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Abstract

The objective of this thesis is to investigate the scattering of a train of small amplitude

harmonic surface water waves by small undulation of a sea-bed for both normal and oblique

incidence.

In this study of scattering, mixed boundary value problems are set up for the determi-

nation of a velocity potential where the governing partial differential equation happens to

be Laplace’s equation in two dimensions for normal incidence and in three dimensions for

oblique incidence within the fluid with a mixed boundary condition on the free surface and

a condition on the bottom boundary. As the fluid domain extends to infinity, a far-field

condition or an infinity condition arises to ensure uniqueness of the problem.

Applying a perturbation analysis, which involves a small parameter ε present in the

representation of the small undulation of the sea-bed, directly to the boundary value problem

the original problem is reduced to a simpler boundary value problem for the first order

correction of the potential.

The mathematical tools utilised in the first part of the thesis in obtaining the solution

of the simpler boundary value problems are (I) Green’s function technique, and application

of Green’s integral theorem, (II) Fourier transform technique and application of residue

theorem, and (III) Finite cosine transform. From the solutions of the velocity potential the

reflection and transmission coefficients are evaluated approximately up to the first order of ε

in terms of integrals involving the shape function c(x) representing the bottom undulation.

Different special forms of the shape functions are considered to evaluate the integrals

explicitly for these coefficients. Out of those shape functions, the particular case of a patch

of sinusoidal ripples has considerable significance due to the ability of an undulating bed to

reflect incident wave energy which is important in respect of both coastal protection, and

of possible ripple growth if the bed is erodable. For this ripple patch it is observed that

if the bed wave number is twice the surface wave number then there is a resonant Bragg-

type interaction between the surface waves and the bed forms as observed earlier in the

literature. At this resonance a large amount of reflection of the incident wave energy occurs

which may be useful in the construction of an effective reflector of the incident wave energy

for protecting coastal areas from the rough sea in the arctic regions. The same observation

can be made even when the ripples do not have the same wavelength. The evaluation of the

reflection and transmission coefficients for these different bed forms allow us to observe the

behaviour of the scattered field associated with each undulation.

A direct method, namely eigenfunction expansion method, which includes both decaying

and progressive wave mode terms, is also considered later in the thesis to solve the boundary

vi
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value problem. It is worthwhile to note that the analytical results obtained for the reflection

and transmission coefficients by this method are quite different from the results obtained by

previous methods employed in the thesis. This difference is due to the solution approach of

this direct method containing an appropriate set of orthogonal eigenfunctions which depends

upon a single parameter. However, while considering a patch of sinusoidal undulations on

the bottom, when the results are computed and compared with the results obtained by other

methods, excellent agreement is observed between the numerical estimates obtained by the

present method and those by the known method.

In the concluding part of the thesis the problem of scattering of surface water waves by

small undulation on a sea-bed of finite depth is investigated by assuming the sea-bed to be

composed of porous material of specific type. Fourier transform technique is employed to

obtain the complete solution of the mixed boundary value problem from which the reflection

and transmission coefficients are determined which involve the shape function c(x). It is

observed that with negligible porosity, the results for these coefficients may be interpreted

as the results obtained earlier in the thesis without porosity on the bed. These results are

applied to the case of a patch of sinusoidal undulations on the bed to evaluate the coefficients

numerically and the results are suitably presented graphically.

It is observed that the methods presented in the thesis in obtaining the first order poten-

tial, and hence the reflection and transmission coefficients, reduce the workload to a large

extent. These methods lead to a computationally more tractable form of the solution for the

scattered field.
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Chapter 1

Introduction

1.1 Preamble

“Fluid dynamics” is one of the most important part of the recent interdisciplinary activities

concerning engineering and science, especially in applied mathematics. Fluid dynamics or

hydrodynamics is the branch of science which is concerned with the study of the motion of

fluid or that of bodies in contact with fluids.

Wave propagation and its applications are encountered in many areas of physical interest,

including the fields of water waves, acoustics and electromagnetic waves. A wave is a dis-

turbance such that when it propagates through a medium, energy is transmitted to distant

points without any displacement of the particle of the medium. The energy from the sun is

transmitted by waves through the ether. When some musical instrument is played upon in a

room, sound waves spread through the room. If we throw a stone in a pond we observe waves

in the pond which start from the point of striking of the stone and spread in all directions.

Such water waves are also produced by pressure of wind upon the surface of water, by the

relative motion of bodies like a ship moving in sea and by obstacles in the bed of the stream.

These are some examples of wave motion.

Ever since studies on waves became central in science and engineering, water waves began

serving as important models for investigation. Due to this water wave phenomena have

attracted the attention of applied mathematicians and physicists since long back. The study

of different kinds of water waves is of importance for various applications. For example, it

is required for predicting the behaviour of floating structures (immersed totally or partially)

such as ships, submarines, and tension leg plat forms, and for describing flows over bottom

topography.

The wave motion in water may be classified into two categories: in one category the wave

1
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2 1.1. Preamble

length is assumed to be greater than the depth of water and the study is called shallow water

wave theory. The waves belonging to this category are tidal waves and long waves in shallow

water. In the other category the wavelength is assumed to be much smaller than the depth

of water so that the effect of the disturbance diminishes gradually as one goes downwards

away from the free surface. Waves belonging to this category are named as surface water

waves. In this case, if it is assumed that the amplitude of the wave is small compared to the

wave length then the theory is called linearised theory of water waves. This theory has been

derived as an approximation of the general theory on the basis of the assumption that the

components of the velocities of water particles, the free surface elevation or depression and

their derivatives are small quantities i.e. the motion is assumed to be very small. Though the

ocean waves or surface waves are often nonlinear, the analysis in many physical problems is

restricted to small amplitude waves mainly because consideration of linear theory is sufficient

in offshore engineering and other related studies in handling most of the problems. Due to

this reason, many scientists, researchers and ocean technologists use linearised theory of

water waves to model mathematically various physical problems related to wave phenomena

arising in costal engineering. In the present thesis the problems are formulated and solved

on the basis of linearised theory of water waves.

Water waves (the terms surface waves and gravity waves are also in use) are created

normally by a gravitational force in the presence of the free surface along which pressure is

constant. Water is assumed to occupy a certain domain bounded by one or more moving or

fixed surfaces that separate water from some other medium. Actually we consider boundaries

of two types: the above mentioned free surface separating water from the atmosphere, and a

rigid surface including the bottom and surface of bodies floating in and/or beneath the free

surface.

Many physical problems arising in applied mathematics or mathematical physics can be

formulated as mixed boundary value problems of elliptic partial differential equations. In the

study of scattering or radiation of surface harmonic water waves under the assumption of the

linearised theory, the partial differential equation happens to be Laplace’s equation in either

two or three dimensions, the domain is unbounded, some of the boundary conditions are of

mixed type and the behaviour of the function is not known completely at large distances,

and the third or fourth order derivative may occur in some of the boundary conditions in

certain physical problems etc.

A long-standing but persistent problem in the area of wave theory is the determination of

the effect of the bed topography and the obstacle(s) on a given wave field. An example of a

practical problem faced by coastal engineers is to predict the amplitude of waves in harbours
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Chapter 1 : Introduction 3

where both man-made break waters and the shape of the sea-bed affect wave behaviour.

Such problems involve scattering, diffraction and refraction of waves and are mathematically

formidable for linearised theory, even with relatively simple beds and/or obstacle geometries.

When a train of surface waves travelling from a large distance is incident on an obstacle

submerged or partially immersed in water, some parts of the wave is reflected back by the

obstacle and some part is transmitted over or below it. The waves which is reflected back is

known as “reflected wave” and the wave which is transmitted is known as “transmitted wave”.

The reflected waves and transmitted waves are called outgoing waves as they go away from

the obstacle after striking. This process is known as scattering. In this scattering process

the incoming or the incident wave modifies and produces scattered waves which are nothing

but outgoing waves such that a combination of incident wave and outgoing wave results from

which the outgoing wave can be determined. The process of determining an outgoing wave for

a given incoming wave is known as the mathematical problem of scattering. In the scattering

theory, the reflected wave is accompanied by a constant, known as the “reflection coefficient”

and the transmitted wave is accompanied by another constant, known as the “transmission

coefficient”. These two physical quantities play a vital role in the mathematical study of

water wave scattering problem since they provide a measure for the amount of reflected and

transmitted waves. This information is useful in the construction of offshore structures or in

the problem of generation of surface waves by obstacles known as the wave-maker problem.

Due to the complicacy, sometimes many researchers emphasise on the determination of these

quantities directly instead of going into details of the solution.

Scattering problems involving barriers of different configurations have practical impor-

tance for various engineering applications. Modelling breakwaters constructed to protect the

offshore areas from hazards of the rough sea is one of them. Also this class of problems is

useful for designing ships, submarines, offshore structures etc. The other class of problem

which studies the problem of free surface flow over a geometrical disturbance at the bot-

tom of an ocean are important for their possible applications in the areas of coastal and

marine engineering. The problem of reflection of surface waves by patches of large bottom

undulations has received an increasing amount of attention recently as its mechanism is im-

portant in the development of shore-parallel bars. The work presented in this thesis is solely

concerned with the effect of bed topography on an incident wave train.

With this preamble we now give a brief history of various problems investigated by

researchers over the last few decades.
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4 1.2. Brief history and motivation

1.2 Brief history and motivation

The problems of free surface flow over an obstacle or a pre-existing (fixed) pattern of un-

dulation on an otherwise flat bed are important for their possible applications in the areas

of coastal and marine engineering, and as such these are being studied by scientists and

engineers for a long time. The scattering of linear water waves by bed topography is gov-

erned by Laplace’s equation together with appropriate boundary and radiation conditions.

Such boundary value problems are, in general, somewhat difficult to solve, and explicit

analytic expressions for the velocity potential are rare and occur only for certain special

configurations usually involving vertical or horizontal strips as boundaries. Although the

analytical solutions are rare for such boundary value problems, but by using various approx-

imate mathematical techniques the quantities of physical interests, namely the reflection

and transmission coefficients, can be estimated numerically. For example, Mei and Black

[63] used a variational formulation of the problem of wave scattering by a bottom-standing

rectangular thick vertical barrier to obtain numerical estimates for the reflection coefficient.

Kanoria et.al [36] employed Galerkin approximations involving ultraspherical Gegenbauer

polynomials for solving the integral equations arising in the integral equation formulation

for the same problem and obtained very accurate numerical estimates for the reflection co-

efficient.

Due to the great mathematical complexity of linearised free surface flow in water of vari-

able quiescent depth, a number of approximations to the boundary value problem has been

proposed. In one class of approximation the vertical coordinate is removed by performing in-

tegration over the depth, thus reducing the dimension of the problem by one. Berkhoff [5, 6]

developed a vertical integrated refraction-diffraction equation, known as mild-slope equation,

which was the result of such a procedure. It was based on the assumption of a mild-slope

bottom. Smith and Sprinks [85] gave another derivation of the mild-slope equation, similar to

that of Berkhoff but more succinct, and the mild-slope approximation has since been used to

produce other equations which model the effect of the bed topography on wave propagation.

Booij [7] examined the accuracy of the mild-slope equation as a function of the bottom slope

and showed that acceptable results could be achieved even though the bottom slope was

not moderate. Kirby [39] derived the mild-slope equation for the linear surface wave-current

interaction over slowly varying topography. Copeland [15] solved the mild-slope equation

in the form of a pair of first-order equations (which consisted of a hyperbolic system) using

a simple finite difference scheme. This offered the advantages of reduced computing time

compared with the solution of a boundary value problem and incorporated useful features.

Ph.D. Thesis Water Wave Scattering by Undulating Bed

TH-369_02612305
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By recasting the mild-slope equation as a system of first-order differential equations, which

were similar to the system of equations governing nearly horizontal flow in shallow water, a

highly efficient algorithm for the later was used iteratively by Madsen and Larsen [50] to find

the stationary solution. O’Hare and Davies [74] considered the propagation of monochro-

matic surface waves over a region of arbitrary, one-dimensional bottom topography. The

smoothly varying bed topography was divided into a series of horizontal shelves and the

surface wave field was calculated by successive approximation of Miles [66] scattering matrix

at each of the intervening steps. Chamberlain [10] examined the scattering of a train of

small amplitude harmonic waves on water by one-dimensional topography, using the mild-

slope equation. The associated boundary value problem was converted into a pair of integral

equations whose solutions were approximated by variational techniques. Chamberlain [11]

showed that the reflection and transmission coefficients arising from the scattering of lin-

ear water waves by a one-dimensional topography were known to possess certain symmetry

properties. He showed that the same relations hold in the mild-slope approximation to the

full linear theory. These relations were used in the development of a decomposition method

where solutions for relatively simple depth profiles might be combined to give solutions for

complicated ones. The ideas and techniques used in the study of plane wave approximation

over slowly varying depth were applied by Kellin and Johnson [38] to the axi-symmetric flow.

It was observed by a number of authors that the mild-slope equation could fail to produce

adequate approximation for certain type of topography, such as ripple beds. These consist of

a finite patch of periodic undulations or small amplitude sinusoidal ripples set in an otherwise

horizontal bed. It is perhaps more accurate to refer to the bed perturbations as bars rather

than ripples, but we follow what has become the standard terminology. To overcome the

deficiency in the mild-slope equation, and Kirby [40] applied vertical integration process

and developed a time-dependent extension of the reduced wave equation of Berkhoff for the

case of waves propagating over the bed consisting of ripples superimposed on an otherwise

slowly varying mean depth which satisfied the mild-slope assumption. The equation resulting

out of Kirby’s extension is known as extended mild-slope equation. Then Chamberlain and

Porter [12] formalised the vertical averaging procedure by invoking a variational principle

and returning to the relatively simple type of approximation, used by Berkhoff [5, 6] and

Kirby [40], presented a new form (modified version) called modified mild-slope equation which

contained the original mild-slope equation and its extended version as special cases. It

was found that the modified mild-slope equation was capable of describing the scattering

properties of singly and doubly periodic ripple beds, for which the mild-slope equation failed.

Despite the marked improvement over the mild-slope equation which it produces for ripple
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bed scattering, Chamberlain and Porter [12] found that the modified mild-slope equation

performed no better than its predecessor when used in Booij’s problem [7]. Porter and

Staziker [78] explained this result and, in the process, showed how approximations based on

the original mild-slope equation could be significantly improved. The solutions which have

been derived previously seem to be physically responsible in the sense they imply continuity

of the approximation to the free surface and its slope. However such solutions were not

consistent with the requirement of conservation of mass at locations where the bed profile

had a discontinuous slope. Using the variational principle, Porter and Staziker [78] showed

that the solutions of the mild-slope equation and its modified version must satisfy a jump

condition where the bed slope was not continuous in order to ensure continuity of mass

flow. Porter [76] re-examined the mild-slope equation and the modified mild-slope equation

and resolved the discrepancies between their solutions. This was achieved by converting

the above modified mild-slope equation in such a way that the reduced form of it, a new

version of the mild-slope equation, contained all of the essential characteristics of the full

modified mild-slope equation. A more complete review of linear water wave scattering by

bed topography can be found in Porter and Chamberlain [77].

For several bed topographies consisting of horizontal and vertical sections, numerical

solutions of integral equations arising from boundary value problems have been obtained.

Staziker et al. [87] considered the problem of two-dimensional wave scattering by a local

bed elevation of any shape on an otherwise horizontal bed (such bottom profiles are referred

to as “humps”) using linearised water wave theory. Green’s function theory was used to

convert the associated boundary value problem into a first kind integral equation and a

variational approach was then used to obtain the approximations to the amplitude of the

scattered wave. Miles and Chamberlain [71] developed a systematic hierarchy of partial

differential equations of linear gravity waves in water of variable depth through the expansion

of the average Lagrangian in powers of depth slope. For the propagation of small amplitude

water waves over variable bathymetry regions, Athanassoulis and Belibassakis [1] derived a

consistent coupled-mode theory from a variational formulation of the complete linear problem

by representing the vertical distribution of the wave potential as a uniformly convergent

series of local vertical modes at each horizontal position. Chamberlain and Porter [14] used

the mild-slope equation to examine scattering and trapping by axisymmetric topography

with the main emphasis on wholly submerged bed forms. Porter and Porter [80] considered

the scattering and trapping of water waves by three dimensional submerged topography,

infinite and periodic on one horizontal co-ordinate and of finite extent in the other, under

the assumption of linearised theory. The mild-slope approximation was used to reduce the
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governing boundary value problem to one involving a form of the Helmholtz equation in

which the coefficients depended on the topography.

Also many mixed boundary value problems corresponding to the problems of surface

water waves travelling in regions of varying depth have been presented under various ge-

ometrical assumptions. Kirby [41] derived coupled equations governing the forward- and

back-scattered components of a linear wave propagating in a region of varying depth from a

second order wave equation for linear wave motion. Evans [25] described two mechanisms for

the generation of standing edge waves over a sloping beach using classical linear water wave

theory. Devillard et al. [22] presented a theoretical study of the localisation phenomenon of

surface gravity waves by a rough bottom in a one-dimensional channel. They developed a

renormalised-transfer-matrix approach to this problem. A detailed description of its experi-

mental set-up and the corresponding results could be found in Belzons et al. [4]. Tsay et al.

[90] developed a finite element model to calculate the wave refraction, diffraction, reflection

and dissipation. The governing equation was a two-dimensional depth-integrated linear wave

equation which considered the effect of the topographical variations and energy dissipation.

Johnson [35] presented a straight forward method that yielded explicit transmission am-

plitudes for Kelvin wave scattering by topography whose isobaths were parallel sufficiently

far from the vertical, but not necessarily planner, wall supporting the incident wave. Miles

[69] derived the Eckart’s [23] second-order, self adjoint partial differential equation for the

free surface displacement of monochromatic gravity waves in water of variable depth from

variational formulation by approximating the vertical variation of the velocity potential in

the average Lagrangian by that for deep water waves. It was compared with the mild-slope

equation, which also was second-order and self adjoint, and might be obtained in a similar

manner for uniform finite depth. Chamberlain and Porter [13] described a method for de-

termining those approximations to wave scattering by bed topography which were based on

second order ordinary differential equations. The development of a decomposition method

allowed the scattering matrix for an extended section of varying topography to be assembled

in a piecemeal fashion.

The propagation of surface water waves in a channel with a rough bottom is, in gen-

eral, a very difficult problem to solve analytically. A number of authors have studied water

wave propagation over an irregular bottom topography. In the classical work of Lamb [44],

the free surface elevation for the two-dimensional problem of steady flow over the bottom

irregularities was obtained assuming irrotational motion. The problem of determining the

scattering of long crested gravity wave over a bottom of arbitrary shape has received con-

siderable attention in the literature. For a survey up to 1960, the work of Wehausen and
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Laitone [91] is referred.

Kreisel [43] considered the case of wave propagation over uneven bottom with obstacles

and determined the reflection and transmission coefficients of the wave train from obstacles

when the surface remained free using the conformal transformation. Mei and Méhauté,

[65] gave a note on the equations of long waves over an uneven bottom with the basic

assumption that the depth was small in comparison with a horizontal length. Carrier [9]

studied the propagation of gravity waves over a basin in which the propagation distance

was large compared with the scale of the bottom topography which, in turn, was large

compared with depth. Evans [24] constructed a new source of potential in the linearised

theory of water waves and used this source potential to reduce the problem of the reflection

and transmission waves by a shelf of arbitrarily profile to an integral equation. Restricting

the shelf profile, he applied Fredholm theory to the integral equation so that, in general, a

solution of the equation and hence to the problem, existed and was unique except possibly

for certain discrete values of the parameter of the problem corresponding to trapping modes

over the shelf. The general problem of wave-energy reflection by sea-bed topography was

examined by Long [46].

A two-dimensional, irrotational, linear theory was used by Fitz-Gerald [27] to investigate

the reflection of an incident surface gravity waves travelling over a region of varying depth.

He used a Fourier transform procedure to convert the boundary value problem satisfied by

the velocity potential into a pair of integro-differential equations. The required solution

waves was then given by a linear combination of the solutions of the integro-differential

equations. Since the uniqueness of the reflection and transmission coefficients has been

proved by Kreisel [43] there was no corresponding result for the uniqueness of the velocity

field. It remains an open question whether there exist solutions, tending to zero at infinity,

which describes modes trapped on some topographical feature on the bottom profile. Fitz-

Gerald was able to prove the existence and uniqueness of the velocity potential in two limiting

cases and presented the associated asymptotic results. Hamilton [29] provided differential

equations for long-period gravity waves on fluid of rapidly varying depth and he was able to

calculate the reflection coefficient for long-period waves incident on a step change in depth

and a half-depth barrier. A more complete set of reference is given by Mei [61]. Nachbin

and Papanicolaou [73] analysed the linear water wave equations for shallow channels with

arbitrary rapidly varying bottoms. They used the full, linear potential theory to study the

reflection and transmission problem for time-harmonic (monochromatic) and pulse-shaped

disturbances.

O’Hare and Davies [75] made comparisons between the predictions of the two models for
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surface wave propagation over rapidly-varying topography, one based on the extended mild-

slope equation derived by Kirby [40] and the other on the successive-application matrix model

described by O’Hare and Davies [74]. The models were applied to two types of undulating

topography, namely sinusoidal (Davies and Heathershaw [19]) and doubly-sinusoidal beds

(Guazzelli et al. [30]) and comparisons were made with existing laboratory data. Using

the two-dimensional linear water wave theory to the scattering of water waves by a varying

bottom topography, Evans and Linton [26] adopted a new approach in which the problem was

first transferred into a uniform strip resulting in a variable free surface boundary condition.

This was then approximated by a finite number of sections on which the free surface boundary

condition was assumed to be constant. They also developed a transition matrix theory which

was used to relate the wave amplitudes at infinity.

The scattering problem in which an arbitrary profile joins two semi-infinite horizontal

bed sections at different depths is more interesting, from the point of applications, than that

of involving an elevation of bounded extent on a single horizontal bed. It is also a more

difficult problem from the integral equation point of view, although the one to which all the

methods such as the mild-slope equation, topography discretization and Evans and Linton

[26] mapping method might be applied. Linking to the above idea Porter and Porter [79]

considered the two-dimensional scattering of water waves over a finite region of arbitrarily

varying topography linking two semi-infinite regions of constant depth using linear water

wave theory. The reflected and transmitted wave amplitudes were related to the incoming

wave amplitudes by a scattering matrix which was defined in terms of inner product involving

the solution of the corresponding integral equation system. Keller [37] derived a new shallow-

water theory valid for arbitrary bottom slope by a scaling method.

There have been many investigations of the reflection of short incident gravity waves

by bottom standing obstacles on the sea-bed, such as engineering works, but rather few of

reflection by naturally occurring obstacles, such as sand ripples, which can be assumed to

be small in some sense for which some sort of perturbation technique can be employed to

obtain the first order corrections to the reflection and transmission coefficients. A number

of approximations have been devised to the scattering of water waves by a finite number of

periodic ripples or sand bars on an otherwise horizontal, flat bed. Miles [68] approximated

the reflection and transmission coefficients up to the first order in terms of integrals involving

the shape function of the bottom deformation by using small perturbation theory when the

wave train was obliquely incident.

