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Abstract

This thesis explores the generation, evolution, and quantum signatures of

primordial large-scale magnetic fields in the context of inflationary cosmol-

ogy. Magnetic fields are ubiquitous throughout the Universe, observed on

scales ranging from planets and stars to galaxies, galaxy clusters, and the in-

tergalactic medium. While astrophysical dynamo mechanisms can explain

galactic-scale magnetic fields, the origin of large-scale coherent magnetic

fields, particularly in the intergalactic medium with strengths of ∼ 10−16 to

∼ 10−10 Gauss and coherence lengths up to Mpc scales, requires primordial

generation mechanisms.

The thesis investigates inflationary magnetogenesis as the most viable

mechanism for generating such large-scale magnetic fields. In standard cos-

mology, the electromagnetic field action is conformally invariant under spa-

tially flat Friedmann-Lemaı̂tre-Robertson-Walker (FLRW) spacetime, pre-

venting significant magnetic field production during inflation. This work

explores three distinct approaches to break conformal invariance and en-

able primordial magnetogenesis: First, we develop an Effective Field The-

ory (EFT) framework for inflationary magnetogenesis, where electromag-

netic fields couple to scalar and tensor perturbations while preserving spa-

tial diffeomorphism symmetry. This approach naturally breaks conformal

invariance and addresses the strong coupling problem inherent in tradi-

tional models. We demonstrate that while scale-invariant magnetic spectra

suffer from backreaction issues, scale-invariant electric spectra can produce
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observationally viable magnetic field strengths when combined with ex-

tended reheating phases. The magnetic field evolution during reheating,

governed by Faraday induction in low-conductivity plasma, significantly

enhances the present-day field strength and provides constraints on the re-

heating equation of state.

Second, we propose a novel mechanism using anisotropic spacetime

backgrounds, specifically Bianchi type I metrics, to break conformal flat-

ness without requiring explicit scalar field couplings. This approach cir-

cumvents both strong coupling and backreaction problems while generat-

ing magnetic fields with strengthsB0 ∼ 3 × 10−21 Gauss for appropriate

anisotropic parameters. The anisotropy, treated as a perturbation appear-

ing near the end of inflation, preserves the overall inflationary paradigm

while enabling efficient magnetogenesis.

Finally, we develop quantum information theoretic tools to probe the

quantum signatures embedded in primordial magnetic fields and gravi-

tational waves. Using squeezed state formalism, we construct quantum

Stokes operators and demonstrate how the fuzziness of quantum Poincaré

spheres can serve as observational tests for the quantum mechanical origin

of these primordial fields. We show that both primordial magnetic fields

and gravitational waves exist in highly squeezed quantum states with non-

zero squeezing parameters that encode information about their quantum

origin during inflation.

Throughout this work, we address the persistent challenges in inflation-

ary magnetogenesis, including the backreaction problem (where electro-

magnetic energy density threatens to exceed inflationary energy density)

and the strong coupling problem (where effective coupling constants be-

come non-perturbatively large). Our proposed mechanisms provide viable

TH-3815_1861231026



pathways to generate observationally consistent magnetic field strengths

while maintaining theoretical self-consistency. The thesis contributes to un-

derstanding how quantum fluctuations during inflation can seed the large-

scale magnetic fields observed today, offering new theoretical frameworks

and observational strategies to probe the quantum mechanical nature of

the early Universe through electromagnetic and gravitational wave obser-

vations.
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5.6 Measurement and Poincaré sphere . . . . . . . . . . . . . . . . . . . . . . 138

5.7 Pseudospin operators and Bell violation . . . . . . . . . . . . . . . . . . . 140

5.8 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 142

6 Conclusion and Future aspects 144

6.1 Summary of contributions . . . . . . . . . . . . . . . . . . . . . . . . . . . 145

6.2 Future aspects . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 146

A Appendix 148

References 152

xviii

TH-3815_1861231026



List of Figures

xix

TH-3815_1861231026



List of Figures

1.1 Particle horizon vs Hubble horizon. . . . . . . . . . . . . . . . . . . . . . 7
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1. Introduction

1.1 Brief introduction to standard Cosmology

Cosmology is the study of the evolution of the Universe. It typically deals with

large-scale structures ranging from galaxies (Kpc)1 and extragalactic medium from

∼Kpc up to several Mpc, which is the typical distance between galaxy clusters and

intergalactic medium (IGM). It focuses on the thermal history of the Universe and ex-

plains the present-day structures. Einstein put forward the underlying mathematical

formalism of the standard cosmology in his famous Theory of Gravitation in the early

20th century, which has been confirmed by the recent GW observations [1, 2]. With the

advancement of cosmological observations and precision cosmology, we could verify

the validity of several of the theories proposed to explain the large-scale structure of

the Universe. From the Isotropic CMB radiation by Penzias and Wilson, it was observed

that the Universe has a temperature of ∼ 2.725K [3, 4]. Furthermore, the Cosmic Back-

ground Explorer (COBE) experiment found that the Universe is isotropic at least to 1

part in 105 [5,6]. This gave rise to the ”Cosmological principle” [7–12] that suggests the

Universe is homogenous and anisotropic at scales over 100 Mpc. The generic metric

for a homogeneous and isotropic medium can be written as

ds2 = −dt2 + a2(t)

[
dr2

1−Kr2
+ r2

(
dθ2 + sin2 θdϕ2

)]
. (1.1)

The metric in Eq.(2.3) is known as the Friedman, Lemaı̂tre, Robertson, and Walker

(FLRW) metric. Here, r, θ, ϕ are three spatial comoving coordinates, and t corresponds

to the cosmic time. K corresponds to the spatial curvature of the spacetime. a(t) is

the cosmological scale factor. Depending on the curvature of the Universe, it can as-

sume different values2. In this context, it is important to mention the discovery and

expansion of the Universe. In 1929, Edwin Hubble found that the distant galaxies are

receding from an observer on Earth, and the rate is proportional to the distance of the

galaxies [13]. This observation suggests the expansion of the Universe and is referred
11 Kpc = 3.086 ∗ 1019 m.
2For an open Universe (Negatively curved), K = −1, K = 0 corresponds to a flat Universe, and

K = +1 suggests a closed Universe (Positively curved).

2
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1.1 Brief introduction to standard Cosmology

to as Hubble’s law. In terms of comoving distance, the rate of expansion or the velocity

is given by

v =
d

dt
(ax) = ȧx = H0d . (1.2)

Where the ’overdot’ represents a derivative with respect to cosmic time t, a(t) is the

scale factor of the Universe, x is the comoving distance between two galaxies, and d is

the physical distance between them. In the above Eq.(1.2) H0 is the Hubble constant,

which is represented in terms of the dimensionless number H0 = 100h kms−1Mpc−1.

Using the CMB radiation left over from the Big Bang, satellites like Planck estimate H0

by extrapolating the Universe’s expansion from its earliest observable state. These

measurements yield a lower expansion rate of H0 = 67.66 ± 0.42 km/s/Mpc [177].

Whereas, using direct astronomical observations of nearby objects such as Cepheid

variable stars and supernovae, and employing the cosmic distance ladder, astronomers

measure a higher expansion rate of H0 = 73.04± 1.04 km/s/Mpc [178]. This mismatch

in the observed values of H0, gives rise to The Hubble Tension [14, 15].

The standard model of Cosmology assumes the isotropy and homogeneity of the

Universe. However, the observation of CMBR shows that all the photons decoupled

from the matter-dominated era when the temperature of the Universe reached around

∼ 3000K. Therefore, the standard cosmological model stated above cannot success-

fully explain the uniformity of CMBR temperature in all directions referred to as The

Horizon problem. Moreover, according to the CMB observations, our Universe is almost

spatially flat on large scales at present. The standard model of cosmology fails to ex-

plain the phenomenon known as The Flatness problem. A detailed description of these

problems can be found in [7].

To explain the Horizon and flatness problems of the hot big bang cosmology [7–12,

16], inflation was proposed in the 1980s. It successfully explains the large-scale homo-

geneity of the Universe as we observe today. Furthermore, the quantum fluctuations

produced during this period help to explain the observable imprints of seed pertur-

bation in CMBR. In the next subsection, we briefly discuss the problems of standard

3
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1. Introduction

cosmology and how inflation can solve them.

1.2 Problems in standard cosmology and its solution

As discussed in the last section, some of the observations like CMB cannot be ex-

plained through the standard cosmology. In order to explain those, inflation is an

extremely powerful tool. Inflation is a theoretically proposed era when the Universe

expands exponentially. It is a causal theory that successfully explains the large-scale

structure of the Universe [43–45]. We will discuss the dynamics of inflation in the next

chapter. Here we will discuss how inflation solves the horizon and the flatness prob-

lem and its mathematical implications.

The Einstein equation governs the dynamics of the Universe,

Gµν ≡ Rµν −
1

2
gµνR = −8πGTµν , (1.3)

where Tµν is the energy-momentum tensor of all the matter fields,Rµν is the Ricci ten-

sor, gµν are the metric components, and R = gµνRµν is the Ricci scalar, and G is the

Newton’s gravitational constant. The Eq.(1.3) describes how the Einstein tensor (Gµν),

i.e., the curvature of the spacetime, evolves due to the presence of matter fields (ob-

tained by computation of Tµν). On large scales, these matter fields can be treated as

ideal fluid, and therefore, the properties of the matter fields can be represented by the

energy density (ρ), pressure (p), and the comoving four-velocity (uµ) of the fluid. For

a matter field in the FLRW metric, the energy-momentum tensor turns out to be di-

agonal, and to satisfy the isotropy of the spacetime, the spatial components must be

equal to each other. The energy-momentum tensor that satisfies all these conditions

corresponding to the ideal fluid is given as

Tµν = (ρ+ p)uµuν + pgµν , (1.4)

where gµν represnts the metric components and uµ = (1, 0, 0, 0) is the four-velocity of

the comoving observer, with the constraint uµuµ = −1. Furthermore, to observe the

4
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1.2 Problems in standard cosmology and its solution

evolution of the scale factor of the Universe, we study the Friedmann equations [18].

H2 +
K

a2
=

8πG

3
ρ , (1.5)

Ḣ +H2 = −4πG

3
(ρ+ 3p) , (1.6)

where the Hubble parameter is defined in terms of the scale factor as H ≡ ȧ/a.

The conservation of energy-momentum tensor gives the continuity equation

∇µT
µν = 0 , ⇒ ρ̇ = −3H(ρ+ p), (1.7)

Eq.(1.7) can be coherently written as,

ρ ∝ a−3(1+ω), (1.8)

where ω = p/ρ is the equation of state (EoS) of the Universe. The EoS varies during

different periods. e.g ω = 0 when the Universe is matter dominated, ω = 1/3 during

radiation domination and ω = −1 during the vacuum energy domination.

Flatness problem

To understand the flatness problem, we define a dimensionless density parameter

as a ratio of the energy densities Ω(t) = ρ
ρc

, where ρc =
3H2(t)
8πG

is the critical density. The

1st Friedmann equation (1.5) can be written in terms of this dimensionless parameter

as

ΩK(t) ≡ Ω(t)− 1 =
K

a2H2
, (1.9)

In the light of recent observations from PLANCK data [19], it is evident that the Uni-

verse at present is essentially flat, i.e., K = 0. Moreover, ΩK(t0), its value is very close

to unity. It turns out that, in order to have ΩK(t0) closer to unity, in the very early Uni-

verse (t = tPl) it had to be extremely small so that it could satisfy the ratio

|ΩK |t=t0
|ΩK |t=tPl

≈ O
(
10−64

)
. (1.10)

5
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This very small and fine-tuned value of the energy density ratio in the very early Uni-

verse cannot be explained through the standard Big Bang cosmology and is known as

the Flatness problem.

Horizon problem

The horizon problem in cosmology refers to the absence of causal contact between

two particles separated by more than the physical horizon distance. We can define

three types of horizons in cosmology. Namely,

Particle horizon: The distance that the light can travel within its finite age, i.e.,

the volume of the Universe, from where we can receive information, is finite. The

boundary of this accessible volume of the Universe is called the particle horizon. At

any given time t, the particle horizon is defined as

dp(t) = a(t)

∫ t

0

dt′

a(t′)
= a(t)

∫ t

0

d ln a′
1

a′H(a′)
. (1.11)

Here ti = 0 is the beginning of the Universe, and (aH)−1 is the comoving Hubble

radius.

Event horizon: The complement of the particle horizon is known as the event hori-

zon. The event horizon is the inaccessible part of the Universe, from which any signal

emitted at any particular time t would not reach any future observer.

Hubble radius: The expansion rate of the Universe is characterized by the Hubble

parameter H , with the corresponding expansion time given by tH ≡ H−1. The Hubble

radius denotes the comoving distance that light or any particle would traverse within

one expansion time.

The particle and the Hubble horizon can determine the causal connection between

two particles. Suppose two particles are separated by a distance larger than the Hubble

horizon at any given time t. In that case, it implies that they cannot communicate with

each other at that particular time. We have the observational signature of the early

Universe from the CMB as the last scattering surface. We can calculate the Hubble

6
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1.2 Problems in standard cosmology and its solution

radius corresponding to the present value of the Hubble parameter as

λ(tls) = dp(t0)

(
a(tls)

a(t0)

)
= dp(t0)

(
T0
Tls

)
, (1.12)

where T0 = 2.73K is the present temperature of the Universe as observed from CMB

radiation. Moreover, Tls = 3000 K is the temperature of the Universe at the time of

last-scattering surface (tls). During the matter-dominated era, the Hubble parameter

Figure 1.1: Particle horizon vs Hubble horizon.

evolved as H ∝ T 3/2, and with the relation obtained from Eq.(1.12), we can estimate

that during the last scattering surface, there were ≈ 106 disconnected regions. Any

two photons separated by a distance larger than dp(tls) are very small. However, we

observe almost equal temperatures of the CMB in all directions. This is known as the

horizon problem, as the uniformity cannot be explained by standard Big Bang cosmol-

ogy.

Cosmological inflation proposes a mathematical model that provides a causal mech-

anism to successfully explain the homogeneity and isotropy of the observable Uni-

verse. We can see from Eq.(1.9) that in order to have the value of the dimension-

less density parameter (Ω0 − 1) of the order of unity, its value at the very early Uni-

verse should be very close to zero O(10−64). The Hubble parameter (H) remains al-

7
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most constant during the entirety of the inflation. Following eq.(1.9) and substituting

H ∼ cosnstant, we get (Ω − 1) ∝ a−2. So the value of Ωend − 1 at the end of inflation

will be ∼ e−2N . Where Ωend represents the density parameter at the end of inflation, N

is the e-folding number of the inflationary period defined as N = ln(aend/aI), aend and

aI corresponds to the scale factors at the end and beginning of inflation respectively.

Furthermore, if the inflation is sustained for an e-folding number of N = 70, then

at the end of inflation Ωend − 1 ∼ 10−60, which is sufficient to observe the present day

value of Ω0−1 ∼ 1. Thus, by introducing inflation, the flatness problem can be circum-

vented. Now, focusing on the horizon problem, the Universe goes through exponential

expansion during the inflationary era. Thus, the physical length scale λ grows faster

than the Hubble radiusH−1 as it remains almost constant during inflation. In standard

Big Bang cosmology, as shown in fig.1.1, we can see that each scale crosses the horizon

only once. Therefore, all of the patches cannot be in causal contact. However, during

inflation, all the scales start to grow, and then it crosses the horizon and re-enters the

horizon of the post-inflationary era. It explains how CMB photons from two causally

disconnected regions could have been in contact in the past and have almost the same

temperature. To summarize, inflation can solve both the flatness problem and the hori-

zon problem. The main characteristics of the inflationary era, known as the slow-roll

conditions, can be listed as follows:

• The Universe goes through an era of exponential expansion. The first slow-roll

parameter ϵ must satisfy the condition in terms of the rate of expansion given by

the Hubble parameter H ,

ϵ ≡ − Ḣ

H2
< 1. (1.13)

• As discussed earlier, to solve the flatness problem, inflation should be sustained

at around 70 e-folds. It is achieved by the second slow-roll parameter η satisfying

the condition

η ≡ − ϵ̇

Hϵ
< 1. (1.14)
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Apart from solving the horizon and flatness problem of the standard Big Bang cosmol-

ogy, recent observations of gravitational waves (GW) from LIGO and VIRGO suggest

that the secondary GW might have been sourced by primordial gravitational waves

(PGW). In the literature, it has been shown that the PGW can be produced during the

inflationary era [16, 17]. As we proceed, we will discuss several more scenarios that

involve the requirement of an inflationary era.

1.3 Magnetic fields in the Universe

Magnetic fields are omnipresent in the Universe. Its presence has been detected

over different length scales. Starting from galaxies, galaxy clusters, and even the inter-

galactic medium of the vast cosmic web, which contains magnetic fields. Their influ-

ence on processes such as star formation, the dynamics of interstellar matter, and the

propagation of cosmic rays underscores their astrophysical importance. The existing

magnetic fields in the galaxies influence small-scale and large-scale processes. It affects

the formation and shape of galaxies and galaxy clusters on a large scale. Small-scale

effects of these magnetic fields include star formation processes. Therefore, studying

the magnetic fields over different length scales is essential to understanding several

astrophysical processes.

Despite extensive theoretical and observational studies, the mechanism underly-

ing the origin of these extensive coherent fields remains a profound question to this

day [20, 22, 23, 50]. However, it is widely accepted that the observed field originated

from a seed magnetic field and was later amplified by several astrophysical processes.

In the case of a strong seed field, the necessary strength of the present-day field can

be obtained by flux freezing during the structure formation of the Universe. On the

contrary, a weak seed magnetic field needs an efficient dynamo mechanism [97, 107]

to enhance it by converting its kinetic energy into electromagnetic field energy. The

generation mechanisms can be broadly divided into two groups depending on the

coherence length scales of the fields. In one of the cases, it uses astrophysical batter-

9
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ies [24, 25] as the origin of the seed magnetic field.

On the other hand, the second mechanism considers primordial fluctuation as the

origin of the seed magnetic field. The primordial generation mechanism pertains to

electroweak or QCD phase transition [26–29] or during the inflationary era [30–39].

The dynamo mechanism can amplify the magnetic field in collapsing objects, for which

astrophysical batteries produce the seed magnetic field. However, the primordial gen-

esis of magnetic fields becomes relevant for intergalactic magnetic fields. In this thesis,

we focus mainly on two aspects of magnetic fields. Firstly, we study the quantum

signatures embedded in the large-scale magnetic fields that will solidify the proposal

for generating large-scale cosmological magnetic fields from quantum fluctuations in

the early Universe. Finally, we discuss several generation mechanisms that lead to the

observed current magnetic field strength. More precisely, we will study the inflation-

ary magnetogenesis scenario since the large-scale effects are naturally embedded in

the magnetic fields generated during the inflationary era; thus, it will infer whether it

is generated from the quantum fluctuations as primordial fields. Eventually, we can

focus on the different inflationary magnetogenesis scenarios that lead to a sustainable

magnetic field. Although the magnetic field generated during the inflationary era can

successfully explain the large-scale magnetic fields in the IGM, it is still important to

mention that the field generated dies out very rapidly with the expansion of the Uni-

verse as the standard electromagnetic (EM) action is conformally invariant and the

standard FLRW background is conformally flat. Therefore, it is unsuitable for produc-

ing particles in the inflationary era, which would be sufficient to seed the magnetic

field to present-day strength. However, if the conformal invariance is broken, we can

obtain sufficient strength of magnetic fields as observed today. In all the inflationary

magnetogenesis models, the most accepted one is where the inflaton field is coupled to

the kinetic term of the EM field to break the conformal invariance. Although inflation-

ary magnetogenesis provides a viable solution to large-scale magnetic fields, it suffers

from strong coupling and backreaction problems. In the later chapters, we will discuss
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1.4 Generation mechanisms

them and find a way to circumvent them to generate large-scale magnetic fields with-

out the aforementioned drawbacks.

1.4 Generation mechanisms

In the previous section, we mentioned that the dynamo mechanism amplifies the

magnetic field from a seed magnetic field. However, the origin of the seed magnetic

field is a tempting question, in both astrophysical and cosmological scenarios. Here,

we briefly discuss the astrophysical and primordial generation scenarios.

