕ′)] =
δ(ϕ − ϕ′). Rest of the symbols have their usual meaning, as elaborated in
Section 3.1. Here, the second expression inside the first integral denotes
the atomic interactions with the cavity mode, whereas the second integral
describes the atom-atom interactions.

Assuming an ansatz for the first ordered scattered sidebands as,

Ψ(ϕ) =
eiLpϕ

√
2π

cp +
ei(Lp+2l)ϕ

√
2π

c+ +
ei(Lp−2l)ϕ

√
2π

c−, (B.2)
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with [cj, c
†
j′ ] = δjj′ and c†pcp+c†+c++c†−c− = N , and introducing the operators

c = c†pc+/
√
N and d = c†pc−/

√
N , we obtain the Hamiltonain of Equation

(3.1). It may be noted here that in deriving this Hamiltonian, we have also
assumed that the mode with winding number Lp is macroscopically occupied
with relatively negligible occupancies in the sidemodes.
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C

Effective Squeezing
Parameter

The linearized Hamiltonian for the membrane-in-the-middle setup described
in Section (4.2) can be written using Equations (4.3) as

Hl = −h̄∆1a
†a+ h̄ω̃mb

†b+ h̄g
(
αa† + α∗a

) (
b† + b

)
+ h̄Γm

(
b†

2
+ b2

)
, (C.1)

where we have used ω̃m = ωm− 2Γm, g = 2g1(β
∗+β) and Γm = g|α|2. Using

the squeezing transformation, S(r) = exp[r(b2 − b†
2
)/2], we get

Hs = S(r)†HS(r)

= −h̄∆1a
†a+

h̄ω̃m

2

(
b†b− bb†

)
+h̄
{
gr
(
1− 2r + 4r2 · · ·

)} (
αa† + α∗a

) (
b† + b

)
−h̄

(
ω̃m

2
cosh[2r] + Γm sinh[2r]

)(
b†b+ bb†

)
−h̄

(
ω̃m

2
sinh[2r] + Γm cosh[2r]

)(
b†b† + bb

)
.
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Setting the coefficient of b†b† + bb equal to zero, we obtain the squeezing
parameter as r = ln[1 + 4Γm/ωm]/4. This gives us

Hs = −h̄∆1a
†a+ h̄ω′

m

(
b†b+

1

2

)
− h̄ω̃m

2

+h̄

(
gr

1 + 2r

)(
αa† + α∗a

) (
b† + b

)
,

where ω′
m = ωm

√
1 + 4Γm/ωm. Proceeding in a similar way as discussed in

Section 4.2, the interaction term of the Hamiltonian in the rotating frame of
the fluctuation operators under the rotating wave approximation becomes

H̃s = a†
(
G′

1b
† +G′

0b
)
+ a

(
G′

0b
† +G′

1b
)
,

where G′
1 = G1

√
ωm/ω′

m and G′
0 = G0

√
ωm/ω′

m. Thus, we obtain an effec-
tive squeezing parameter under the rotating wave approximation from this
equation as r̃ = tanh−1[G′

1/G
′
0] = tanh−1[G1/G0] [159,163].

 TH-3401_186121105



APPENDIX

D

Hamiltonian
Formalism of the
Hybrid System

We begin with the complete Hamiltonian of the hybrid opto-electro-mechanical
system described in Section 4.3 as Equation (4.11):

H = h̄ωaa
†a+

1

2
mbω

2
bq

2
b +

p2b
2mb

+
q2c
2Cc

+
p2c
2Lc

+ih̄
(
Ala

†e−iωlt − A∗
l ae

iωlt
)
− qcVc. (D.1)

Next, we simplify and approximate the capacitance Cc by using the par-
ticipation ratio r = Cc0/(Ccp + Cc0) as

Cc = Ccp +
Cc0

1− qb
d

,

=
r
(
1− qb

d

) (
1 + rqb

d
− qb

d

)−1

Cc0

,

≈ r

Cc0

− r2qb
Cc0d

+
r2q2b
Cc0d2

− rq2b
Cc0d2

+ . . . . (D.2)
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Now, ignoring the higher order terms in qb/d, and utilizing the relations
ωc = 1/

√
Lc(Ccp + Cc0), Av = qcZP

Vc/h̄ qc = qcZP
(c†+ c) and pc = ipcZP

(c†−
c), such that qcZP

=
√
h̄/(2Lωc) and pcZP

=
√
h̄Lωc/2 [179], we obtain

the terms involving the driven LC circuit mode as Hem = h̄ωcc
†c− h̄g1(b

† +
b)(c†+c)2− h̄Av(c

†+c), where g1 is given by Equation (4.13). Also, following
the formalism of Section 1.1, we can write the first three terms and the
laser Hamiltonian in the rotating frame of the laser frequency as Hom =
−h̄∆0a

†a+h̄ωbb
†b−h̄g0a

†a(b†+b)+ih̄(Ala
†−A∗

l a). Combining the expressions
of Hom and Hem, we obtain the Hamiltonian in Equation (4.11).
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