Davies [17] considered the interaction of first order incident surface progressive waves

with small sinusoidal undulations of infinite horizontal extent and then showed that this
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interaction gave rise to two new waves with wave numbers which were the sum and difference

of those of the surface waves and undulations. Davies [18] considered a sinusoidal undulation

of small amplitude and finite horizontal extent in the sea-bed and used a somewhat elaborate

method to handle the water wave scattering problem for normal incidence. Heathershaw

[32] provided a supporting experimental proof to the theoretical results of reflection of wave

energy due to the resonant interactions between surface water waves and undulating bed

topography. Davies and Heathershaw [19] studied the problem both experimentally and

theoretically for a horizontal bottom with sinusoidal undulation when the incidence was

normal. Heathershaw and Davies [33] examined the case of wave interaction with a pre-

existing pattern of bedforms, such as shore parallel bars on beaches and the way in which

this interaction may lead to further growth of the bed forms.

Mandal and Basu [53] generalized the problem of Miles [68] to include the effect of surface

tension at the free surface. A perturbation analysis, somewhat similar to that employed by

Mandal and Chakrabarti [52] in connection with water wave diffraction by nearly vertical

barriers, was used directly to the governing partial differential equation and the boundary

conditions describing the physical problem. This analysis reduced the original problem to

a boundary value problem of first order whose solution was obtained by an application

of Green’s integral theorem and then using this solution, the reflection and transmission

coefficients were obtained up to the first order in terms of the integral involving the shape

function describing the bottom undulation. Mandal and Basu [54] considered the two-

dimensional problem of steady flow over a small two-dimensional geometrical disturbance

at the bottom of a wide channel. They obtained the free surface elevation up to first order,

in terms of an integral involving the shape of the channel bottom. Martha and Bora [57, 58]

also considered water wave diffraction by small undulations on the sea-bed assuming linear

water wave theory. A perturbation analysis and Green’s integral theorem were used to

evaluate the reflection and transmission coefficients for a patch of sinusoidal ripples.

Miles [70] calculated the reflection of straight-crested gravity waves by a non-secular

perturbation in depth relative to an otherwise flat bottom of depth. Explicit results were

developed up to second order for the sinusoidal patch and reduced for Bragg resonance.

But Porter and Porter [80] investigated the case of interaction of linearized surface gravity

water waves with three dimensional periodic topography. They considered the scattering and

trapping of water waves by three dimensional submerged topography, infinite and periodic in

one horizontal coordinate and of finite extent in the other, under the assumptions of linearized

theory. Further, Porter and Porter [81] investigated the interactions between surface water

waves over the periodic bed forms in three different situations: one of these was scattering
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of given incident waves by a finite section of periodic topography; the other two, in contrast,

concern the existence of unforced waves over the periodically varying beds of infinite and

finite extent.

Davies [18] and Davies and Heathershaw [19] highlighted that if the bottom contained

periodic undulations Bragg resonance occurred when the wave length of the incident surface

wave is twice that of the bottom undulation. As a result the Bragg scattered wave became

resonant and could be greatly amplified. Such resonant wave interactions with bottom ripples

play an important role in the evolution of nearshore surface waves. However, their theory

breaks down near the Bragg resonance condition. To overcome this drawback, Mei [62]

developed wave evolution and reflection theory at and near Bragg resonance condition for

shore parallel sinusoidal bars. Studies on Bragg scattering by periodically spaced sand bars

was given by Hara and Mei [31]. Further, Bragg scattering of surface waves by sinusoidal

sand bars on a sea-bed and double periodic sea-bed, respectively, were studied by Mei et al.

[64] and Naciri and Mei [72]. Davies et al. [20] considered the interaction of incident surface

waves with a patch of sinusoidal ripples on an otherwise flat bed and obtained the solution

for non-resonant and resonant cases. Kirby [42] also considered the reflection of linear surface

waves by sinusoidal bottom undulations where the incident wave was not necessarily close

to the resonant frequency.

It has been suggested that Bragg reflection, the combined coherent wave reflection from

a few low-lying shore-parallel bars, might be used to protect a beach against storm-wave

attack. Bailard et al. [2] used numerical models to examine issues relating to the feasibility

of this concept. Guazzeli et al. [30] experimentally investigated higher order Bragg resonant

interactions between linear gravity waves and doubly sinusoidal beds. Then Liu and Yue [47]

studied the generalised Bragg scattering of surface waves over a wavy sea bottom. In their

study, a nonlinear wave-wave interaction theory was imposed to analyse different Bragg res-

onance conditions for different combinations of waves and bottom undulations. Apparently,

nonlinear wave-wave interaction theory could explain and predict the Bragg-scattering very

accurately.

Further, Ting et al. [89] developed a time dependent wave equation for waves propagating

with a current over permeable ripple beds. A one-dimensional wave field was solved numer-

ically based on the derived equation to study the effect of current on the Bragg resonance

condition. His numerical results indicated that the maximum reflection coefficient increases

as current velocity increases from negative to positive value. Furthermore, the velocity of

the current affected the position of the maximum reflection coefficient.

In coastal areas, porous structures are widely used as breakwaters to protect harbours,
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inlets and beaches from wave action, and as dissipating sea walls to attenuate the wave energy

in harbours. The most widely used model of wave-induced flow within a porous medium

is the one developed by Sollitt and Cross [86]. According to their approach, dissipation of

wave energy inside porous medium was taken into account through a linearised friction term.

Thereafter, several authors carried series of theoretical and experimental investigations on the

phenomenon of wave interaction with porous bodies. Madsen [48] derived a simple solution

for reflection and transmission from a rectangular porous structure under normal incidence

of long waves based on the linearised form of the governing equations and linearised form of

the flow resistance formula. Madsen [49] presented a theoretical solution for the reflection

of linear shallow-water waves from a vertical porous wave absorber on a horizontal bottom.

Gu and Wang [28] investigated water wave interactions with porous seabeds of granular

materials theoretically and experimentally. Dalrymple et al. [16] adopted the Sollitt and

Cross approach to analyse the reflection and transmission of oblique incident waves from

infinitely long porous structures. Yu and Chwang [92] investigated the wave motion through

a two layer porous structure and derived theoretical solutions for the wave reflection and

transmission from a two-layer porous breakwaters.

Almost all the above existing investigations on the wave reflection and/or transmission

problem of porous structures are restricted by assuming a horizontal sea-bed. A few authors,

such as Mallayachari and Sundar [51], took into account the effects of an uneven sea-bed.

However, in practical coastal engineering, an undulating sea-bed is more likely to be encoun-

tered. Several numerical models have been developed to understand wave propagation due

to the bottom change, some of which assume an impermeable or a finite porous bottom.

Several studies have been carried out on wave propagation over an impermeable bed

of any configuration. One such configuration is slowly varying depth for which mild-slope

equation has been derived by many authors. These investigators centred their interests only

on the wave motion of free water region. They did not include the wave motion in porous

media or wave interaction with porous structures. In another development, investigations

have also been directed to model wave transformation over a submerged porous structure

and porous media.

Based on the Sollitt and Cross approach and on the assumption of mild-slope bottom,

an analytical derivation of the basic equation for breaking and non-breaking waves travelling

over a general finite porous bed was given by Rojanakamthorn et al. [82, 83]. Mase and

Takeba [59] derived a particular equation for waves propagating over rapidly varying porous

rippled beds with small amplitude, superimposed on both a slowly varying mean water depth

and a gently varying thickness of porous layer. Then Zhu and Chwang [94, 95] studied the
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wave reflection from a composite porous absorber lying on a solid foundation with seaward

slope. They applied an extended mild-slope equation for surface waves (Porter and Staziker

[78]) to the sloping region in front of the porous absorber. More recently, by applying the

Sollitt and Cross approach and the Galerkin eigenfunction expansions, Zhu [93] presented

an idealised model for the evaluation of water wave refraction-diffraction within a porous

medium on an undulating sea-bed. For non-dissipative porous medium, his present model

reduces to that of Massel [60] and Porter and Staziker [78].

Many submerged structures built with slopes may produce inaccuracies. So Silva et al.

[84] derived the extension of the time-dependent and time-independent mild-slope equations

based on the equation for waves travelling over a finite porous bed using Green’s second

identity. This new modified mild-slope equation was presented by extending the theory of

Kirby [40] and Mase and Takeba [59], which was applicable to structures with sharp slopes.

Their model also accurately predicted the results using the solution presented by Mase and

Takeba [59].

In the present thesis, we study the mixed boundary value problems of two and three

dimensional Laplace’s equation arising out of the physical problems of scattering of linearised

surface water waves by small undulation on the sea-bed, including porous ones, for the case

of finite depth. We solve these physical problems by different mathematical techniques. Our

emphasis is on the treatment of this class of surface water wave scattering problems and to

find the analytical solutions for the reflection and transmission coefficients. All the methods

presented here are observed to be most suitable to handle the class of scattering problems

under consideration.

In the following section a brief description of the basic equations of linearised theory of

water waves for the case of uniform finite depth are presented in consultation with the classic

treatise of Lamb [44], Stoker [88], Lighthill [45], Crapper [8] and Dean and Dalrymple [21].

1.3 Basic equations in linearised theory of water waves

In this section, we derive the basic equations associated with the linearised theory of water

waves that are relevant to this thesis. The various boundary conditions corresponding to the

free surface (without surface tension effect) and uniform finite depth are derived in brief.

We consider the motion of a homogeneous, incompressible and inviscid fluid with irrota-

tional flow with constant volume density ρ under the action of gravity only. A right-handed

rectangular Cartesian coordinate system is chosen in which the positive y-axis is taken ver-

tically downwards and the horizontal xz-plane is taken along the undisturbed free surface.
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14 1.3. Basic equations in linearised theory of water waves

The fluid occupies the region −∞ < x, z < ∞, 0 ≤ y ≤ h. In case of water of uniform finite

depth h, the bottom surface is y = h. Since the motion is irrotational there exists a velocity

potential Φ(x, y, z, t) such that the fluid velocity −→q = (u, v, w) can be expressed as

−→q = ∇Φ. (1.1)

The equation of continuity for such case is

∇.−→q = 0 (1.2)

and the Euler’s equation of motion is

∂−→q
∂t

+ (−→q .∇)−→q = g − 1

ρ
∇p , (1.3)

where g is the gravitational constant and p is the pressure of the fluid.

Using equation (1.1), the equation of continuity becomes

∂2Φ

∂x2
+

∂2Φ

∂y2
+

∂2Φ

∂z2
= 0 in the fluid region (1.4)

which is Laplace’s equation.

After integration, Euler’s equation of motion reduces to (Appendix I)

∂Φ

∂t
+

1

2
[u2 + v2 + w2] +

p

ρ
− gy = 0, (1.5)

which is known as Bernoulli’s equation. Since the pressure at the free surface must be equal

to the atmospheric pressure which is constant and may be taken to be equal to zero, the

equation (1.5) gives rise to

∂Φ

∂t
+

1

2
[u2 + v2 + w2]− gη = 0 on y = η(x, z, t). (1.6)

This is known as the dynamic boundary condition at the free surface. The free surface is

given by equation

F (x, y, z, t) = y − η(x, z, t) = 0, (1.7)

where η(x, z, t) denotes the free surface depression below mean water level y = 0 (if y is

vertically upward then η(x, z, t) will be the vertical displacement of free surface above mean

water level y = 0).

For small motion, the term |−→q |2 is neglected so as to get the linearised form of the Bernoulli’s

equation as
∂Φ

∂t
(x, y, z, t) = gη(x, z, t) on y = η(x, z, t). (1.8)
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Expanding ∂Φ
∂t

about y = 0 by Taylor’s series and neglecting the terms of second and higher

orders of smallness, this reduces to the linearised dynamical boundary condition at the free

surface given by
∂Φ

∂t
= gη on y = 0. (1.9)

If a fixed or moving surface varies with time, as would the water surface, then the total

derivative of the surface with respect to time would be zero on the surface. In other words,

if we move with the surface, it doesn’t change (Dean and Dalrymple [21]). Hence,

DF

Dt
(x, y, z, t) = 0 on F (x, y, z, t) = 0

⇔ ∂F

∂t
+ u

∂F

∂x
+ v

∂F

∂y
+ w

∂F

∂z
= 0. (1.10)

Substituting equation (1.7) in (1.10), we get

∂Φ

∂y
(x, y, z, t) =

∂η

∂t
+

∂η

∂x

∂Φ

∂x
+

∂η

∂z

∂Φ

∂z
on y = η(x, z, t). (1.11)

In other words, the vertical velocity component v is equal to the rate of rise of the water

surface at any point. Mathematically

v =
dη

dt
(x, z, t)

⇒ ∂Φ

∂y
=

∂η

∂t
+ u

∂η

∂x
+ w

∂η

∂z
on y = η(x, z, t)

⇒ ∂Φ

∂y
=

∂η

∂t
+

∂η

∂x

∂Φ

∂x
+

∂η

∂z

∂Φ

∂z
on y = η(x, z, t). (1.12)

This is known as the kinematic boundary condition at the free surface.

Under the assumption of the linearised theory, the velocity components and the free sur-

face depression together with their partial derivatives are small quantities, so their squares,

higher powers and the products can be neglected so that this equation becomes

∂Φ

∂y
(x, y, z, t) =

∂η

∂t
on y = η(x, z, t). (1.13)

Again, expanding ∂Φ
∂y

(x, y, z, t) about y = 0 and neglecting terms of second and higher orders

of smallness, the linearised kinematic boundary condition at the free surface is obtained as

∂Φ

∂y
=

∂η

∂t
on y = 0. (1.14)

Eliminating η between equations (1.9) and (1.14), we obtain the linearised free surface con-

dition as
∂2Φ

∂t2
− g

∂Φ

∂y
= 0 on y = 0. (1.15)
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16 1.3. Basic equations in linearised theory of water waves

Once Φ is obtained the free surface depression η(x, z, t) can be obtained by using the relation

η(x, z, t) =
1

g

∂Φ

∂t
(x, 0, z, t). (1.16)

Across any fixed impermeable obstacle, through which the fluid cannot pass, we have the

condition that
∂Φ

∂n
= 0 on L, (1.17)

where L is the boundary of the obstacle and n is the outward normal to L and ∂/∂n denotes

the normal derivative at a point (x, y, z) on L. In case of water of uniform finite depth h

below the mean free surface, we have the condition

∂Φ

∂y
= 0 on y = h. (1.18)

The equations (1.4), (1.15) and (1.18) are the basic equations of the linearised theory of

water waves.

If the motion is to be simple harmonic in time with angular frequency σ, then the velocity

potential Φ can be expressed as

Φ(x, y, z, t) = Re[φ(x, y, z)e−iσt], (1.19)

where φ is the complex-valued potential.

Under this assumption equations (1.4), (1.15) and (1.18) become

∂2φ

∂x2
+

∂2φ

∂y2
+

∂2φ

∂z2
= 0 in the fluid region, (1.20)

∂φ

∂y
+ Kφ = 0 on y = 0, (1.21)

∂φ

∂y
= 0 on y = h, (1.22)

where K = σ2/g.

Equations (1.20), (1.21) and (1.22) are also the basic equations of the linearised theory of

water waves for time harmonic irrotational motion in the fluid.

The formulation for the two-dimensional problem can, similarly, be written as

∂2φ

∂x2
+

∂2φ

∂y2
= 0 in the fluid region, (1.23)

∂φ

∂y
+ Kφ = 0 on y = 0, (1.24)

∂φ

∂y
= 0 on y = h. (1.25)

Further, as far as Laplace’s equation is concerned, it has two types of solutions: the wave

part (the progressive wave solution) and the non wave part (local solution).
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Chapter 1 : Introduction 17

Solution for the potential:

For two-dimensional motion, the solution of the Laplace equation representing progressive

waves is given by

φ(x, y) = cosh k0(h− y)e±ik0x, (1.26)

where k0 is the unique real and positive root of the transcendental equation

K = k tanh kh. (1.27)

The local solutions are given by

φ(x, y) = cos kn(h− y)e−kn|x|, (1.28)

where kn are the positive real roots of the transcendental equation

K + κ tan κh = 0. (1.29)

These kn’s (n = 1, 2, 3, . . .) are nothing but the purely imaginary roots of equation (1.27).

It may be noted that equation (1.27) has only the roots ±k0 and ±ikn(n = 1, 2, 3, . . .) and

there is no other root.
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Figure 1.1: Roots of k tanh kh = K when
Kh = 1
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Figure 1.2: Roots of K + κ tan κh = 0
when Kh = 1
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18 1.3. Basic equations in linearised theory of water waves

Value of Kh Roots of kh tanh(kh)−Kh = 0
Kh = 0.5 0.7717, -0.7717
Kh = 1.0 1.1997, -1.1997
Kh = 1.5 1.6218, -1.6218
Kh = 2.0 2.0653, -2.0653
Kh = 2.5 2.5318, -2.5318
Kh = 3.0 3.0145, -3.0145
Kh = 3.5 3.5063, -3.5063
Kh = 4.0 4.0027, -4.0027
Kh = 4.5 4.5011, -4.5011
Kh = 5.0 5.0005, -5.0005

Table 1.1: Roots of kh tanh(kh)−Kh = 0 for different values of Kh

Value of Kh Roots of knh tan(knh) + Kh = 0
Kh = 0.4 3.0095

6.2190
9.3822
12.5345
15.6825

Table 1.2: Roots of knh tan(knh) + Kh = 0 for Kh = 0.4

Value of Kh Roots of knh tan(knh) + Kh = 0
Kh = 1 2.7984

6.1213
9.3179
12.4865
15.6441

Table 1.3: Roots of knh tan(knh) + Kh = 0 for Kh = 1
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Chapter 1 : Introduction 19

For three-dimensional motion with harmonic variation along the z-direction, the velocity

potential Φ(x, y, z, t) can be represented as

Φ(x, y, z, t) = Re
{
φ(x, y)ei(νz−σt)

}
, (1.30)

where, now, φ(x, y) satisfies the Helmholtz equation with parameter ν, given by

(∇2 − ν2)φ = 0, in the fluid region. (1.31)

For water of uniform finite depth h, the progressive wave solutions are

φ(x, y) = cosh k0(h− y)e±i(k2
0−ν2)1/2x (ν < k0), (1.32)

and the local solutions are

φ(x, y) = cos kn(h− y)e−(k2
n+ν2)1/2|x| . (1.33)

As far as the scattering and reflection of surface water waves are concerned, the progressive

wave solution plays an important role. The sign in the coefficient of x depends upon whether

the wave is an incoming or an outgoing one. It is known that the potential function φ behaves

like a progressive wave at large distance (i.e. as |x| → ∞) on the surface and are known as

the far-field conditions or infinity conditions in the surface water wave theory.

1.4 Outline of the thesis

The work presented in the thesis is solely concerned with the effect of an undulating bed

(including porous beds) on an incident wave train using linearised theory. We prescribe

the incident wave train and the deviation in the still-water depth, and seek the additional

waves, the scattered waves, caused by this deviation. A typical problem of this type requires

the determination of a velocity potential satisfying Laplace’s equation within the fluid, a

mixed boundary condition on the free surface, and a given normal velocity on the rigid

boundaries. If the fluid domain extends to infinity, a radiation condition is required to

ensure uniqueness. This boundary value problem is well known and is formally presented in

the subsequent chapters. We shall refer to the problem of finding a solution of the boundary

value problem as the full linear problem. Analytical solutions of the full linear problem are

rare for any deviation from the constant water depth case, that is, for any deviation from a

flat sea-bed. Problems where analytical solutions exist are usually for a limited selection of

straightforward geometries which include horizontal and/or vertical boundaries.
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20 1.4. Outline of the thesis

The mathematical tools utilised in this thesis are (i) Green’s function technique, and

application of Green’s integral theorem, (ii) Generalised Fourier transform technique and

application of residue theorem, (iii) Finite cosine transform, (iv) The eigenfunction expansion

method.

The content of the thesis is presented in the form of eight chapters. Chapter 1 is devoted

to the general introduction along with the historical background of the work done in the

scattering theory and the derivation of the basic hydrodynamic equations in the linearised

theory of water waves that is utilised in the thesis. In Chapter 2, we formulate the problem

for the scattering of surface waves by small undulation of the sea-bed for normal and oblique

incidence. Then by using a perturbation analysis which involves the small parameter ε, the

governing boundary value problem arising out from the physical problem under consideration

is reduced first to a simpler boundary value problem for the first order correction of the

potential for both cases of normal and oblique incidence.

In Chapter 3, we solve the reduced boundary value problem for the first order correction

of the potential for normal incidence as formulated in Chapter 2, obtaining the solutions

by using three different techniques, namely Green’s function and a suitable application of

Green’s integral theorem; Fourier transform; and finite cosine transform. From this solu-

tion the quantities of physical interest, namely the reflection and transmission coefficients,

are evaluated up to the first order of ε in terms of integrals involving the shape function

representing the bottom undulation.

In Chapter 4, we solve the reduced boundary value problem for first order correction of

the potential for oblique incidence as formulated in Chapter 2. The solution of the boundary

value problem for the first-order correction is obtained by using the same three techniques

as applied in Chapter 3. Using this solution the reflection and transmission coefficients

are evaluated up to the first order of ε in terms of integrals involving the shape function

representing the bottom undulation.

In Chapter 5, different special forms of the undulations such as an exponentially damped

undulation, a finite single hump and a patch of sinusoidal ripples are considered to evalu-

ate the integrals explicitly and numerically for the reflection and transmission coefficients

obtained in Chapters 3 and 4.

Chapter 6 is concerned with the same physical problem the solution of which is obtained

by eigenfunction expansion method where both propagating and non-propagating modes of

the wave are considered in the solution approach. A patch of sinusoidal ripples, a special form

of the bottom undulation, is considered in order to evaluate the integrals for the reflection

and transmission coefficients, and the results are compared with the ones obtained in earlier
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chapters.

Chapter 7 is devoted to the problem involving the scattering of surface water waves by

small undulation on a porous sea-bed for both normal and oblique incidences. Using a per-

turbation analysis, the governing boundary value problem is reduced to a simpler boundary

value problem which involves a small parameter ε present in the representation of the small

undulation of the porous sea-bed. Fourier transform technique is applied to the simpler

boundary value problem from which the reflection and transmission coefficients are deter-

mined. A patch of sinusoidal ripples is considered as a shape function, to evaluate explicitly

the integrals for the reflection and transmission coefficients.

Finally, Chapter 8 is concerned with a brief summary of results highlighting the contribu-

tion made by this thesis. It also provides information for the scope for future investigations.
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Chapter 2

Formulation for Scattering of Water
Waves by Small Undulation of a
Sea-bed

2.1 Introduction

In this chapter, the statement and formulation for the problem of scattering of surface waves

by small undulation of the bottom of a laterally unbounded sea, using linear water wave

theory, for both normal and oblique incidence are presented. We use a regular perturbation

expansion in terms of a small undulation parameter ε to solve the governing boundary

value problem associated with Laplace’s equation and mixed type boundary conditions. The

original problem then gets reduced to a simpler boundary value problem for the first order

correction of the velocity potential.