1.4.1 Astrophysical magnetogenesis mechanisms

All the astrophysical generation mechanisms rely on the charge gradient of the

medium. Although the Universe is charge-neutral, it has a non-zero degree of ion-

ization. Any external force acting on the medium can separate the positively and neg-

atively charged particles, leading to a charge gradient in the medium. The charge

gradient in the medium generates an electric field. Subsequently, following Faraday’s

law, the electric field is converted into a magnetic field. The pressure gradient in the

medium causes the charge gradient in the medium. Mathematically, it can be repre-

sented as

Ee = −∇pe
ene

. (1.15)

This equation is obtained assuming pressure is applied to a fully ionized gas. In

eq.(1.15) pe = nekBT , where ne is the electron number density, and T is the equilibrium

temperature of the electron gas. The non-zero curl of the field generated by the pres-

sure gradient, described in eq.(1.15), will generate a magnetic field, and the collisions

between them also lead to some resistance. Incorporating Ohm’s law, the magnetic

field evolution equation turns out to be

∂B⃗

∂t
= ∇⃗ ×

(
v⃗ × B⃗ − 1

σ
∇⃗ × B⃗

)
− 1

e

∇⃗ne
ne

× ∇⃗T (1.16)
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In the above eq. σ is the conductivity of the medium, t is the time parameter and T is

the temperature of the system. The last term on the right suggests that the modified in-

duction equation becomes inhomogeneous if the medium’s temperature gradient and

density gradient are not aligned. Furthermore, it can lead to a generation of seed mag-

netic fields from zero magnetic fields. This effect is known as the Biermann battery

effect [42], which was initially proposed for stellar magnetic fields and later general-

ized for cosmic magnetic fields as well [175, 176]. There may be some astrophysical

instances when the temperature gradient is not parallel to the number density gra-

dient. During reionization era, the number density gradient is dictated by the local

density fluctuations, that later collapse to form the structures. As the density fluc-

tuations are independent of the source of the temperature gradient, the last term of

Eq.(1.16) is non-zero and leads to the production of magnetic fields. This helps to gen-

erate a seed magnetic field of the coherence length of density fluctuations. To obtain

the present-day value of the magnetic field, the seed magnetic field generated through

this mechanism needs to be of B ≈ 10−21 G [97].

1.4.2 Primordial magnetogenesis mechanisms

Several mechanisms can lead to magnetic field generation in the early Universe.

However, these mechanisms are most effective in explaining the intergalactic and mag-

netic fields in the cosmic void. To summarize the possible generation mechanisms, we

have

Magnetogenesis during phase transition: Magnetic fields can be generated during

different phase transitions in the early Universe [26–29]. The magnetic field is gener-

ated during a phase transition when the battery effect generates a seed magnetic field,

as discussed in the astrophysical magnetogenesis mechanisms. Subsequently, the seed

magnetic field gets amplified by small-scale dynamos. The primordial magnetogenesis

was proposed by Vachaspati during the electroweak phase transition [26]. The mag-

netic fields produced through the phase transition are produced via a causal process.

Therefore, the coherence length scale is always smaller than the Hubble radius. Al-
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though the magnetic fields produced during phase transition are very weak on galactic

scales, their strength can be increased through the inverse cascade. However, the mag-

netic field needs to be helical for this to occur. The small-scale field is converted into

large-scale magnetic fields by conserving helicity, strengthening the large-scale field

produced through a phase transition.

Inflationary magnetogenesis: Inflationary magnetogenesis provides a viable so-

lution to the origin of large-scale magnetic fields. However, the Universe goes into a

radiation-dominated era after the end of inflation, and due to flux freezing, the mag-

netic field strength decays as B ∝ 1/a2, with the scale factor a(t). The free EM action is

conformally invariant under the conformally flat spacetime of the standard cosmology.

This results in low magnetic field strength, even when seeding the dynamo. There-

fore, it is necessary to break the conformal invariance. Production of the magnetic

field during the inflationary era by breaking the conformal invariance was first pro-

posed by Turner and Widrow [30]. The modified EM Lagrangian density takes the

form I2FµνF
µν , where I is a function coupled to the Lagrangian to break the conformal

invariance. Further, Ratra [31] proposed that the inflaton field can be coupled to the ki-

netic term of the EM Lagrangian to break the conformal invariance, and it can produce

a sufficient strength of the magnetic field. However, it suffers from strong coupling and

backreaction problems. We will discuss these drawbacks in detail in later chapters. In

certain models of inflationary magnetogenesis, the Schwinger effect comes into play

and produces charged particles, leading to a high conductivity of the medium and a

low magnetic field strength.

1.5 Measurement and Constraints on the field strengths

1.5.1 Measurement techniques of galactic and extragalactic magnetic fields

As mentioned earlier, magnetic fields are observed on various length scales and set-

tings, from planets to stars to galaxies and clusters. The Earth hosts a dipolar magnetic

field of strength ∼ 0.7 G with an angle tilted to the rotational axis, and it shields the
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Earth from solar winds and solar flares. Moreover, the Sun also hosts a magnetic cycle.

It was first put forward by Hale [46], by observing the Zeeman effect on the Sun’s sur-

face. The Zeeman splitting can measure extraterrestrial magnetic fields by line splitting

due to an external magnetic field. Mathematically, the splitting of transition lines in a

free atom can be represented as

∆ν

ν
= 1.4g

(
B

µG

)(
Hz

ν

)
, (1.17)

Where g is the Landé’s factor, connecting the orbital angular momentum of an atom

to the magnetic field. The splitting in the case of the 21cm line of neutral hydrogen

and 18cm OH line are valued as ∆ν/ν ≈ 10−9g(B/µG)(Hz/ν). In this context, it is

important to mention that magnetic fields using Zeeman splitting are observed in low

temperatures and high magnetic fields; otherwise, the Doppler broadening of the lines

masks the Zeeman splitting. Therefore, the magnetic fields observed using this method

are mostly in star-forming regions.

The magnetic field strength in galaxies, galaxy clusters, and beyond is measured

using synchrotron radiation. The radiation emitted by free electrons while performing

a spiral motion in a magnetic field is called synchrotron radiation, and the intensity of

the radiation is a probe of the normal component of the background magnetic field.

Furthermore, the degree of polarization of the emitted radiation describes the unifor-

mity of the magnetic field in the source (galaxies and galaxy clusters).

The Faraday rotation measurement is the most effective method for measuring

galaxy clusters’ magnetic fields. However, none of the above-mentioned methods are

useful in measuring the strength of the intergalactic magnetic fields. Faraday rotation

is when a photon’s polarization axis rotates due to a magnetic field’s presence. As the

photon propagates in the medium with a magnetic field, the left circularly polarized

and right circularly polarized modes interact differently with the electrons present in

the plasma. If a light of wavelength λ passes through a medium of length lm, then the
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total phase shift (∆Φ) of the polarization mode is calculated as

∆Φ =
e3λ2

2πm2
ec

4

∫ lm

0

ne(l)B∥(l)dl , (1.18)

where B∥ is the component along the line of sight of the magnetic field, ne(l) is the

electron density in the medium along the line of sight, ∆Φ is the total phase shift of

the polarization and me is the mass of the electron. Traditionally, the total phase shift

is defined as

∆Φ = (RM)λ2 . (1.19)

As the polarization angle differs for different wavelengths, measuring them in terms

of the rotation (RM) removes the (±Φ± nπ) degeneracy. Where (RM) is defined as

RM =
e3

2πm2
ec

4

∫ lm

0

ne(l)B∥(l)dl . (1.20)

Now, the total rotation measurement of the polarization angle (RM) contains contri-

butions from several sources, like the quasar source itself (S), the effect from the inter-

vening galaxies (IG), the contribution from the intergalactic media (IGM) and finally

the rotation caused by the milky way (M) as the observations are made from our solar

system. Therefore, it is more advantageous to measure the total rotation of the polar-

ization angle in terms of the rotations contributing from different sources. Therefore,

RM = RMS +RMIG +RMIGM +RMM . (1.21)

The Faraday rotation measurement method has been used to measure magnetic fields

of strength ∼ µG in high-redshift galaxies and galaxy clusters.

In this thesis, our area of focus is the large-scale magnetic fields. Therefore, dis-

cussing the measurement details and constraints on the fields present in the intergalac-

tic media is also very important. However, the measurement techniques described so

far cannot measure this region’s very low magnetic fields compared to the galactic

fields. Therefore, the magnetic fields in this region are measured with the help of TeV

blazars. This measurement is based on the absence of GeV photons in the intergalactic
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medium. The TeV photons emitted by the blazars interact with the galactic gaseous

medium and generate electron (e−) and positron (e+) pairs. These pairs further inter-

act with the CMBR and generate GeV photons by inverse Compton scattering. Due to

the interaction of the photons with the magnetic field in the intergalactic medium, the

photons’ trajectories change, suppressing the photons’ surface brightness. Moreover,

by counting the time delay in these secondary GeV photons, we get a lower bound

on the strength of the magnetic field at ∼ 10−17G for coherence scale ⩾ 1 Mpc. How-

ever, the field’s strength depends on the system’s coherence length below 1 Mpc. The

strength varies as l−1/2
c with the coherence scale.

1.5.2 Constraints on magnetic field strengths

We discussed different measurement methods for the galactic and intergalactic mag-

netic fields. However, the constraints are obtained from the CMBR and Big Bang Nu-

cleosynthesis (BBN). As large-scale magnetic fields are produced during the Universe’s

early stages, the total energy budget is affected by the energy of the EM field. Further-

more, the magnetic fields also affect the evolution of scalar and tensor field perturba-

tions. Therefore, we can get the constraints on the field strength from the signatures in

the CMBR and BBN.

Constraints from CMB

CMB plays a crucial role in probing the early Universe. As mentioned earlier, the

magnetic field produced during the early Universe also affects the total energy bud-

get and the evolution of scalar perturbations. Therefore, we can constrain the mag-

netic field strength by analyzing the CMB’s temperature anisotropies and polarization

properties. The CMB is not fully isotropic. It holds a temperature anisotropy of ∼ 10−5

called temperature fluctuations. The systematic study of temperature anisotropy con-

strains the strength of the homogeneous magnetic field in the nano-Gauss range. As

the primordial magnetic field alters the energy-momentum tensor of the early Uni-

verse, the scalar, vector, and tensor perturbations evolve differently due to the scale-
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invariant or blue-tilted spectrum of the magnetic field. A detailed study of this evo-

lution can be found in [47–49], and a systematic study of the CMB anisotropies to

constrain the magnetic field has been done. From this study, it has been shown that for

a nearly scale-invariant spectrum, the strength of the magnetic field on a 1Mpc scale

should be B0 ≤ 0.7 nG.

Constraints from BBN

Primordial magnetic fields affect the abundance of light nuclei at BBN. Therefore,

it works as a probe to constrain the strength of the primordial magnetic fields. The

magnetic field consecutively changes the phase space of electrons, resulting in a weak

interaction rate. It further contributes to the total energy density, and as a result, it

affects the expansion rate of the Universe.

The magnetic field changes the abundance of light nuclei at BBN. The magnetic

field alters the phase space of the electrons and their statistics. Increasing the neutron-

proton conversion rate. This increment leads to a lesser abundance in 4He. Further-

more, the magnetic energy density contributes to the total energy-momentum tensor

and affects the expansion rate. Leading to an increased freeze-out temperature and

higher abundances of 4He. With the data obtained from the 4He abundances, Grasso

and Rubenstein [50] put a bound on the homogenous magnetic field at B < 1011 G at

T ≈ 109 K at the time of Big Bang Nucleosynthesis.

1.6 Outline of the thesis

The thesis is organized based on the publications mentioned previously and is as

follows:

Chapter 2 discusses the generic evolution of the EM field during the inflationary

era. Furthermore, it further shows that it is not possible to generate sufficient strength

of magnetic fields like the astrophysical magnetic fields. The reason behind this is the

invariance of the EM field action under the spatially flat FLRW background. Further,

we discuss some models to break the conformal invariance of the EM action by intro-
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ducing a coupling of a scalar field and the EM field (in some special cases, the inflaton

field is coupled to the EM field). We further find that the spectrum of the magnetic field

produced in this mechanism is scale invariant. We conclude this chapter by discussing

the challenges in the inflationary magnetogenesis model.

In chapter 3, we propose a magnetogenesis scenario in the Effective Theory frame-

work during the inflationary era. At the beginning of this chapter, we discuss the EFT

framework and the setup. In this framework, the EM field is coupled to the scalar and

tensor perturbations that satisfy the diffeomorphism symmetry. Further, the conformal

invariance of the EM field is broken by coupling the scalar field to the gauge field, and

the evolution of the perturbations dictates the background evolution. Furthermore, the

background evolution of the fields and the perturbations are also discussed, and the

inflationary slow-roll parameters lie within the observed range. For a specific choice of

the coupling parameter, the model produces a sufficient magnetic field strength con-

sistent with the present-day observation. However, this specific choice suffers from the

backreaction problem. In another scenario, although it does not suffer from the back-

reaction problem, it fails to produce a sufficient EM field during inflation. Moreover,

this problem can be circumvented by introducing an elongated reheating period after

the end of inflation.

In Chapter 2 and Chapter 3, we discussed how the conformal invariance of the

EM field can be broken under conformally flat FLRW spacetime by explicitly coupling

the EM field to a scalar field. As a result of the coupling, these inflationary magneto-

genesis models might have a strong coupling problem, depending on the nature and

evolution of the coupling factor. In this chapter, we propose a novel mechanism to

break the conformal invariance of the EM field by introducing a spacetime with an

intrinsic anisotropy, and, thus, it is not conformally flat. We explore the evolution of

the EM field in this anisotropic spacetime in the inflationary era. We find that a little

anisotropy in the spacetime is sufficient to produce an EM field consistent with the ob-

servational constraints and free from the backreaction problem.
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In Chapter 5, we first lay down the tools to extract quantum information in a bipar-

tite system. However, few challenges exist in extracting quantum information in the

cosmological scenario. We develop the necessary tools to experimentally measure the

quantumness of the primordial gravitational waves and primordial magnetic fields.

Moreover, we show that the formalism proposed here is consistent with the more tra-

ditional methodology of quantum measurements. In Chapter 6, we summarize the

main results obtained in the previous chapters and discuss the outlook and future as-

pects of this thesis.
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In the last chapter of the Introduction (Chapter 1), we discussed several possible ways

to generate astrophysical and cosmic magnetic fields, in essence, mechanisms to gener-

ate seed magnetic fields. As suggested by the Blazar observations, the magnetic fields

in the intergalactic medium point toward the primordial generation of the magnetic

fields. Inflationary magnetogenesis is the most accepted among the proposed primor-

dial large-scale magnetic field generation models. Therefore, in this chapter, we will

discuss the mechanism of inflationary magnetogenesis in detail.

Inflation is an era when the Universe went through an accelerated expansion. The

inflationary paradigm also solves the horizon and flatness problem of the standard cos-

mology. Furthermore, during this inflationary era, small-density perturbations were

produced, which led to the large-scale structure of the present observable Universe.

The origin of the Universe is believed to be from the quantum fluctuations of the

field generated during the inflationary era. As the horizon problem suggests, all the

scales associated with today’s cosmological interest should be inside the Hubble hori-

zon to successfully explain causality. The solution to this problem, as discussed in the

previous chapter, is that the Universe needs to go through an accelerated expansion

phase with an e-folding number N ≈ 60 if the energy scale associated with the in-

flationary phase is ∼ 1016 GeV. To satisfy this high energy scale, the simplest model

considers a scalar field called the inflaton, which drives the inflation. Assuming the

homogeneity and isotropy of the Universe, the acceleration and the inflaton field ϕ(η)

should only be a function of time. However, small-scale quantum fluctuations in the

field can give rise to inhomogeneities. The characteristic length scale (Lc) of these

fluctuations between two field points can be expressed in terms of the equal-time two-

point correlation function (ζ(|x⃗− y⃗|, η))

ζ(|x⃗− y⃗|, η) = ⟨0|ϕ̂(x⃗, η)ϕ̂(y⃗, η)|0⟩ = 1

2π2

∫ ∞

0

k2dkP (k)
sin kLc
kLc

. (2.1)

In the above Eq.(2.1) Lc = |x⃗ − y⃗| is the correlation length, ϕ̂(x⃗, η) is the field variable

at a particular spacetime point, k corresponds to the momentum mode of the infla-
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2. Generation of large-scale magnetic fields

ton field, and P (k) is the power spectrum of the fluctuations in momentum space.

The amplitude of these fluctuations can be quantified in terms of the power spectra as

∆(k) = 1
4π2k

3P (k). When the length scale of these fluctuations becomes comparable to

the Hubble horizon, the amplitude of these fluctuations freezes with time. Moreover,

as the modes exit the Hubble horizon of the Universe, the fluctuations become clas-

sical, and the amplitude solely depends on the value of the Hubble parameter at the

end of inflation when the modes exit the horizon. A detailed discussion on this can be

found in the literature [56]. The detail of the inflationary magnetogenesis is described

in the upcoming sections

2.1 Maxwellian field theory in FLRW background

In this section, we discuss the standard evolution of the EM field in the FLRW

background and also show why it is impossible to produce sufficient magnetic field

strength in a conformally flat spacetime when the action is conformal invariant. The

electromagnetic(EM) action and its interaction with charged particles in general space-

time can be written as

SEM = −
∫ √

−gd4x
(
1

4
FµνF

µν − AνJ
ν

)
, (2.2)

where
√
−g is the determinant of the metric, Fµν = ∂µAν − ∂νAµ is the EM field tensor,

being Aµ is the 4-electromagnetic potential and Jµ is the 4-current density correspond-

ing to the charged field.

The standard FLRW metric is defined as

ds2 = −dt2 + a2(t)
(
dx2 + dy2 + dz2

)
= a2(η)

(
−dη2 + dx2 + dy2 + dz2

)
. (2.3)

where t is the cosmic time, η is the conformal time and a(η) is the scale factor of the

Universe and (x, y, z) are the comoving spatial coordinates. The cosmic time t and the

conformal time η are related by the scale factor as dt = adη.
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2.1 Maxwellian field theory in FLRW background

Varying the action (2.2) with respect to Aµ gives us the first set of Maxwell’s equa-

tions,

∂µ
[√

−gF µν
]
= Jν . (2.4)

The constraints satisfied by the EM field boil down to the other set of Maxwell’s equa-

tions, also known as the Bianchi identity.

∂µ

[√
−g1

2
εµναβFαβ

]
= 0 ⇒ ∂µ

[√
−gF̃ µν

]
= 0 (2.5)

where εµναβ is the antisymmetric Levi-Civitta tensor. We will show later that Eq.(2.5)

signifies that the EM field is perpendicular to its propagation direction. The Eqs.(2.4)

and (2.5) represents the full set of Maxwell’s equations collectively.

To this end, we must discuss the conformal invariance of the free EM field under

the conformal transformation in a conformally flat background for a source-free case.

If we make a conformal transformation of the metric as

g̃µν = a2(η)gµν , (2.6)

where, g̃µν is the transformed metric. Under this transformation
√
−g̃ = a4(η)

√
−g,

and g̃µν = 1/a2(η)gµν . As it is only a transformation of the metric, it does not change

the field variables. So, if F ∗
µν is the EM field tensor in the transformed g̃µν , and Fµν is

the EM field tensor in the original metric, then we have F ∗
µν = Fµν . The free EM action

in the transformed metric transforms as

S̃em = −1

4

∫
d4x
√
−g̃g̃µαg̃νβF ∗

µνF
∗
αβ

= −1

4

∫
d4xa4

√
−g
(
1/a2gµα1/a2gνβF ∗

µνF
∗
αβ

)
= −1

4

∫
d4x

√
−ggµαgνβFµνFαβ

= −1

4

∫
d4x

√
−gFµνF µν

= Sem . (2.7)

From a field-theoretic point of view, the energy density and pressure are represented
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2. Generation of large-scale magnetic fields

in the energy-momentum tensor. Therefore, it is more feasible to represent the electric

and magnetic fields in terms of the electromagnetic field tensor Fµν . To achieve the

prescribed form of the space components of the electric field (Eµ) and magnetic field

(Bµ), we choose an observer with four velocities uµ, who measures the strength of the

EM field. The four velocities of the observer are defined as follows, and they satisfy

the condition

uµ =
dxµ

dt
; uµuµ = −1 . (2.8)

With respect to the comoving observer, the electric and magnetic fields are defined as,

Eµ = Fµνu
ν ; Bµ =

1

2
εµναβu

νFαβ . (2.9)

The definition of Eµ, Bµ promptly suggests that

Eνu
ν = Fµνu

µuν = 0 ; Bνu
ν =

1

2
εµναβu

µFαβuν = 0 . (2.10)

Eq.(2.10) infers that the spacelike hypersurface formed by the (E and B) field is or-

thogonal to the direction of the four velocity vectors of the observer.

To satisfy the constraint on the four-velocity of the observer mentioned in Eq.(2.8), in

the case of FLRW background, the comoving four-velocity of the observer turns out

as uν =
(
1
a
, 0, 0, 0

)
, using Eq.(2.9) we can define the electric and the magnetic field in

terms of the field strength tensor as

Ei =
1

a
Fi0 ; Bi =

1

2a
εijk0F

jk =
1

2a
εijk0δ

l
jδ
m
k Flm . (2.11)

Now, we can get the regular Maxwell’s equations by substituting Eq.(2.11) into Eq.(2.4)

and (2.5).

2.2 Inflationary dynamics and Generation of magnetic fields during
the inflationary era

In this section, we will briefly discuss the dynamics of the scalar field inflation.

Furthermore, discuss the mechanism of generating a large-scale magnetic field during
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2.2 Inflationary dynamics and Generation of magnetic fields during the
inflationary era

an inflationary era.

To observe the accelerated expansion of the Universe, we consider a scalar field

ϕ(x⃗, t) with potential V (ϕ). The action corresponding to the field turns out to be,

Sϕ =
∫
d4x

√
−g
[
−1

2
∂µϕ∂

µϕ− V (ϕ)

]
. (2.12)

The energy-momentum tensor of the field ϕ(x⃗, t) is given by

Tµν = ∂µϕ∂νϕ− gµν

(
1

2
gαβ∂αϕ∂βϕ− V (ϕ)

)
. (2.13)

Inherently, the Universe is assumed to be homogeneous and isotropic. Therefore, the

scalar field ϕ should be only a function of time. Calculating the energy density (ρϕ =

−T 0
0 ) and the pressure density (pϕδ

i
j = −T ij ) for the field turns out as

ρϕ =
1

2
ϕ̇2 + V (ϕ), (2.14)

pϕ =
1

2
ϕ̇2 − V (ϕ). (2.15)

Extremizing Eq.(2.12), we get the evolution equation of the field as,

ϕ̈+ 3Hϕ̇+
dV

dϕ
= 0. (2.16)

Now, substituting Eq.(2.14) into Eq.(1.5), we get the conditions satisfied by the scale

factor (
ȧ

a

)2

+
K

a2
=

8πG

3

(
1

2
ϕ̇2 + V (ϕ)

)
, (2.17)

ä

a
= −8πG

3

(
ϕ̇2 − V (ϕ)

)
. (2.18)

For accelerated expansion of the Universe, the scale factor has to satisfy ä > 0. Now,

from the above equation, it is evident that to satisfy this condition, we need to have

V (ϕ) > ϕ̇2, i.e., the potential energy of the field must be greater than the kinetic energy.

The slow roll parameters introduced in Eq.(1.13) and (1.14) can also be represented in
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2. Generation of large-scale magnetic fields

terms of the potential of the scalar field as

ϵ ≡
M2

pl

2

(
V,ϕ
V

)2

< 1 ; η ≡M2
pl

∣∣∣∣V,ϕϕV
∣∣∣∣ < 1. (2.19)

Where V,ϕ= dV/dϕ and V,ϕϕ= d2V/d2ϕ. As the parameters satisfy the slow roll con-

dition, this gives us slow-roll inflation. This higher potential energy ensures that the

Universe goes through an accelerated expansion, and the Hubble parameter stays al-

most constant during this period. Considering a de-Sitter Universe, the scale factor

during inflation varies as

a = eHf t = − 1

Hfη
, (2.20)

a is the scale factor, t is the cosmic time, η is the conformal time, and Hf is the Hubble

parameter during inflation, which remains constant throughout this period. For the

FLRW metric, Maxwell’s first Eq.(2.4) transforms into

ηµαηνβ
∂

∂xµ
Fαβ = a4Jν . (2.21)

In the literature, specific gauge choices are taken to remove the degeneracy, and the

Coulomb gauge is the most convenient one. The Coulomb gauge follows A0 = 0 and

∂iA
i = 0. During the inflationary era, there was no ionization, so we can safely assume

that the current density was zero. Furthermore, the density will be negligible even

if there is some residual charge due to the accelerated expansion. So from Eq.(2.21)

for the spatial components of the electromagnetic vector potential, we get the time

evolution of the field components as

A′′
i − a2∂j∂

jAi = 0. (2.22)

Where the prime denotes a derivative with respect to the conformal time (η) and the

contravariant derivative is defined as ∂i ≡ gij∂j = a−2δij∂j . It is also necessary to

evaluate the modes affected during the inflation, that is, the modes inside the Hubble

horizon during the inflationary era. Therefore, we can write the EM vector potential in

26

TH-3815_1861231026



2.2 Inflationary dynamics and Generation of magnetic fields during the
inflationary era

terms of its Fourier modes as

Ai(x⃗, η) =

∫
d3k

(2π)3
ui(k⃗, η)e

ik⃗·x⃗. (2.23)

In terms of the momentum mode function ui(k⃗, η) the Eq.(2.22) boils down to

u′′i + k2ui = 0. (2.24)

In Eq.(2.24) k is the comoving wave number, defined as k2 = δijkikj . As all the different

momentum modes satisfy the same equation, we can choose a set of bases for each

momentum mode, known as the polarization basis, and it is represented as

ui(k⃗, η) =
∑
p

upk(η)gije
j
p. (2.25)

Here, ejp forms an orthonormal set of four basis vectors.

eα0 =

(
1

a
, 0⃗

)
; eαp =

(
0,
eip
a

)
; eα3 =

(
0,
k̂

a

)
. (2.26)

The basis vectors follow the relation that eαp are orthogonal to each other and also or-

thogonal to the direction of propagation k̂. The polarization vectors follow the Coulomb

gauge condition in momentum space and satisfy the relation

∑
p=1,2

eip(k⃗)ejp(k⃗) = δij −
δjmk

ikm

k2
. (2.27)

The relation mentioned in Eq.(2.27) is also known as the projection relation, as it can be

used to calculate the projection of any vector along a particular polarization direction.

Substituting Eq.(2.27) into Eq.(2.24), we get the evolution for each polarization mode

ūp
′′

k + k2ūpk = 0, (2.28)

where ūpk ≡ aupk. The Eq.(2.28) is essentially a harmonic oscillator equation. By the

linearity property of the equation, the full solution of this equation consists of the linear

combination of the real (upk) and complex conjugate (up∗k ) of the equation. Therefore,
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2. Generation of large-scale magnetic fields

the full solution to Eq.(2.28) is

ūpk(η) = cpkū
p
k + dpkū

p∗
k , (2.29)

where cpk and dpk are integration constants.

Therefore, the full solution to the EM vector potential of Eq.(2.23) requires the field

to be real

Ai(x⃗, η) =

∫
d3k

(2π)3

∑
p=1,2

epi

(
cpku

p
ke
ik⃗·x⃗ + cp†k u

p∗
k e

−ik⃗·x⃗
)
. (2.30)

To evaluate the quantum fluctuation produced as an EM field, we need to quantize the

field. So, we promote the field variable Ai to an operator Âi. The free EM Lagrangian

in terms of Ai boils down to,

Lem = −1

4
FµνF

µν

=
1

2
a2gijA′

iA
′
j −

1

4
gijgmnFimFjn . (2.31)

The conjugate momentum corresponding to the field operator Âi is defined as

Πi =
δLem
δA′

i

= a2gijA′
j ; Πi = a2A′

i . (2.32)

The quantization of the field is done as

[
Âi(x⃗, η), Π̂j(y⃗, η)

]
= i

∫
d3k

(2π)3
eik⃗·(x⃗−y⃗)

(
δij −

kikj
k2

)
. (2.33)

As we promote the field variable Ai to the operator, the constants cpk also become an

operator. They are called ĉpk , ĉ
p†
k creation and annihilation operators respectively. They

follow the commutation relation

[
ĉpk, ĉ

p′

k′

]
= 0 ;

[
ĉp†k , ĉ

p′†
k′

]
= 0 ;

[
ĉpk, ĉ

p′†
k′

]
= (2π)3δ3(k⃗ − k⃗′)δpp′ . (2.34)

Therefore, using the commutation relation between the field operator and its conju-

gate momentum, it turns out that by employing the commutation relation between the

creation and annihilation operators, we get that the momentum mode upk satisfies the
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2.2 Inflationary dynamics and Generation of magnetic fields during the
inflationary era

normalization condition

i
(
up

′

k u
p∗
k − upku

p∗′
k

)
=

1

a2
. (2.35)

The energy density of the produced EM field needs to be calculated using a proper

vacuum. The vacuum is defined as

ĉpk|0⟩ = 0 . (2.36)

The proper choice of vacuum is fixed by the Bunch-Davies vacuum condition, which

means there are only outgoing waves at the past infinity of the Universe. From the

normalization condition obtained in Eq.(2.35), we finally get the solution of the field

mode

ūpk =
1√
2k
e−ikη . (2.37)

Now, with the formalism in hand, we can calculate the energy density and, correspond-

ingly, the strength of the generated EM field during inflation. The energy-momentum

tensor of the produced EM field can be obtained by

Tµν = − 2√
−g

δ [
√
−gLEM ]

δgµν
= gαβFµαFνβ −

1

4
gµνF

αβFαβ. (2.38)

The total energy density consists of the electric and magnetic fields. In terms of the

comoving observers, it is defined as,

ρem = Tµνu
µuν = − 1

2a2
gijA′

iA
′
j −

1

4
gijgkl

(
∂Ak
∂xi

− ∂Ai
∂xk

)(
∂Al
∂xj

− ∂Aj
∂xl

)
= TEµνu

µuν + TBµνu
µuν . (2.39)

In Eq.(2.39), the total energy density has been represented as a sum of the electric

and magnetic fields. From the definition of the electric and magnetic field shown in

Eq.(2.9), ρE and ρB can be written in terms of the field as,

ρE = TEµνu
µuν =

1

2a2
gijA′

iA
′
j =

1

2
EiE

i (2.40)

ρB = TBµνu
µuν =

1

4a2
gijgkl

(
∂Ak
∂xi

− ∂Ai
∂xk

)(
∂Al
∂xj

− ∂Aj
∂xl

)
=

1

2
BiB

i . (2.41)
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2. Generation of large-scale magnetic fields

The energy densities are calculated with respect to the vacuum expectation values of

the EM field tensor. Therefore, using the field as the operator (Eq.(2.30)), we get ρB

ρB = ⟨0|Tµνuµuν |0⟩ =
1

2π2a4

∫
dk

k
k5|ūk(η)|2 . (2.42)

It is more convenient to represent the energy density in terms of spectral density. Thus,

in terms of spectral density, we have

ρE =

∫
d ln k

dρE
d ln k

; ρB =

∫
d ln k

dρB(η, k)

d ln k
. (2.43)

In terms of the mode functions, the electric and magnetic field power spectra are rep-

resented as
dρE
d ln k

=
1

2π2a4
k3|ū′k|2 ;

dρB
d ln k

=
1

2π2a4
k5|ūk|2 . (2.44)

It is important to mention that in Eq.(2.44), the quantities are represented in SI units.

As the power spectra are a function of time, we can estimate the energy density and,

correspondingly, the strength of the EM field at the end of inflation when the produc-

tion seizes. Substituting Eq.(2.37) in Eq.(2.44), we get the power spectra at the end of

inflation

dρE
d ln k

∣∣∣∣
η=ηf

=
1

2π2

(
k4

a4H4
f

)
H4
f ;

dρB
d ln k

∣∣∣∣
η=ηf

=
1

2π2

(
k4

a4H4
f

)
H4
f . (2.45)

Where ηf represents the conformal time corresponding to the end of inflation, af is the

scale factor at the end of inflation, andHf is the Hubble parameter during inflation. We

have already shown in Eq.(2.40) that the EM energy is proportional to ρE/B ∝ (E/B)2.

Following that argument, the amplitude of the fluctuation of the magnetic field over a

length scale Lc can be estimated as [57]

B(Lc, η) ≈
√
8π

(
dρB
d ln k

)1/2 ∣∣∣∣
k∼1/Lc

. (2.46)

Furthermore, to compare the strength of the magnetic field with the present observa-

tional constraints, we need to evolve the produced EM field in the post-inflationary

era. In the next section, we discuss different evolution scenarios depending on the

30

TH-3815_1861231026



2.3 Post-inflationary evolution of the electromagnetic field

evolution of the Universe.

2.3 Post-inflationary evolution of the electromagnetic field

The strength of the magnetic field at the present day depends on the post-inflationary

evolution of the Universe. The Universe undergoes a short reheating period, where the

inflaton field decays into several standard model particles and charged particles. That

gives rise to a finite conductivity of the Universe. Generally, for simplicity, the Uni-

verse is assumed to undergo an instantaneous reheating scenario, where it is assumed

that the Universe instantly goes into plasma after the end of inflation. Although an ex-

tended period of reheating enhances the strength of the magnetic field, we will show

that in this scenario, when the conformal invariance of the EM field action is not bro-

ken, the strength of the magnetic field is way below the observed value. Therefore, in

this section, we will specifically discuss the evolution of the EM field in the instanta-

neous reheating case.

Due to the decay of the inflaton field into charged particles, the conductivity of the

Universe rises, and it plays a crucial role in the evolution of the EM field produced

during the inflationary era. If the conductivity of the relativistic plasmonic medium is

σ and the charge density in the medium is ρe, then the four-current density Jµ of the

medium for an observer moving with four-velocity uµ turns out as

Jµ = ρeu
µ + σEµ . (2.47)

Now substituting the expression of Jµ from Eq.(2.4) and Eµ from the definition in

terms of the field variable Ai(x⃗, η) in Eq.(2.22) we get the evolution of the EM vector

potential in a relativistic medium with conductivity σ as

Äi + (H + 4πσ) Ȧi − ∂j∂
jAi = 0 . (2.48)

Here, the conductivity of the medium (σ) is considered constant in time, and the dot

represents the derivative with respect to cosmic time. In the post-inflationary evolu-
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tion, all the modes of interest are outside the Hubble horizon. Therefore, for large-scale

limits, the spatial derivative of the field can be neglected in comparison to the time

derivative. Furthermore, in the instantaneous reheating scenario, the Universe turns

into plasma almost instantly; therefore, the conductivity is very high. So, we can as-

sume σ >> H , and under this assumption the solution to Eq.(2.48) becomes

Ai(x⃗, t) =
C1(x⃗)

σ
exp(−4πσt) + C2(x⃗) . (2.49)

The first term of the solution in Eq.(2.49) reveals that it decays very rapidly with a

characteristic time scale σ−1 << 1/H . Effectively, the solution of the field variable

in the plasma is Ai(x⃗, t) ≈ C2(x⃗). As shown in the power spectrum of the EM field

in Eq.(2.44), we can see that the electric field power spectrum depends on the time

derivative of the mode function. Therefore, the electric field essentially goes to zero af-

ter inflation when the Universe has finite conductivity (Ei ∼ 0) and the magnetic field

gets frozen in and decays as Bi ∝ 1/a. During the radiation-dominated era, the energy

density of the magnetic field decays similarly to the energy density of the Universe

ρB ∝ a−4.

The present strength of the magnetic field is evaluated considering the decay rate

of the magnetic field energy density. It is related to the spectral energy density of the

field at the end of inflation

dρB
d ln k

∣∣∣∣
0

=

(
af
a0

)4
dρB
d ln k

∣∣∣∣
f

, (2.50)

where af is the scale factor at the end of inflation, and a0 is the current scale factor. We

have already established the spectral density at the end of inflation in Eq.(2.45). We

can evaluate the strength at present by calculating the ratio (af/a0). We assume the

Universe instantly goes to radiation domination after the end of inflation and evolves

adiabatically; then, the ratio turns out to be

af
a0

=
g
1/3
0

g
1/12
f

T0
(HfMpl)1/2

(
8π3

90

)1/4

. (2.51)
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In the above equation, gf and g0 are relativistic degrees of freedom at the end of in-

flation and present, respectively. T0 is the current CMB temperature, Hf is the Hub-

ble parameter at the end of inflation and Mpl is the Planck mass. Considering the

standard model (SM) particles contribute to the radiation degrees of freedom, we get

gf = 106.75. Therefore, the ratio becomes

af
a0

∼ 10−29

(
Hf

10−5Mpl

)−1/2

. (2.52)

The largest modes under consideration leave the Hubble horizon at the end of inflation

(kf = afHf ). The value of Hf = 10−5Mpl comes from the CMBR constraints on the

amplitude of scalar fluctuations during inflation. Hence, we obtain the present-day

strength of the magnetic field for k ∼ 1Mpc−1 as

B0|k=1Mpc−1 ≈ 2× 10−57 G . (2.53)

This strength of the magnetic field is too low to work as a seed magnetic field to be

amplified by the Dynamo mechanism.

Therefore, from the above discussion, it is evident that due to the conformal in-

variance of the EM field under conformally flat spacetime, it is impossible to generate

sufficient magnetic field strength from quantum fluctuations of the inflaton field dur-

ing inflation without breaking the conformal symmetry.

2.4 Inflationary magnetogenesis by breaking the conformal symme-
try

In the last section, we saw the evolution of the EM field when the conformal sym-

metry of the field was not broken. Moreover, we inferred that with the symmetry

preserved, the strength of the produced field is very low, not even enough to work as

a seed magnetic field. Therefore, breaking the conformal invariance of the EM field

is important to produce sufficient magnetic field strength consistent with the observa-

tion.
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2. Generation of large-scale magnetic fields

Several mechanisms have been proposed in the literature to break the conformal

invariance of the EM field. Conformal symmetry can be broken by coupling the EM

field to any time-dependent scalar field during inflation [30, 31]. However, the easiest

possibility is to couple the EM field to the inflaton field, as it evolves during inflation

[30–39]. In this section, we discuss the mechanism of breaking conformal symmetry by

coupling the EM field to the inflaton field and study the evolution of both the inflaton

and the gauge field during inflation. The total action of the system after breaking the

conformal symmetry with a function of the inflaton field I(ϕ) is given by,

S = −
∫
d4x

√
−g
[
1

4
I2(ϕ)FµνF

µν + JνAν

]
−
∫
d4x

√
−g
[
1

2
∂νϕ∂

νϕ+ V (ϕ)

]
. (2.54)

The evolution of the inflaton and EM field satisfies, respectively:

1√
−g

∂

∂xν
[√

−gI2(ϕ)gµαgνβFαβ
]

= 0 , (2.55)

1√
−g

∂

∂xν
[√

−ggνα∂αϕ
]
− dV

dϕ
=

I

2

dI

dϕ
FµνF

µν . (2.56)

It is evident that if the coupling factor goes to unity, this action reduces to the Maxwellian

action. Also, the gauge field does not affect the geometry of the background spacetime;

it is solely dictated by the inflaton field ϕ. As the background spacetime is isotropic and

homogeneous, assuming that the inflaton field is only a function of time is appropriate;

the EM vector potential (Ai) of this modified action evolves as

A′′
i + 2

I ′

I
A′
i − a2∂j∂

jAi = 0 . (2.57)

In momentum space, the evolution equation turns out to be

ū′′k + 2
I ′

I
ū′k + k2ūk = 0 . (2.58)

Where ūk = auk is the scaled momentum mode of the EM vector potential correspond-

ing to comoving wavenumber k. For further simplification, we transform the mode

function as ũk = Iauk, and it transforms into an equation of a harmonic oscillator with

34

TH-3815_1861231026



2.4 Inflationary magnetogenesis by breaking the conformal symmetry

time-dependent frequency

ũ′′k +

(
k2 − I ′′

I

)
ũk = 0 . (2.59)

The coupling function I in Eq.(2.59) shows that if the quantity I ′′ > 0, then there is a

possible growth in the EM field, i.e., the choice of the coupling function enhances EM

field production. The spectral energy densities in terms of the mode function ũk can be

calculated as

dρB
d ln k

=
1

2π2

k5

a4
|ũk|2 , (2.60)

dρE
d ln k

=
I2

2π2

k3

a4

∣∣∣∣ ( ũkI
)′ ∣∣∣∣2 , (2.61)

To study the mode function’s evolution and calculate the EM field’s spectral energy

densities, we must solve Eq.(2.59) and the functional form of the coupling function

I . As mentioned earlier, the EM field can grow depending on the coupling function.