The mathematical treatment of a phenomenon always requires the removal of “natural

arbitrariness”, the replacement of natural conditions by their idealised counterparts, and

water wave mechanics is also no exception. While setting up the boundary value problem

here, some of the assumptions and boundary conditions are based on idealised conditions.

2.2 Normal incidence

A right-handed rectangular Cartesian co-ordinate system is considered in which x-axis is

measured along the undisturbed free surface of the sea and y-axis is measured positive

vertically downwards from the undisturbed free surface.

The bottom of the sea with small undulation is described by y = h + εc(x) where

c(x) is a function with compact support and describes the bottom undulation, h denotes

22
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y
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y=h+  c(x)ε
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xy=0

∂
∂n

Figure 2.1: The problem domain

the uniform finite depth of sea far to either side of the undulation of the bottom so that

c(x) → 0 as |x| → ∞ and the non-dimensional number ε(¿ 1) a measure of smallness of the

undulation. It is also assumed that the fluid is incompressible and inviscid, and the motion

is irrotational. Assuming the linear theory, our interest is to solve for the complex-valued

potential function φ(x, y) describing the small motion in water satisfying

∇2φ =
∂2φ

∂x2
+

∂2φ

∂y2
= 0, −∞ < x < ∞, 0 ≤ y ≤ h + εc(x), (2.1)

∂φ

∂y
+ Kφ = 0, y = 0, (2.2)

∂φ

∂n
= 0, y = h + εc(x), (2.3)

where K = σ2/g, σ is the angular frequency of the incoming water wave train with time

dependence e−iσt, g is the acceleration due to gravity, and ∂/∂n denotes the normal derivative

at a point (x, y) on the bottom. The time dependent term is dropped throughout the analysis.

It is assumed that a progressive wave train represented by the velocity potential

φ0(x, y) = cosh k0(h− y)eik0x, (2.4)

is incident upon the bottom undulation from negative infinity where k0, the wave number of

the incident wave, is the unique positive root of the equation (1.27).

It is, then, partially reflected by and partially transmitted over the undulation so that φ

has far-field behaviour given by

φ(x, y) ∼
{

φ0(x, y) + Rφ0(−x, y), x → −∞,
Tφ0(x, y), x → +∞,

(2.5)

Water Wave Scattering by Undulating Bed Ph.D. Thesis

TH-369_02612305



24 2.3. Oblique incidence

where R and T are the usual reflection and transmission coefficients in water wave problems:

the ratio of amplitudes of the reflected and transmitted waves respectively to that of the

incident wave, and are to be determined. Hence,

φ(x, y) ∼
{

(eik0x + Re−ik0x) cosh k0(h− y), x → −∞,
T eik0x cosh k0(h− y), x → +∞.

(2.6)

The bottom condition ∂φ/∂n = 0 on y = h + εc(x) can be approximated up to the first

order of the small parameter ε as (Appendix J)

∂φ

∂y
− ε

∂

∂x

{
c(x)

∂φ

∂x

}
= 0 on y = h. (2.7)

The boundary condition (2.7) and the fact that a wave train propagating in a sea of

uniform finite depth experiences no reflection, together suggest that φ, R and T introduced

above can be expressed in terms of the small parameter ε as

φ = φ0 + εφ1 + O(ε2)
R = εR1 + O(ε2)
T = 1 + εT1 + O(ε2)



 . (2.8)

Using (2.8) in equations (2.1), (2.2), (2.7) and (2.6) we find that φ1(x, y) satisfies the follow-

ing BVP described by

∂2φ1

∂x2
+

∂2φ1

∂y2
= 0 in −∞ < x < ∞, 0 ≤ y ≤ h, (2.9)

∂φ1

∂y
+ Kφ1 = 0 on y = 0, (2.10)

∂φ1

∂y
= ik0

d

dx
{c(x)eik0x} ≡ p(x) on y = h, (2.11)

and φ1(x, y) ∼
{

R1e
−ik0x cosh k0(h− y), as x → −∞,

T1e
ik0x cosh k0(h− y), as x → +∞.

(2.12)

Consequently we are interested to solve the above BVP, given by equations (2.9)-(2.12),

instead of solving the BVP represented by equations (2.1)-(2.3) and (2.6).

2.3 Oblique incidence

A right-handed rectangular Cartesian co-ordinate system is used in which xz-plane is the

undisturbed free surface of the sea and y-axis is measured positive vertically downwards

from the undisturbed free surface. The representation of the bottom of the sea with small
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undulation is the same as the one described in Section 2.2. Considering the same assumptions

as described in Section 2.2 the complex-valued potential function ψ(x, y, z) describing the

small motion in water satisfies

∂2ψ

∂x2
+

∂2ψ

∂y2
+

∂2ψ

∂z2
= 0 in 0 ≤ y ≤ h + εc(x), (2.13)

∂ψ

∂y
+ Kψ = 0 on y = 0, (2.14)

∂ψ

∂n
= 0 on y = h + εc(x). (2.15)

Here, ∂/∂n denotes the normal derivative at a point (x, y, z) on the bottom.

It can be assumed that a progressive wave train represented by the velocity potential

ψ0(x, y, z) = cosh k0(h− y)ei(µx+νz) (2.16)

is obliquely incident upon the bottom undulation from negative infinity, where

µ = k0 cos θ, ν = k0 sin θ, (2.17)

where θ is the angle of incidence of the wave train (θ = 0 corresponds to normal incidence),

µ and ν are, respectively, the x and z components of k0, the wave number of the incident

wave, which is the unique positive real root of equation (1.27).

It is, then, partially reflected by and partially transmitted over the undulation so that ψ

has the asymptotic behaviour given by

ψ(x, y, z) ∼
{

ψ0(x, y, z) + Rψ0(−x, y, z) as x → −∞,
Tψ0(x, y, z) as x → +∞,

⇒ ψ(x, y, z) ∼
{

(eiµx + Re−iµx)eiνz cosh k0(h− y) as x → −∞,
T ei(µx+νz) cosh k0(h− y) as x → +∞,

(2.18)

where R and T have the usual meanings.

Assuming ε to be very small and neglecting O(ε2) terms, the boundary condition ∂ψ/∂n =

0 on y = h + εc(x) can be expressed in an appropriate form as

∂ψ

∂y
− ε

[
∂

∂x

{
c(x)

∂ψ

∂x

}
+ c(x)

∂2ψ

∂z2

]
+ O(ε2) = 0 on y = h. (2.19)

Now, in view of the geometry of the problem, i.e, because of the uniformity in the z−direction,

ψ(x, y, z) can be written as

ψ(x, y, z) = φ(x, y)eiνz. (2.20)
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Then φ(x, y) satisfies the equations

(∇2 − ν2)φ = 0 in −∞ < x < ∞, 0 ≤ y ≤ h, (2.21)

∂φ

∂y
+ Kφ = 0 on y = 0, (2.22)

∂φ

∂y
− ε

[
∂

∂x

{
c(x)

∂φ

∂x

}
− ν2c(x)φ(x, y)

]
+ O(ε2) = 0 on y = h, (2.23)

and

φ(x, y) ∼
{

(eiµx + Re−iµx) cosh k0(h− y) as x → −∞,
T eiµx cosh k0(h− y) as x → +∞,

(2.24)

where ∇2 is the two-dimensional Laplacian operator.

The form of the approximate boundary condition (2.23) and the fact that a wave train

propagating in an sea of uniform finite depth experiences no reflection, together suggest that

φ,R and T introduced above can be expressed in terms of the small parameter ε as

φ = cosh k0(h− y)eiµx + εφ1 + O(ε2)
R = εR1 + O(ε2)
T = 1 + εT1 + O(ε2)



 . (2.25)

Using equation (2.25) in equations (2.21)-(2.24) we find that φ1(x, y) satisfies the following

BVP described by

(∇2 − ν2)φ1 = 0 in −∞ < x < ∞, 0 < y < h, (2.26)

∂φ1

∂y
+ Kφ1 = 0 on y = 0, (2.27)

∂φ1

∂y
= iµ

d

dx

{
c(x)eiµx

}− ν2c(x)eiµx ≡ V (x) on y = h, (2.28)

and φ1(x, y) ∼
{

R1e
−iµx cosh k0(h− y) as x → −∞,

T1e
iµx cosh k0(h− y) as x → +∞.

(2.29)

Consequently we are interested to solve the above BVP given by equations (2.26)-(2.29)

instead of solving the BVP represented by equations (2.13)-(2.15) and (2.18) for the case of

oblique incidence.
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Chapter 3

Solution to the Scattering Problem
for Normal Incidence

3.1 Introduction

In the last chapter we formulated the problem for scattering of surface waves by small un-

dulation of the bottom of a laterally unbounded sea using linear water wave theory for both

normal and oblique incidences. In this chapter, we solve the BVP for normal incidence by us-

ing three different techniques, namely, Green’s function and a suitable application of Green’s

integral theorem; Fourier transform and finite cosine transform. From the solution of the

BVP, the quantities of physical interest, namely the reflection and transmission coefficients,

are evaluated up to the first order of ε in terms of integrals involving the shape function

c(x).

3.2 Solution by Green’s function technique

In this section, the simpler BVP for the normal incidence of surface waves is solved by

using Green’s function. The solution for the first order correction to the velocity potential

is obtained from which the reflection and transmission coefficients are evaluated.

27
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28 3.2. Solution by Green’s function technique

3.2.1 Solution procedure

To solve the above boundary value problem (equations (2.9) -(2.12)) we require the Green’s

function G(x, y; ξ, η) which satisfies the following equations:

∇2G = 0 in −∞ < x < ∞, 0 ≤ y ≤ h, (3.1)

except at (ξ, η) where 0 < η < h,

∂G

∂y
+ KG = 0 on y = 0, (3.2)

∂G

∂y
= 0 on y = h, (3.3)

G ∼ lnr as r = {(x− ξ)2 + (y − η)2}1/2 → 0, (3.4)

G ∼ multiple of cosh k0(y − h)eik0|x−ξ| as |x− ξ| → ∞. (3.5)

The condition (3.5) implies that G represents an outgoing wave as |x − ξ| → ∞. The

solution of the above BVP (equations (3.1)-(3.5)) is given by Mandal and Chakrabarti [55]

as,

G(x, y; ξ, η) =
−4πi cosh k0(h− y) cosh k0(h− η)eik0|x−ξ|

2k0h + sinh 2k0h

−
∞∑

n=1

4π cos kn(h− y) cos kn(h− η)e−kn|x−ξ|

2knh + sin 2knh
, (3.6)

where kn are real and positive roots of (1.29).

The behaviour of G when |x| → ∞ is given by the first term of equation (3.6). Now

applying the Green’s integral theorem to φ1(x, y) and G(x, y; ξ, η), we get

∫

C

(
φ1

∂G

∂n
−G

∂φ1

∂n

)
ds = 0, (3.7)

where C is a closed contour bounded externally by the lines y = 0, y = h (−X ≤ x ≤
X), x = ±X (0 ≤ y ≤ h) and internally by a small circle of radius δ with centre at (ξ, η),

as shown in Figure 3.1, and ultimately letting X →∞ and δ → 0.

Now the contribution to the integral in equation (3.7) from the small circle as its radius

δ → 0 is 2πφ1(ξ, η) and the contribution from the line y = 0,−X ≤ x ≤ X (i.e. the free

surface) is

∫ X

−X

(
φ1

∂G

∂y
−G

∂φ1

∂y

)

y=0

dx = 0.
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y

x

.

(−X,0) (X,0)

   (−X,h) (X,h)

C

δ
(ξ , η)

Figure 3.1: Contour Integration

Also there will be no contribution from the lines x = ± X, (0 ≤ y ≤ h) due to the

conditions satisfied by φ1 and G as |x| → ∞. Finally, the contribution from the line y =

h, (−X ≤ x ≤ X) is

∫ X

−X

(
φ1

∂G

∂y
−G

∂φ1

∂y

)

y=h

dx

= −
∫ ∞

−∞
G(x, h; ξ, η) p(x) dx as X →∞.

Thus, collecting all the results, the integral equation (3.7) will give rise to the determi-

nation of φ1 as:

φ1(ξ, η) =
1

2π

∫ ∞

−∞
G(x, h; ξ, η) p(x) dx, (3.8)

which solves the boundary value problem for φ1(x, y).

3.2.2 Reflection and transmission coefficients

The reflection and transmission coefficients, R1 and T1, are now obtained by letting ξ → ∓∞
and using the far-field condition (2.12) (with (x, y) replaced by (ξ, η)) in equation (3.8). For

this, from (3.6) we require the result

G(x, y; ξ, η) =
−4πi cosh k0(h− y) cosh k0(h− η)eik0|x−ξ|

2k0h + sinh 2k0h
as |x− ξ| → ∞. (3.9)

To find R1, we note from the far-field condition (2.12) and equation (3.9), respectively,

that

φ1(ξ, η) = R1 cosh k0(h− η)e−ik0ξ as ξ → −∞, (3.10)

and G(x, h; ξ, η) =
−4πi cosh k0(h− η)eik0(x−ξ)

2k0h + sinh 2k0h
as ξ → −∞. (3.11)
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Substituting equations (3.10) and (3.11) in equation (3.8), we obtain

R1 =
−2i

2k0h + sinh 2k0h

∫ ∞

−∞
eik0xp(x)dx

=
−2ik2

0

2k0h + sinh 2k0h

∫ ∞

−∞
e2ik0xc(x)dx. (3.12)

Again, to find T1, we note from the far-field condition (2.12) and equation (3.9), respec-

tively, that

φ1(ξ, η) = T1 cosh k0(h− η)eik0ξ as ξ → +∞ , (3.13)

and G(x, h; ξ, η) =
−4πi cosh k0(h− η)e−ik0(x−ξ)

2k0h + sinh 2k0h
as ξ → +∞. (3.14)

Using equations (3.13) and (3.14) in equation (3.8), we obtain

T1 =
−2i

2k0h + sinh 2k0h

∫ ∞

−∞
e−ik0xp(x)dx

=
2ik2

0

2k0h + sinh 2k0h

∫ ∞

−∞
c(x)dx. (3.15)

The equations (3.12) and (3.15) are equivalent to the equations of Miles [68] for the case

of normal incidence and Mandal and Basu [53] for the case of normal incidence in the absence

of surface tension.

The reflection and transmission coefficients can be evaluated from equations (3.12) and

(3.15) once the shape function c(x) is known.

3.3 Solution by Fourier transform technique

In the previous section, we solved the BVP by using Green’s function and by a suitable

application of Green’s integral theorem. Here we consider the same problem and solve it

by a different analytical method. The reduced boundary value problem is solved with the

help of Fourier transform technique. While employing this technique it is found that the

integrand contains certain singularities. Hence, the residue theorem is used while using

contour integration to evaluate the first order correction of the potential. From the solution

of the expression of the first order correction to the potential, the reflection and transmission

coefficients are evaluated.
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3.3.1 Solution procedure

To solve the boundary value problem (equations (2.9) -(2.12)) we now assume that φ1 is such

that the Fourier transform of φ1 with respect to x, denoted by φ1, exists and is given by

φ1(ξ, y) =

∫ ∞

−∞
φ1(x, y)eiξxdx, (3.16)

together with the inverse

φ1(x, y) =
1

2π

∫ ∞

−∞
φ1(ξ, y)e−iξxdξ. (3.17)

We observe that such Fourier transform exists if we make an artificial assumption that

K possesses a small imaginary part, as given by iµ′σ/g, where µ′ > 0 is very small which

will be taken to be zero (in eliminating sense) at the end of the analysis.

Even instead of K, if we assume k0 to possess a small imaginary part then also we will

arrive at the same conclusion. For, assuming k0 = k
(1)
0 + ik

(2)
0 ,

K = k0 tanh k0h

= (k
(1)
0 + ik

(2)
0 ) tanh (k

(1)
0 + ik

(2)
0 )h

= (k
(1)
0 + ik

(2)
0 )

[
tanh (k

(1)
0 h) + i tan (k

(2)
0 h)

1 + i tanh (k
(1)
0 h) tan (k

(2)
0 h)

]

≈ (k
(1)
0 + ik

(2)
0 )

[
tanh (k

(1)
0 h) + i(k

(2)
0 h)

1 + i(k
(2)
0 h) tanh (k

(1)
0 h)

]

≈ (k
(1)
0 + ik

(2)
0 )

[
tanh (k

(1)
0 h) + ik

(2)
0 h

] [
1− ik

(2)
0 h tanh (k

(1)
0 h)

]

≈ (k
(1)
0 + ik

(2)
0 )

[
tanh (k

(1)
0 h)− i(k

(2)
0 h) tanh2 (k

(1)
0 h) + i(k

(2)
0 h) + (k

(2)
0 h)2 tanh (k

(1)
0 h)

]

≈ (k
(1)
0 + ik

(2)
0 )

[
tanh (k

(1)
0 h)− i(k

(2)
0 h){tanh2 (k

(1)
0 h)− 1}

]

≈ (k
(1)
0 + ik

(2)
0 )

[
tanh (k

(1)
0 h) + i(k

(2)
0 h)sech2(k

(1)
0 h)

]

≈ k
(1)
0 tanh (k

(1)
0 h) + ik

(1)
0 (k

(2)
0 h)sech2(k

(1)
0 h) + ik

(2)
0 tanh (k

(1)
0 h)− h(k

(2)
0 )2sech2(k

(1)
0 h)

≈ k
(1)
0 tanh (k

(1)
0 h) + ik

(1)
0 (k

(2)
0 h)sech2(k

(1)
0 h) + ik

(2)
0 tanh (k

(1)
0 h)

≈ k
(1)
0 tanh (k

(1)
0 h) + ik

(2)
0

[
tanh (k

(1)
0 h) + hk

(1)
0 sech2(k

(1)
0 h)

]

≈ K̂1 + iK̂2 (K̂2 ∼ small).

Now, taking the Fourier transform of the governing equation (2.9) and boundary condi-
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tions (2.10) and (2.11) with respect of the horizontal space variable x, we obtain

∂2φ1

∂y2
− ξ2φ1 = 0 in −∞ < ξ < ∞, 0 ≤ y ≤ h, (3.18)

∂φ1

∂y
+ Kφ1 = 0 on y = 0, (3.19)

∂φ1

∂y
= Λ(ξ) on y = h, (3.20)

where

Λ(ξ) =

∫ ∞

−∞
p(x)eiξxdx, (3.21)

with p(x) is given by equation (2.11).

The solution of (3.18) is given by

φ1(ξ, y) = C1(ξ) cosh ξy + C2(ξ) sinh ξy. (3.22)

Applying the boundary condition (3.19) to (3.22), we obtain

C2(ξ) =
−KC1(ξ)

ξ
. (3.23)

Applying the boundary condition (3.20) to (3.22), we obtain

C1(ξ) =
Λ(ξ)

ξ sinh ξh−K cosh ξh
. (3.24)

Substituting the values of C1(ξ) and C2(ξ) in equation (3.22) we obtain

φ1(ξ, y) =
ξ cosh ξy −K sinh ξy

ξ[ξ sinh ξh−K cosh ξh]
Λ(ξ). (3.25)

Taking inverse Fourier transform, the solution for the velocity potential can be written in

the form

φ1(x, y) =
1

2π

∫ ∞

−∞

ξ cosh ξy −K sinh ξy

ξ[ξ sinh ξh−K cosh ξh]
Λ(ξ)e−iξxdξ. (3.26)

We now obtain the final result from (3.26) by contour integration using the residue theorem.

We observe that the equation (3.26) also has certain singularities (lying on the ξ-axis)

other than ξ = 0. Replacing K by K̂ = (σ2 + iµ′σ)/g in equation (3.26), the singularities of

(3.26) are displaced off the ξ-axis to the upper and the lower half planes. Hence, we write

φ1(x, y) = lim
µ′→0

1

2π

∫ ∞

−∞

F (ξ, y)

Gµ′(ξ, h)
e−iξxdξ, (3.27)
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where

F (ξ, y) = [ξ cosh ξy − K̂ sinh ξy]Λ(ξ), (3.28)

Gµ′(ξ, h) = ξ[ξ sinh ξh− K̂ cosh ξh]. (3.29)

If K̂ = K̂1 + iK̂2, then K̂2 = µ′K/σ which is very small and if ζ = α + iβ is a zero of the

expression (3.29), then ζ can be determined up to first order of K̂2 as

ζ = ±αn ± iβn, and ζ = ±(k0 + γ)± iβ′n, (3.30)

where

αn = K̂2α
(1)
n , α

(1)
n =

− cos βnh

(K̂1h− 1) sin(±βnh)− (±βnh) cos βnh
, for βn > 0

βn’s are roots of β tan βh + K = 0,

γ = K̂2α
′(1)
n , α

′(1)
n =

k2
0h− K̂1[1 + (k0h)2/2]

±k0K̂1K̂2h− (±2k0K̂2h)
,

β′n = K̂2β
′(1)
n , β

′(1)
n =

2 + (k0h)2

±4k0h± (k0h)3 − (±2k0h2K̂1)





. (3.31)

3.3.2 Results

Here the contour consists of the portion −R to R on the real ξ-axis and a semicircle centred

at the origin and having a large radius R. The semicircle must be taken in the upper half ζ-

plane (ζ = ξ + iη) in anticlockwise direction or in the lower half plane in clockwise direction,

according as x < 0 or x > 0. In the limit as R → ∞, the required range of integration is

recovered, since the integration along the semicircle makes a zero contribution. Hence, by

using the residue theorem,

φ1(x, y) = lim
µ′→0

(−i)

[ ∞∑
n=1

Res

{
F (ζ, y) e−iζx

Gµ′(ζ, h)

} ∣∣∣∣
ζ=αn+iβn

+Res

{
F (ζ, y) e−iζx

Gµ′(ζ, h)

} ∣∣∣∣
ζ=(k0+γ)+iβ′n

]
for x < 0, (3.32)

and

φ1(x, y) = lim
µ′→0

i

[ ∞∑
n=1

Res

{
F (ζ, y) e−iζx

Gµ′(ζ, h)

} ∣∣∣∣
ζ=−αn−iβn

+Res

{
F (ζ, y) e−iζx

Gµ′(ζ, h)

} ∣∣∣∣
ζ=−(k0+γ)−iβ′n

]
for x > 0, (3.33)
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which imply that

φ1(x, y) = lim
µ′→0

(−i)
∞∑

n=1

Res

{
F (ζ, y) e−iζx

Gµ′(ζ, h)

} ∣∣∣∣
ζ=αn+iβn

+
−2ik2

0

2k0h + sinh 2k0h

{∫ ∞

−∞
c(x)e2ik0xdx

}
cosh k0(h− y)e−ik0x

for x < 0, (3.34)

and

φ1(x, y) = lim
µ′→0

i

∞∑
n=1

Res

{
F (ζ, y) e−iζx

Gµ′(ζ, h)

} ∣∣∣∣
ζ=−αn−iβn

+
2ik2

0

2k0h + sinh 2k0h

{∫ ∞

−∞
c(x)dx

}
cosh k0(h− y)eik0x

for x > 0. (3.35)

The first term on right hand side of each of the equations (3.34) and (3.35) represents

the non-propagating modes which decay rapidly away from the undulation and the second

term represents a propagating mode from the region of the bed disturbance. Comparing the

equations (3.34) and (3.35) with equation (2.12), the reflection and transmission coefficients

can, respectively, be written as

R1 =
−2ik2

0

2k0h + sinh 2k0h

∫ ∞

−∞
c(x)e2ik0xdx, (3.36)

and

T1 =
2ik2

0

2k0h + sinh 2k0h

∫ ∞

−∞
c(x)dx. (3.37)

R1 and T1 obtained in equations (3.36) and (3.37) are same as equations (3.12) and (3.15)

obtained in Section 3.2.

3.4 Solution by finite cosine transform technique

In the last two sections, we solved the BVP by utilising two different methods: one was

Green’s function and by a suitable application of Green’s integral theorem, and the other

Fourier transform technique. Here we consider the same boundary value problem and solve

it by a different method. The reduced boundary value problem is solved by the help of

finite cosine transform. By this method the expression for the first order correction to the

potential is obtained. From the solution of the expression of the first order correction to the

potential, the reflection and transmission coefficients are evaluated.
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3.4.1 Solution procedure

Now, the reduced boundary value problem, described by equations (2.9) -(2.12), can be solved

by introducing finite cosine transformation with respect to y, which is more appropriate than

Fourier transformation which involves contour integration and related results regarding the

path of integration which are cumbersome, as described in Davies and Heathershaw [19] and

in the previous section.

Define the finite cosine transformation of φ1(x, y) with respect to y as

Fκ(x) =

∫ 0

h

φ1(x, y) cos κ(h− y)dy, (3.38)

where κ is determined by equation (1.29).

The corresponding inverse transform (Miles [67]) is given by

φ1(x, y) =
∑

κ

4κ

2κh + sin 2κh
Fκ(x) cos κ(h− y). (3.39)

where the summation is over the infinite, discrete set of positive real roots κ = kn, n =

1, 2, 3, . . . of (1.29) and the imaginary root κ = −ik0.

Applying finite cosine transform to equation (2.9) and then using the given conditions

(2.10), (2.11) and (1.29), we obtain the following second order ordinary differential equations

F ′′
n (x)− k2

nFn(x) = p(x), (3.40a)

and

F ′′
0 (x)− (−ik0)

2F0(x) = p(x). (3.40b)

The above ordinary differential equations (3.40a) and (3.40b) can be solved successfully in

the forms

Fn(x) = − 1

2kn

∫ ∞

−∞
e−kn|x−ξ| p(ξ)dξ, (3.41a)

and

F0(x) = − 1

2β0

∫ ∞

−∞
e−β0|x−ξ| p(ξ)dξ, (3.41b)

where

β0 = −ik0, (3.42)

if and only if we make an artificial assumption that k0 possesses a small positive imaginary

part which will be taken to be zero (in eliminating sense) at the end of analysis.
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Assuming k0 = k
(1)
0 + ik

(2)
0 and substituting (3.41) in (3.39), we get

φ1(x, y) =
∞∑

n=1

(−2)

2knh + sin 2knh
cos kn(h− y)

∫ ∞

−∞
e−kn|x−ξ| p(ξ)dξ

+
(−2i)

2k0h + sinh 2k0h
cosh k0(h− y)

∫ ∞

−∞
ei(k

(1)
0 +ik

(2)
0 )|x−ξ| p(ξ)dξ. (3.43)

⇒ φ1(x, y) =
∞∑

n=1

(−2)

2knh + sin 2knh
cos kn(h− y)

∫ ∞

−∞
e−kn|x−ξ| p(ξ)dξ

+
(−2i)

2k0h + sinh 2k0h
cosh k0(h− y)

∫ ∞

−∞
e∓i(k

(1)
0 +ik

(2)
0 )|x−ξ| p(ξ)dξ, x → ∓∞.

(3.44)

3.4.2 Reflection and transmission coefficients

Now taking k
(2)
0 → 0 and comparing equation (3.44) with equation (2.12),

for x → −∞, the reflection coefficient can be written as

R1 =
−2i

2k0h + sinh 2k0h

∫ ∞

−∞
eik0x p(x)dx

=
−2ik2

0

2k0h + sinh 2k0h

∫ ∞

−∞
c(x) e2ik0xdx, (3.45)

and for x → +∞, the transmission coefficient can be written as

T1 =
−2i

2k0h + sinh 2k0h

∫ ∞

−∞
e−ik0x p(x)dx

=
2ik2

0

2k0h + sinh 2k0h

∫ ∞

−∞
c(x)dx. (3.46)

The reflection and transmission coefficients obtained in equations (3.45) and (3.46) are same

as equations (3.12) and (3.15) obtained by Green’s function method.

3.5 Conclusion

In this chapter, the reduced boundary value problem for the first order correction of the

potential for normal incidence is solved by using Green’s function technique; Fourier trans-

form technique and finite cosine transform technique. After obtaining the velocity potential,

the reflection and transmission coefficients were obtained in terms of integrals involving the
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shape function c(x). These coefficients can be found out numerically once the shape function

c(x) is known. In Chapter 5, we will consider different examples of the shape function to

evaluate these coefficients numerically.

It is found that the results obtained for these coefficients, in terms of integrals involving

the shape function c(x), by the above three different methods are the same.

In the application of Fourier transform technique, by taking Fourier transform of φ1 with

respect to x to the BVP it is found that the integrand (in equations (3.26) and (3.27))

contains certain singularities and hence residue theorem is used while employing contour

integration to evaluate the integrals appearing in the first order correction of the potential.

This technique has a more general approach than that employed by Davies and Heathershaw

[19] to the problem of scattering of water waves by sinusoidal undulations on an otherwise

flat bed.

On the other hand, the application of finite cosine transform technique of φ1 does not

involve the contour integration and the related results regarding the path of integration.

This method also does not require determining a Green’s function as was the case for the

first method. Also, the use of this technique in obtaining the first-order potential, and hence

the reflection and transmission coefficients, reduces the workload to a large extent. Hence,

this technique has edge over the other two techniques.
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Chapter 4

Solution to the Scattering Problem
for Oblique Incidence

4.1 Introduction

In the last chapter we solved the problem of scattering of surface waves by small undulation of

the bottom of a laterally unbounded sea, using linear water wave theory, for normal incidence

using three different techniques, namely, Green’s function and by a suitable application of

Green’s integral theorem; Fourier transform technique; and finite cosine transform. In the

present chapter, we consider the same problem for oblique incidence and we solve it by these

same three analytical methods. By these methods, the solution of the first order correction

to the potential involved in the reduced boundary value problem is determined from which

the quantities of physical interest namely, the reflection and transmission coefficients, are

evaluated up to the first order of the small parameter ε in terms of integrals involving the

shape function c(x).

4.2 Solution by Green’s function technique

In this section, the simpler boundary value problem (equations (2.26)-(2.29)) for the oblique

incidence of surface waves is solved by using Green’s function and by a suitable application

of Green’s integral theorem and the solution for the first order correction to the potential is

obtained from which the reflection and transmission coefficients are evaluated.
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4.2.1 Solution procedure

To solve this boundary value problem described by equations (2.26)-(2.29) we require the

Green’s function G(x, y; ξ, η) which satisfies the following equations:

(∇2 − ν2)G = 0 in −∞ < x < ∞, 0 < y < h, (4.1)

except at (ξ, η) where 0 < η < h,

∂G

∂y
+ KG = 0 on y = 0, (4.2)

∂G

∂y
= 0 on y = h, (4.3)

G ∼ lnr as r = {(x− ξ)2 + (y − η)2}1/2 → 0, (4.4)

G ∼ multiple of cosh k0(h− y)eiµ|x−ξ| as |x− ξ| → ∞. (4.5)

The condition (4.5) implies that G represents an outgoing wave as |x − ξ| → ∞. Based on

the solution given by Heins [34], we obtain the solution for the BVP (equations (4.1) - (4.5))

as

G(x, y; ξ, η) =
−4πi sec θ cosh k0(h− y) cosh k0(h− η)eiµ|x−ξ|

2k0h + sinh 2k0h

−
∞∑

n=1

4πkn cos kn(h− y) cos kn(h− η)e−
√

(k2
n+ν2) |x−ξ|

(2knh + sin 2knh)
√

k2
n + ν2

, (4.6)

where kn are real and positive roots of the equation (1.29).

The behaviour of G when |x| → ∞ is given by the first term of the equation (4.6). We

now apply the Green’s integral theorem to φ1(x, y) and G(x, y; ξ, η) in the form

∫

C

(
φ1

∂G

∂n
−G

∂φ1

∂n

)
ds = 0, (4.7)

where C is a closed contour in the xy-plane consisting of the lines y = 0, y = h (−X ≤ x ≤
X), x = ±X (0 ≤ y ≤ h) and a small circle of radius δ with centre at (ξ, η), as was shown

in Figure 3.1, and ultimately letting X →∞ and δ → 0.

Evaluating the integral equation (4.7) over the contour following the same procedure de-

scribed in Section 3.2 the results of the integral equation (4.7) will give rise the determination

of φ1 as:

φ1(ξ, η) =
1

2π

∫ ∞

−∞
G(x, h; ξ, η) V (x) dx, (4.8)

which solves the boundary value problem for φ1(x, y).
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4.2.2 Reflection and transmission coefficients

The first order reflection and transmission coefficients R1 and T1 appearing in the BVP

(equations (2.26)-(2.29)) are now obtained by letting ξ → ∓∞ and using the far-field con-

dition (2.29) (with (x, y) replaced by (ξ, η)) in equation (4.8). For this, from equation (4.6)

we require the result

G(x, y; ξ, η) =
−4πi sec θ cosh k0(h− y) cosh k0(h− η)eiµ|x−ξ|

2k0h + sinh 2k0h
as |x− ξ| → ∞. (4.9)

To find R1, we note from equations (2.29) and (4.9), respectively, that

φ1(ξ, η) = R1 cosh k0(h− η)e−iµξ as ξ → −∞ , (4.10)

G(x, h; ξ, η) =
−4πi sec θ cosh k0(h− η)eiµ(x−ξ)

2k0h + sinh 2k0h
as ξ → −∞. (4.11)

Substituting equations (4.10) and (4.11) in equation (4.8), we obtain

R1 =
−2i sec θ

2k0h + sinh 2k0h

∫ ∞

−∞
eiµx V (x)dx

=
−2ik2

0 sec θ cos 2θ

2k0h + sinh 2k0h

∫ ∞

−∞
c(x)e2iµxdx. (4.12)

To find T1, we note from equations (2.29) and (4.9), respectively, that

φ1(ξ, η) = T1 cosh k0(h− η)eiµξ as ξ →∞ , (4.13)

G(x, h; ξ, η) =
−4πi sec θ cosh k0(h− η)e−iµ(x−ξ)

2k0h + sinh 2k0h
as ξ →∞. (4.14)

Substituting equations (4.13) and (4.14) in equation (4.8), we obtain

T1 =
−2i sec θ

2k0h + sinh 2k0h

∫ ∞

−∞
e−iµx V (x)dx

=
2ik2

0 sec θ

2k0h + sinh 2k0h

∫ ∞

−∞
c(x)dx. (4.15)

The results (4.12) and (4.15) may be interpreted as the results obtained by Miles [68] and

Mandal and Basu [53] for the case of absence of surface tension.

As the expression of R1 contains a cos 2θ term, then for the oblique incidence at θ = π
4

of wave train, the reflection coefficient R1 up to the first order vanishes independently of the

shape of bottom undulation, as also mentioned by Miles [68] and Mandal and Basu [53].

Also the results for normal incidence can be obtained by putting θ = 0.

The reflection and transmission coefficients can be evaluated from equations (4.12) and (4.15)

once the shape function c(x) is known.
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4.3 Solution by Fourier transform technique

In the previous section, we solved the boundary value problem (equations (2.26)-(2.29)) by

using Green’s function and by a suitable application of Green’s integral theorem. Now we

consider the same problem and solve it by a different analytical method: Fourier transform

technique. Due to the presence of singularities in the integrals appearing in the first order

correction of the potential, residue theorem is employed while performing the contour inte-

gration. From the solution of the first-order correction to the potential, the reflection and

transmission coefficients are evaluated.

4.3.1 Solution procedure

To solve this boundary value problem for the determination of φ1 we now assume that φ1

is such that the Fourier transform of φ1, denoted by φ1, is given by equation (3.16) and its

inverse is given by equation (3.17).

Now, taking Fourier transform of the governing equation (2.26) and the boundary con-

ditions (2.27) and (2.28) with respect to the horizontal space variable x, we obtain

∂2φ1

∂y2
− ξ̂2φ1 = 0 in −∞ < ξ < ∞, 0 ≤ y ≤ h, (4.16)

∂φ1

∂y
+ Kφ1 = 0 on y = 0, (4.17)

∂φ1

∂y
= Λ(ξ) on y = h, (4.18)

where ξ̂2 = ξ2 + ν2 and

Λ(ξ) =

∫ ∞

−∞
V (x)eiξxdx, (4.19)

with V (x) given by equation (2.28).

The solution of (4.16) is given by

φ1(ξ, y) = C3(ξ) cosh ξ̂y + C4(ξ) sinh ξ̂y. (4.20)

Applying the boundary condition (4.17) to (4.20), we obtain

C4(ξ) =
−KC1

ξ̂
. (4.21)

Applying the boundary condition (4.18) to (4.20), we obtain

C3(ξ) =
Λ(ξ)

ξ̂ sinh ξh−K cosh ξ̂h
. (4.22)
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Substituting the values of C3 and C4 in the equation of (4.20) we obtain

φ1(ξ, y) =
ξ̂ cosh ξ̂y −K sinh ξ̂y

ξ̂[ξ̂ sinh ξ̂h−K cosh ξ̂h]
Λ(ξ). (4.23)

Taking inverse Fourier transform, the solution for the velocity potential can be written in

the form

φ1(x, y) =
1

2π

∫ ∞

−∞

ξ̂ cosh ξ̂y −K sinh ξ̂y

ξ̂[ξ̂ sinh ξ̂h−K cosh ξ̂h]
Λ(ξ) e−iξxdξ. (4.24)

We now obtain the final result from (4.24) by contour integration using the residue theorem

as done previously.

Here also we observe that the equation (4.24) has certain singularities (lying on the ξ-

axis) other than ξ̂ = 0. Replacing K by K̂ (as defined in Section 3.3) in equation (4.24),

the singularities of (4.24) are displaced off the ξ-axis to the upper and the lower half planes.

Hence, we write

φ1(x, y) = lim
µ′→0

1

2π

∫ ∞

−∞

F (ξ̂, y)

Gµ′(ξ̂, h)
e−iξxdξ, (4.25)

where

F (ξ̂, y) = [ξ̂ cosh ξ̂y − K̂ sinh ξ̂y]Λ(ξ), (4.26)

Gµ′(ξ̂, h) = ξ̂
[
ξ̂ sinh ξ̂h− K̂ cosh ξ̂h

]
. (4.27)

If K̂ = K̂1+iK̂2, and if ζ̂ = α+iβ is a zero of the expression (4.27), then ζ̂ can be determined

as

ζ̂ = ±αn ± iβn, and ζ̂ = ±(k0 + γ)± iβ′n, (4.28)

where αn, βn, γ and β′n are given by equation (3.31).

Substituting ζ̂ = ±
√

ζ2 + ν2, then the roots ζ̂ = ±αn ± iβn give

ζ ≈ ±
√
−(β2

n + ν2)± iK̂2(2α
′(1)
n βn) up to the first order of K̂2

⇒ ζ ≈ ±isn as µ′ → 0, where sn =
√

β2
n + ν2, (4.29)

and the roots ζ̂ = ±(k0 + γ)± iβ′n give

ζ ≈ ±k0 cos θ = ±µ up to the first order of K̂2 and when µ′ → 0. (4.30)
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4.3.2 Results

We now consider the same contour as described in Section 3.3 and perform the integration

along it. Then, by using the residue theorem,

φ1(x, y) = lim
µ′→0

(−i)

[ ∞∑
n=1

Res

{
F (ζ̂ , y) e−iζx

Gµ′(ζ̂ , h)

} ∣∣∣∣
ζ=isn

+ Res

{
F (ζ̂ , y) e−iζx

Gµ′(ζ̂ , h)

} ∣∣∣∣
ζ=µ

]
for x < 0, (4.31)

and

φ1(x, y) = lim
µ′→0

i

[ ∞∑
n=1

Res

{
F (ζ̂ , y) e−iζx

Gµ′(ζ̂ , h)

} ∣∣∣∣
ζ=−isn

+ Res

{
F (ζ̂ , y) e−iζx

Gµ′(ζ̂ , h)

} ∣∣∣∣
ζ=−µ

]
for x > 0, (4.32)

which imply that

φ1(x, y) = lim
µ′→0

(−i)
∞∑

n=1

Res

{
F (ζ̂ , y) e−iζx

Gµ′(ζ̂ , h)

} ∣∣∣∣
ζ=isn

+
−2ik2

0 sec θ cos 2θ

2k0h + sinh 2k0h

{∫ ∞

−∞
c(x)e2iµxdx

}
cosh k0(h− y)e−iµx

for x < 0, (4.33)

and

φ1(x, y) = lim
µ′→0

i

∞∑
n=1

Res

{
F (ζ̂ , y) e−iζx

Gµ′(ζ̂ , h)

} ∣∣∣∣
ζ=−isn

+
2ik2

0 sec θ

2k0h + sinh 2k0h

{∫ ∞

−∞
c(x)dx

}
cosh k0(h− y)eiµx

for x > 0. (4.34)

The first term on right hand side of each of the equations (4.33) and (4.34) represents

the non-propagating modes which decay rapidly away from the undulation and the second

term represents a propagating mode from the region of the bed disturbance. Comparing

equations (4.33) and (4.34) with equation (2.29), the reflection and transmission coefficients

can, respectively, be written as

R1 =
−2ik2

0 sec θ cos 2θ

2k0h + sinh 2k0h

∫ ∞

−∞
c(x)e2iµxdx, (4.35)
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and

T1 =
2ik2

0 sec θ

2k0h + sinh 2k0h

∫ ∞

−∞
c(x)dx. (4.36)

These results (4.35) and (4.36) are same as the results (4.12) and (4.15) obtained by

Green’s function technique.

4.4 Solution by finite cosine transform technique

In the last two sections, we considered the boundary value problem (equations (2.26)-(2.29))

of scattering of surface waves by small undulation of the bottom of a laterally unbounded sea

using linear water wave theory for oblique incidence and solved it by two different methods,

namely Green’s function technique and Fourier transform technique. Now we consider the

same problem as in the previous sections and solve it by using finite cosine transform. By

this method we obtain the first-order correction to the potential. Consequently, the reflection

and transmission coefficients are evaluated.

4.4.1 Solution procedure

Now, the above reduced boundary value problem, described by equations (2.26)-(2.29), can

be solved by introducing finite cosine transformation with respect to y, which is more ap-

propriate than Fourier transformation which involves contour integration and related results

regarding the path of integration which are cumbersome, as described in Davies and Heather-

shaw [19].

Define the finite cosine transformation of φ1(x, y) with respect to y as

Fκ(x) =

∫ 0

h

φ1(x, y) cos κ(h− y)dy, (4.37)

where κ is determined by the equation (1.29).

The corresponding inverse transform (Miles [67]) is given by

φ1(x, y) =
∑

κ

4κ

2κh + sin 2κh
Fκ(x) cos κ(h− y), (4.38)

where the summation is over the infinite, discrete set of positive real roots κ = kn, n =

1, 2, 3, . . . of (1.29) and the imaginary root κ = −ik0.

Applying finite cosine transform to equation (2.26) and then using the given conditions

(2.27), (2.28) and (1.29), we obtain the following second order ordinary differential equations

F ′′
n (x)− (k2

n + ν2)Fn(x) = V (x), (4.39a)
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and

F ′′
0 (x)− (ν2 − k2

0)F0(x) = V (x). (4.39b)

The above ordinary differential equations (4.39a) and (4.39b) can be solved successfully

in the forms

Fn(x) = − 1

2βn

∫ ∞

−∞
e−βn|x−ξ| V (ξ)dξ, (4.40a)

and

F0(x) = − 1

2β0

∫ ∞

−∞
e−β0|x−ξ| V (ξ)dξ, (4.40b)

where

βn = (k2
n + ν2)1/2, (4.41a)

and

β0 = −i(k2
0 − ν2)1/2 = −iµ, (4.41b)

if and only if we make an artificial assumption that µ possesses a small positive imaginary

part which will be taken to be zero at the end of analysis.

Assuming µ = µ1 + iµ2 and substituting (4.40) in (4.38), we get

φ1(x, y) =
∞∑

n=1

(−2kn)

βn(2knh + sin 2knh)
cos kn(h− y)

∫ ∞

−∞
e−βn|x−ξ| V (ξ)dξ

+
(−2ik0)

(2k0h + sinh 2k0h)
cosh k0(h− y)

1

(µ1 + iµ2)

×
∫ ∞

−∞
ei(µ1+iµ2)|x−ξ| V (ξ)dξ. (4.42)

⇒ φ1(x, y) =
∞∑

n=1

(−2kn)

βn(2knh + sin 2knh)
cos kn(h− y)

∫ ∞

−∞
e−βn|x−ξ| V (ξ)dξ

+
(−2ik0)

(2k0h + sinh 2k0h)
cosh k0(h− y)

1

(µ1 + iµ2)

×
∫ ∞

−∞
e∓i(µ1+iµ2)(x−ξ) V (ξ)dξ, x → ∓∞. (4.43)
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4.4.2 Reflection and transmission coefficients

Now taking µ2 → 0 and comparing equation (4.43) with equation (2.29),

for x → −∞, the reflection coefficient can be written as

R1 =
−2i sec θ

2k0h + sinh 2k0h

∫ ∞

−∞
eiµx V (x)dx

=
−2i sec θ

2k0h + sinh 2k0h
(µ2 − ν2)

∫ ∞

−∞
c(x)e2iµxdx

=
−2ik2

0 sec θ cos 2θ

2k0h + sinh 2k0h

∫ ∞

−∞
c(x) e2iµxdx, (4.44)

and for x → +∞, the transmission coefficient can be written as

T1 =
−2i sec θ

2k0h + sinh 2k0h

∫ ∞

−∞
e−iµx V (x)dx

=
−2i sec θ

2k0h + sinh 2k0h
(−µ2 − ν2)

∫ ∞

−∞
c(x)dx

=
2ik2

0 sec θ

2k0h + sinh 2k0h

∫ ∞

−∞
c(x)dx. (4.45)

The results (4.44) and (4.45) are same as the results (4.12) and (4.15) obtained by Green’s

function technique.