Therefore, considering the coupling function I to be only a function of time, it can be

modeled as

I(η) ∝ am , (2.62)

where, m is a free index, and a is the scale factor during inflation. This model of the

coupling function has been realized in the literature for different inflationary models

[33]. The coupling term contributing to the mode evolution boils down to

I ′′

I
=
m(m+ 1)

η2
. (2.63)

In the above equation, the scale factor is a = − 1
Hfη

, as the spacetime is de-Sitter and the

Universe expands exponentially during inflation. Substituting the term in Eq.(2.59)

becomes

ũ′′k +

(
k2 − m(m+ 1)

η2

)
ũk = 0 . (2.64)

The solution of the evolution equation turns out to be a combination of the Bessel

functions

ũk = (−kη)2
[
c1(k)J−m−1/2(−kη) + c2(k)Jm+1/2(−kη)

]
, (2.65)
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2. Generation of large-scale magnetic fields

where c1(k) and c2(k) are the integration constants fixed by the initial conditions at

the beginning of inflation. J±m±1/2(−kη) are Bessel functions of first kind. Here, we

can numerically show the growth of the mode function due to the introduction of the

coupling function I(η) ∝ am (see 2.1). The modes under consideration during inflation

-100 -80 -60 -40 -20 0

0

100

200

300

400

500

600

700

kη

k
|u
k
|

Figure 2.1: Evolution of the mode function ũk with time for the coupling parameter m = 2.

are within the Hubble horizon, i.e., (k/aHf ) >> 1. We have already established that

the scale factor during the inflationary era behaves as a = −1/Hη; therefore, for all the

modes towards the beginning of inflation, which satisfy −kη >> 1, in this limit, the

evolution equation of the mode function (2.64) can be approximated as

ũ′′k + k2ũk = 0 . (2.66)

With the condition of the mode function having to be finite, we get the solution of the

mode function at infinite past, or the Bunch-Davies vacuum solution, as

ũk(η) =
1√
2k
e−ikη . (2.67)

Now comparing the initial condition of the solution to Eq.(2.65) and expanding the

Bessel function in the limit |kη| >> 1 we get the constants as,

c1(k) =

√
π

4k

exp( iπm
2
)

cos(πm)
; c2(k) =

√
π

4k

exp
(
iπ(−m+1)

2

)
cos(πm)

. (2.68)
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2.4 Inflationary magnetogenesis by breaking the conformal symmetry

As we have seen earlier, the present strength of the magnetic field is established in

terms of the spectral energy density of the magnetic field at the end of inflation. In the

superhorizon limit, i.e., towards the end of inflation (kη → 0), all the modes of interest

are outside the Hubble horizon. In the superhorizon limit, the solution of the mode

function can be expressed as

ũk(η) = d1(k)(−kη)−m + d2(k)(−kη)1+m , (2.69)

where,

d1(k) =

√
π
2k

2−m
exp( iπm

2
)

Γ(−m+ 1/2) cos(πm)
; d2(k) =

√
π
2k

2m+1

exp
(
iπ(1−m)

2

)
Γ(m+ 3/2) cos(πm)

. (2.70)

The first term in Eq.(2.69) dominates when m > −1/2, and the second term dominates

when m < −1/2; with the substitution of the solution, we get the spectral energy

density of the magnetic field

dρB
d ln k

≈ F(n)

2π2
H4
f (−kη)4+2n , (2.71)

where,

F(n) =
π

22n+1(Γ(n+ 1/2))2 cos2(πn)
. (2.72)

Here the argument has been represented by n, where n = −m when m ≥ −1/2 and

n = 1 +m when m ≤ −1/2. From the spectral energy density expression, we can see

that the spectrum is scale variant when 4 + 2n = 0, which gives us the choice of m = 2

or m = −3. With those specific choices of the coupling parameter, the magnetic field

becomes scale invariant and time independent.

Similarly, the spectral density of the electric field can be written as

dρE
d ln k

≈ G(l)
2π2

H4
f (−kη)4+2l . (2.73)

In the above expression

G(l) = π

22l+3(Γ(l + 3/2))2 cos2(πl)
. (2.74)
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Here l = 1−m for m ≥ 1/2 and l = m for m ≤ 1/2. The choice of parameters, in order

to have a scale-invariant electric field spectrum, does not coincide with the choice for

a scale-invariant magnetic field. Therefore, obtaining a scale-invariant magnetic field

and a scale-invariant electric field simultaneously is impossible.

2.5 Post-inflationary evolution and present strength of the magnetic
field

After the end of inflation, the inflaton decays into radiation. In the literature,

two different evolution pictures have been proposed: when the inflaton instantly de-

cays, and the Universe turns into plasma. Therefore, in that scenario, the radiation-

dominated era starts just after the end of inflation. However, in a more realistic sce-

nario, all the inflatons take some time to turn into radiation, and this elongated period

is known as the reheating period. Therefore, during this period, the conductivity of

the Universe is finite, and the evolution of the EM field is different. Hence, the present

strength of the magnetic field is different in these two cases.

2.5.1 Evolution for instant reheating scenario

After the end of inflation, the inflaton instantly decays into radiation. Moreover, as

a result, the Universe turns into plasma, and the conductivity of the Universe is very

high. The electric field dies instantly, and the magnetic field freezes in the medium.

Consequently, the magnetic field decays according to the energy decay law of the Uni-

verse. The strength of the magnetic field in the present day is related to the spectral

energy density at the end of inflation. The magnetic field spectral density for scale-

invariant magnetic field m = −3, at the end of inflation turns out to be,

dρB
d ln k

∣∣∣∣
f

≈ 9

4π2
H2
f . (2.75)

During the radiation domination, the energy density decays as ρB ∝ a−4; with this,

the present strength of the magnetic field in the case of instantaneous reheating. And
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2.5 Post-inflationary evolution and present strength of the magnetic field

following the relations (2.50) and (2.51) we can estimate the strength as,

B0 ≈ 10−10 G

(
Hf

10−5Mpl

)
. (2.76)

The above analysis shows that if we can break the conformal invariance of the EM field

during inflation by introducing a coupling of I ∝ a2 or a−3, we can produce sufficient

EM field during inflation, such that the present strength of the magnetic field is ∼ 10−10

G. Which is enough to seed several amplification processes, even when we consider

that the Universe goes through an instant reheating scenario.

2.5.2 Evolution for an elongated reheating period

After the end of inflation, until the radiation domination occurs, the corresponding

period is considered a reheating period, when the inflaton decays into radiation. As

the conductivity of the Universe is finite during this period, the electric field does not

go to zero instantly. Moreover, due to the Faraday effect, it converts into a magnetic

field and vice versa [70, 92].

In the last section, we have already established that it is impossible to obtain a scale-

invariant electric field and a scale-invariant magnetic field simultaneously. Therefore,

the strength of the electric field is much higher when dealing with a scale-invariant

magnetic field. Hence, by converting into a magnetic field, the electric field further

enhances the present strength of the magnetic field.

In Eq.(5.2), we have considered the coupling function proportional to the power

law of the scale factor. In a general scenario, the coupling function is taken as

I(η) =

(
a

af

)m
, (2.77)

where af is the scale factor at the end of inflation. This form of coupling is chosen to

restore the conformal invariance of the EM field after inflation ends. And the evolution

of the EM follows the Maxwellian evolution.

At the end of inflation, the coupling factor goes to unity. The evolution of the mode
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function is dictated by

ũ
′′(re)
k + k2ũ

(re)
k = 0 , (2.78)

where ũ(re)k is the momentum space mode function during the reheating era. The solu-

tion of the mode function during reheating turns out to be

ũ
(re)
k (η) =

1√
2k

[
αke

−ik(η−ηf ) + βke
ik(η−ηf )

]
. (2.79)

The integration constants αk and βk are known as the Bogoliubov coefficients. They are

evaluated by the continuity of the mode function in the reheating era and at the end of

inflation, where ηf corresponds to the end of inflation. The constants turn out to be

αk =

√
k

2
ũk(ηf ) +

i√
2k
ũ′k(ηf ) , (2.80)

βk =

√
k

2
ũk(ηf )−

i√
2k
ũ′k(ηf ) . (2.81)

The power spectra of the EM field during the reheating period turn out to be

dρE
d ln k

=
1

4π2

k2

a4
|ũ

′(re)
k (η)|2 , (2.82)

dρB
d ln k

=
1

4π2

k5

a4
|ũ(re)k (η)|2 . (2.83)

The spectra can also be represented in terms of Bogoliubov coefficients, by substituting

Eq.(4.39) into Eq. (2.82) it boils down to

dρE
d ln k

≃ 2

π2

k4

a4re
|βrek |2 , (2.84)

dρB
d ln k

≃ 1

2π2

k4

a4
|βrek |2 (θrek )

2 . (2.85)

Where the phase factor is θk ≡ arg(αkβ
∗
k) − π. In the reheating era, the phase factor is

calculated

θrek = {Arg [αk(kηf )β∗
k(kηf )]− π} − 2k

∫ are

af

da

a2H
. (2.86)
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Depending on the evolution of the Universe, the last term takes a simpler form [70]

2k

∫ are

af

da

a2H
→ 4k

3ω + 1

(
1

areHre

− 1

afHf

)
. (2.87)

After the end of reheating, the Universe goes into radiation domination. The energy

density decays as ρ ∝ a−4, and the present strength of the magnetic field is calculated

from the conservation of total energy

dρB
d ln k

∣∣∣∣
0

=

(
are
a0

)4
dρB
d ln k

∣∣∣∣
re

. (2.88)

The ratio of the scale factors a0/are, are/af and the evolution of the Hubble parameter

are dependent on the reheating parameters (Tre, Nre) and the effective equation of state

(ωeff ) of the Universe. The relations among the reheating parameters are obtained by

the conservation of entropy in the inflationary and the reheating era. It can be listed

as,

Hre = Hf

(
are
af

)− 3
2
(1+ωeff )

, (2.89)

Tre =

(
43

11gs,re

)1/3
a0T0
k′

Hke
−Nke−Nre , (2.90)

a0
are

=

(
11

43gs,re

)1/3
Tre
T0

. (2.91)

Where gs,re is the total degrees of freedom of the SM particles during reheating, are is

the scale factor at the end of reheating, Tre is the reheating temperature,Nre is the dura-

tion of the reheating period, Hk is the Hubble parameter during the horizon crossing,

Nk is the e-folding number during the horizon crossing, T0 is the present temperature

of the Universe, and a0 is the present scale factor.

The present strength of the magnetic field depends on the background evolution. If

the Universe goes through an elongated reheating period, the strength of the magnetic

field enhances. Furthermore, the reheating parameters play a crucial role in determin-

ing the strength of the field. Moreover, from the CMB constraints on the present-day

magnetic field strength, we can also constrain the effective equation of state of the Uni-
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verse during the reheating era. Essentially, the primordial magnetic field works as a

probe to the dynamics of the Universe during reheating.

2.6 Challenges in inflationary magnetogenesis

We observed that it is possible to generate sufficient magnetic field strength via the

power law coupling (I ∝ am) during inflation, which breaks the conformal invariance

of the EM field. In the scale-invariant magnetic field, we established that power must

be m = 2,−3. However, obtaining a scale-invariant electric field is impossible when

the spectral energy density of the magnetic field is already scale-invariant. Therefore,

it causes some challenges in the inflationary magnetogenesis scenario. The challenges

are discussed below.

2.6.1 Backreaction problem

In the first case, when m = −3, we have scale-invariant magnetic energy density

spectra. However, from Eq.(2.73), we have 4 + 2l = −2, which implies that the en-

ergy density of the electric field in the superhorizon limit varies as ρE ∝ (−kη)−2. To-

wards the end of inflation (−kη → 0) the electric field energy density increases rapidly

(ρE → ∞). Therefore, the total energy density of the produced EM field might exceed

the inflation energy density even before sufficient inflation has occurred. This problem

is called the backreaction problem of inflationary magnetogenesis. Therefore, the pro-

duction of scale-invariant magnetic fields is very much constrained. It also gives rise to

the finite conductivity of the medium, and the Schwinger effect [36] further suppresses

the production.

2.6.2 Strong coupling problem

In the case of m = 2, the electric field energy density spectra vary as ρE ∝ (−kη)2

and the magnetic field remains scale-invariant. Therefore, towards the end of inflation,

ρE → 0, when (−kη → 0). As the electric field energy density decreases towards the

end of inflation, the backreaction problem is avoided in this scenario. However, the
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coupling factor increases as I ∝ a2 and saturates at If at the end of inflation. Maxwell’s

equation with the source term becomes

1√
−g

∂

∂xν
[√

−gF µν
]
=
Jµ

I2
. (2.92)

The above equation suggests that the coupling parameter normalizes the effective

charge of the electron as eN = e
I2

. In the earlier section, it was discussed that the

EM field’s Maxwellian evolution must be restored after inflation as the coupling be-

tween the inflaton field and the EM field goes to unity. Therefore, the coupling factor

at the end of inflation (If ) must satisfy If = 1. Since it increases as a2, the initial value

of the coupling function has to be very low towards the beginning of inflation. The

large value of the effective charge of the electron (eN) suggests the EM theory cannot

be treated as a free theory, and it has to be treated in a non-perturbative way, and this

formalism breaks down in that regime. It is known as the strong coupling problem of

inflationary magnetogenesis.

2.7 Conclusions

In this chapter, we discussed the framework of the generation and evolution of

the EM field during the inflationary era. Today’s large-scale structure of the Universe

originated from the quantum fluctuations during inflation. They result from the per-

turbations provided by the inflaton field or any other scalar field present during the

inflation. We explored the possibility of generating a seed magnetic field from quan-

tum fluctuations during inflation. However, we concluded that the strength produced

without breaking the conformal symmetry of the EM field in the conformally flat space-

time is very low, even to play the role of a seed magnetic field. Moreover, to produce

sufficient magnetic field strength, the conformal invariance can be broken by introduc-

ing a coupling between the EM and inflaton fields in the form of I2FµνF µν . Although it

overcomes the problem of producing a very low magnetic field to meet the constraints

of the observations, it suffers from the backreaction and strong coupling problem in
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certain regimes.
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3. Inflationary Magnetogenesis in the EFT framework

Based on ”Effective Theory of Inflationary Magnetogenesis and Constraints on Reheating” by

D. Maity, Sourav Pal and T. Paul, JCAP 05 (2021) 045, [arXiv:2103.02411]

In Chapter 2, we discussed the inflationary magnetogenesis model, where the con-

formal invariance of the EM field action under a conformally flat background was

broken by coupling the inflaton field to the EM field in the form I2FµνF
µν . We also

observed that scale-invariant magnetic field spectra were obtained for the coupling

parameter values m = 2 or m = −3. However, a scale-invariant magnetic field poses

the problem of backreaction or strong-coupling, depending on the choice of coupling

parameter. Specifically, for m = −3, the energy density of the produced EM field sur-

passes the inflaton energy density before sufficient inflation has been achieved, as dis-

cussed in 3.82. On the other hand, m = 2 does not pose any backreaction problem, and

therefore it is more favourable in inflationary magnetogenesis. However, it might suf-

fer from the strong coupling problem discussed in 2.6.2. This chapter proposes an infla-

tionary magnetogenesis model in the Effective Field Theory (EFT) framework. EFT of

cosmology is a very powerful tool and has been widely used to study inflation [59,60],

bounce cosmology [61, 62], and dark energy [63–65]. Here, the EM field is coupled to

the inflationary fluctuations. The time-dependent inflaton field breaks the background

time diffeomorphism symmetry, and the spatial diffeomorphism symmetry remains

intact. Apart from the coupling with the spacetime perturbation, the EM field also

has self-interactions that behave as a scalar under spatial diffeomorphism symmetry

transformation. However, the self-interactions and the coupling to the spacetime per-

turbations break the conformal symmetry of the EM field, leading to the production of

gauge fields from the primordial vacuum. Within this framework, we have explored

the evolution of the EM field and the scalar and tensor perturbations throughout the

cosmological evolution beginning from the inflationary era.

Furthermore, we discuss the two cases of electric field or magnetic field power spec-

tra becoming scale-invariant, depending on the choice of the coupling parameter of

the EM field and the inflaton field on the superhorizon limit. As discussed earlier, in
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3.1 Evolution of EM field and perturbations during inflation

the post-inflationary Universe, depending on the evolution of the Universe, we study

the evolution of the EM field for two cases: (i) Firstly, an instantaneous reheating era

where the Universe directly jumps into radiation domination after the end of the infla-

tionary epoch, (ii) In the second scenario, we consider that the Universe goes through

a reheating period with non-zero e-folding number. Specifically, we consider the reg-

ular reheating mechanism where the reheating period is parameterized by a constant

equation of state (ωeff ) proposed by Kamionkowski et al. [66, 67]. Where the inflaton

field instantly converts into a radiation field. (iii) Finally, we consider perturbative

reheating, where the inflaton field continuously transforms into a radiation field per-

turbatively and the effective EoS becomes time-dependent [68]. Depending on the

decay process of the inflaton field, the presence of a reheating period with a non-zero

e-folding number enhances the magnetic field strength.

3.1 Evolution of EM field and perturbations during inflation

The total effective action of the system can be written as

S = Sbg + Sem + Ssp + Sint, (3.1)

with Sbg denotes the background action, Sem is the electromagnetic field action, Ssp

symbolizes the action of the metric perturbation and Sint represents the interaction be-

tween the electromagnetic field and the metric perturbation variable. Following the

idea of effective field theory (EFT) inflation [59, 60], the background action can be ex-

pressed as,

Sbg =
∫
d4x

√
−g
[
1

2
M2

PlR− Λ(η)− c(η)g00
]

(3.2)

where MPl is the Planck mass and R is the Ricci scalar. Moreover, f(η), Λ(η) and c(η)

are the background EFT parameters and can be fixed by the background equations.

The metric component g00 is one of the scalars under spacial diffeomophism symmetry

xi = xi + ξi(x, t), where ξi is arbitray spatial vector. We work in a spatially flat FLRW
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background metric in the present scenario.

ds2 = −dt2 + a2(t)δijdx
idxj = a2(η)(−dη2 + δijdx

idxj) . (3.3)

with η being the conformal time and related to the cosmic time (t) as η =
∫
dt/a(t). The

above FRW metric, along with the action (3.2), boils down to the background Fried-

mann equations as,

3M2
PlH2 = a2(η)

(
c(η) + Λ(η)

)
−M2

Pl

(
2H′ +H2

)
= a2(η)

(
c(η)− Λ(η)

)
, (3.4)

where H = a′/a is the conformal Hubble parameter, related to the cosmic Hubble

parameter (H = ȧ/a) as: H = aH . Comparing the Friedmann equations (3.4) with that

of a specific gravity model, one can get certain forms of the functions c(η) and Λ(η)

that correspond to the respective model. For example, scalar-Einstein-Gauss-Bonnet

gravity theory, which can be consistent with Planck results for suitable choices of the

Gauss-Bonnet coupling function and the scalar field potential [71–82], is described by

the following time dependent effective theory parameters,

c(η(t)) =
1

2
ϕ̇2 − 4H2ḧ− 8HḢḣ+ 4H3ḣ

Λ(η(t)) = V (ϕ) + 4H2ḧ+ 8HḢḣ+ 20H3ḣ (3.5)

where ϕ is the scalar field under consideration (generally the inflaton field), V (ϕ) and

h(ϕ) denote the scalar field potential and the Gauss-Bonnet coupling function (with the

scalar field), respectively.