4.5 Conclusion

In applying perturbation analysis to the scattering of water waves over an uneven bottom,

the limitations that the flow is an irrotational one and the waves are of small amplitude do

not cause any hindrance in obtaining results valid over some physically interesting ranges of

wave and uneven bed topography. The present method of applying perturbation analysis to

oblique incidence on an uneven bottom is more general in nature. Due to the nature of the

waves in sea, oblique incidence is more likely to occur. After applying perturbation analysis

to the governing boundary value problem a simpler boundary value problem for the first

order correction of the potential the solution is obtained and this is solved by three different

methods: a suitable application of Green’s integral theorem; Fourier transform and finite

cosine transform. By these three methods the reflection and transmission coefficients are

then evaluated up to the first order of ε in terms of integrals involving the shape function

c(x) and it is found that the results for these coefficients are same by these three methods.

The reflection and transmission coefficients can be found out numerically once the shape

function c(x) is known.
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The problem of scattering of surface water waves by sinusoidal varying topography on the

sea-bed, considered by Davies and Heathershaw [19] for normal incidence, has been extended

to the oblique case by using Fourier transform technique. The present technique definitely

has the advantage that it is more general in nature than Davies and Heathershaw method.

In chapter 5, we will consider different examples of the shape function to determine these

coefficients numerically.
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Chapter 5

Different Bed Forms and Evaluation
of Coefficients

5.1 Introduction

In the last two chapters, we investigated the problem of water wave scattering by small

undulation on an otherwise flat bottom of a sea and obtained the analytical expressions for

the reflection and transmission coefficients in terms of integrals involving the shape function

c(x). These coefficients can be found out numerically once the shape function c(x) is known.

In the present chapter, we consider different examples of the shape function in order to

evaluate these coefficients. The results are best presented graphically.

5.2 Examples

We take up the following six examples each representing small undulation on the sea-bed.

After evaluating R1 and T1, we plot different graphs to observe the reflected and transmitted

field due to the presence of the undulation.

5.2.1 Example 1

Consider the following bed profile:

c(x) = b e−a0|x| (a0 > 0), −∞ < x < ∞. (5.1)

This depth profile corresponds to an exponentially damped undulation. Here the top of

the elevation lies at the point (0, b), and it decreases, on either side, exponentially. Using
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equation (5.1) in the expressions for R1 and T1, respectively, in equations (3.12) and (3.15),

we obtain R1 and T1 for normal incidence as

R1 =
−2ik2

0

2k0h + sinh 2k0h

2ba0

4k2
0 + a2

0

, (5.2)

and

T1 =
2ik2

0

2k0h + sinh 2k0h

2b

a0

. (5.3)

Again for oblique incidence, R1 and T1 are obtained from equations (4.12) and (4.15),

respectively, as

R1 =
−2ik2

0 sec θ cos 2θ

2k0h + sinh 2k0h

2ba0

4µ2 + a2
0

, (5.4)

and

T1 =
2ik2

0 sec θ

2k0h + sinh 2k0h

2b

a0

. (5.5)

Numerical result:
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1
|
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Figure 5.1: Reflection and transmission coefficients against the wave number k0h for θ =
0; b/h = 0.1; a0h = 1

From Figure 5.1, we observe that the reflection coefficient is comparatively much smaller

than the transmission coefficient since |R1| = |T1| [(2k0/a)2 + 1]−1. As we consider small

undulation (b is small, here b/h = 0.1) it happens so, i.e. transmission dominates reflection.
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5.2.2 Example 2

Consider the bed profile:

c(x) = b0 e−d0x2

(d0 > 0), −∞ < x < ∞. (5.6)

In this case, the elevation is of the Gaussian profile, the top occurring at the point (0, b0) as

in Example 1. Using equation (5.6) in the expressions for R1 and T1, we obtain, for normal

incidence,

R1 =
−2ik2

0

2k0h + sinh 2k0h

(
π

d0

)1/2

b0e
−k2

0/d0 , (5.7)

and

T1 =
2ik2

0

2k0h + sinh 2k0h
b0

(
π

d0

)1/2

, (5.8)

while for oblique incidence,

R1 =
−2ik2

0 sec θ cos 2θ

2k0h + sinh 2k0h

(
π

d0

)1/2

b0e
−µ2/d0 , (5.9)

and

T1 =
2ik2

0 sec θ

2k0h + sinh 2k0h
b0

(
π

d0

)1/2

. (5.10)

5.2.3 Example 3

Now consider the following bed profile:

c(x) =

{
h

[
cos

(
2πx
d

)− 1
]
, 0 ≤ x ≤ d,

0, otherwise
. (5.11)

This shape function about the mean level y = h corresponds to a single hump which smoothly

joins the flat bed section at x = 0 and x = d.

Substituting equation (5.11) in expressions for R1 and T1, the reflection and transmission

coefficients are, respectively, evaluated as

for normal incidence,

R1 =
−k2

0 sec θ cos 2θ

2k0h + sinh 2k0h

hπ2[e2ik0d − 1]

k0(k2
0d

2 − π2)
, (5.12)

and

T1 =
2ik2

0 sec θ(−h d)

2k0h + sinh 2k0h
, (5.13)

while for oblique incidence,

R1 =
−k2

0 sec θ cos 2θ

2k0h + sinh 2k0h

hπ2[e2iµd − 1]

µ(µ2d2 − π2)
, (5.14)
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and

T1 =
2ik2

0 sec θ(−h d)

2k0h + sinh 2k0h
. (5.15)

Numerical result:
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Figure 5.2: Reflection and transmission coefficients against the wave number k0h for θ =
0; d/h = 0.0001

Figure 5.2 corresponds to the single hump whose mathematical representation is different

from Example 1. So values for different parameters are considered to get a smooth graph for

reflection and transmission coefficients. For the selected set of parameters (d/h = 0.0001)

we observe the effects of reflection and transmission are nearly same up to a certain value of

the wave number after which they vanish.

The scattered fields behave differently in Examples 1 and 3 because the parameters

considered in Example 3 are different from those in Example 1, and also the shapes are

different although they represent single undulation. For the first example, the shape depends

mainly on the parameter b (hence b/h is used for plotting) and for the third example, the

shape depends mainly on the parameter d (hence d/h is used for plotting).

5.2.4 Example 4

Consider

c(x) =

{
h

[
x
d
− (

x
d

)2
]
, 0 ≤ x ≤ d,

0, otherwise.
(5.16)
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This shape function about the mean level y = h corresponds to a single hump which

gives slope discontinuities at x = 0 and x = d.

Substituting equation (5.16) in equations for R1 and T1, the reflection and transmission

coefficients are, respectively, evaluated as

for normal incidence,

R1 =
−2ik2

0

2k0h + sinh 2k0h

h[(i− dk0)− e2ik0d(i + dk0)]

4d2k3
0

, (5.17)

and

T1 =
ik2

0

2k0h + sinh 2k0h

hd

3
, (5.18)

while for oblique incidence,

R1 =
−2ik2

0 sec θ cos 2θ

2k0h + sinh 2k0h

h[(i− dµ)− e2iµd(i + dµ)]

4d2µ3
, (5.19)

and

T1 =
ik2

0 sec θ

2k0h + sinh 2k0h

hd

3
. (5.20)

5.2.5 Example 5

We now consider a special form for the shape function c(x) in the form of a patch of sinusoidal

ripples as the bottom undulation. This bottom undulation closely resembles some naturally

occurring obstacles formed at the bottom due to sedimentation and ripple growth of sands.

Hence, this type of undulation assumes more significance than the other ones.

c(x) =

{
c0 sin(lx + δ′), L1 ≤ x ≤ L2

0 otherwise,
. (5.21)

For the continuity of bed elevation we can take

L1 =
−nπ − δ′

l
, L2 =

mπ − δ′

l
,

where c0 the amplitude of the sinusoidal ripples, l the wave number of the sinusoidal ripples

and δ′ an arbitrary phase angle; and m and n positive integers. This represents a patch

of sinusoidal ripples on an otherwise flat bottom, the patch consisting of (n + m)/2 ripples

having the same wave number l.
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y
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Figure 5.3: A patch of sinusoidal ripples

R1 and T1 for normal incidence:

R1 =
−2ik2

0

2k0h + sinh 2k0h

c0l

l2 − (2k0)2

[
(−1)ne2ik0L1 − (−1)me2ik0L2

]
, (5.22)

and

T1 =
2ik2

0

2k0h + sinh 2k0h

(−c0)

l

[
(−1)m − (−1)n

]
. (5.23)

In the situation in which there is an integer number of ripple wavelengths in the patch

L1 ≤ x ≤ L2 such that m = n and δ′ = 0, we find R1 and T1, respectively, as

R1 =
2k0

2k0h + sinh 2k0h

c0 (−1)m(2k0/l)

(2k0/l)2 − 1
sin

(
2k0mπ

l

)
, (5.24)

and

T1 = 0. (5.25)

These results exactly match with those obtained in Davies and Heathershaw [19]. The main

observation in this case is that the first order reflection coefficient is an oscillatory function

in the ratio of twice the surface wave number k0 to the ripple wave number l. Furthermore,

if the bed wave number is twice the wave number of the surface waves, the theory predicts a

resonant interaction between the bed and free surface. This resonant interaction is described

by Davies [17, 18]. The resonant interaction over sandbars is reported by Heathershaw [32]

with experiment demonstration. So we find from (5.24) that

R1 =
2k0c0

2k0h + sinh(2k0h)

mπ

2
. (5.26)

In this case R1 becomes a constant multiple of m, the number of ripples in the patch.

Although the theory breaks down where the solution is singular (l = 2k0), a large amount

of reflection of the incident wave energy by the bed forms is predicted in the neighbourhood

of this singularity.
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The ratio 2k0c0/{2k0h + sinh(2k0h)} indicates that the size of the reflected wave is de-

pendent upon the ripple’s amplitude and the water depth. For long waves (k0h ¿ 1) having

wave number such that l = 2k0, equation (5.26) gives rise to

R1 =
c0

2h

mπ

2
. (5.27)

If c0
2h
≈ 1

15
and m = 10, then R1 ≈ 1 which states that in the physical interesting case of

ripple having long wave length with, say, c0
2h
≈ 1

15
, the theory predicts that the total reflection

of wave energy will occur for m ≥ 10.

R1 and T1 for oblique incidence:

R1 =
−2ik2

0 sec θ cos 2θ

2k0h + sinh 2k0h

c0l

l2 − (2µ)2

[
(−1)n e2iµL1 − (−1)m e2iµL2

]
, (5.28)

and

T1 =
2ik2

0 sec θ

2k0h + sinh 2k0h

(−c0)

l

[
(−1)m − (−1)n

]
. (5.29)

In the situation in which there is an integer number of ripple wavelengths in the patch

L1 ≤ x ≤ L2 such that m = n and δ′ = 0, we find R1 and T1, respectively, as

R1 =
2k0 sec θ cos 2θ

2k0h + sinh 2k0h

c0 (−1)m(2k0/l)

(2µ/l)2 − 1
sin (2µmπ/l) , (5.30)

and

T1 = 0. (5.31)

These results exactly match with those obtained by Davies and Heathershaw [19] when

θ = 0. Equation (5.30) illustrates that for a given number of m ripples, the first order

reflection coefficient is an oscillatory function in the quotient of twice the x−component of

the wave number and the ripple wave number. Furthermore, at the critical condition l = 2µ,

the theory predicts a resonant interaction between the bed and the free surface. Hence, we

find from (5.30) that

R1 =
k0c0 sec2 θ cos 2θ

2k0h + sinh 2k0h
mπ . (5.32)

In this case R1 becomes a constant multiple of m, the number of ripples in the patch.

Although the theory breaks down where the solution is singular (l = 2µ), a large amount of

reflection of the incident wave energy by the bed forms is predicted in the neighbourhood of

this singularity.

Ph.D. Thesis Water Wave Scattering by Undulating Bed

TH-369_02612305



Chapter 5 : Different Bed Forms and Evaluation of Coefficients 55

Discussion:

As this is a non-dissipative system and since T1 = 0 while R1 may be large, there is a violation

in the conservation of energy in the solution which states that the solution is required to

satisfy a condition in relation to wave energy flux which precisely means that the incident

component of wave energy flux on the undulating part of the bed must be balanced by the

sum of reflected and transmitted energy fluxes. Here the reason for the imbalance is that

the linearised analysis does not permit any attenuation of the incident waves as they travel

over the region of the topography in L1 ≤ x ≤ L2, causing the predicted reflected wave

in the perturbation solution to be overestimated and the transmitted wave to be zero. In

practice, if the reflection wave is non-zero, there must be a progressive attenuation of the

incident wave in L1 ≤ x ≤ L2. Hence, to recover the energy balance on the solution, an

ad hoc procedure was proposed by Davies [18], in which the free surface wave amplitude in

the first order solution was assumed to decrease linearly from its starting value at x = −L

to a new lower value at x = +L and thereby establishing more accurate prediction for the

magnitude of the reflected and transmitted waves.

Numerical results:
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Figure 5.4: Reflection coefficient against
the wave number k0h for θ = 0; c0/h =
0.1; lh = 1; m = 1

0 0.5 1 1.5 2 2.5 3
0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

|R
1|

k
0
h

Figure 5.5: Reflection coefficient against
the wave number k0h for θ = 0; c0/h =
0.1; lh = 1; m = 2

The numerical computation is shown here for the first order reflection coefficient given by

equation (5.24). In Figure 5.4, |R1| is plotted against the wave number k0h for a single ripple

and c0/h = 0.1, lh = 1. From the graph it is clear that its peak value is attained when the
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Figure 5.6: Reflection coefficient against
the wave number k0h for θ = 0; c0/h =
0.1; lh = 1; m = 6
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Figure 5.7: Reflection coefficient against
the wave number k0h for θ = 0; c0/h =
0.1; lh = 1; m = 1, 3, and 5

wave number of the bottom undulations (lh) becomes approximately twice as large as surface

wave number (k0h). This is most evident in the curve which has its maximum value 0.0732 at

k0h = 0.5442. In Figure 5.5, |R1| is again plotted against k0h for c0/h = 0.1,m = 2, lh = 1.

In this case the number of ripples is increased to two. The same general feature of |R1|, as

in Figure 5.4, is now observed with the modification that the overall values of R1 is now

increased to 0.1450 at k0h = 0.5104 in comparison to the case of m = 1; the oscillating

nature of |R1| against k0h is more pronounced and the number of zeros of |R1| also increases.

This phenomenon becomes evident when m is increased to 6 (Figure 5.6). In this case its

maximum value is 0.4328 at k0h = 0.5. As the number of ripples increases, the peak value

of |R1| increases and it becomes more oscillatory. For proper observation, a comparison is

made in Figure 5.7 which plots |R1| against k0h for m = 1, 3 and 5. Now the corresponding

values of |R1| for m = 1, 3 and 5 are 0.0732, 0.2167 and 0.3607 at k0h = 0.5442, 0.5103 and

0.5 respectively.

In Figure 5.8, the reflection coefficient |R1| is also depicted against the angle of incidence

θ for k0h = 0.03163, c0/h = 0.1, lh = 1 and for a single ripple, two ripples and six ripples.

Also |R1| is depicted against the angle of incidence θ for k0h = 0.03163, c0/h = 0.1, lh = 1

and for a single ripple, three ripples and five ripples in Figure 5.9. From the graphs, we find

that |R1| increases as the number of ripples m increases and it is clear that for θ = π/4, |R1|
vanishes independently of the shape of the function which validates the equation (4.12).
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Figure 5.8: Reflection coefficient against
the angle of incidence θ for k0h =
0.03163; c0/h = 0.1; lh = 1; m =
1, 2, and 6
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Figure 5.9: Reflection coefficient against
the angle of incidence θ for k0h =
0.03163; c0/h = 0.1; lh = 1; m =
1, 3 and 5

5.2.6 Example 6

Now consider the shape function

c(x) =





a sin(l1x), L3 ≤ x ≤ 0,
a sin(l2x), 0 ≤ x ≤ L4,
0 otherwise,

(5.33)

where L3 = −nπ/l1; L4 = mπ/l2; m and n are integers. This also represents a patch

of sinusoidal ripples on an otherwise flat bottom, the patch in [−nπ/l1, 0] consists of n/2

number of ripples having the wave number l1 and the patch in [0,mπ/l2] consists of m/2

number of ripples having the wave number l2.

R1 and T1 for oblique incidence:

For this type of undulation at oblique incidence, we obtain the reflection and transmission

coefficients, respectively, as

R1 =
2ik2

0a sec θ cos 2θ

2k0h + sinh 2k0h

[ l1
l21 − (2µ)2

{1− (−1)n exp(2iµL3)}

+
l2

l22 − (2µ)2
{(−1)m exp(2iµL4)− 1}

]
, (5.34)

and

T1 =
−2ik2

0a sec θ

2k0h + sinh 2k0h

[ 1

l1
{1− (−1)n}+

1

l2
{(−1)m − 1}

]
. (5.35)
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At the critical conditions l1 = 2µ and l2 = 2µ, we find from (5.34) that

R1 =
k0a sec2 θ cos 2θ

2k0h + sinh 2k0h

(m + n)π

2
. (5.36)

The result for normal incidence can be obtained by putting θ = 0.

As in Example 5, here also it is observed that R1 becomes a constant multiple of (m+n)/2,

the number of ripples in the patch. Although the theory breaks down where the solution is

singular (l1 = 2µ and l2 = 2µ), a large amount of reflection of the incident wave energy by

the bed forms is provided in the neighbourhood of these singularities.

If l1 = l2 = l and m = n, equations (5.34) and (5.35), respectively, reduce to equations

(5.30) and (5.31) in Example 5 where all the ripples have the same wave number l.

Numerical results:
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Figure 5.10: Reflection coefficient R1

against the wave number k0h for θ =
0; a/h = 0.1; l1h = 2; l2h = 1; n = 4; m =
2.
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Figure 5.11: Reflection coefficient R1

against the wave number k0h for θ =
0; a/h = 0.1; l1h = 2; l2h = 1; n = 8; m =
4.

In Example 6, a patch of sinusoidal bottom undulations with ripples having two different

wave numbers l1 and l2 over two segments is considered which may be of relevance and interest

to physical oceanographers. For this case, we consider the numerical computation for the

first order reflection coefficient R1 given by equation (5.34). In Figure 5.10, R1 is depicted

against the wave number k0h for θ = 0, a/h = 0.1, l1h = 2, l2h = 1 and n = 4,m = 2. From

the graph it is clear that its peak value is attained when l1h = 2k0h. When the number of

ripples increases from n = 4,m = 2 to n = 8,m = 4 (Figure 5.11), the general feature of
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Figure 5.12: Reflection coefficient R1

against the wave number k0h for θ =
0; a/h = 0.1; l1h = 1; l2h = 2; n = 2; m =
4.
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Figure 5.13: Reflection coefficient R1

against the wave number k0h for θ =
0; a/h = 0.1; l1h = 1; l2h = 2; n = 4; m =
8.

R1 remains the same but with the observation that the overall value of R1 increases with

increasing number of zeros of R1.

Even if the roles of l1 and l2 are reversed, the same conclusion can be observed as shown

by the Figures 5.12 and 5.13.

5.3 Conclusion

Different examples of bed profile are considered to evaluate the reflection and transmission

coefficients numerically. The results are best presented graphically. Out of all these special

cases, the particular case of a patch of sinusoidal ripples on the sea-bed is of considerable

significance due to the ability of an undulating bed to reflect incident wave energy which

is important in respect of both coastal protection, and of possible ripple growth if the bed

is erodable. For this particular case we observe that the first order transmission coefficient

vanishes identically, and the reflection coefficient becomes a constant multiple of the number

of ripples in the patch when the bed wave length is half the surface wave length. Conse-

quently, if the number of ripples is large, then there occurs a large amount of reflection

of the incident wave energy. This result may be useful in the construction of an effective

reflector of the incident wave energy for protecting coastal areas from the rough sea in the

arctic regions. One important result that follows is that even if the ripples do not have the

same wave numbers, the same conclusion can be made. The evaluation of the reflection and
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transmission coefficients for these different forms allow us to observe the behaviour of the

scattered field associated with each undulation.
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Chapter 6

Eigenfunction Expansion Method for
Scattering of Surface Waves by Small
Undulation

6.1 Introduction

In the previous Chapters 3 and 4, the problem of scattering of surface waves by small

undulation on a sea-bed in the case of finite depth of water within the framework of linearised

theory of water waves is solved by Green’s function technique, Fourier transform technique

and finite cosine transform technique. By these methods the analytical solutions of the

reflection and transmission coefficients are obtained. In Chapter 5, we considered different

shape functions to evaluate these coefficients numerically. In this chapter, we consider the

same problem as the one considered in Chapter 2. Here the problem is solved by a direct

method based on an eigenfunction expansion using linear water wave theory for both normal

and oblique incidences. An appropriate set of orthogonal eigenfunctions depending upon a

single parameter is constructed. The value of the parameter is selected in such a way that all

the conditions of the boundary value problem up to the first order are satisfied completely.

A patch of sinusoidal undulations is considered as an example of the bed surface to evaluate

the first order reflection and transmission coefficients. The computational results of first

order reflection coefficient is presented graphically and compared with the results existing

in literature. Excellent agreement is observed between the present method and the known

method. The results for the normal incidence are recovered from the results of oblique

incidence as a special case.
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6.2 Case-I: Normal incidence

6.2.1 Statement and formulation

Considering the same statement and assumptions as in the formulation for the normal in-

cidence case, described in Section 2.2, we proceed to solve the boundary value problem

(equations (2.1)-(2.3)) with the incident wave given by equation (2.4). Hence, we have the

same far-field requirement as given by (2.6).

6.2.2 Solution procedure

The bottom condition (2.3) can be approximated up to first order of the small parameter ε

as
∂φ

∂y
− ε

∂

∂x

{
c(x)

∂φ

∂x

}
= 0 on y = h. (6.1)

Thus the bottom condition, in effect, reduces approximately to a condition on y = h.

This suggests that we may consider the governing partial differential equation for φ to hold

in the strip 0 < y < h, −∞ < x < ∞ along with boundary conditions (2.2), (6.1) and the

far-field requirements (2.6). It may be noted here that R and T depend on ε.

We choose eigenfunction expansions for the regions φ(x, y) for x < 0 and x > 0 in the

form

φ(x, y) =





∞∑
n=1

Anϕn(y)eknx + cosh k0(h− y)(eik0x + Re−ik0x) for x < 0,

∞∑
n=1

Bnϕn(y)e−knx + T cosh k0(h− y)e−ik0x for x > 0,

(6.2)

where

ϕn = cos kny − K

kn

sin kny, n = 1, 2, . . . . (6.3)

The constants kn, n = 1, 2, . . . , are such that kn > 0, n = 1, 2, . . . , and are to be determined.

An and Bn, n = 1, 2, . . . , are also unknown constants. It is obvious that the representations

(6.2) for φ(x, y) satisfy equation (2.1) in 0 < y < h, the boundary condition (2.2) and the

far-field requirements (2.6).

The conditions that must be applied to φ(x, y) represented by (6.2) are as follows:

(i) φ must be continuous across x = 0 (0 < y < h),

(ii)
∂φ

∂x
must be continuous across x = 0 (0 < y < h),
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(iii) φ must satisfy the boundary condition (6.1) (for both x < 0, x > 0).

The conditions (i) and (ii) produce, respectively,

∞∑
n=1

(An −Bn)ϕn = (T − 1−R) cosh k0(h− y), 0 < y < h, (6.4)

and ∞∑
n=1

kn(An + Bn)ϕn = ik0(T − 1 + R) cosh k0(h− y), 0 < y < h. (6.5)

From equations (6.4) and (6.5), the constants An, Bn, n = 1, 2, . . . , can be obtained if

and only if the sequence {ϕn, 0 < y < h : n = 1, 2, . . .} forms an orthogonal set. So we now

assume that ∫ h

0

ϕm(y)ϕn(y)dy = Nnδmn, m, n = 1, 2, ... (6.6)

where δmn is the Kronecker delta and

Nn =
1

k2
n

[
k2

n −K2

4kn

sin 2knh +
k2

n + K2

2
h−K sin2 knh

]
n = 1, 2, ... . (6.7)

It is obvious that ϕn(y), n = 1, 2, . . . satisfy

ϕ
′′
n(y) + k2

nϕn(y) = 0, 0 < y < h, (6.8a)

with

Kϕn(y) + ϕ
′
n(y) = 0, on y = 0, (6.8b)

and for orthogonality in (0, h), we impose the condition

λϕn(y) + ϕ
′
n(y) = 0, on y = h, (6.8c)

where λ is an unknown constant to be determined. Using the form of ϕn given by (6.3) in

this condition, we obtain
(

kn + λ
K

kn

)
tan knh + K − λ = 0, n = 1, 2, ... (6.9)

Once λ is known, the unknown constants kn, n = 1, 2, ..., introduced in (6.3) can be

obtained by solving the transcendental equation (6.9).

Using the orthogonality properties of ϕn(y), n = 1, 2, ..., in (6.4) and (6.5), we obtain

An −Bn = (T − 1−R)
cn

Nn

, (6.10)

An + Bn = (T − 1 + R)
ik0cn

knNn

, (6.11)
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where

cn =
kn sin knh + K cos knh

k2
0 + k2

n

. (6.12)

Thus

An =

{
(T − 1)

(
1 +

ik0

kn

)
−R

(
1− ik0

kn

)}
dn, (6.13a)

Bn =

{
(T − 1)

(
ik0

kn

− 1

)
+ R

(
1 +

ik0

kn

)}
dn, (6.13b)

with

dn =
cn

2Nn

. (6.14)

The boundary condition (6.1) is now used for the regions x < 0 and x > 0, respectively.

Using the eigenfunction expansions (6.2) in (6.1) (for x < 0 and x > 0), we obtain, after

some simplifications,

∞∑
n=1

dn

{
(T − 1)

(
1 +

ik0

kn

)
−R

(
1− ik0

kn

)} [
en + ε

{
k2

nc(x) + knc
′
(x)

}
sn

]
eknx

+ε
[{

ik0c
′
(x)− k2

0c(x)
}

eik0x −R
{

ik0c
′
(x) + k2

0c(x)
}

e−ik0x
]

= 0 for x < 0,

(6.15)
∞∑

n=1

dn

{
(T − 1)

(
ik0

kn

− 1

)
+ R

(
1 +

ik0

kn

)} [
en + ε

{
k2

nc(x)− knc
′
(x)

}
sn

]
e−knx

−εT
{

ik0c
′
(x)− k2

0c(x)
}

eik0x = 0 for x > 0, (6.16)

where

en = kn sin knh + K cos knh, (6.17)

sn = cos knh− K

kn

sin knh. (6.18)

Now multiplying (6.15) by eik0x and integrating with respect to x from −∞ to 0, we obtain

−T (H + εM) + R

[
−L− εN + ε

∫ 0

−∞

{
ik0c

′
(x) + k2

0c(x)
}

eik0xdx

]

= −H − εM + ε

∫ 0

−∞

{
ik0c

′
(x)− k2

0c(x)
}

e2ik0xdx, (6.19)

where

H =
∞∑

n=1

dnen

kn

, L =
∞∑

n=1

dnen(ik0 − kn)

kn(ik0 + kn)
, (6.20)

M =
∞∑

n=1

dn(ik0 + kn)

kn

fn, N =
∞∑

n=1

dn(ik0 − kn)

kn

fn, (6.21)
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with

fn = sn

∫ 0

−∞

{
k2

nc(x) + knc
′
(x)

}
e(kn+ik0)xdx, n = 1, 2, ... (6.22)

Similarly, multiplying (6.16) by e−ik0x and integrating with respect to x from 0 to ∞, we

obtain

T

[
L + εP + ε

∫ ∞

0

{
ik0c

′
(x)− k2

0c(x)
}

eik0xdx

]
+ R(H + εQ) = L + εP, (6.23)

where

P =
∞∑

n=1

dn(ik0 − kn)

kn

gn, Q =
∞∑

n=1

dn(ik0 + kn)

kn

gn, (6.24)

with

gn = sn

∫ ∞

0

{
k2

nc(x)− knc
′
(x)

}
e−(kn+ik0)xdx, n = 1, 2, ... (6.25)

It may be noted that the series represented by H, L,M, N, P and Q are convergent and

can be computed numerically once the form of c(x) is known and kn, n = 1, 2, . . . , are found

from (6.9).

We assume that R and T can be expanded in terms of ε in the forms

R = R0 + εR1 + . . . , T = T0 + εT1 + . . . . (6.26)

Substituting these expansions for R and T in equations (6.19) and (6.23) and equating

the coefficients of ε0 from both sides of (6.19) and (6.23), we obtain

LR0 + HT0 = H, (6.27)

HR0 + LT0 = L. (6.28)

Equations (6.27) and (6.28) produce

R0 ≡ 0, T0 ≡ 1, (6.29)

which are obvious, since when ε = 0, there is no bottom undulation and the incident surface

wave train propagates without any hindrance resulting in no reflection.

Again, equating the coefficients of ε from both sides of equations (6.19) and (6.23) after

writing T = 1 + εT1 + ... and R = εR1 + ..., we obtain

LR1 + HT1 = −
∫ 0

−∞

{
ik0c

′
(x)− k2

0c(x)
}

e2ik0xdx, (6.30)

HR1 + LT1 = −
∫ ∞

0

{
ik0c

′
(x)− k2

0c(x)
}

dx. (6.31)
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These two equations give the first order corrections R1 and T1 for the reflection and

transmission coefficients, respectively, in integral form as

R1 =
1

L2 −H2

[
− L

∫ 0

−∞

{
ik0c

′
(x)− k2

0c(x)
}

e2ik0xdx + H

∫ ∞

0

{
ik0c

′
(x)− k2

0c(x)
}

dx

]
,

(6.32)

T1 =
1

L2 −H2

[
H

∫ 0

−∞

{
ik0c

′
(x)− k2

0c(x)
}

e2ik0xdx− L

∫ ∞

0

{
ik0c

′
(x)− k2

0c(x)
}

dx

]
.

(6.33)

R1 and T1 can easily be found out numerically once the shape function c(x) is known.

6.2.3 Solution φ(x, y) in expansion form

Now substituting the values of An and Bn from equations (6.13) into (6.2) and then assuming

φ = φ0+εφ1+. . . , R = εR1+. . . , T = 1+εT1+. . ., we obtain, by equating the coefficients

of ε, φ1(x, y) as

φ1(x, y) =
∞∑

n=1

{
T1(1 +

ik0

kn

)−R1(1− ik0

kn

)

}
dnϕn(y)eknx+R1 cosh k0(h− y)e−ik0x for x < 0,

(6.34)

and

φ1(x, y) =
∞∑

n=1

{
T1(

ik0

kn

− 1) + R1(1 +
ik0

kn

)

}
dnϕn(y)e−knx +T1 cosh k0(h− y)eik0x for x > 0.

(6.35)

6.2.4 Comparison of expansion form of solution with the previous
results and the available results

Davies and Heathershaw [19] solved the problem of water wave scattering by a sinusoidal

varying topography on the sea-bed when the incidence was normal. In the solution method

they applied Fourier transform to the governing equation and the boundary conditions. Its

solution, the inverse transform of the velocity potential, is expressed in an integral form and

the integral is then evaluated by contour-integration procedure for the asymptotic behaviour

of the solution for the potential as x → −∞ and as x → +∞ (which corresponds to the

propagating terms).

The problem of Davies and Heathershaw [19] is generalised to the problem of scattering

of surface water waves by small undulation of the sea-bed which is solved in Section 3.3.
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For this generalised problem the eigenfunction expansion solution for φ1(x, y) is given by

equations (3.34) and (3.35).

The obvious difference between the eigenfunction expansion solutions (6.34)-(6.35) with

(3.34)-(3.35) can be observed. The difference is due to the fact that we have incorporated a

new set of orthogonal functions {ϕn}, n = 1, 2, . . ., as given by (6.3), containing the positive

roots kn of the new transcendental equation (6.9), in the expressions for φ1(x, y) in equations

(6.34)-(6.35).

6.2.5 A special bed surface

For comparing our results with available results, we choose the shape function c(x) as

c(x) =

{
c0 sin lx for − 2mπ

l
≤ x ≤ 2mπ

l
,

0 otherwise .
(6.36)

with c0 as the amplitude of the sinusoidal ripples, l the wave number of the sinusoidal ripples

and m a positive integer. This represents a patch of sinusoidal ripples on an otherwise flat

bottom, the patch consisting of 2m ripples having the same wave number l. For this case

we obtain the reflection and transmission coefficients, respectively, as

R1 =
L

L2 −H2

c0k
2
0l

l2 − (2k0)2

(
1− e

−4ik0mπ
l

)
, (6.37)

T1 =
−H

L2 −H2

c0k
2
0l

l2 − (2k0)2

(
1− e

−4ik0mπ
l

)
. (6.38)

At the critical condition l = 2k0, where the bed wavelength is half the surface wave

length, equations (6.37) and (6.38) reveal that there is a Bragg resonance (as described by

Davies [18]) between the surface waves and bed forms and consequently, at resonance,

R1 =
L

L2 −H2

c0k0 (−iπm)

2
, (6.39)

T1 =
−H

L2 −H2

c0k0 (−iπm)

2
. (6.40)

It is observed that although the theory breaks down where the solution is singular (l = 2k0),

a large amount of reflection of the incident wave energy by the bed forms is provided in the

neighbourhood of this singularity.

However, the first order reflection coefficient R1 and the transmission coefficient T1 were

obtained explicitly by Davies and Heathershaw [19] (also refer to Mandal and Basu [53] for
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the case without surface tension and θ = 0). These coefficients can also be obtained from

equations (3.36) and (3.37) as

R1 =





4c0k
2
0

l(2k0h + sinh 2k0h)

sin(4πmk0

l
)

(2k0

l
)2 − 1

for
2k0

l
6= 1,

c0lmπ

lh + sinh lh
for

2k0

l
= 1,

(6.41)

and

T1 = 0. (6.42)

6.3 Case-II: Oblique incidence

6.3.1 Formulation of the problem

Considering the same statement and assumptions as in the formulation for the oblique in-

cidence case, described in Section 2.3, we proceed to solve the boundary value problem

(equations (2.13)-(2.15)) assuming the incident wave given by equation (2.16). Hence, we

have the same far-field requirement as given by (2.18).

6.3.2 Solution procedure

The bottom condition (2.15) can be approximated up to the first order of the small parameter

ε as
∂ψ

∂y
− ε

[
∂

∂x

{
c(x)

∂ψ

∂x

}
+ c(x)

∂2ψ

∂z2

]
= 0 on y = h. (6.43)

Now, in view of the geometry of the problem, i.e., because of the uniformity in the

z−direction, ψ(x, y, z) can be written as

ψ(x, y, z) = φ(x, y)eiνz. (6.44)

Then φ(x, y) satisfies the equations

(∇2 − ν2)φ = 0 in −∞ < x < ∞, 0 < y < h, (6.45)

∂φ

∂y
+ Kφ = 0 on y = 0, (6.46)

∂φ

∂y
− ε

[
∂

∂x

{
c(x)

∂φ

∂x

}
− ν2c(x)φ(x, y)

]
= 0 on y = h, (6.47)

φ(x, y) ∼
{

(eiµx + Re−iµx) cosh k0(h− y) as x → −∞,
T eiµx cosh k0(h− y) as x → +∞,

(6.48)

where ∇2 is the two-dimensional Laplacian operator.
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By Havelock’s expansion of water wave potential, we may choose the eigenfunction ex-

pansion for φ(x, y) in the form

φ(x, y) =





cosh k0(h− y)(eiµx + Re−iµx) +
∞∑

n=1

Anϕn(y)eqnx for x < 0,

T cosh k0(h− y)eiµx +
∞∑

n=1

Bnϕn(y)e−qnx for x > 0,

(6.49)

where ϕn is given by the equation (6.3) with q2
n = k2

n + ν2. The constants kn, n = 1, 2, . . . ,

are such that kn > 0, n = 1, 2, . . . , and are to be determined. An and Bn, n = 1, 2, . . . ,

are also unknown constants. It is obvious that the representation (6.49) for φ(x, y) satisfies

equation (6.45) in (0 < y < h), the boundary condition (6.46) and the far-field requirements

(6.48).

In addition to these conditions φ(x, y) has to satisfy the conditions (i) and (ii) in Section

6.2 and it also must satisfy the boundary condition (6.47) for x < 0, x > 0.

The first two conditions produce, respectively,
∞∑

n=1

(An −Bn)ϕn = (T − 1−R) cosh k0(h− y), 0 < y < h, (6.50)

and ∞∑
n=1

qn(An + Bn)ϕn = iµ(T − 1 + R) cosh k0(h− y), 0 < y < h. (6.51)

From equations (6.50) and (6.51), the constants An, Bn, n = 1, 2, . . . , can be obtained if

and only if the sequence {ϕn, 0 < y < h : n = 1, 2, . . .} forms an orthogonal set. So we now

assume that the equation (6.6) and hence ϕ satisfies the same set of equations (6.8a)-(6.8c).

We have the same transcendental equation involving λ given by equation (6.9).

Using the orthogonality properties of ϕn(y), n = 1, 2, . . . , in equations (6.50) and (6.51),

we obtain

An −Bn = (T − 1−R)
cn

Nn

, (6.52)

An + Bn = (T − 1 + R)
iµcn

qnNn

, (6.53)

where cn is given by equation (6.12).

Thus,

An =

{
(T − 1)

(
1 +

iµ

qn

)
−R

(
1− iµ

qn

)}
dn, (6.54)

Bn =

{
(T − 1)

(
iµ

qn

− 1

)
+ R

(
iµ

qn

+ 1

)}
dn. (6.55)
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where dn is given by equation (6.14).

The boundary condition (6.47) is now used for the regions x < 0 and x > 0 respectively.

Using the eigenfunction expansions (6.49) in (6.47) (for x < 0 and x > 0), after some

simplifications we obtain

∞∑
n=1

dn

{
(T − 1)

(
1 +

iµ

qn

)
−R

(
1− iµ

qn

)} [
en + ε{qnc

′(x) + k2
nc(x)}sn

]
eqnx

+ε
[
{iµc′(x)− k2

0c(x)}eiµx −R{iµc′(x) + k2
0c(x)}e−iµx

]
= 0 for x < 0, (6.56)

∞∑
n=1

dn

{
(T − 1)

(
iµ

qn

− 1

)
+ R

(
iµ

qn

+ 1

)} [
en + ε{(−1)qnc′(x) + k2

nc(x)}sn

]
e−qnx

+εT
{
iµc′(x)− k2

0c(x)
}

eiµx = 0 for x > 0, (6.57)

where en and sn are given by the equations (6.17) and (6.18) respectively.

Now multiplying (6.56) by eiµx and integrating with respect to x from −∞ to 0, we obtain

T (H1 + εM1) + R
[
L1 + εN1 − ε

∫ 0

−∞
{iµc′(x) + k2

0c(x)}dx
]

= H1 + εM1 − ε

∫ 0

−∞
{iµc′(x)− k2

0c(x)}e2iµxdx, (6.58)

where

H1 =
∞∑

n=1

dnen

qn

, L1 =
∞∑

n=1

dnen(iµ− qn)

qn(iµ + qn)
, (6.59)

M1 =
∞∑

n=1

dn(iµ + qn)

qn

f̃n, N1 =
∞∑

n=1

dn(iµ− qn)

qn

f̃n, (6.60)

with

f̃n = sn

∫ 0

−∞
{qnc′(x) + k2

nc(x)}e(qn+iµ)xdx, n = 1, 2, . . . (6.61)

Similarly, multiplying (6.57) by e−iµx and integrating with respect to x from 0 to ∞, we

obtain

T
[
L1 + εP1 + ε

∫ ∞

0

{iµc′(x)− k2
0c(x)}dx

]
+ R(H1 + εQ1) = L1 + εP1, (6.62)

where

P1 =
∞∑

n=1

dn(iµ− qn)

qn

g̃n, Q1 =
∞∑

n=1

dn(iµ + qn)

qn

g̃n, (6.63)

with

g̃n = sn

∫ ∞

0

{(−1)qnc
′(x) + k2

nc(x)}e−(qn+iµ)xdx, n = 1, 2, . . . (6.64)
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It may be noted that the series represented by H1, L1,M1, N1, P1 and Q1 are convergent

and can be computed numerically once the form of c(x) is known and kn, n = 1, 2, . . . , are

found from equation (6.9).

Substituting these expansions for R and T , given by (6.26), in (6.58) and (6.62) and

equating the the coefficients of ε0 from both sides of (6.58) and (6.62), we obtain

T0H1 + R0L1 = H1, (6.65)

T0L1 + R0H1 = L1. (6.66)

The equations (6.65) and (6.66) produce

R0 ≡ 0, T0 ≡ 1. (6.67)

Again, equating the coefficients of ε from both sides of (6.58) and (6.62), we obtain

L1R1 + H1T1 = −
∫ 0

−∞
{iµc′(x)− k2

0c(x)}e2iµxdx, (6.68)

H1R1 + L1T1 = −
∫ ∞

0

{iµc′(x)− k2
0c(x)}dx. (6.69)

These two equations give the first order corrections R1 and T1 for the reflection and

transmission coefficients, respectively, in integral form as

R1 =
1

L2
1 −H2

1

[
− L1

∫ 0

−∞

{
iµc

′
(x)− k2

0c(x)
}

e2iµxdx + H1

∫ ∞

0

{
iµc

′
(x)− k2

0c(x)
}

dx

]
,

(6.70)

T1 =
1

L2
1 −H2

1

[
H1

∫ 0

−∞

{
iµc

′
(x)− k2

0c(x)
}

e2iµxdx− L1

∫ ∞

0

{
iµc

′
(x)− k2

0c(x)
}

dx

]
.

(6.71)

The results for normal incidence can be obtained by putting θ = 0.

6.3.3 Solution φ(x, y) in expansion form

Now substituting the values of An and Bn from equations (6.54) and (6.55) into (6.49) and

then assuming φ = φ0 + εφ1 + . . . , R = εR1 + . . . , T = 1 + εT1 + . . ., we obtain by

equating the coefficients of ε as

φ1(x, y) =
∞∑

n=1

{
T1(1 +

iµ

qn

)−R1(1− iµ

qn

)

}
dnϕn(y)eqnx + R1 cosh k0(h− y)e−iµx for x < 0,

(6.72)
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and

φ1(x, y) =
∞∑

n=1

{
T1(

iµ

qn

− 1) + R1(1 +
iµ

qn

)

}
dnϕn(y)e−qnx + T1 cosh k0(h− y)eiµx for x > 0.

(6.73)

6.3.4 Comparison with previous results and extended results of
Davies and Heathershaw (1984) for oblique case

The problem of water wave scattering by a sinusoidal varying topography on the sea-bed,

considered by Davies and Heathershaw [19], is generalised to the case of oblique incidence

in Section 4.3 in which the solution for φ1(x, y) is given by equations (4.33) and (4.34).

The obvious difference between the eigenfunction expansion solutions (6.72)-(6.73) with

(4.33)-(4.34) can be observed. The difference is due to the fact that we have incorporated

a new set of orthogonal functions {ϕn}, n = 1, 2, . . ., as given by (6.3), containing the

positive roots kn of the new transcendental equation (6.9), in the expressions for φ1(x, y) in

(6.72)-(6.73).

6.3.5 A special bed surface

For comparing our results with available results, we choose the same shape function c(x)

as considered previously (equation (6.36)). In this case, the equations (6.70)-(6.71) reduce,

respectively, to

R1 =
L1

L2
1 −H2

1

c0l k2
0 cos 2θ

l2 − (2µ)2

(
1− e

−4iµπm
l

)
, (6.74)

T1 =
−H1

L2
1 −H2

1

c0l k2
0 cos 2θ

l2 − (2µ)2

(
1− e

−4iµπm
l

)
. (6.75)

As in the case of the normal incidence, at the critical condition l = 2µ, equations (6.74)

and (6.75) reveal that there is a Bragg resonance between the surface waves and bed forms

and hence,

R1 =
L1

L2
1 −H2

1

c0k
2
0 cos 2θ(−imπ), (6.76)

T1 =
−H1

L2
1 −H2

1

c0k
2
0 cos 2θ(−imπ). (6.77)

at resonance. It is observed that although the theory breaks down where the solution is

singular (l = 2µ), a large amount of reflection of the incident wave energy by the bed forms

is provided in the neighbourhood of this singularity.
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For such sinusoidal undulations on the sea-bed, the first order reflection coefficient R1

and transmission coefficient T1 were obtained by Mandal and Basu [53] (without surface

tension). These coefficients can also be obtained from equations (4.35) and (4.36) as

R1 =





2k0c0 sec θ cos 2θ

(2k0h + sinh 2k0h)

(2k0/l)

(2µ/l)2 − 1
sin

(
4πµm

l

)
, for 2µ 6= l,

2k0c0 sec θ cos 2θ

(2k0h + sinh 2k0h)

2k0

l
mπ, for 2µ = l,

(6.78)

and

T1 = 0. (6.79)

6.4 Numerical results

Corresponding to the sinusoidal bottom undulations in Sections 6.2 and 6.3, the numerical

computation is shown here for the first order reflection coefficient |R1| given by equations

(6.74), and (6.78). In Figure 6.1, |R1| is depicted against the wave number Kh for number

of ripples m = 1 and for θ = 0, c0/h = 0.1, lh = 1. It is observed that the two graphs for

|R1| by the present method and by Davies and Heathershaw method obtained in Figure 6.1

are almost identical.
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Figure 6.1: Reflection coefficient |R1|
against the wave number Kh for m =
1; c0/h = 0.1; lh = 1.
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Figure 6.2: Reflection coefficient against
the wave number Kh for m = 2; c0/h =
0.1; lh = 1

In Figure 6.2, Kh is depicted against λh for c0/h = 0.1; lh = 1 and m = 1. This figure

shows that Kh increases as λh increases approximately up to λ = 30. As λ further increases
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Figure 6.3: Reflection coefficient |R1|
against the angle of incidence θ for Kh =
0.001; kh = 0.0316; knh = 4.5613; c0/h =
0.1; lh = 1; m = 1.
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Figure 6.4: Reflection coefficient |R1|
against the angle of incidence θ for Kh =
0.001; kh = 0.0316; knh = 4.5613; c0/h =
0.1; lh = 1; m = 3.