Thereby, the scalar-Einstein-Gauss-Bonnet model is mapped into the EFT action

(3.2) with the above expression for c(η) and Λ(η). Similarly the F (R) gravity theory

[83–85] can be embedded within the EFT action (3.2) for the following forms of c(η)
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and Λ(η) as,

c(η(t)) = Ḣf ′(R) + 3
( ...
H + 4Ḣ2 + 3HḢ − 4H2Ḣ

)
f ′′(R) + 18

(
4HḢ + Ḧ

)2
f ′′′(R)

Λ(η(t)) = −f(R)
2

+
(
2Ḣ + 3H2

)
f ′(R)− 3

( ...
H + 4Ḣ2 + 9HḢ + 20H2Ḣ

)
f ′′(R)

− 18
(
4HḢ + Ḧ

)2
f ′′′(R) (3.6)

respectively, with f(R) being the correction of F (R) over Einstein gravity, i.e f(R) =

F (R) − R. Moreover, in the context of holographic inflation [86, 87], c(η) and Λ(η) in

turn determine the corresponding holographic cut-off.

The electromagnetic field action, Sem is taken as,

Sem =

∫
d4x

√
−g
[
− 1

4
f1(η)FµνF

µν + f2(η)F
0
i F

0i + f3(η)ϵ
ijkF 0

i Fjk + f4(η)ϵ
µναβFµνFαβ

]
(3.7)

where Fµν = ∂µAν − ∂νAµ is the field strength tensor of the electromagnetic field Aµ.

Following the same argument mentioned for the g00 metric component, the A0 com-

ponent of the Aµ will be invariant under the special diffeomorphism transformation.

fi(η) (i = 1, 2, 3, 4) are arbitrary analytic functions of η and denote the non-minimal

coupling of the electromagnetic field. Such time-dependent coupling functions break

the conformal invariance in the electromagnetic sector and lead to the gauge field pro-

duction from the primordial quantum vacuum. It may be observed that Sem consists of

all possible electromagnetic terms (up to second order) which behave as a scalar quan-

tity under the spatial diffeomorphism. Moreover, at a later stage, we will consider The

functions fi(η) are such that in the early Universe, the couplings introduce a non-trivial

correction to the electromagnetic field evolution, while at late times, specifically at the

end of inflation, fi(η) will turn out to be f1(η) = 1, f2(η) = f3(η) = f4(η) = 0 leading to

standard Maxwellian evolution. The spacetime perturbation action Ssp, following the
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line of EFT, is given by,

Ssp =
∫
d4x

√
−g

[
M4

2 (η)

2

(
δg00

)2 − m3
3(η)

2
δKδg00 −m2

4(η)
(
δK2 − δKµνδK

µν
)

+
m̃2

4(η)

2
R(3)δg00 − m̄2

4(η)δK
2 − m5(η)

2
R(3)δK − λ1(η)

2

(
R(3)

)2
− λ2(η)

2
∇iR

(3)∇iR(3)

]
(3.8)

where all the coefficients are allowed to vary with η. All EFT parameters are so chosen

that dimensions [mi] = 1 and [λi] = 0. In the above expression, δKµν = Kµν − Hσµν ,

δK = K − 3H where Kµν and σµν are the extrinsic curvature and induced metric on

a constant time hypersurface, respectively. Moreover, δg00 is connected to the cur-

vature perturbation variable Ψ(x⃗, η) in a non-trivial way, which we will introduce

later. The quadratic action of Ψ(x⃗, η) from Eq.(3.8) contains terms like
(
∂Ψ(x⃗, η)

)2,(
∂2Ψ(x⃗, η)

)2 and
(
∂3Ψ(x⃗, η)

)2; which, upon Fourier transformation, behave as,
(
∂Ψ
)2 ∼

k2Ψ2
k,
(
∂2Ψ

)2 ∼ k4Ψ2
k and

(
∂3Ψ

)2 ∼ k6Ψ2
k respectively. Where Ψk(η) is the Fourier mode

with momentum k. Even though they are quadratic in fluctuation, higher derivative

terms will be generically suppressed by the inflationary energy scale H . We, therefore,

will consider the curvature perturbation action up to the quadratic order in k. Hence,

we choose the following condition for our subsequent discussions, [61, 62],

m̄4 = m5 = λ1 = λ2 = 0 (3.9)

Correspondingly, δg00 is related to the metric curvature perturbation in the following

way [61],

δg00 =

4

(
1
κ2

+ 2m2
4

)
a(η)

(
2H
κ2

+ 4Hm2
4 −m3

3

) ∂Ψ

∂η
(3.10)

where 1/κ2 =M2
Pl and as mentioned earlier, H is the Hubble parameter in cosmic time.

For computational simplicity, we consider the inflationary phase to be nearly de-Sitter

with scale factor a(η) = −1/Hη. Now using Eqs.(3.9) and (3.10), the quadratic action
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Ssp for the fluctuation becomes,

S[v] =
∫
d4x

[
(v′)2 +

z′′

z
v2 − c2sg

ij∂iv∂jv

]
, (3.11)

where, v(x⃗, η) is the Mukhanov-Sasaki variable defined as v(x⃗, η) = z(η)Ψ(x⃗, η) =

a(η)
√
c1 Ψ(x⃗, η). The quantity c2s symbolizes the sound speed for the scalar pertur-

bation and has the following expression,

c2s =
1

c1

(
c′3(η)

a2
− 1

κ2

)
(3.12)

with c1 and c3 are expressed in terms of EFT parameters (i.e M2, m3, m4 and m̃4) as

follows:

c1(η) =

(
1
κ2

+ 2m2
4

)(
3m6

3 + 8M4
2

[
1
κ2

+ 2m2
4

])
(

2H
κ2

+ 4Hm2
4 −m3

3

)2

c3(η) =

2a(η)

(
1
κ2

+ 2m2
4

)(
1
κ2

+ 2m̃2
4

)
(

2H
κ2

+ 4Hm2
4 −m3

3

) . (3.13)

Moreover, the quadratic action for the tensor perturbation comes as,

S[vT ] =
∫
d4x

[
(v′T )

2 +
z′′T
zT
v2T − c2T

(
∂vT

)2]
(3.14)

with z2T = a2(η)
(
1+2κ2m2

4

)
and the speed of the gravitational wave (c2T ) in terms of the

EFT parameters is given by c2T =
(
1 + 2κ2m2

4

)−1.

Finally Sint refers to the quadratic interaction between the electromagnetic field and

δg00, which, in the context The form of EFT has the following form,

Sint =
∫
d4x

√
−g
[
h(η)

(
∂iδg

00
)
F 0i

]
(3.15)

with h(η) being the interaction coupling strength. Such interaction of electromagnetic

field (Aµ), the curvature perturbation appears naturally in the EFT language due to

the underlying spatial diffeomorphism symmetry. However, the possible interaction
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of Aµ with the tensor perturbation appears in higher-order action, and thus we do

not consider those terms for our present study. Along with the quadratic terms with

time dependent coupling functions fi(η) in Eq.(3.7), the term h(η)∂iδg
00 F 0i (present in

Sint) also contributes to breaking the conformal invariance of the electromagnetic field

action. In terms of the Mukhanov-Sasaki variable, Eq.(3.15) can be written as,

Sint = −2

∫
d4x

h(η)B(η)

a(η) z(η)
∂i
[
v′ − z′

z
v
]
F0i , with B(η) =

4

(
1
κ2

+ 2m2
4

)
(

2H
κ2

+ 4Hm2
4 −m3

3

) (3.16)

Thus as a whole, Sbg, Sem, Ssp and Sint are given in Eqs.(3.2), (3.7), (3.8) and (3.16)

respectively. In such a scenario, we aim to study inflationary magnetogenesis. In this

regard, let us point out some salient features of the model

(i) The present magnetogenesis scenario will consider the coupled evolution of elec-

tromagnetic field and the spacetime perturbation, where, in particular, the elec-

tromagnetic field gets coupled with the curvature perturbation. However, the

tensor perturbation evolves freely as it does not interact with the electromagnetic

field or the scalar perturbation up to the quadratic order.

(ii) The time-dependent self-coupling of electromagnetic field denoted by the cou-

pling strengths fi(η) and the interaction term with δg00 spoil the conformal in-

variance of the electromagnetic field action. The coupling strengths will be cho-

sen so that after the inflationary epoch, the conformal invariance of Aµ will be

restored and consequently the standard Maxwell’s equations will be recovered.

(iii) Moreover, as we will show later, the well-known backreaction and strong cou-

pling problem will be resolved in the present scenario for suitable parameter

spaces.

In order to determine the equations of motion, let us recall that there are three indepen-

dent fields in the model- the electromagnetic fieldAµ, the scalar and tensor Mukhanov-

Sasaki variables v(x⃗, η) and vT (x⃗, η) respectively. The variation of action (3.1) with re-
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spect to the gauge field leads to the following equation of motion for Aµ,

−∂a
[
a4(η)f1(η)g

µagνbFµν
]
+ 2∂0

[
f2(η)g

ib ∂0Ai
]
− 2δb0 ∂j

[
f2(η)g

ij ∂0Ai
]

+ 2∂0
[
a2(η)f3(η)ϵ

0bjk ∂jAk
]
+ 2∂j

[
a2(η)f3(η)ϵ

0ijb ∂0Aj
]
− 2δb0 ∂i

[
a2(η)f3(η)ϵ

0ijk ∂jAk
]

+ 8∂a
[
a4(η)f4(η)ϵ

µναβ ∂µAν
]
+ ∂0

[
a2(η)h(η)gib ∂iδg

00
]
= 0 (3.17)

where we consider the spatially flat FRW metric ansatz as shown in Eq.(3.3). In the

Coulomb gauge (A0 = 0 and ∂iAi = 0) condition, the relevant equation of motions for

Ai’s are,

f1(η)
[
A′′
i +

f ′
1

f1
A′
i − ∂l∂lAi

]
+

2

a2(η)
f2(η)

[
A′′
i +

f ′
2

f2
A′
i −

2a′

a
A′
i

]
+

2

a2
f3(η)ϵijk

[f ′
3

f3
− 2a′

a

]
∂jAk

−8f ′
4(η)ϵijk ∂jAk − h(η) ∂0∂i

(
δg00

)
− h′(η) ∂i

(
δg00

)
= 0 (3.18)

with a prime denoting d
dη

.

The equation of motion for the scalar and tensor perturbations will take the follow-

ing form,

v′′(x⃗, η)− z′′

z
v − c2s ∂i∂

iv = 0 (3.19)

v′′T (x⃗, η)−
z′′T
zT
vT − c2T ∂i∂

ivT = 0 .

where the Coulomb gauge condition is used in the above derivation. with recall,

z(η) = a(η)
√
c1(η) and c2s is given in Eq.(3.12). It may be observed that the scalar pertur-

bation evolves freely, but the electromagnetic field evolution depends on the scalar per-

turbation evolution through h(η) as evident from Eq.(3.18). This is due to the Coulomb

gauge condition. The solution of these equations requires a certain ansatz of the back-

ground spacetime scale factor a(η) and the coupling functions fi(η), h(η). For the back-

ground spacetime, we consider a de-Sitter inflationary spacetime, a(η) = −1/Hη. H

is a slowly varying function representing the Hubble parameter in cosmic time. The

assoicated Hubble parameter in conformal time assumes, H = 1
a
da
dη

= −1/η. Further-

more, we introduce the inflationary e-folding number as N(η) = ln
(
a(η)

)
, which is
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counted from the beginning of inflation where N = 0, and we consider the beginning

of inflation to be the instant when the CMB scale mode crosses the horizon.

In particular, here we assume the EFT parameters are non-zero (i.e all the electro-

magnetic terms present in the EFT action (3.7) have been taken into account) and have

the power law forms of the scale factor

f1(η) =


(

a(η)
af (ηf )

)2

η ≤ ηf

1 η ≥ ηf

(3.20)

and

f2(η) =

(
ai(ηi)

a(η)

)m
; f3(η) =

(
ai(ηi)

a(η)

)r
; f4(η) =

(
ai(ηi)

a(η)

)s
; h(η) = h0

(
ai(ηi)

a(η)

)2

(3.21)

where ai and af are the scale factors at the beginning ηi and at the end of inflation ηf re-

spectively. Moreover, h0 is a constant having mass dimension unity. The exponents m,

r, and s are positive numbers and can act as model parameters in the present context.

Later, we will show that m = r = s = 2 leads to a scale-invariant magnetic power spec-

trum in the superhorizon limit. It is evident from the above expressions that f1(η) starts

from e−2Nf and monotonically increases till η = ηf , while the other coupling functions

monotonically decrease with time during the inflationary stage. However in the post-

inflationary phase, f1(η) becomes unity and f2(η) ≈ f3(η) ≈ f4(η) ≈ h(η) ≈ 0, which in

turn recovers the standard Maxwell’s equations at a later time. Before embarking on

our study with the aforementioned forms of the EFT parameters, let us contextualise

our discussions by giving a few explicit model examples with elaborate discussions

given in Appendix A Generalized Ratra Model: In this model, the conformal invari-

ance is broken by a generic scalar function as a gauge kinetic function as

Sm1 =

∫
d4x

√
−g
[
f 2(ϕ,R,G)FµνF µν

]
, (3.22)

where (ϕ,R,G) are scalar field, Ricci scalar, and Einstein tensor, respectively. f(ϕ,R,G) =

f(ϕ) is the well-known Ratra model, which has been studied extensively in the present
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context [31]. Comparing this to our formalism, the associated EFT parameters can be

mapped as:

f1(η) = f(ϕ,R,G) , f2(η) = f3(η) = f4(η) = 0.. (3.23)

If we further generalize by adding a parity-violating term in the above Lagrangian,

Lpv =
α

M2
ϵµναβRFµνFαβ +

β

M2
ϵµαβδRµνF

ν
αFβδ +

γ

M2
ϵµναβR ρσ

µν FρσFαβ, (3.24)

The parity non-conserving EFT will become

f3(η) =
1

M2

{
2β
(
aa′′ + a′2

)
− 3β

(
a′′

a
− a′2

a2

)
− γ

(
a′′

a
+
a′2

a2

)}
f4(η) = 6

α

M2

(
a′′

a3

)
(3.25)

The more general models can be constructed by introducing multiple fields coupled

with the electromagnetic Lagrangian, which we will study in the future. Our following

discussions will be based on the EFT parameters chosen in Eqs. (3.20),(3.21).

3.2 Energy density and power spectra for electromagnetic and metric
perturbation fields

In the present section, we will calculate the power spectra for the electromagnetic

and metric perturbation fields. Regarding the electromagnetic field, it may be men-

tioned that the electric and the magnetic fields are frame-dependent. In the present

context, the electric and magnetic fields are referred with respect to the comoving

observer, in which case the proper time becomes identical with the cosmic time or

equivalently the four velocity components of a comoving observer are given by uµ =(
1/a(η), 0, 0, 0

)
. For the computation of the power spectrum, first, we need to know

the energy density for the respective fields and, secondly, the vacuum state associated

with the field in the background inflationary evolution. Thereby, from the action (3.1),

we first determine the energy-momentum tensor associated with the electromagnetic
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field,

Tab = −1

4
f1(η)

[
gabF

2 − 4gµαFµaFαb
]
+ f2(η)

[ 1
a4
gabg

ijF0iF0j −
2

a4
F0aF0b −

4

a2
δ0ag

ijF0iFbj
]

+
2

a4
f3(η)ϵijk δ

0
a FbiFjk + h(η)

[
gabg

0µgiνFµν ∂i
(
δg00

)
− 2δ0ag

iνFbν ∂i
(
δg00

)
− 2g0µFµb ∂a

(
δg00

)]
(3.26)

The energy density of the EM field in the background FRW spacetime is given by T 0
0 =

− 1
a2
T00 and thus the above expression of Tαβ immediately leads to the following form

of T 0
0 :

T 0
0 = f1(η)

[
− 1

2a4
(A′

i)
2 − 1

4a4
FijFij

]
+ f2(η)

[
− 3

a6
(A′

i)
2
]

(3.27)

+ f3(η)
[
− 4

a6
ϵijkA

′
i ∂jAk

]
+ h(η)

[ 1
a4
A′
i ∂i
(
δg00

)]
where we use the Coulomb gauge condition. Having determined T 0

0 , we express the

total electromagnetic energy density in terms of electric, magnetic and interaction en-

ergy density as,

ρemtotal = ρ(E⃗) + ρ(B⃗) + ρint(E⃗, B⃗) + ρint(E⃗, δg
00) (3.28)

ρ(E⃗) = ⟨0
∣∣f1(η) [− 1

2a4
(A′

i)
2
]
+ f2(η)

[
− 3

a6
(A′

i)
2
]∣∣0⟩

ρ(B⃗) = ⟨0
∣∣f1(η) [− 1

4a4
FijFij

]∣∣0⟩
ρint(E⃗, B⃗) = ⟨0

∣∣f3(η) [− 4

a6
ϵijkA

′
i ∂jAk

]∣∣0⟩
ρint(E⃗, δg

00) = ⟨0
∣∣h(η)[ 1

a4
A′
i ∂i
(
δg00

)]∣∣0⟩ (3.29)

Here |0⟩ is the quantum vaccum defined at the distant past which is Bunch-Davies

state. For quantization we promote Ai(η, x⃗) and v(x⃗, η) to hermitian operators Âi(x⃗, η)

and v̂(x⃗, η) and expanding them in a Fourier basis as follows,

Âi(x⃗, η) =

∫
d3k

(2π)3

∑
p=+,−

ϵ
(p)
i

[
b̂p(k⃗)Ap(k, η)e

ik⃗.x⃗ + b̂†p(k⃗)A
∗
p(k, η)e

−ik⃗.x⃗
]

(3.30)

v̂(x⃗, η) =

∫
d3k

(2π)3

[
ĉ(k⃗)ṽ(k, η)eik⃗.x⃗ + ĉ†(k⃗)ṽ∗(k, η)e−ik⃗.x⃗

]
. (3.31)
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Here, ϵ(p)i is the polarization vector with p being polarization index p = ±. Here we

consider the polarization vectors in helicity basis, in which case ϵ+i = 1/
√
2(1, i, 0) and

ϵ−i = 1/
√
2(1,−i, 0). The Coulomb gauge indicates that the propagating direction or

the momentum of the electromagnetic wave is perpendicular to its polarization vector

ϵ±i , i.e, kiϵ±i = 0. Consequently, the polarization vectors further satisfy the following

relation, ϵijkkj ϵ±k = ∓ikϵ±i . Moreover, b̂p(k⃗), b̂†p(k⃗) and ĉ(k⃗), ĉ†(k⃗) are the annihilation,

creation operators for the respective fields defined in the distant past to the Bunch-

Davies vacuum state |0⟩, i.e b̂r(k⃗)|0⟩ = 0 and ĉ(k⃗)|0⟩ = 0, ∀ k⃗. Such creation and

annihilation operators follow the quantization rule, as

[
b̂p(k⃗), b̂

†
q(k⃗

′)
]
= δpq δ(k⃗ − k⃗′) ,

[
ĉ(k⃗), ĉ†(k⃗′)

]
= δ(k⃗ − k⃗′) (3.32)

Moreover, all the other commutators are zero. With these mode decomposition of

Ai(x⃗, η) and v(x⃗, η) , the individual component of the electromagnetic energy densi-

ties in the Bunch-Device vacuum state turn out to be,

ρ(E⃗) =

{
f1(η)

a4
+

6f2(η)

a6

} ∑
p=+,−

∫
k2

2π2

∣∣A′
p(k, η)