Kh has the asymptotic value 1.1. This is obvious since for large λ, the equation (6.9) becomes

K tan knh = kn, (6.80)

which is independent of λ.

In Figures 6.3 and 6.4, the reflection coefficient |R1| is also depicted against the angle of

incidence θ for Kh = 0.001; kh = 0.0316; knh = 4.5613; c0/h = 0.1; lh = 1 and m = 1 and

m = 3 respectively. From the graphs it is clear that for θ = π
4
, |R1| vanishes independently

of the shape function as observed by the results of Mandal and Basu [53].

The above four figures show that the method employed here produces correct numerical

estimates for the reflection coefficient. For other forms of the shape function, this method is

expected to yield correct results without any difficulty.

6.5 Conclusion

A direct method of eigenfunction expansion is used to solve the problem of oblique water

wave scattering by small undulation on an otherwise flat bottom of a sea for normal and

oblique incidences. The reflection coefficient up to first order is obtained by this method for

a sinusoidal bottom undulation, which when depicted graphically against the wave number,

coincides almost exactly with the result for the same obtained in Chapter 5 and also from

the known result given in the literature. Though the expressions obtained for the first order
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velocity potential, reflection coefficient and transmission coefficient by the present method

are slightly different from the results derived in earlier chapters and the results available in

the literature, they still lead to very accurate numerical results. Also, the present method

appears to be simple and straightforward, and avoids the use of Green’s integral theorem or

the Fourier transform technique employed elsewhere.
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Chapter 7

Scattering of Surface Waves by Small
Undulation on a Porous Sea-bed

7.1 Introduction

In Chapters 2, 3, 4 and 6, the problem of propagation of surface waves over small undula-

tion on the sea-bed is investigated by assuming the bed to be impermeable. In the recent

times, due to many interesting applications of the scattering theory of surface water waves,

many researchers have turned their attention to problems related to porous bed rather than

an impermeable one. In this chapter we investigate the problem of scattering of surface

water waves by small undulation on a sea-bed of finite depth assuming the sea-bed to be

composed of porous material of specific type. The motion of the fluid inside the porous bed

is not analysed here and it is assumed that the fluid motions are such that the resulting

boundary condition on the sea-bed as is used here, holds good and depends on a known

parameter G′, called the porosity parameter, in the analysis. A Fourier transform method is

utilised in obtaining the complete solution of the mixed boundary value problem under the

assumption that the undulation of the porous sea-bed is small enough so that a regular per-

turbation expansion in terms of a small undulation parameter is applicable. The reflection

and transmission coefficients are determined and applied to the case of a patch of sinusoidal

undulations on the bed. The results are presented in graphical forms.

7.2 Case-I: Normal incidence

7.2.1 Formulation of the problem

A right-handed rectangular Cartesian co-ordinate system is considered in which x-axis is the

position of the undisturbed free surface of the sea and y-axis is measured positive vertically
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downwards from the undisturbed free surface. The sea-bed with small undulation, composed

of porous material of specific type, is described by y = h+εc(x) where c(x) is a function with

compact support and describes the bottom undulation, h denotes the uniform finite depth of

the sea far to either side of the undulation of the bottom so that c(x) → 0 as |x| → ∞ and the

non-dimensional number ε(¿ 1) a measure of smallness of the undulation. It is also assumed

that the fluid is incompressible and inviscid, and the motion irrotational and time harmonic.

The usual assumptions of linear water wave theory and the removal of the harmonic time

dependence exp(−iσt) lead to the following equations for the time-independent complex-

valued potential function φ(x, y):

∂2φ

∂x2
+

∂2φ

∂y2
= 0 in −∞ < x < ∞, 0 ≤ y ≤ h + εc(x), (7.1)

∂φ

∂y
+ Kφ = 0 on y = 0, (7.2)

∂φ

∂n
−G′φ = 0 on y = h + εc(x), (7.3)

where K = σ2/g, σ is the angular frequency of the incoming water wave train with time

dependence e−iσt, g is the acceleration due to gravity, ∂/∂n denotes the normal derivative

at a point (x, y) on the bottom, and G′ is the porous effect parameter corresponding to

the sea-bed under consideration. In the limit of zero permeability, i.e., when the bed is

impermeable, equation (7.3) becomes ∂φ/∂n = 0 on the bottom y = h + εc(x), the same

equation as (2.3).

Assume φ0(x, y) to be the progressive wave train which is incident upon the bottom

undulation from the direction of x = −∞. It is, then, partially reflected by and partially

transmitted over the bottom undulation so that φ has the far-field behaviour given by

φ(x, y) ∼
{

φ0(x, y) + Rφ0(−x, y), x → −∞,
Tφ0(x, y), x → +∞.

(7.4)

7.2.2 Solution procedure

The bottom condition (7.3) can be approximated up to first order of the small parameter ε

as
∂φ

∂y
− ε

∂

∂x

{
c(x)

∂φ

∂x

}
−G′

{
φ + εc(x)

∂φ

∂y

}
= 0 on y = h. (7.5)

The boundary condition (7.5) suggests that φ,R and T introduced above can be expanded

in terms of ε as
φ = φ0 + εφ1 + O(ε2)
R = R0 + εR1 + O(ε2)
T = T0 + εT1 + O(ε2)



 . (7.6)
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Substituting the expansions (7.6) in equations (7.1), (7.2), (7.5) and (7.4) we find after

equating the coefficients of ε0 and ε from both sides, that the functions φ0(x, y) and φ1(x, y),

respectively, satisfy the following BVPs:

BVP-I φ0(x, y) satisfies

∂2φ0

∂x2
+

∂2φ0

∂y2
= 0 in 0 ≤ y ≤ h, (7.7)

∂φ0

∂y
+ Kφ0 = 0 on y = 0, (7.8)

∂φ0

∂y
−G′ φ0 = 0 on y = h, (7.9)

and R0 = 0, T0 = 1. (7.10)

BVP-II φ1(x, y) satisfies

∂2φ1

∂x2
+

∂2φ1

∂y2
= 0 in 0 ≤ y ≤ h, (7.11)

∂φ1

∂y
+ Kφ1 = 0 on y = 0, (7.12)

∂φ1

∂y
−G′φ1 =

∂

∂x

{
c(x)

∂φ0

∂x

}
+ G′

{
c(x)

∂φ0

∂y

}
≡ p(x) on y = h, (7.13)

and φ1(x, y) ∼
{

R1φ0(−x, y) as x → −∞,
T1φ0(x, y) as x → +∞.

(7.14)

It may be noted that the BVP-I corresponds to the surface wave propagation in water of

uniform finite depth h. The solution of BVP-I can be written as

φ0(x, y) =
K sinh k0y − k0 cosh k0y

K sinh k0h− k0 cosh k0h
eik0x, (7.15)

where k0, the wave number of the incident wave, is the unique positive root (for a given G′)

of the equation

K + G′ =
(

k +
G′K

k

)
tanh kh. (7.16)

Hence, p(x) can be written as

p(x) = ik0
d

dx

{
c(x)eik0x

}
+ G′k0A c(x)eik0x on y = h, (7.17)

where A =
K cosh k0h− k0 sinh k0h

K sinh k0h− k0 cosh k0h
. (7.18)
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Figure 7.1: Roots of the equation K + G′ = (k + G′K/k) tanh kh for given Kh = 1; G = 0.1

Value of G Value of Kh Roots of K + G′ = (k + G′K/k) tanh kh
0.1 0.5 0.8248, -0.8248
0.1 1.0 1.2258, -1.2258
0.1 1.5 1.6347, -1.6347
0.1 2.0 2.0712, -2.0712

Table 7.1: Roots of K + G′ = (k + G′K/k) tanh kh for different values of Kh when G=0.1

To solve the BVP-II we now assume that φ1 is such that the Fourier transform of φ1 with

respect to x, denoted by φ1, exists and is given by

φ1(ξ, y) =

∫ ∞

−∞
φ1(x, y)eiξxdx, (7.19)

with its inverse

φ1(x, y) =
1

2π

∫ ∞

−∞
φ1(ξ, y)e−iξxdξ. (7.20)

We observe that such Fourier transform exists if we make an artificial assumption that

K possesses a small imaginary part, as given by iµ′σ/g, where µ′ > 0 is very small which

will be taken to be zero (in eliminating sense) at the end of the analysis.

Now, taking Fourier transform of equation (7.11) and the boundary conditions (7.12) and
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(7.13) with respect to the horizontal space variable x, we obtain

∂2φ1

∂y2
− ξ2φ1 = 0 in −∞ < ξ < ∞, 0 ≤ y ≤ h, (7.21)

∂φ1

∂y
+ Kφ1 = 0 on y = 0, (7.22)

∂φ1

∂y
−G′φ1 = V (ξ) on y = h, (7.23)

where

V (ξ) =

∫ ∞

−∞
p(x)eiξxdx. (7.24)

The solution of (7.21) subject to the boundary conditions (7.22) and (7.23) can be written

as

φ1(ξ, y) =
(ξ cosh ξy −K sinh ξy)V (ξ)

ξ[(ξ + KG′/ξ) sinh ξh− (K + G′) cosh ξh]
. (7.25)

Taking inverse Fourier transform, the solution for the velocity potential can be written in

the form

φ1(x, y) =
1

2π

∫ ∞

−∞

(ξ cosh ξy −K sinh ξy)V (ξ)e−iξx

ξ[(ξ + KG′/ξ) sinh ξh− (K + G′) cosh ξh]
dξ. (7.26)

We now obtain the final result from (7.26) by contour integration using the residue theorem.

We observe that equation (7.26) also has certain singularities (lying on the ξ-axis) other

than ξ = 0. Replacing K by K̂ = (σ2 + iµ′σ)/g in equation (7.26), the singularities are

displaced off the ξ-axis to the upper and the lower half planes. Hence, we write

φ1(x, y) = lim
µ′→0

1

2π

∫ ∞

−∞

F (ξ, y)

Gµ′(ξ, h)
dξ, (7.27)

where

F (ξ, y) = [ξ cosh ξy − K̂ sinh ξy]V (ξ)e−iξx, (7.28)

Gµ′(ξ, h) = ξ[(ξ + K̂G′/ξ) sinh ξh− (K̂ + G′) cosh ξh]. (7.29)

If K̂ = K̂1 + iK̂2, then K̂2 = µ′K/σ which is very small and if ζ = α + iβ is a zero of the

expression (7.29), then ζ (up to first order of ε) can be determined as

ζ = ±αn ± iβn, and ζ = ±(k0 + γ)± iβ′n, (7.30)
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where

αn = K̂2α
(1)
n , α

(1)
n =

C

D
C = −[cos βnh− K̂2G

′(±βn)−1 sin(±βnh)]

D = (K̂1h + G′h− 1− K̂1G
′β−2

n ) sin(±βnh)

−{(±βn)− K̂1G
′(±βn)−1}h cos βnh, for βn > 0

βn’s are roots of (β − K̂1G
′/β) tan βh + (K̂1 + G′) = 0,

γ = K̂2α
′(1)
n , α

′(1)
n =

C1

C2 − C3

C1 = −(K̂1 + G′) cosh k0h + {±k0 + K̂1G
′(±k0)

−1} sinh(±k0h)

C2 = K̂2(K̂1h + G′h− 1− K̂1G
′k−2

0 ) sinh(±k0h)

C3 = K̂2h{±k0 + K̂1G
′(±k0)

−1} cosh k0h

β′n = K̂2β
′(1)
n , β

′(1)
n =

C4

C5

C4 = K̂2 cosh(k0h) + {K̂1 + G′ − (±k0)
−1K̂2G

′} sinh(±k0h),

C5 = K̂2[{±k0 + K̂1G
′(±k0)

−1}h cosh(k0h) + (1− K̂1G
′k−2

0 ) sinh(±k0h)]





.

(7.31)

Here the contour consists of the portion −R to R on the real ξ-axis and a semicircle

centred at the origin and having a large radius R. The semicircle must be taken in the upper

half ζ-plane (ζ = ξ + iη) in anticlockwise direction or in the lower half plane in clockwise

direction, according as x < 0 or x > 0. In the limit as R → ∞, the required range of

integration is recovered, since the integration along the semicircle makes a zero contribution.

Hence, by using the residue theorem,

φ1(x, y) = lim
µ′→0

(−i)

[ ∞∑
n=1

Res

{
F (ζ, y)

Gµ′(ζ, h)

} ∣∣∣∣
ζ=αn+iβn

+Res

{
F (ζ, y)

Gµ′(ζ, h)

} ∣∣∣∣
ζ=(k0+γ)+iβ′n

]
for x < 0, (7.32)

and φ1(x, y) = lim
µ′→0

i

[ ∞∑
n=1

Res

{
F (ζ, y)

Gµ′(ζ, h)

} ∣∣∣∣
ζ=−αn−iβn

+Res

{
F (ζ, y)

Gµ′(ζ, h)

} ∣∣∣∣
ζ=−(k0+γ)−iβ′n

]
for x > 0, (7.33)

which imply that

φ1(x, y) = lim
µ′→0

(−i)

[ ∞∑
n=1

Res

{
F (ζ, y)

Gµ′(ζ, h)

} ∣∣∣∣
ζ=αn+iβn

]

+
−2iB(k2

0 + G′k0A)
{∫∞

−∞ c(x)e2ik0xdx
}

k0[2(k0 + G′K/k0)h + (1−G′K/k2
0) sinh 2k0h]

× (k0 cosh k0(h− y)−G′ sinh k0(h− y)) e−ik0x for x < 0, (7.34)
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and

φ1(x, y) = lim
µ′→0

i

[ ∞∑
n=1

Res

{
F (ζ, y)

Gµ′(ζ, h)

} ∣∣∣∣
ζ=−αn−iβn

]

+
−2iB(−k2

0 + G′k0A)
{∫∞

−∞ c(x)dx
}

k0[2(k0 + G′K/k0)h + (1−G′K/k2
0) sinh 2k0h]

× (k0 cosh k0(h− y)−G′ sinh k0(h− y)) eik0x for x > 0, (7.35)

where

B =
k0

k0 −G′ tanh k0h
. (7.36)

The first term on right hand side of each of equations (7.34)-(7.35) represents the non-

propagating modes which decay rapidly away from the undulation and the second term

represents a propagating mode from the region of the bed disturbance. Comparing equa-

tions (7.34)-(7.35) with equation (7.14), the reflection and transmission coefficients can,

respectively, be written as

R1 =
−2iB(k2

0 + G′k0A)

2(k0 + G′K/k0)h + (1−G′K/k2
0) sinh 2k0h

∫ ∞

−∞
c(x)e2ik0xdx, (7.37)

and T1 =
−2iB(−k2

0 + G′k0A)

2(k0 + G′K/k0)h + (1−G′K/k2
0) sinh 2k0h

∫ ∞

−∞
c(x)dx. (7.38)

For beds with zero porosity, results (7.37) and (7.38) can be observed as the results (3.12)

and (3.15) respectively.

R1 and T1 in equations (7.37)-(7.38) can be evaluated once the shape function c(x) is

known. In the next section we consider a special form of the function c(x).

7.2.3 A special bed surface

Consider the interaction of progressive surface waves with a patch of sinusoidal ripples on

the porous sea-bed, and the ripples do not imply any restriction on the bed wave number.

The bed surface is given by

c(x) =

{
a sin(lx + δ′), L1 ≤ x ≤ L2,
0 otherwise,

(7.39)

where

L1 =
−nπ − δ′

l
, L2 =

mπ − δ′

l
,

with a as the amplitude of the sinusoidal ripples, l the wave number of the sinusoidal ripples

and δ′ an arbitrary phase angle; and m and n positive integers. This represents a patch
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of sinusoidal ripples on an otherwise flat bottom, the patch consisting of (n + m)/2 ripples

having the same wave number l. For this case we obtain the reflection and transmission

coefficients, respectively, as

R1 =
−2iB(k2

0 + G′k0A)

2(k0 + G′K/k0)h + (1−G′K/k2
0) sinh 2k0h

al

l2 − (2k0)2

×
[
(−1)ne2ik0L1 − (−1)me2ik0L2

]
, (7.40)

and

T1 =
−2iB(−k2

0 + G′k0A)

2(k0 + G′K/k0)h + (1−G′K/k2
0) sinh 2k0h

(−a)

l

[
(−1)m − (−1)n

]
. (7.41)

In the situation in which there is an integer number of ripple wavelengths in the patch

L1 ≤ x ≤ L2 such that m = n and δ′ = 0, we find R1 and T1, respectively, as

R1 =
4B(k2

0 + G′k0A)

2(k0 + G′K/k0)h + (1−G′K/k2
0) sinh 2k0h

(−1)m+1a l

l2 − (2k0)2
sin

(
2k0mπ

l

)
, (7.42)

and

T1 = 0. (7.43)

These results match exactly with those obtained by Davies and Heathershaw [19] when the

bed has zero porosity. Equation (7.42) illustrates that for a given number of m ripples, the

first order wave reflection coefficient is an oscillatory function in the quotient of twice the

surface wavenumber to the ripple wavenumber. Furthermore, if the bed wave number is

equal to twice the surface wavenumber (2k0 = l), then equation (7.42) reveals that there is

a resonant Bragg-type interaction between the surface waves and bed forms. This resonant

interaction is described by Davies [17, 18] and reported by Heathershaw [32] with experiment

demonstration. Hence, at resonance we find from equation (7.42) that

R1 =
2B(k2

0 + G′k0A)

2(k0 + G′K/k0)h + (1−G′K/k2
0) sinh 2k0h

amπ

l
, (7.44)

from which we find that the reflection coefficient becomes a constant multiple of the number

of ripples in the patch. It indicates that relatively few bottom undulations with its wave

number equal to approximately twice the surface wave number, may give rise to a very

substantial reflected wave. A possible consequence of this is a coupling between ripple

growth and wave reflection, which may be important in the problems of coastal protection.
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7.3 Case-II: Oblique incidence

7.3.1 Formulation of the problem

We consider a right-handed rectangular Cartesian co-ordinate system where xz-plane is the

position of the undisturbed free surface of the sea and the y-axis is measured positive verti-

cally downwards from the undisturbed free surface. Considering the same small undulation

and other assumptions as in the formulation for the normal incidence case as described in

Section 7.2, we proceed to handle the case of oblique incidence. The usual assumptions of

linear water wave theory and the removal of the harmonic time dependence exp(−iσt) lead

to equations for time-independent complex valued potential function ψ(x, y, z) describing

small motion in water satisfying

∂2ψ

∂x2
+

∂2ψ

∂y2
+

∂2ψ

∂z2
= 0 in 0 ≤ y ≤ h + εc(x), (7.45)

∂ψ

∂y
+ Kψ = 0 on y = 0, (7.46)

∂ψ

∂n
−G′ψ = 0 on y = h + εc(x), (7.47)

where ∂/∂n denotes the normal derivative at a point (x, y, z) on the bottom.

Assume ψ0(x, y, z) to be the progressive wave train which is incident upon the bottom

undulation from the direction of negative infinity. It is, then, partially reflected by and

partially transmitted over the bottom undulation so that ψ has a far-field behaviour given

by

ψ(x, y, z) ∼
{

ψ0(x, y, z) + Rψ0(−x, y, z), as x → −∞,
Tψ0(x, y, z), as x → +∞.

(7.48)

7.3.2 Solution procedure

The bottom condition (7.47) can be approximated up to the first order of the small parameter

ε as

∂ψ

∂y
− ε

[
∂

∂x

{
c(x)

∂ψ

∂x

}
+ c(x)

∂2ψ

∂z2

]
−G′

[
ψ + εc(x)

∂ψ

∂y

]
= 0 on y = h. (7.49)

Now, in view of the geometry of the problem, i.e, because of the uniformity in the z−direction,

we can assume ψ(x, y, z) as

ψ(x, y, z) = φ(x, y)eiνz. (7.50)
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Then φ(x, y) satisfies the equations

(∇2 − ν2)φ = 0 in −∞ < x < ∞, 0 ≤ y ≤ h, (7.51)

∂φ

∂y
+ Kφ = 0 on y = 0, (7.52)

∂φ

∂y
− ε

[
∂

∂x

{
c(x)

∂φ

∂x

}
− ν2c(x)φ(x, y)

]
−G′

[
φ + εc(x)

∂φ

∂y

]
= 0 on y = h,

(7.53)

φ(x, y) ∼
{

φ0(x, y) + Rφ0(−x, y), x → −∞,
Tφ0(x, y), x → +∞.

(7.54)

In view of the boundary condition (7.53) and the fact that a wave train propagating in

uniform finite depth experiences no reflection, we can express φ, R and T in terms of the

perturbation parameter ε as given by equation (7.6).

Applying the expansions (7.6) in (7.51)-(7.54), we find, after equating the coefficients of

ε0 and ε from both sides, that the functions φ0(x, y) and φ1(x, y), respectively, satisfy the

following BVPs:

BVP-III φ0(x, y) satisfies

(∇2 − ν2)φ0 = 0 in 0 ≤ y ≤ h, (7.55)

∂φ0

∂y
+ Kφ0 = 0 on y = 0, (7.56)

∂φ0

∂y
−G′ φ0 = 0 on y = h, (7.57)

and

R0 = 0, T0 = 1. (7.58)

BVP-IV φ1(x, y) satisfies

(∇2 − ν2)φ1 = 0 in 0 ≤ y ≤ h, (7.59)

∂φ1

∂y
+ Kφ1 = 0 on y = 0, (7.60)

∂φ1

∂y
−G′φ1 =

∂

∂x

{
c(x)

∂φ0

∂x

}
− ν2c(x)φ0 + G′c(x)

∂φ0

∂y
≡ V (x) on y = h, (7.61)

and

φ1(x, y) ∼
{

R1φ0(−x, y), as x → −∞,
T1φ0(x, y), as x → +∞.

(7.62)
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86 7.3. Case-II: Oblique incidence

It may be noted that the BVP-III corresponds to the surface wave propagation in water of

uniform finite depth h. The solution of BVP-III can be written as

φ0(x, y) =
K sinh k0y − k0 cosh k0y

K sinh k0h− k0 cosh k0h
eiµx, (7.63)

where k0, the wave number of the incident wave, is the unique positive root of the equation

(7.16) and

µ = k0 cos θ, ν = k0 sin θ (0 ≤ θ < π/2), (7.64)

where θ is the angle of incidence of the wave train (θ = 0 corresponds to normal incidence),

µ and ν are, respectively, the x and z components of k0.

Hence, V (x) can be written as

V (x) = iµ
d

dx

{
c(x)eiµx

}− ν2c(x)eiµx + G′k0A c(x)eiµx on y = h, (7.65)

where A is given by equation (7.18).

To solve the BVP-IV we employ Fourier transform of φ1 with respect to x, denoted by

φ1 and given by equation (7.19) with the inverse given by equation (7.20).