∣∣2 dk
ρ(B⃗) =

f1(η)

a4

∑
p=+,−

∫
k4

2π2

∣∣Ap(k, η)∣∣2 dk
ρint(E⃗, B⃗) =

4f3(η)

a6

∑
p=+,−

∫
k3

2π2

∣∣Ap(k, η)A′
p(k, η)

∣∣ dk
ρint(E⃗, δg

00) = 0 (3.33)

The vacuum expectation for the interaction energy between electric field and the scalar

perturbation is zero because the creation/annihilation operators of the scalar perturba-

tion i.e ĉ†(k⃗), ĉ(k⃗) commute with that of the electromagnetic field. As can be observed

that the energy ρint(E⃗, B⃗) dilutes much faster than the other energy component. Hence,

we will ignore this term in our subsequent discussion. The power spectra, defined as

the energy density associated with a logarithmic interval of k, of the electric and mag-

57

TH-3815_1861231026



3. Inflationary Magnetogenesis in the EFT framework

netic fields follow

P (E)(k, η) =

{
f1(η)

a4
+

6f2(η)

a6

} ∑
p=+,−

k3

2π2

∣∣A′
p(k, η)

∣∣2
P (B)(k, η) =

f1(η)

a4

∑
p=+,−

k5

2π2

∣∣Ap(k, η)∣∣2 . (3.34)

Furthermore, the scalar and tensor power spectra are given by,

Ps(k, η) =
k3

2π2

∣∣∣∣ ṽ(k, η)z(η)

∣∣∣∣2 , PT (k, η) =
k3

2π2

∣∣∣∣ ṽT (k, η)zT (η)

∣∣∣∣2 . (3.35)

As the effective theory Lagrangian has parity-violating operators, the gauge field com-

ponents in helicity basis (A+, A−) evolve differently. Hence, the quantity which mea-

sures this is related to helicity density, which is defined as ρh(η, k) = ⟨0|AiBi|0⟩ in the

Bunch-Davies vacuum. The expression takes the following well-known form,

ρh(k, η) =
1

2π2

∫
dk

k

(
k4

a3

)(∣∣A+(η, k)
∣∣2 − ∣∣A−(η, k)

∣∣2) . (3.36)

Following the definition of electric and magnetic power spectrum, we can find out the

helicity spectrum as

P (h) =
∂ρh
∂ ln k

=

(
k4

2π2a3

){∣∣A+(k, η)
∣∣2 − ∣∣A−(k, η)

∣∣2} . (3.37)

We have all the necessary expressions of the electromagnetic spectrum, which indeed

depend on the evolution of the electromagnetic mode function. Thereby, the explicit k

and η dependence of the power spectra demands the solution of the mode function. It

will be discussed in the next section.
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variables

3.3 Solving for the electromagnetic mode function and metric per-
turbation variables

The evolution of the vector potential in terms of the conformal time is given in

Eq.(3.18), which, in Fourier space, can be recast as,

f1(η)

[
A′′

± +
f ′
1

f1
A′

± + k2A±

]
+

2

a2
f2(η)

[
A′′

± − A′
±
(2a′
a

− f ′
2

f2

)]
∓ 2

a2
f3(η)kA±

[
2a′

a
− f ′

3

f3

]
∓ 8f ′

4(η)kA± ∓
√
2B(η)

az
h′(η)k

[
ṽ′ − z′

z
ṽ

]
∓

√
2B(η)

az
h(η)k

[(
ṽ′′ − z′′

z
ṽ
)
+

(
ṽ′ − z′

z
ṽ

)
(
B′

B
− a′

a
− 2z′

z

)]
= 0 (3.38)

where B(η) is shown in Eq.(3.16) and k =
∣∣⃗k(em)

∣∣ = ∣∣⃗k(sp)∣∣ in the above expression,

with
∣∣⃗k(em)

∣∣ and
∣∣⃗k(sp)∣∣ being the momentum modulus of the electromagnetic and the

scalar perturbation field, respectively. It is evident from Eq.(3.38) that the dynamical

equation of A+(k, η) and A−(k, η) differ from each other due to the presence of the

couplings f3(η), f4(η) and h(η) in the electromagnetic action. Similarly the The scalar

and tensor Mukhanov-Sasaki equations in Fourier space can be obtained from (3.20) as

given by,

ṽ′′(k, η) +

(
c2s(η)k

2 − z′′

z

)
ṽ(k, η) = 0 (3.39)

ṽ′′T (k, η) +

(
c2T (η)k

2 − z′′T
zT

)
ṽT (k, η) = 0 (3.40)

respectively. Recall, c2s =
1
c1

( c′3
a2

− 1
κ2

)
, c2T = 1

1+2κ2m2
4
, z2(η) = a2c1(η) and z2T (η) = a2

(
1 +

2κ2m2
4

)
, where c1 and c3 are formed by the EFT coefficients (i.e M2, m3, m4 and m̃4) as

shown earlier in Eq.(3.13).

With the above equations of motion, we first solve the scalar and tensor perturbation

equations and then, by using the solution of ṽ(k, η), we move on to determine the

electromagnetic mode function from Eq.(3.38). However, for solving For the scalar and

tensor perturbation variables, one needs an explicit form of c2s, c2T , and z2 in terms of

conformal time. In the present context, we consider, c2s = 1, c2T = 1, which in turn put

certain conditions on the EFT coefficients. However, at this point, let us point out that
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such conditions are supported by various modified gravity theories, such as canonical

scalar-tensor theory, F(R) higher curvature theory or more generally F (ϕ,R) theory

etc. Moreover, the unit gravitational wave speed, i.e, c2T = 1, is also compatible with

LIGO’s recent gravitational wave observation. With c2s = 1, the scalar power spectrum

becomes exactly scale invariant if z(η) behaves as z(η) ∝ η−1, which is not consistent

with the Planck observations. Thereby, in order to make the theoretical predictions

compatible with the Planck results, We consider z(η) = κγ(−1/η)1+γ , with γ, a small

parameter, making the scalar power spectrum compatible with the latest PLANCK

observations. With those forms, the EFT coefficients will take the following form,

1

c1(η)

(
c′3(η)

a2
− 1

κ2

)
= 1 ,

1

1 + 2
(
κm4(η)

)2 = 1 , c1(η) = H2κ2γ
(
−1

η

)2γ

(3.41)

Correspondingly, one of the possible choices on m3, m4, M2 and m̃4 by which Eq.(3.41)

is satisfied are given by,

m3 = 0 , m4 = 0 , M2(η) =
1

21/4
Hκγ/2

(
−1

η

)γ/2
4m̃4

dm̃4

dη
+ 2m̃2

4

(
−1

η

)
= H2κ2γ

(
−1

η

)1+2γ

, (3.42)

where it may be observed that m̃4 obeys a first order differential Eq.(3.42). With these

choices of EFT parameters, the scalar Mukhanov-Sasaki equation takes the following

form,

ṽ′′(k, η) +

(
k2 −

2
(
1 + 3γ/2

)
η2

)
ṽ(k, η) = 0, (3.43)

which can be exactly solved as,

ṽ(k, η) =
√
−kη

[
D1 Jν(−kη) +D2 J−ν(−kη)

]
, (3.44)

where ν =
√

9
4
+ 3γ, Jν is the Bessel function of the first kind. D1, D2 are two integra-

tion constants which are determined by setting the Bunch-Davies initial condition at
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in the infinite past |kη| >> 1,

D1 =
1

2

√
π

k

e−i
π
2
(ν+ 1

2
)

cos
[
π(ν + 1/2)

] , D2 =
1

2

√
π

k

ei
π
2
(ν+ 3

2
)

cos
[
π(ν + 1/2)

] , (3.45)

and, consequently, the final solution of the scalar Mukhanov-Sasaki variable becomes

ṽ(k, η) =

√
−kη
2

{√
π

k

e−i
π
2
(ν+ 1

2
)

cos
[
π(ν + 1/2)

] Jν(−kη) +√π

k

ei
π
2
(ν+ 3

2
)

cos
[
π(ν + 1/2)

] J−ν(−kη)} .(3.46)

Finally, in the superhorizon limit, when the modes are going outside the Hubble ra-

dius, i.e, k < 1
H (recall H is the Hubble parameter), the ṽ(k, η) can be expressed as

lim
|kη|≪1

ṽ(k, η) =

{
D1

2νΓ(ν + 1)

(
− kη

)ν+ 1
2 +

D2

2−νΓ(−ν + 1)

(
− kη

)−ν+ 1
2

}
, (3.47)

where we have used the power law expansion of the Bessel function given by

lim
|kη|≪1

Jν(−kη) =
1

2νΓ(ν + 1)
(−kη)ν ,

and similarly for J−ν(−kη). However due to the fact ν > 1/2, the second term contain-

ing
(
−kη

)−ν+ 1
2 in the above expression becomes dominant over the other one and thus

ṽ(k, η) effectively behaves as ṽ(k, η) ∼
(
− kη

)−ν+ 1
2 in the superhorizon limit. Conse-

quently, the scalar power spectrum is determined as,

PΨ(k, η) =
k3

2π2

∣∣∣∣ ṽ(k, η)z(η)

∣∣∣∣2 (3.48)

with ṽ(k, η) is given in Eq.(3.46). In view of Eq.(3.47), the scalar power spectrum goes

as PΨ ∼
(
k|η|

)3−2ν in the superhorizon scale, which in turn provides the scalar spectral

index as ns = 4− 2ν. With the help of the solution of ṽ(k, η), we will solve the electro-

magnetic mode function from Eq.(3.38). However, before going to the electromagnetic

mode function, for the sake of completeness, let us determine the tensor power spec-

trum which can be obtained from the solution of the perturbation Eq.(3.40),

ṽT (k, η) =

√
−πη
2

H(2)

[
3

2
,−kη

]
(3.49)
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where H(2)
[
3
2
,−kη

]
symbolizes the Hankel function of second kind with order 3/2. In

the infinite past the above solution matches with the Bunch-Davies initial condition,

lim|kη|≫1 ṽT (k, η) =
1√
2k
e−ikη. Thus, the tensor power spectrum comes with the follow-

ing expression,

PT (k, η) = 2× k3

2π2

∣∣∣∣ ṽT (k, η)zT (η)

∣∣∣∣2 = k3

4π2

∣∣∣∣√−πη
zT (η)

H(2)
[3
2
,−kη

]∣∣∣∣2 . (3.50)

The multiplicative factor 2 arises from the two polarization waves in the gravity wave.

Now we can confront the model at hand with the latest Planck observational data [?],

so we shall calculate the spectral index of the primordial curvature perturbations ns

and the tensor-to-scalar ratio rt/s, which are defined as follows,

ns = 1 +
∂ lnPΨ

∂ ln k

∣∣∣∣
∗
, rt/s =

PT (k, η)

PΨ(k, η)

∣∣∣∣
∗
, (3.51)

where the suffix ∗ corresponds to the horizon crossing instant of the CMB scale (after-

wards in the paper, a suffix ∗ with a quantity represents that quantity when the CMB

scale crosses the horizon). Eqs.(3.48) and (3.50) immediately lead to the explicit forms

of ns and rt/s as follows,

ns = 4− 3

√
1 +

4γ

3

rt/s =

∣∣∣∣ z(η∗)zT (η∗)
(
√
−πη∗)ṽ(k, η∗) H(2)

[3
2
,−kη∗

]∣∣∣∣2 (3.52)

with ṽ(k, η) is given in Eq.(3.46). It may be noticed that ns and rt/s depend on the

dimensionless parameter γ. Here we would like to mention that in the context of EFT,

the spectral index can be expressed as [59],

ns = 1 + 4
Ḣ∗

H2
∗
− Ḧ∗

H∗Ḣ∗
(3.53)

Comparing Eqs.(3.52) and (3.53) immediately connects γ with Ḣ∗ and Ḧ∗, as given by

the following relation

γ = −2Ḣ∗

H2
∗

+
Ḧ∗

2H∗Ḣ∗
. (3.54)
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Figure 3.1: Parametric plot of ns vs rt/s for 0.0155 ≤ γ ≤ 0.0196.

Having obtained Eq.(3.52), we can now directly confront the spectral index and the

tensor-to-scalar ratio with the Planck 2018 constraints [88], which constrain the obser-

vational indices as follows,

ns = 0.9649± 0.0042 , rt/s < 0.064 . (3.55)

In the present context, the theoretical expectations of ns and rt/s lie within the Planck

constraints for the following ranges of parameter value: 0.0155 ≤ γ ≤ 0.0196, and this

behaviour is depicted in Fig. 3.1. Now we can solve for the electromagnetic pertur-

bation by using the solution of ṽ(k, η). By using the dimensionless variables x = kη,

Ā±(k, η) =
√
kA±(k, η) and V (k, η) =

√
kṽ(k, η), and using Eqs.(3.20) and (3.21), the

electromagnetic equation (3.38) becomes,

A1
d2Ā±

dx2
+A2

dĀ±

dx
±A3Ā± = S±, (3.56)

where the coefficients are,

A1 =
1

a2f

(
k

H

)4+m

+ 2(−1)mx4+m ; A2 = − 2

x2a2f

(
k

H

)4+m

+ (4 + 2m)(−1)mx3+m(3.57)

A3 =
1

a2f

(
k

H

)4+m

+ 2(−1)r(2 + r)

(
k

H

)m−r

x3+r − 8s(−1)s
(
k

H

)m−s+2

xs+1 (3.58)
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S± = ±2
√
2

(
h0x

5

H

)(
k

H

)m−1
[
(5 + 2γ)

(
dV

dx
+

(
1 + γ

x

)
V

)
+ x

(
d2V

dx2
− (2 + 3γ)

x2
V

)]
.(3.59)

Here, it may be mentioned that we solve the above equation numerically due to its

complicated nature. For this we will consider values of m, r and s which lead to a

scale invariant magnetic power spectrum in the superhorizon limit. For the modes

lying outside the horizon, the scalar Mukhanov-Sasaki variable behaves as ṽ(k, η) ∼

(−kη)−ν+ 1
2 = (−kη)−1−γ (see Eq.(3.47)), which indicates that ṽ(k, η) becomes propor-

tional to z(η) at the scale −kη → 0. Furthermore the factor k
H

present in Eq.(3.56)

is considered to be less than unity, which is indeed true for the CMB scale modes

∼ 10−40GeV−1 - the scale of interest to estimate the magnetic strength at the current

Universe. In consideration of these arguments, Eq.(3.56) in the superhorizon scale can

be written as,

d2Ā±

dx2
+

(
2 +m

x

)
dĀ±

dx

± (−1)r−m
{(

k

H

)m−r (
2 + r

x1+m−r

)
− 4s (−1)−2−r

(
k

H

)2+m−s

x3+m−s

}
Ā± = 0(3.60)

Where it can be shown that S± vanishes due to the superhorizon solution of ṽ(k, η)

given in Eq.(3.46). The above equation may not be solved analytically; thus, we con-

sider m = r ≥ s (later, we will show that such choices of the coupling parameters lead

to the scale-invariant electric as well as the scale-invariant magnetic power spectrum

for specific values of m, respectively). In effect, the term containing (k/H)2+m−s within

the curly bracket becomes subdominant compared to the other one, since k/H ≪ 1 for

the CMB scale modes, in particular k/H ∼ 10−54 for H ∼ 1014GeV. As a consequence,

Eq.(3.60) turns out to be

d2Ā±

dx2
+

(
2 +m

x

)
dĀ±

dx
±
(
2 +m

x

)
Ā± = 0 (3.61)
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Eq.(3.61) has the following solution for Ā±(k, η),

Ā+(k, η) =
(
− kη

) 1−m
2

{
C1I−m−1

[√
−(8 + 4m)x

]
+D1Im+1

[√
−(8 + 4m)x

]}
(3.62)

Ā−(k, η) =
(
− kη

) 1−m
2

{
C2I−m−1

[√
(8 + 4m)x

]
+D2Im+1

[√
(8 + 4m)x

]}
(3.63)

respectively, with C1,2 and D1,2 are integration constants. Here In(w) symbolizes the

modified Bessel function of first kind having order n and argument w, which, in the

limit w ≪ 1, has a power law form as In(w) = wn/2. Thus due to the presence of

the modified Bessel function in Eq.(3.63), the term containing C1 in the expression

of Ā+ dominate over the other one containing D1, i.e we may write lim|kη|≪1 Ā+ ≈

C1(−kη)−m. Similar argument can also be drawn for Ā−, i.e lim|kη|≪1 Ā− ≈ C2(−kη)−m.

As a result, Eq.(3.34) immediately leads to the electric Moreover, magnetic spectra in

the superhorizon limit are as follows:

P (E)(k, η) =
m2

2π2

{
|C1|2 + |C2|2

}[
f1(η) +

6f2(η)

a2

]
H4
(
− kη

)2−2m

P (B)(k, η) =
f1(η)

2π2

{
|C1|2 + |C2|2

}
H4
(
− kη

)4−2m
. (3.64)

Furthermore, as the two polarization modes evolve differently, the magnetic field gen-

erated through this mechanism will be helical, and the helicity power spectrum during

inflation comes as,

P (h)(k, η) =

(
k3

2π2a3

)(
− kη

)−2m
{∣∣C1

∣∣2 − ∣∣C2

∣∣2} . (3.65)

Specifically, the (−kη)−2m factor in the above expression depicts that the comoving

helicity spectra increase with time for a given mode for any positive value of m during

the inflationary era.

Eq.(3.64) points out that the scale dependence of the electric and the magnetic

power spectra are different, in particular, P (E) ∼ (−kη)2−2m and P (B) ∼ (−kη)4−2m.

The electric power spectrum becomes scale invariant for m = 1 while, in the mag-

netic case, m = 2 leads to a scale invariant power spectrum. The coupling exponents
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are consistent with a scale-invariant magnetic power spectrum and are constrained by

m = 2, r = 2, and s ≤ 2. In contrast, the corresponding constraint is given by m = 1,

r = 1, and s ≤ 1 for the scale-invariant electric power spectrum. Hence, in the follow-

ing section, we will solve the electromagnetic mode functions and discuss the possible

implications for the two cases. Before we embark on estimating the magnetic field

strength at a large scale in the next section, we would like to address the strong cou-

pling problem for general values of m, r, and s in the spirit of EFT. For this purpose,

we need to start with the action of the EM and Dirac field, which in the present context,

can be expressed by,

Sem + SΨ =

∫
d4x

√
−g
[
− 1

4
f1(η)FµνF

µν + f2(η)F
0
i F

0i + f3(η)ϵ
ijkF 0

i Fjk + f4(η)ϵ
µναβFµνFαβ

]
+

∫
d4x

√
−g
[
α(η)Ψ̄ i γµDµΨ + β(η)Ψ̄ i γ0D0Ψ

]
(3.66)

where Ψ is the Dirac field and Dµ = ∇µ − ieAµ is the covariant derivative. The part

of the EM field in the above action has been considered earlier in Eq.(3.7), however in

regard to the Dirac field, SΨ contains two terms with EFT coefficients α(η) and β(η).

The underlying spatial diffeomorphism symmetry allows the coefficients α(η) and β(η)

to depend on η only. Moreover the term β(η)Ψ̄iγ0D0Ψ behaves as a scalar quantity

under spatial diffeomorphism symmetry transformation can thus be a possible term in

SΨ in the context of EFT of cosmology [89]. By expanding the SΨ in terms of temporal

and spatial parts over the FRW spacetime, we get,

SΨ =

∫
d4xa4

[
i(α(η) + β(η))Ψ̄γ0D0Ψ+ iα(η)Ψ̄γiDiΨ

]
(3.67)

which makes the Dirac field non-canonical. Therefore, in order to make the Dirac field

canonical, we redefine the field as,

Ψ −→ Ψ̃ = a2
√
α(η) + β(η) Ψ . (3.68)

Similarly due to the presence of the coupling functions fi(η) (i = 1, 2, 3, 4), the electro-
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magnetic kinetic part becomes non-canonical, in particular,

S(kin)
em =

1

2

∫
d4x

[(
f1(η) +

2f2(η)

a2

)
(A′

i)
2

]
. (3.69)

Thus, we redefine the EM field as,

Ai −→ Ãi =

(
f1(η) +

2f2(η)

a2

)
Ai (3.70)

which in turn restores the canonicity of the EM field. In terms of such canonical vari-

ables, Eq.(3.66) immediately leads to the U(1) interaction between the EM and the Dirac

fields as,

Sint =
∫
d4x

[
e α(η)

(α(η) + β(η))
√
f1(η) +

2f2(η)
a2

]
¯̃
Ψi γiÃiΨ̃ =

∫
d4x

(
e λeff

) ¯̃
Ψi γiÃiΨ̃(3.71)

here λeff defines an effective electric charge as

eeff = eλeff =
e(

1 + β(η)
α(η)

)√
f1(η) +

2f2(η)
a2

(3.72)

In order to avoid the strong coupling problem, we need to have λeff ⩽ 1, which leads

to the following condition on the EFT parameters,(
1 +

β(η)

α(η)

)
⩾

1√
f1(η) +

2f2(η)
a2

. (3.73)

Thus, in the context of EFT magnetogenesis, the strong coupling problem can be natu-

rally resolved provided the functions a(η), β(η), f1(η) and f2(η) satisfy Eq.(3.73) during

inflation. In the present work, we consider f1(η) =
(
a/af

)2 and f2(η) =
(
ai/a

)m (see

Eqs.(3.20) and (3.21)), due to which the above equation becomes,(
1 +

β(η)

α(η)

)
⩾

1√(
a
af

)2
+ 2f2

a2

(
ai
a

)m . (3.74)

As mentioned earlier, we are interested in two distinct cases, depending on whether the

magnetic power spectrum or the electric power spectrum becomes scale invariant, for

which the corresponding parametric regimes are given bym = 2, r = 2, s ≤ 2 orm = 1,
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Figure 3.2: The red line represents
√
kA+(k, η) versus kη and the green line represents√

kA−(k, η) versus kη. Both the plots are for k = 0.05Mpc−1 ≈ 2 × 10−40GeV, H = 1014GeV
and m = r = s = 2 respectively.

r = 1, s ≤ 1. Thereby, depending on such values of m along with a(η) = (−Hη)−1, the

functions α(η) and β(η) can be chosen properly so that Eq.(3.74) holds true during the

inflation, which in turn leads to the resolution of the strong coupling problem.

3.4 Case-I: Scale invariant magnetic power spectrum

In this section, we consider the case where the magnetic power spectrum is scale

invariant for the choices of the parameters m = 2, r = 2 and s ≤ 2. Considering

these set of parameter values we numerically solve Eq.(3.56) for Ā±(k, η) which are

depicted in Fig.3.2. During the numerical analysis, we take the Bunch-Davies initial

condition for the electromagnetic mode functions. Furthermore, the initial conditions

are set for the modes when they are well within the horizon length scale (i.e, −kη = 10).

Moreover, the numerical solutions are obtained up to the epoch when the modes are

well outside the horizon (−kη = 10−4 has been used in our calculation).

Fig.[3.2] demonstrates that the A+ mode dominates over the A− mode and thus the

electromagnetic energy density in the superhorizon limit is effectively determined by

that of the contribution of the A+ mode.
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3.4.1 Present magnetic strength and backreaction problem

In this section, we will concentrate on the strength of the magnetic field in the

present epoch. Conventionally, one considers high electrical conductivity in the post-

inflationary epoch within the instantaneous reheating scenario, where the inflaton sud-

denly jumps from the inflationary phase to a radiation-dominated phase. Due to the

large electrical conductivity, the electric field quickly vanishes, and the magnetic field

freezes, evolving into a large-scale magnetic field. As we mentioned earlier for our

analysis, coupling functions f1(η) = 1, f2(η) ≈ f3(η) ≈ f4(η) ≈ h(η) ≈ 0, are assumed

which will restore the conformal symmetry and the electromagnetic field will follow

the standard Maxwell’s equations. Hence, the frozen-in magnetic field energy density

evolves as 1/a4. The magnetic field strength at the present epoch is related to that at

the end of inflation by the expression

∂ρ(B⃗)

∂ ln k

∣∣∣∣
0

=

(
af
a0

)4
∂ρ(B⃗)

∂ ln k

∣∣∣∣
ηf

, (3.75)

where ηf is the conformal time at the end of inflation and the suffix ’0’ denotes the

present time. With Eq.(3.34), the above equation yields the present magnetic strength

(B0)

B0 =
1

2π

{√∣∣Ā+(k, ηf )
∣∣2 + ∣∣Ā−(k, ηf )

∣∣2}(af
a0

)2

H2
(
− kηf

)2
, (3.76)

where we recall that Ā± =
√
kA± and k denotes the CMB scale (≃ 0.02Mpc−1) We

will estimate the current magnetic strength at this time. In order to estimate B0 from

Eq.(3.76), we need to know a0
af

. The factor a0
af

can be determined from the entropy

conservation relation, i.e., from gT 3a3 = constant, where g is the effective relativis-

tic degrees of freedom and T denotes the temperature of the relativistic fluid, which

finally yields a0
af

≈ 1030
(
H/10−5MPl

)1/2, with H being the Hubble parameter during

inflation and, in particular, we consider H = 10−5MPl. Moreover, by using the nu-

merical solution of Ā±k, η) from Fig.[3.2], we get, Ā+(k, ηf ) ≃ 108 and Ā−(k, ηf ) ≃ 107

for −kηf = 10−4. With such ingredients of a0
af

and Ā±k, ηf ), we estimate the magnetic
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3. Inflationary Magnetogenesis in the EFT framework

strength at the present epoch from Eq.(3.76) to be

B0

∣∣∣∣
CMB

= 0.82× 10−13G, (3.77)

where we use the conversion 1G = 1.95×10−20GeV2. The above result gives us a typical

value for the magnetic field at the present epoch in our present framework. It may be

noticed that B0 indeed depends on the inflationary Hubble parameter; in particular,

if we consider H = 10−6MPl, then B0 will be estimated as B0 ≃ 10−14G which, in

comparison with Eq.(3.77), clearly argue that the current magnetic strength for H =

10−6MPl gets 1 order lower than that of the case where H = 10−5MPl. However, from

the observational [23, 90, 91] results a constraint on the current magnetic strength of

10−10G ≲ B0 ≲ 10−22G is obtained around the CMB scales. Therefore, the theoretical

prediction of B0 lies within the observational constraints where the magnetic power

spectrum is scale invariant.

At this stage, it deserves mentioning that the present case (i.e, m = 2), despite

having compatibility with the observational strength of B0 hinges on the backreaction

problem. In particular, for m = 2, we have from Eq.(3.64) P (E)(k, η) ∝ (−kη)−2. In

this case, as −kη → 0 (i.e., towards the end of inflation), the electric energy density

increases rapidly as P (E) ∝ (−kη)−2 → ∞. The model runs into difficulties as the electric

energy density would eventually exceed the inflaton energy density in the Universe

even before inflation ends. Thus, the scenario where the magnetic power spectrum

becomes scale invariant can lead to the required value of magnetic strength; however, it

suffers from the backreaction problem. On the contrary, the situation becomes different

when the electric power spectrum becomes scale invariant (i.e, form = 1), as discussed

in the following section.

3.5 Case-II: Scale invariant electric power spectrum

Eq.(3.64) shows that the electric power spectrum becomes scale invariant for the

parametric space satisfying s ≤ m = r = 1. Thereby, considering a particular set of

70

TH-3815_1861231026



3.5 Case-II: Scale invariant electric power spectrum
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Figure 3.3: The red line represents
√
kA+(k, η) versus kη and the green line represents√

kA−(k, η) versus kη. Both the plots are for k = 0.05Mpc−1 ≈ 2 × 10−40GeV, H = 1014GeV
and m = r = s = 1 respectively.

parameter values, in particular m = r = s = 1, we solve the electromagnetic mode

functions from Eq.(3.56) with the Bunch-Davies initial condition. However due to the

complicated nature, Eq.(3.56) is solved numerically and they are depicted in Fig.[3.3].

The numerical analysis is performed for k = 0.05Mpc−1 within the same same range

−10 < kη < 10−4 from sub to super Hubble scale.

Fig.3.3 depicts that similar to the previous case, the A+ mode is slightly dominated

over the A− mode towards the end of inflation, and thus the electromagnetic energy

density in the superhorizon limit is effectively determined by the contribution of A+

mode. The solutions of A± immediately lead to the evolution of the helicity density

during the inflationary era. This is depicted in Fig.3.4, demonstrating that the comov-

ing helicity density during inflation increases with time. The scenario, where the elec-

tric power spectrum becomes scale invariant (i.e, for s ≤ m = r = 1), leads to the

electric and magnetic power spectra in the superhorizon scale as,

P (E)(k, η) =
m2

2π2
H4
{
|C1|2 + |C2|2

}[
f1(η) +

6f2(η)

a2

]
P (B)(k, η) =

f1(η)

2π2
H4
{
|C1|2 + |C2|2

}(
− kη

)2
. (3.78)
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Figure 3.4: P (h)a3/k3 versus kη during inflationary epoch.

respectively, where we use Eq.(3.64). Thereby, the spectral indices of the electric and

magnetic spectra, defined by n(E) = ∂ lnP (E)

∂ ln k
and n(B) = ∂ lnP (B)

∂ ln k
, become n(E) = 0 and

n(B) = 2 respectively. In the scenario where the electric power spectrum becomes scale

invariant, the spectral index for the magnetic power becomes positive, which hints at

the resolution of the backreaction problem. However, in order to investigate whether

the backreaction of the electromagnetic field stays small during inflation, we shall first

consider the energy stored in the electric field at a given time ηc, which is

ρ(E⃗, ηc) =

∫ kc

ki

∂ρ(E⃗)

∂ ln k
d ln k =

1

2π2

[
e−2
(
Nf−Nc

)
+ 6e−3Nc

]{
|C1|2 + |C2|2

}
H4Nc , (3.79)

Here, ki and kc denote the modes that cross the horizon at the beginning of inflation

and at η = ηc, respectively, and thus ki is considered to be the CMB scale. Moreover,

Nf is the total e-folding number of the inflation era. Nc = ln
(
ac
ai

)
, with ai = a(ηi)

and ac = a(ηc), is the e-fold number associated with conformal time η = ηc during

inflation. We also have the relation |ηc| = k−1
c and kc is obviously greater than the CMB

mode momentum kCMB ≈ 10−40GeV ≈ 0.05Mpc−1. Similarly, we determine the energy

density coming from the magnetic fields, which yields

ρ(B⃗, ηc) =

∫ kc

ki

∂ρ(B⃗)

∂ ln k
d ln k =

1

4π2
e−2
(
Nf−Nc

){
|C1|2 + |C2|2

}
H4

(
1− e−2Nc

)
. (3.80)
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To derive the above two expressions, we use the form of the coupling functions at

η = ηc in terms of the e-folding number, as f1(ηc) =
(
ac/af

)2
= e−2

(
Nf−Nc

)
and f2(η) =(

ai/ac
)
= e−Nc . The total electromagnetic energy density at η = ηc becomes

ρem(ηc) = ρ(E⃗, ηc) + ρ(B⃗, ηc) =
1

4π2

{
|C1|2 + |C2|2

}
H4

{
Nc

(
2e−2

(
Nf−Nc

)
+ 12e−3Nc

)
+ e−2

(
Nf−Nc

) (
1− e−2Nc

)}
(3.81)

where C1,2 are integration constants as mentioned in Eq.(3.64). In order to avoid the

backreaction issue, we have to ensure that the electromagnetic energy density is less

than that of the background energy density. In particular, we have to show ρem <

3M2
PlH

2 during inflation. The above expression, along with the consideration of Nc ≤

Nf ≈ 60, clearly indicate that the electromagnetic energy density during inflation is of

the order of H4, i.e.

ρem(ηc) ∼ H4 . (3.82)

The inflationary energy scale is less than the Planck scale; in particular, we consider

H = 10−5MPl and, thus, Eq.(3.82) leads to the inequality ρem ≪ M2
PlH

2. It confirms

that the electromagnetic field has a negligible backreaction on the background infla-

tionary spacetime, leading to the resolution of the backreaction problem in the present

magnetogenesis scenario.

3.5.1 Present magnetic strength

Following the same methodology discussed for the scale-invariant magnetic case

(Sec.[3.4.1]), and using Eqs. (3.63) with m = 1, the expression of the current magnetic

strength turns out to be,

B0 =
1

2π

{√∣∣C1

∣∣2 + ∣∣C2

∣∣2}(af
a0

)2

H2
(
− kηf

)
, (3.83)

Here C1,2 are integration constants appeared in Eq.(3.64) and k symbolizes the momen-

tum of the CMB scale ≈ 0.05Mpc−1. As discussed earlier, by using the entropy conser-
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3. Inflationary Magnetogenesis in the EFT framework

vation, we get a0
af

= 1030
(
H/10−5MPl

)1/2 with H being the inflationary Hubble scale.

Moreover, regarding −kηf , we have the relation |ηf | = 1
kf

where kf is the mode which

crosses the horizon at the end of inflation and thus −kηf is given by −kηf = exp
(
Nf

)
.

With such expressions of a0
af

and −kηf , along with H = 10−5MPl, we estimate the mag-

netic strength at the present epoch from Eq.(3.83) to be,

B0

∣∣∣∣
CMB

∼ 10−40G (3.84)

where we use Nf = 60 and the conversion 1G = 1.95× 10−20GeV2 may be useful. The

above result estimates the current epoch’s magnetic field, as obtained from the frame-

work. However, the observational results put a constraint on the current magnetic

strength as 10−10G ≲ B0 ≲ 10−22G around the CMB scales. Therefore, it is clear from

Eq.(3.84) that the theoretical prediction of B0 lies far below the range of the observa-

tional expectation.

Thus, as a whole, by comparing Secs.[3.4] and [3.5], it is evident that the scenario

where the magnetic power spectrum is scale invariant (let us call it S1) gets distinct

features in comparison to that of where the electric spectrum is scale invariant (let

us call it S2). In particular, the scenario S1 is observationally compatible with the

present magnetic strength but suffers from the backreaction problem. On the other

hand, the scenario S2 is free from the backreaction problem, but does not predict suf-

ficient magnetic field strength in the present Universe. Such distinctions between S1

and S2 are depicted in Table[3.1]. However, scenarios S1 and S2 can resolve the strong

coupling problem as indicated earlier in Eq.(3.74). The above issues motivated us to

Scenario First feature Second feature
S1 Compatible with observation Suffers from backreaction problem
S2 Not compatible with observation Free from backreaction problem

Table 3.1: Comparison between the scenarios S1 and S2

look for physical solutions that can be theoretically and observationally viable con-

currently. Furthermore, the case when reheating plays an important role. It deserves
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3.6 Scenario with scale invariant electric field and reheating phase

mentioning that our discussions on scenarios. S1 and S2 are based on the fact that

radiation domination starts immediately after the inflation ends, which we call the

instantaneous reheating case. However, a more physical approach would be if, during

the cosmic evolution, the Universe experiences a reheating phase with non zero e-fold

number. In the following sections, we will discuss this possibility and its implications.

We further assume that the conductivity will be vanishingly small during reheating, as

it is known that during the entire reheating period, the dynamics are mostly oscillat-

ing and inflaton-dominated. During the cosmological expansion of the Universe, the

EM field eventually evolves through the reheating phase. Thus, the evolution of the

electric and magnetic field(s) is considerably affected compared to the instantaneous

reheating case. As a consequence, there is a possibility that such an elongated reheating

phase may make the models viable which we will investigate in Sec.[3.6]. However,

our analysis shows that the presence of a reheating phase will not cure the difficulty

of the scenario S1, because S1 suffers from the backreaction problem during inflation,

which a reheating phase can not rescue after inflation. Thus, in the following, we will

consider the scenario S2 with an elongated reheating phase, and depending on the

background reheating dynamics, two cases will arise: (i) when the Kamionkowski-like

mechanism characterizes the reheating phase and (ii) where the reheating dynamics

follow the perturbative mechanism.

3.6 Scenario with scale invariant electric field and reheating phase

The presence of a reheating phase with non-zero e-folding number considerably

affects the magnetic field evolution compared to the instantaneous reheating case we

have considered in Sec.[3.5]. Actually, in the instantaneous reheating scenario, the

conductivity becomes huge after the end of inflation. Consequently, the magnetic field

evolves as 1/a4 from the end of inflation to the present epoch. However, suppose the

reheating phase is considered to have a non-zero e-fold number (a natural consider-

ation). In that case, there is no reason to consider a large conductivity immediately
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after the inflation. In particular, the conductivity remains non-zero and small during

the reheating epoch and consequently, the strong electric field induces the magnetic

field [92]. Due to such Faraday’s induction from electric to magnetic field, the red-

shift of the magnetic field becomes lesser as compared to 1/a4 in the reheating epoch,

and thus the magnetic field’s present strength may become larger than estimated in

Eq.(3.84). Motivated by this situation, we aim to determine the magnetic field’s cur-

rent strength in the present magnetogenesis model by considering the reheating phase

to have a non-zero e-fold number.

To this end, let us point out that an extended reheating phase is known to affect

the evolution of the magnetic field at the background level [93, 94]. However, the im-

portance of the Faraday effect during this phase has not been critically explored until

recently in the context of the magnetogenesis scenario [70, 92, 95]. Furthermore, the

effect of reheating is independent of our EFT construction, which is only applied dur-

ing inflation. The most important point is that accounting for the EM Faraday effect

can put interesting constraints on the reheating parameters, such as reheating temper-

ature, inflaton equation of state, and reheating efolding number. Those constraints will

propagate into constraints on the EFT parameters in a model-independent way. The

constraints on the reheating and EFT inflationary parameters can be observed to be in-

tertwined due to this reheating phase. We will discuss these in detail in the following

sections.