Now, taking Fourier transform of the governing equation (7.59) and the boundary con-

ditions (7.60) and (7.61) with respect to the horizontal space variable x, we obtain

∂2φ1

∂y2
− ξ̂2φ1 = 0 in −∞ < ξ < ∞, 0 ≤ y ≤ h, (7.66)

∂φ1

∂y
+ Kφ1 = 0 on y = 0, (7.67)

∂φ1

∂y
−G′φ1 = V (ξ) on y = h, (7.68)

where ξ̂2 = ξ2 + ν2 and

V (ξ) =

∫ ∞

−∞
V (x)eiξxdx. (7.69)

The solution of (7.66) subject to the boundary conditions (7.67) and (7.68) can be written

as

φ1(ξ̂, y) =
ξ̂ cosh ξ̂y −K sinh ξ̂y

ξ̂[(ξ̂ + KG′/ξ̂) sinh ξ̂h− (K + G′) cosh ξ̂h]
V (ξ). (7.70)

Taking inverse Fourier transform, the solution for the velocity potential can be written in

the form

φ1(x, y) =
1

2π

∫ ∞

−∞

ξ̂ cosh ξ̂y −K sinh ξ̂y

ξ̂[(ξ̂ + KG′/ξ̂) sinh ξ̂h− (K + G′) cosh ξ̂h]
V (ξ)e−iξxdξ. (7.71)

Ph.D. Thesis Water Wave Scattering by Undulating Bed

TH-369_02612305
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We now obtain the final result from (7.71) by contour integration using the residue theorem.

Here also we observe that the equation (7.71) has certain singularities (lying on the ξ-

axis) other than ξ̂ = 0 . Replacing K by K̂ = (σ2 + iµ′σ)/g in the equation (7.71), the

singularities of (7.71) are displaced off the ξ-axis to the upper and the lower half planes.

Hence, we write

φ1(x, y) = lim
µ′→0

1

2π

∫ ∞

−∞

F (ξ̂, y)

Gµ′(ξ̂, h)
e−iξxdξ, (7.72)

where

F (ξ̂, y) = [ξ̂ cosh ξ̂y − K̂ sinh ξ̂y]V (ξ), (7.73)

Gµ′(ξ̂, h) = ξ̂[(ξ̂ + K̂G′/ξ̂) sinh ξ̂h− (K̂ + G′) cosh ξ̂h]. (7.74)

If K̂ = K̂1 + iK̂2, then K̂2 = µ′K/σ which is very small and if ζ̂ = α + iβ is a zero of the

expression (7.74), then ζ̂ (up to first order of ε) can be determined as

ζ̂ = ±αn ± iβn, and ζ̂ = ±(k0 + γ)± iβ′n, (7.75)

where αn, βn, γ, β′n are given by (7.31).

Substituting ζ̂ = ±
√

ζ2 + ν2, then the roots ζ̂ = ±αn ± iβn give

ζ ≈ ±
√
−(β2

n + ν2)± iK̂2(2α
′(1)
n βn) up to the first order of K̂2

⇒ ζ ≈ ±isn as µ′ → 0, where sn =
√

β2
n + ν2, (7.76)

and the roots ζ̂ = ±(k0 + γ)± iβ′n give

ζ ≈ ±k0 cos θ = ±µ up to the first order of K̂2 and when µ′ → 0. (7.77)

Here the contour consists of the portion −R to R on the real ξ-axis and a semicircle centered

at the origin and having a large radius R. The semicircle must be taken in the upper half ζ-

plane (ζ = ξ + iη) in anticlockwise direction or in the lower half plane in clockwise direction,

according as x < 0 or x > 0. In the limit as R → ∞, the required range of integration is

recovered, since the integration along the semicircle makes a zero contribution. Hence, by

using the residue theorem,

φ1(x, y) = lim
µ′→0

(−i)

[ ∞∑
n=1

Res

{
F (ζ̂ , y) e−iζx

Gµ′(ζ̂ , h)

} ∣∣∣∣
ζ=isn

+ Res

{
F (ζ̂ , y) e−iζx

Gµ′(ζ̂ , h)

} ∣∣∣∣
ζ=µ

]

for x < 0, (7.78)
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and

φ1(x, y) = lim
µ′→0

i

[ ∞∑
n=1

Res

{
F (ζ̂ , y) e−iζx

Gµ′(ζ̂ , h)

} ∣∣∣∣
ζ=−isn

+ Res

{
F (ζ̂ , y) e−iζx

Gµ′(ζ̂ , h)

} ∣∣∣∣
ζ=−µ

]

for x > 0, (7.79)

which imply that

φ1(x, y) = lim
µ′→0

(−i)
∞∑

n=1

Res

{
F (ζ̂ , y) e−iζx

Gµ′(ζ̂ , h)

} ∣∣∣∣
ζ=isn

+
−2iBsec θ(k2

0 cos 2θ + G′k0A)
{∫∞

−∞ c(x)e2iµxdx
}

k0[2(k0 + G′K/k0)h + (1−G′K/k2
0) sinh 2k0h]

× (k0 cosh k0(h− y)−G′ sinh k0(h− y)) e−iµx for x < 0, (7.80)

and

φ1(x, y) = lim
µ′→0

i

[ ∞∑
n=1

Res

{
F (ζ̂ , y) e−iζx

Gµ′(ζ̂ , h)

} ∣∣∣∣
ζ=−isn

+
−2iBsec θ(−k2

0 + G′k0A)
{∫∞

−∞ c(x)dx
}

k0[2(k0 + G′K/k0)h + (1−G′K/k2
0) sinh 2k0h]

× (k0 cosh k0(h− y)−G′ sinh k0(h− y)) eiµx for x > 0, (7.81)

where B is given by (7.36).

Comparing equations (7.80) and (7.81) with equation (7.62), the reflection and transmis-

sion coefficients can, respectively, be written as

R1 =
−2iBsec θ(k2

0 cos 2θ + G′k0A)

2(k0 + G′K/k0)h + (1−G′K/k2
0) sinh 2k0h

∫ ∞

−∞
c(x)e2iµxdx, (7.82)

and

T1 =
−2iBsec θ(−k2

0 + G′k0A)

2(k0 + G′K/k0)h + (1−G′K/k2
0) sinh 2k0h

∫ ∞

−∞
c(x)dx. (7.83)

When the bed has zero porosity, the results (7.82) and (7.83) may be observed as the results

(4.12) and (4.15), respectively. For this case, as the expression of R1 contains a cos 2θ

term, then for oblique incidence at θ = π
4

of a wave train, the reflected wave-field vanishes

independently of the shape of bottom undulation. Also the results for normal incidence can

be obtained by putting θ = 0.

The reflection and transmission coefficients can be evaluated from equations (7.82) and

(7.83) once the shape function c(x) is known. In the next section we consider a special form

for the function c(x).
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7.3.3 A special bed surface

Consider the interaction of progressive surface waves with a patch of sinusoidal ripples on

the porous sea-bed given by equation (7.39).

For this case we obtain the reflection and transmission coefficients, respectively, as

R1 =
−2iBsec θ(k2

0 cos 2θ + G′k0A)

2(k0 + G′K/k0)h + (1−G′K/k2
0) sinh 2k0h

al

l2 − (2µ)2

×
[
(−1)ne2iµL1 − (−1)me2iµL2

]
, (7.84)

and

T1 =
−2iBsec θ(−k2

0 + G′k0A)

2(k0 + G′K/k0)h + (1−G′K/k2
0) sinh 2k0h

(−a)

l

[
(−1)m − (−1)n

]
. (7.85)

In the situation in which there is an integer number of ripple wave lengths in the patch

L1 ≤ x ≤ L2 such that m = n and δ′ = 0, we find T1 and R1 respectively as

R1 =
4Bsec θ(k2

0 cos 2θ + G′k0A)

2(k0 + G′K/k0)h + (1−G′K/k2
0) sinh 2k0h

(−1)m+1al

l2 − (2µ)2
sin

(
2µmπ

l

)
, (7.86)

and

T1 = 0. (7.87)

These results match exactly with those obtained by Davies and Heathershaw [19] for zero

porosity and θ = 0. Equation (7.86) illustrates that for a given number of m ripples, the

first order wave reflection coefficient is an oscillatory function in the quotient of twice the

component of the wave number along x-axis and the ripple wave number. Furthermore, if

the bed wave number is twice the component of the wave number along x-axis (l = 2µ), then

equation (7.86) reveals that there is a resonant Bragg-type interaction between the surface

waves and bed forms. Hence, at resonance we find from equation (7.86) that

R1 =
2Bsec θ(k2

0 cos 2θ + G′k0A)

2(k0 + G′K/k0)h + (1−G′K/k2
0) sinh 2k0h

amπ

l
, (7.88)

from which we find that R1 becomes a constant multiple of m, the number of ripples in

the patch. It indicates that relatively few bottom undulations with its wavenumber equal

to approximately twice the x−component of the surface wavenumber, may give rise to a

very substantial reflected wave. A possible consequence of this is a coupling between ripple

growth and wave reflection, which may be important in the problems of coastal protection.
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Figure 7.2: Reflection coefficient against the wave number k0h for θ = 0; a/h = 0.1; lh =
1; m = 1.

7.4 Numerical results

The numerical computation is shown here for the first order reflection coefficient given by

equation (7.86). In Figure 7.2, |R1| is plotted against the wave number k0h for a single ripple

with a/h = 0.1, lh = 1, θ = 0 and for different porous-effect parameters G′h = 0, 0.05 and

0.1. From the graph it is clear that its peak value is attained when the wave number of

the bottom undulations (lh) becomes approximately twice the surface wave number (k0h),

and |R1| has an oscillating nature. Also, at Bragg resonance the value of the reflection

coefficient increases as the porous effect parameter increases. In Figure 7.3, |R1| is again

depicted against k0h with a/h = 0.1,m = 2, lh = 1, θ = 0 and the same set values of G′h.

The same general feature of |R1|, as in Figure 7.2, is now observed with the modification

that the overall values of R1 is now increased in comparison to the case of single ripple; the

oscillating nature of |R1| against k0h is more pronounced and the number of zeros of |R1|
also increases. Like in the single ripple case, at Bragg resonance the value of the reflection

coefficient also increases as the porous effect parameter increases.

In Figures 7.4 and 7.5, the reflection coefficient |R1| is plotted against the angle of in-

cidence θ for Kh = 0.1, a/h = 0.1, lh = 1 and for ripples m = 1, and in Figure 7.6 |R1| is

plotted against the angle of incidence θ for Kh = 0.1, a/h = 0.1, lh = 1 and m = 2. From

these three graphs it is clear that for G′h = 0, |R1| vanishes independently of the shape of

the function at θ = π
4

which validates the equation (7.82). From the Figure 7.6 it is found
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Figure 7.3: Reflection coefficient against the wave number k0h for θ = 0; a/h = 0.1; lh =
1; m = 2.

that even for very small values of G′h, |R1| does not vanish independently of the shape of

the function at θ = π
4
.

7.5 Conclusion

Fourier transform method is used to solve the problem of water wave scattering by a small

undulation on an otherwise flat bottom of a porous sea-bed for normal and oblique incidence.

The presence of the singularities lead us to use the residue theorem to evaluate the integral

appearing in the first-order correction of the potential. After deriving the velocity potential,

the reflection and transmission coefficients up to the first order are obtained. Application of

these results for a sinusoidal bottom undulations yields results which coincide exactly with

the results for the same obtained earlier in this thesis when the bed has no porous effect

and for normal incidence. From the computational results it is observed that the reflection

coefficient increases with increasing porous effect.
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Figure 7.4: Reflection coefficient against the angle of incidence θ for Kh = 0.1; a/h =
0.1; lh = 1; m = 1.
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Figure 7.5: Reflection coefficient against the angle of incidence θ for Kh = 0.1; a/h =
0.1; lh = 1; m = 1.
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Figure 7.6: Reflection coefficient against the angle of incidence θ for Kh = 0.1; a/h =
0.1; lh = 1; m = 2.
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Chapter 8

Summary and Further Work

This chapter is devoted to a brief summary of the results highlighting the contributions

made by this thesis and techniques used in deriving these. It also provides information for

the scope of possible extensions and future investigations.

8.1 Summary of results

In this thesis the scattering of a train of small amplitude harmonic surface water waves by

small undulation using linear water wave theory has been investigated.

In Chapter 2, applying perturbation analysis, which involves a small parameter ε present

in the representation of the small undulation of the sea-bed, we set up the boundary value

problems to be satisfied by the velocity potential for the scattering of waves by small undu-

lating topography for normal and oblique incidences.

Chapters 3 is concerned with the solution of the velocity potential for the boundary value

problem established in Chapter 2 for normal incidence. The solution is obtained by three

different techniques, namely, the Green’s integral theorem, Fourier transform technique and

finite cosine transform. Using this solution the reflection and transmission coefficients are

found which involve the shape function c(x) and the results may be interpreted as the results

obtained by Miles [68] for normal incidence and Mandal and Basu [53] for normal incidence in

absence of surface tension. The Fourier transform technique employed to solve the problem

has a more general approach than that employed by Davies and Heathershaw [19] to the

problem of scattering of water waves by sinusoidal undulations on an otherwise flat bed.

The boundary value problem for oblique incidence in Chapter 2 is also solved by the

above three techniques in Chapter 4. The solution for the velocity potential is obtained

from which the reflection and transmission coefficients are evaluated which involve the shape

94
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function c(x). These results may be interpreted as the results obtained by Miles [68] and

Mandal and Basu [53] in absence of surface tension. Here by putting θ = 0 the results for

normal incidence in Chapter 3 can be obtained.

To evaluate these coefficients numerically, different shape functions are considered in

Chapter 5 and the results for both normal and oblique incidence are presented graphically.

Among those cases the particular case of sinusoidal ripples on the sea-bed is of considerable

significance due to the ability of an undulating bed to reflect incident wave energy which is

important in respect of both coastal protection, and of possible ripple growth if the bed is

erodable. For this particular case we observe that a large amount of reflection of the incident

wave energy is produced for Bragg resonance. This result may be useful in the construction

of an effective reflector of the incident wave energy for protecting coastal areas from the

rough sea in the arctic regions. The same conclusion can be observed even if all the ripples

in the patch do not have the same wave number.

In Chapter 6, the same physical problem is solved for both normal and oblique incidence

by a direct method, quite different from the other three methods described in Chapters 3

and 4. This method is based on an eigenfunction expansion that includes both decaying

and progressive wave mode terms. The analytical results for the reflection and transmission

coefficients obtained by this method are different from the results obtained in Chapters 3 and

4. This is due to the solution approach of this direct method containing an appropriate set

of orthogonal eigenfunctions which depends upon a single parameter. However, for a patch

of sinusoidal undulations on the bottom these results are computed and compared with the

results obtained by other methods. Excellent agreement is observed between the numerical

estimates obtained by the present method and those by the known method.

Chapter 7 is concerned with the investigation of the problem of scattering of surface

water waves by small undulation on a sea-bed of finite depth by assuming the sea-bed to be

composed of porous material of specific type. The boundary condition on the porous sea-

bed is derived by taking the porosity effect into the account. Fourier transform technique

is employed to obtain the complete solution of the mixed boundary value problem from

which the reflection and transmission coefficients are determined which involve the shape

function c(x). It is observed that with zero porosity, the results for these coefficients might

be interpreted as the results obtained in Chapters 3 and 4 for normal and oblique incidence

respectively. These results are applied to the case of a patch of sinusoidal undulations on the

bed to evaluate the corresponding coefficients numerically and then the results are presented

graphically.

It is observed that the methods presented in the thesis in obtaining the first order poten-
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tial, and hence the reflection and transmission coefficients, reduce the workload to a large

extent. These methods lead to a computationally more tractable form of the solution for the

scattered field.

8.2 Scope for future work

We make some informal observation pertaining to the possible extensions of our results to

different problems. Now we briefly outline some interesting problems which can be taken up

in future.

1. The problem of scattering of water waves in a two-layer fluid with undulating topog-

raphy can be considered. If satisfactory results are obtained, this can be extended for

more layers.

2. Consideration of propagation of surface gravity waves over small undulation of a per-

meable sea-bed with a current will be a step forward.

3. Diffraction of surface waves by a two or three dimensional structure on an undulating

bed will be an interesting addition.

4. Based on the results obtained for the examples in the thesis, some more physically

occurring obstacles at the sea-bed can be considered.

5. The same scattering problem can be extended to include the second-order correction

for the reflection and transmission coefficients, i.e., R2 and T2.

6. The analysis of the effect of the perturbation parameter ε on reflection and transmission

coefficients can be taken up, which will throw more light on the application side.
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Appendix I

Derivation of Bernoulli’s Equation for
Potential Flow

We present a classical method in deriving the Bernoulli’s equation applicable to water waves

mechanics in the xyz-plane. Euler’s equation of motion is given by

∂−→q
∂t

+ (−→q .∇)−→q = F − 1

ρ
∇p

⇒ ∂

∂t
(ûi + vĵ + wk̂ ) +

{
(ûi + vĵ + wk̂ ).(

∂

∂x
î +

∂

∂y
ĵ +

∂

∂z
k̂ )

}
(ûi + vĵ + wk̂ )

= (F1̂i + F2ĵ + F3k̂ )− 1

ρ

(
∂

∂x
î +

∂

∂y
ĵ +

∂

∂z
k̂

)
p

⇒
(

∂u

∂t
î +

∂v

∂t
ĵ +

∂w

∂t
k̂

)
+

(
u

∂

∂x
+ v

∂

∂y
+ w

∂

∂z

)
(ûi + vĵ + wk̂ )

= (F1̂i + F2ĵ + F3k̂ )− 1

ρ

(
∂p

∂x
î +

∂p

∂y
ĵ +

∂p

∂z
k̂

)

where F = F1̂i+F2ĵ +F3k̂ is the body force per unit mass. This equation in the x direction

can be explicitly written as (equating the coefficient of i):

∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y
+ w

∂u

∂z
= X − 1

ρ

∂p

∂x
(Here X = F1), (I.1)

in the y direction it can be explicitly written as (equating the coefficient of j):

∂v

∂t
+ u

∂v

∂x
+ v

∂v

∂y
+ w

∂v

∂z
= Y − 1

ρ

∂p

∂y
(Here Y = F2), (I.2)

and in the z direction it can be explicitly written as (equating the coefficient of k):

∂w

∂t
+ u

∂w

∂x
+ v

∂w

∂y
+ w

∂w

∂z
= Z − 1

ρ

∂p

∂z
(Here Z = F3), (I.3)
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Assuming that only external force acting on the fluid particle is the gravitational body

force per unit mass, then we may write

X = 0, Z = 0, Y = g, where g is the gravitational constant.

Since we know that the gravitational force can be derived from a potential, we may write

Y = g =
∂

∂y
(gy)

Under the assumption that the motion is irrotational, we have

∇×−→q = 0 ⇔ −→q = ∇Φ

⇒ u =
∂Φ

∂x
, v =

∂Φ

∂y
, w =

∂Φ

∂z

⇒ ∂u

∂t
=

∂2Φ

∂t∂x
;

∂v

∂t
=

∂2Φ

∂t∂y
;

∂w

∂t
=

∂2Φ

∂t∂w
(I.4)

and

∂u

∂y
=

∂v

∂x
;

∂u

∂z
=

∂w

∂x
;

∂v

∂z
=

∂w

∂y
(I.5)

Substituting (I.4) and (I.5) in equations (I.1), (I.2) and (I.3) we obtained respectively as

∂2Φ

∂t∂x
+ u

∂u

∂x
+ v

∂v

∂x
+ w

∂w

∂x
= −1

ρ

∂p

∂x
, (I.6)

∂2Φ

∂t∂y
+ u

∂u

∂y
+ v

∂v

∂y
+ w

∂w

∂y
=

∂

∂y
(gy)− 1

ρ

∂p

∂y
(I.7)

and
∂2Φ

∂t∂z
+ u

∂u

∂z
+ v

∂v

∂z
+ w

∂w

∂z
= −1

ρ

∂p

∂z
(I.8)

Integrating equations (I.6), (I.7) and (I.8) w.r.t. x, y and z, respectively we obtained

∂Φ

∂t
+

1

2
(u2 + v2 + w2) +

p

ρ
= F1(y, z, t), (I.9)

∂Φ

∂t
+

1

2
(u2 + v2 + w2) +

p

ρ
− gy = F2(x, z, t) (I.10)

and
∂Φ

∂t
+

1

2
(u2 + v2 + w2) +

p

ρ
= F3(x, y, t) (I.11)

Subtracting (I.9) from (I.11) we have

F1(y, z, t) = F3(x, y, t) (I.12)
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Subtracting (I.9) from (I.10) we have

−gy = F2(x, z, t)− F1(y, z, t) (I.13)

Since left hand side is a function of y, so right hand side should be a function of y alone for

which F2(x, z, t) will be a function of z, t. Thus,

F2(x, z, t) = F2(z, t) (I.14)

and hence from (I.13),

F1(y, z, t) = F2(z, t) + gy (I.15)

Thus by the help of equations (I.12), (I.14) and (I.15), equations (I.9), (I.10) and (I.11)

reduces to the single equation

∂Φ

∂t
+

1

2
(u2 + v2 + w2) +

p

ρ
− gy = F2(z, t) (I.16)

which is Bernoulli’s equation in two dimensional fluid flow problem. Without loss of gen-

erality, F2(z, t) can be combined with the velocity potential, Φ(x, y, z, t) so that Bernoulli’s

equation becomes
∂Φ

∂t
+

1

2
(u2 + v2 + w2) +

p

ρ
− gy = 0 (I.17)

which is nothing but equation (1.5).
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Appendix J

Derivation of Bottom Boundary
Condition
The bottom of a sea with small undulation is described by y = h + εc(x) where c(x) is a

function with compact support and describes the bottom undulation, h denotes the uniform

finite depth of sea far to either side of the undulation of the bottom so that c(x) → 0 as |x| →
∞ and the non-dimensional number ε(¿ 1) a measure of smallness of the undulation. The

condition on the bottom of sea-bed (equation (2.3)) is given by
∂φ

∂n
= 0, on y = h + εc(x)

where ∂/∂n denotes the normal derivative at a point (x, y) on the bottom. Now,

tan θ =
dy

dx
= εc′(x)

cos θ =
1

[1 + ε2c′2(x)]1/2

sin θ =
εc′(x)

[1 + ε2c′2(x)]1/2

∂φ

∂n
=

∂φ

∂x
cos(x, n) +

∂φ

∂y
cos(y, n)

=
∂φ

∂x
cos

(π

2
+ θ

)
+

∂φ

∂y
cos θ

=
∂φ

∂x
(− sin θ) +

∂φ

∂y
cos θ

=
−∂φ

∂x
εc′(x)

[
1− 1

2
ε2c′2(x) + . . .

]
+

∂φ

∂y

[
1− 1

2
ε2c′2(x) + . . .

]

= −εc′(x)
∂φ

∂x
+

∂φ

∂y
+ O(ε2) on y = h + εc(x)

=
∂φ

∂y
− ε

∂

∂x

{
c(x)

∂φ

∂x

}
+ O(ε2) = 0 on y = h (by the help of Taylor’s Expansion)

which is nothing but equation (2.7).
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