3.6.1 Electromagnetic field evolution and the corresponding power spectrum dur-
ing reheating

The effective theory parameters are so chosen, f1(η) = 1, f2(η) = f3(η) = f4(η) =

h(η) = 0. After the end of inflation, the conformal symmetry coupling of the electro-

magnetic field (EM) is restored; hence, the EM field evolution will follow the standard

Maxwell’s equations in vacuum [92]. In particular, the equations of motion of A±(k, η)
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3.6 Scenario with scale invariant electric field and reheating phase

are given by,

A
′′(re)
± (k, η) + k2A

(re)
± (k, η) = 0, (3.85)

where A(re)
± (k, η) represents the electromagnetic mode function during reheating (i.e,

the superscript ’re’ denotes the reheating era). As a consequence of the restored con-

formal symmetry, the further quantum production of the gauge field stops during the

reheating stage, particularly the absolute value of the Bogoliubov coefficient in the

post-inflation becomes time independent. At this stage, it deserves mentioning that

we consider the universe a poor conductor; in particular, the universe has zero con-

ductivity during the reheating era. However, due to the Schwinger production, such

consideration of zero conductivity needs an investigation, which, in the context of EFT,

is expected to be studied in the near future. Coming back to Eq.(3.85), the correspond-

ing solution of the mode functions are,

A
(re)
± (k, η) =

1√
2k

[
α±(k) e

−ik(η−ηf ) + β±(k) e
ik(η−ηf )

]
, (3.86)

with α±(k), β±(k) being two integration constants and ηf is the end instant of infla-

tion. The integration constants can be determined by matching the EM mode functions

and their derivative (with respect to the conformal time) at the junction of inflation-to-

reheating; in particular,

A
(re)
± (k, ηf ) = A±(k, ηf ) and A

′(re)
± (k, ηf ) = A′

±(k, ηf ), (3.87)

hereA±(k, η) represents the mode function during inflation and follows Eq.(3.38) (note,

the EM mode function during inflation is symbolized without any superscript, while

the EM mode function during reheating is designated by the superscript ’re’). Eqs.(3.86)

and (3.87) immediately lead to α±(k) and β±(k) as,

α±(k) =

√
k

2
A±(k, ηf ) +

i√
2k

A′
±(k, ηf )

β±(k) =

√
k

2
A±(k, ηf )−

i√
2k

A′
±(k, ηf ) (3.88)
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A±(k, ηf ) can be obtained from their superhorizon solution as obtained in Eqs. (3.63)

and (3.63), by putting η = ηf . If we think in terms of particle production during in-

flation, the above integration constants α±(k) and β±(k) can be identified with the

Bogoliubov coefficients at time η = ηf for the incoming and outgoing modes, respec-

tively. Naturally, those remain constants during the subsequent evolution.
∣∣βk(η)∣∣ rep-

resents the total number of produced particles (having momentum k) at time ηf from

the Bunch-Davies vacuum defined at η → −∞. Hence, the time independence of the

Bogoliubov coefficients during the reheating phase directly result from the fact that the

conformal symmetry of the electromagnetic field is restored after inflation. Nonethe-

less, by plugging back the solution of A(re)
± (k, η) into Eq.(3.34) and by using the confor-

mal invariance of the electromagnetic field (i.e f1(η) = 1, f2(η) = 0), We determine the

magnetic and electric power spectra during the reheating epoch, as follows

∂ρ(B⃗)

∂ ln k
=

1

2π2

∑
r=±

k5

a4
∣∣A(re)

r (k, η)
∣∣2

=
1

2π2

∑
r=±

(
k4

a4

)[
|αr|2 + |βr|2 + 2|αr||βr| cos

{
θ
(r)
1 − θ

(r)
2 − 2k(η − ηf )

}]
(3.89)

∂ρ(E⃗)

∂ ln k
=

1

2π2

∑
r=±

k2

a4
∣∣A′(re)

r (k, η)
∣∣2

=
1

2π2

∑
r=±

(
k4

a4

)[
|αr|2 + |βr|2 − 2|αr||βr| cos

{
θ
(r)
1 − θ

(r)
2 − 2k(η − ηf )

}]
,(3.90)

respectively, with r being the electromagnetic polarization index and runs from r = ±,

and furthermore θ(r)1 = Arg[αr(k, ηf )] and θ
(r)
2 = Arg[βr(k, ηf )]. Consequently, the total

electromagnetic power spectrum is

∂ρem
∂ ln k

=
∂ρ(B⃗)

∂ ln k
+
∂ρ(E⃗)

∂ ln k
=

1

π2

∑
r=+,−

(
k4

a4

)[∣∣αr(k, ηf )∣∣2 + ∣∣βr(k, ηf )∣∣2]. (3.91)

Furthermore, during the reheating epoch, the helicity spectrum evolves as,

P (h)(k, η) =

(
k3

π2a3

){∣∣β+∣∣2 − ∣∣β−∣∣2 +√1 +
∣∣β+∣∣2 ∣∣β+∣∣ cos{θ(+)

1 − θ
(+)
2 − 2k(η − ηf )

}
−

√
1 +

∣∣β−∣∣2 ∣∣β−∣∣ cos{θ(−)
1 − θ

(−)
2 − 2k(η − ηf )

}}
, (3.92)
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where we use
∣∣β±∣∣2 − ∣∣α±

∣∣2 = 1. It can be observed from the above equations that

the individual electric and magnetic spectrum depends on the phase factor evolution,

which is the well-known Faraday effect. However, the comoving total electromagnetic

power spectrum is independent of time and behaves as a standard radiation field. Fur-

thermore, the helicity spectrum also evolves with the phase factor during reheating

due to zero electrical conductivity. Moreover, the relative phase factors between the

Bogoliubov coefficients, from the numerical solutions of A±(k, η), are determined as,

θ
(+)
1 − θ

(+)
2 = Arg

[
α+(ηf )β

∗
+(ηf )

]
≃ 3.141

θ
(−)
1 − θ

(−)
2 = Arg

[
α−(ηf )β

∗
−(ηf )

]
≃ 3.141 . (3.93)

This can also be understood from the analytic solutions of A±(k, η) in the superhorizon

limit. In particular we obtained lim|kη|≪1A± ∼ (−kη)−m which leads to lim|kη|≪1A
′
± ∼

(−kη)−m−1. Therefore for m = 1 (i.e the parametric value for the scenario S2), A′
±(k, η)

dominates over the corresponding mode functions A±(k, η) at the limit |kη| → 0 i.e

towards the end of inflation. As a result,

α±(k, ηf ) ≃
i√
2k

A′
±(k, ηf ) , β±(k, ηf ) ≃

−i√
2k

A′
±(k, ηf ) . (3.94)

The above expressions, due to the presence of the ±i factor, immediately lead to the

relative phase between the respective Bogoliubov coefficients as θ(±)
1 − θ

(±)
2 = π, which

is in agreement with the numerical estimation in Eq.(3.93).

Now we need to know the unknown part of the phase factor “η − ηf” which is

defined as

η − ηf =

∫ a

af

da

a2H
. (3.95)

The presence of the Hubble parameter in Eq.(3.95) indicates that in order to determine

η − ηf during the reheating phase, we need to state the background reheating dynam-

ics, in particular how the inflaton energy density converts to other matter forms. In the

present context, we will consider two simple reheating mechanisms: (1) An effective
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time-independent equation of state describes it, and (2) a perturbative reheating sce-

nario.

3.6.2 Reheating with time independent equation of state: Evolution of Ectromag-
netic field

Regarding the reheating process, as the first consideration, we follow the conven-

tional reheating mechanism proposed by Kamionkowski et al. [66], where the reheat-

ing phase is parametrized by a constant equation of state ωeff . The reheating equation

of state parameter (i.e, ωeff) remains constant during the entire reheating epoch. Finally,

it makes a sharp transition to the vale 1/3 at the end of it, which in turn indicates the

beginning of the radiation epoch. Due to the constant equation of state, the Hubble

parameter during the reheating evolves as H ∝ a−
3
2
(1+ωeff). Moreover, the reheating

e-fold number Nre, and the reheating temperature (Tre) can be expressed in terms of

the ωeff and of some inflationary parameters by the following relations [66, 67],

Nre =
4

3ωeff − 1

[
1

4
ln(ρf )−

1

4
ln

(
π2gre
30

)
− 1

3

(
43

11gs,re

)
− ln

(
a0T0
k

)
− ln(H∗) +Nf

]
,(3.96)

Tre =

(
43

11gs, re

) 1
3
(
a0T0
k

)
H∗e

−Nf e−Nre , (3.97)

where, recall, the subscript ’*’ denotes the value of a quantity at the horizon crossing

instant of CMB scale and Nf is the e-fold number of the inflation epoch. Moreover,

ρf denotes the inflaton energy density at the end of inflation. The present CMB tem-

perature is taken as T0 = 2.725K, k ≈ 0.05Mpc−1 is the pivot scale and a0 denotes the

present time scale factor. The symbols gs,re and gre represent the degrees of freedom

for entropy at reheating and the effective number of relativistic species upon thermal-

ization respectively, and they are taken to be the same, particularly gs,re = gre ≈ 100.

It may be observed from the above equations that both Nre and Tre depend on the in-

flationary parameters, in particular on H∗ and Nf . For the inflationary quantities, we

first consider the scalar spectral index (ns) and the scalar perturbation amplitude (As),
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which, in the context of EFT, takes the following forms [59],

ns = 1 +
4Ḣ∗

H2
∗

− Ḧ∗

Ḣ∗H∗
, As =

H2
∗

4ϵ∗M2
Pl

(3.98)

with ϵ∗ = −Ḣ∗/H
2
∗ and an overdot represents the differentiation with respect to the

cosmic time. The first and second derivatives of H∗ (appearing in the expression of ns)

are connected to the first and second slow-roll parameters, respectively. To determine

Nf , we expand the Hubble parameter around t = t∗ (i.e, the horizon crossing instant

of the CMB scale) as follows,

H(t) = H∗ + Ḣ∗(t− t∗) +
1

2
Ḧ∗(t− t∗)

2 (3.99)

where we retain the terms up to O(Ḧ∗), that means we consider up to the second slow

roll parameter. If the duration of inflation is designated by ∆t, then the Hubble param-

eter at the end of inflation (Hf ) is given by,

Hf = H∗ + Ḣ∗∆t+
1

2
Ḧ∗
(
∆t
)2

. (3.100)

Inverting the above equation, we get the duration of inflation in terms of H∗, Hf , Ḣ∗,

and Ḧ∗ as,

∆t =
|Ḣ∗|
Ḧ∗

(
1−

√
1− 2Ḧ∗

|Ḣ∗|2
(H∗ −Hf )

)
(3.101)

with |Ḣ∗| = −Ḣ∗. Using the above expressions, we determine the inflationary e-folding

number, which is given by,

Nf =

∫ tf

t∗

H(t)dt

=
H∗|Ḣ∗|
Ḧ∗

(
1−

√
1− 2Ḧ∗

|Ḣ∗|2
(H∗ −Hf )

)
− |Ḣ∗|3

2Ḧ2
∗

(
1−

√
1− 2Ḧ∗

|Ḣ∗|2
(H∗ −Hf )

)2

+
|Ḣ∗|3

6Ḧ2
∗

(
1−

√
1− 2Ḧ∗

|Ḣ∗|2
(H∗ −Hf )

)3

(3.102)
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in the second line, we use the expression of ∆t from Eq.(3.101). Furthermore, Eq.(3.98)

leads to Ḣ∗ and Ḧ∗ in terms of ns, As as follows

|Ḣ∗| =
H4

∗
4AsM2

Pl

, Ḧ∗ =
H5

∗
4AsM2

Pl

(
H2

∗
AsM2

Pl

− (1− ns)

)
(3.103)

respectively. Here we would like to mention that, as depicted in Fig.3.1, the observable

quantities like scalar spectral index and tensor-to-scalar ratios are indeed compatible

with the Planck constraints in the present EFT context, where the EFT coefficients sat-

isfy Eq.(3.42). Thereby using the viable value(s) of ns and As, in particular we will

consider ns = 0.9649 and ln [1010As] = 3.044 (i.e the central values of ns and As in re-

spect to the Planck constraints), one can determine Ḣ∗ and Ḧ∗ from Eq.(3.103), which

in turn will evaluate the inflationary e-fold number from Eq.(3.102).

Returning to the quantity η−ηf , we first consider the behaviour of the Hubble parame-

ter during the reheating stage. Because the effective EoS remains constant, the Hubble

parameter behaves as H ∝ a−
3
2
(1+ωeff), and as a result, the term η− ηf boils down to the

following simple form:

η − ηf =
2(

1 + 3ωeff

)[ 1

aH
− 1

afHf

]
, (3.104)

where we use Eq.(3.95). Due to the above expression of η − ηf along with the fact that∣∣β±(ηf )∣∣2 ≫ 1, the magnetic power spectrum during the reheating era becomes [92]

∂ρ(B⃗)

∂ ln k
=

1

π2

(
k4

a4

) ∑
r=+,−

∣∣βr∣∣2{Arg[αrβ∗
r

]
− π −

(
4k

3ωeff + 1

)(
1

aH
− 1

afHf

)}2

.(3.105)

The above equation indicates that the magnetic power evolution during reheating

scales by two different terms: (1) the conventional one that goes as 1/a4 and (2) the

term that redshifts as ∝ a−6H−2, emerging from 1
aH

in the right-hand side of Eq.(3.105).

Because the universe undergoes deceleration, the EoS follows ωeff > −1
3
, and thus the

magnetic power effectively scales by the component ∝ a−6H−2. In the context of in-

stantaneous reheating, the magnetic power evolves as a−4 from the end of inflation

until today, whereas if one considers an intermediate reheating phase with negligi-

82

TH-3815_1861231026



3.6 Scenario with scale invariant electric field and reheating phase

ble conductivity, the evolution of magnetic power will be as described above. Due

to this fact, the magnetic field’s present strength can be larger than that for the in-

stantaneous reheating case. This phenomenon can make the S2-like magnetogenesis

scenario viable, which we will elaborate on next. The electric power in the reheating

epoch evolves as,

∂ρ(E⃗)

∂ ln k
=

1

π2

(
k4

a4

) ∑
r=+,−

∣∣βr(ηf )∣∣2 (3.106)

Hence, electric power evolves exactly like radiation during reheating on a large scale.

Finally, the behavior of the helicity spectrum takes the following form in the large

|β(k, ηf )| limit,

P (h) =

(
k3

π2a3

){∣∣β+(k, ηf )∣∣2 − ∣∣β−(k, ηf )∣∣2}{ 4k

3ωeff + 1

(
1

aH
− 1

afHf

)}2

∝ 1

a5H2

+ · · · (3.107)

During reheating the Hubble parameters behaves as H = a−
3
2
(1+ωeff). Hence, from

Eq.(3.107), the leading behaviour of the helicity density will be, a3P (h) ∼ a1+3ωeff . For

all reheating equation of state ωeff > −1
3
, the comoving helicity during the reheating

era monotonically grows with time.

3.6.2.1 Present day magnetic field and constraints on reheating parameters, ωeff

Here, we may recall that the scenario S2 with an instantaneous reheating mecha-

nism does not predict a sufficient magnetic strength in the present epoch, in particular

it predicts B0 = 10−40G as shown in Eq.(3.84). Given the characteristic difference in the

evolution of the magnetic power spectrum during reheating, we see how those models

can be made viable with the CMB observations. With this motivation in mind, we are

now in a position to constrain such a model with respect to the observation. For this,

let us first express the Hubble parameter at the end of reheating (Hre) in terms of that

of the end of inflation (Hf ) as

Hre = Hf

(
are
af

)− 3
2
(1+ωeff )

, (3.108)
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where the suffix ’re’ denotes the end point of reheating and the scale factor are can be

identified as are/af = eNre with Nre being the e-fold number of the reheating epoch and

given in Eq.(3.96). Consequently, from Eq.(3.105), we evaluate the magnetic power

spectrum at the end instant of reheating, as

∂ρ(B⃗)

∂ ln k

∣∣∣∣
re

=

(
k4

a4reπ
2

)∑
r=±

∣∣βr∣∣2 {Arg[αrβ∗
r

]
− π −

(
4k

(3ωeff + 1)afHf

)[(
Hf

Hre

)δ
− 1

]}2

,(3.109)

where, δ = (3ωeff + 1)/(3ωeff + 3). After the reheating era, the conductivity of the uni-

verse is assumed to be sufficiently large so that the electric field dies out very fast.

Therefore, Faraday induction will halt. Consequently, the magnetic field begins to

evolve according to radiation as a−4 till today. The present-day magnetic power spec-

trum then becomes,

∂ρ(B⃗)

∂ ln k

∣∣∣∣
0

=

(
are
a0

)4
∂ρ(B⃗)

∂ ln k

∣∣∣∣
re

(3.110)

and, as a result, Eq.(3.109) leads to the current magnetic strength, as

B0 =

√
2

π

(
k

a0

)2
√√√√∑

r=±

∣∣βr∣∣2 {Arg[αrβ∗
r

]
− π −

(
4

3ωeff + 1

)(
k

afHf

)[(
Hf

Hre

)δ
− 1

]}2

,(3.111)

The above expression clearly indicates that the magnetic field’s current amplitude ex-

plicitly depends on the reheating parameters (ωeff , Hre), and inflationary ns. As a con-

sequence, probing B0 and its nature open up a new window to look into the reheating

phase. Given an inflationary model, the expression in Eq.(3.111) establishes the con-

nection between the current magnetic strength B0 and the reheating EoS parameter

ωeff . Thus, we may argue that the effective equation of state is no longer a free param-

eter; rather, it is fixed by the B0 via CMB.

Having obtained the final expression of B0, now we confront our model with the

CMB observations, which put a constraint on the current magnetic strength, as 10−10G ≲

B0 ≲ 10−22G [23, 90, 91]. For this purpose, we need Hf/Hre, which depends on Nre, as
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Figure 3.5: B0 (in Gauss units) vs ωeff with k = 0.05Mpc−1 in the Kamionkowski like reheating
scenario. The reheating temperature for different values of ωeff is shown in the upper label of
the x-axis. In the left plot: H∗ = 10−5MPl, ns = 0.9649, ln

[
1010As

]
= 3.044, Nf = 50 and in

the right plot: H∗ = 10−5MPl, ns = 0.9649, ln
[
1010As

]
= 3.044, Nf = 55.

discussed after Eq.(3.108). In our effective theory framework, we have three main in-

put parameters: the inflationary energy scaleH∗ and the inflationary e-folding number

Nf , and the reheating equation of state ωeff . All the other parameters can be com-

puted such as Nre, Hf , Ḣ∗ and Ḧ∗. Given the observed central values ns = 0.9649,

ln
[
1010As

]
= 3.044, for our estimation, we consider two different sets of values for

(H∗, Nf ) particular, we consider - (1) (H∗, Nf ) = (10−5MPl, 50) and (2) (H∗, Nf ) =

(10−5MPl, 55). The first and second sets correspond to the Hubble parameter at the

end of inflation as Hf = 3.61 × 10−6MPl and Hf = 1.62 × 10−6MPl respectively, i.e Hf

decreases with increasing e-folding number, as expected. With such considerations,

we plot B0 versus ωeff by using Eq.(3.111) in Fig.3.5. It clearly demonstrates that the

theoretical prediction of B0 lies well within the observational constraints for a certain

range of values of the reheating EoS parameter, given by: 0.01 ≲ ωeff ≲ 0.14 forNf = 50

and 0.01 ≲ ωeff ≲ 0.25 for Nf = 55, which are also consistent with BBN constraint on

the minimum reheating temperature ∼ 10−2GeV.

Finally, let us also point out how the helical nature of the magnetic field spectrum

evolves, which is shown in the Fig.3.6. The figure depicts that the comoving helic-

ity density grows with time during the reheating stage. However, during the post-
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Figure 3.6: P (h)a3/k3 versus k/(aH) during and after reheating era. The reheating EoS is
taken as ωeff = 0 for which k

aH ∝ k
√
a ∝ kη.

reheating phase, the universe is considered to be a very good conductor, which in turn

makes the electromagnetic mode functions constant over time. As a result, the helic-

ity goes as 1/a3, or equivalently, the comoving helicity becomes constant during the

after-reheating phase to the present epoch. Important to realize that the introduction

of reheating has increased the comoving helicity density by a manifold compared to

that of the helicity density produced for the instantaneous reheating case.

3.6.3 Perturbative reheating with time dependent EoS: Evolution of magnetic field

In this section we consider perturbative reheating scenario [183], where the infla-

ton energy density (ρϕ) decays into the radiation energy density (ρR) governed by the

Boltzmann equations Eqs.(3.113) and (3.114). It essentially leads to the time-dependent

effective equation of state (EoS) during the phase, which is defined by

ωeff =
3ωϕρϕ + ρR

3
(
ρϕ + ρR

) . (3.112)

Where, ωϕ symbolizes the time-averaged EoS of the inflaton field. For example, dur-

ing reheating, for oscillating canonical inflaton with potential V (ϕ) ∝ ϕp, assumes the

time-averaged EoS, ωϕ = (p− 2)/(p+ 2). However, the effective equation of state ωeff

naturally [183] depends on time. Initially, ωeff behaves as approximately equal to ωϕ,
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and after a certain instance of time it smoothly transits to the value ≈ 1/3, setting the

beginning of the radiation epoch. This scenario is different from that of the earlier one,

where the inflaton energy density is assumed to be instantaneously converted into ra-

diation energy density at the end of reheating.

The set of Boltzmann equations governing the evolution of ρϕ and ρR are given by,

dΦ

dξ
+

√
3MPlΓϕ
H2
f

(1 + ωϕ)
ξ1/2Φ

Φξ−3ωϕ +Rξ−1
= 0 (3.113)

and

dR

dξ
−

√
3MPlΓϕ
H2
f

(1 + ωϕ)
ξ

3(1−2ωϕ
2 Φ

Φξ−3ωϕ +Rξ−1
= 0 , (3.114)

respectively. The Boltzmann equations are expressed in terms of a rescaled scale factor

ξ(a) = a/af for convenience, with af being the scale factor at the end of inflation.

Furthermore Γϕ symbolizes the decay rate from inflaton to radiation energy density

and the comoving densities are rescaled in terms of the dimensionless variable as,

Φ =

(
ρϕ
H4

f

)
ξ3
(
1+ωϕ

)
; R =

(
ρR
H4

f

)
ξ4 . (3.115)

For solving the above Boltzmann equations, the natural initial conditions will be set at

the end of inflation as follows,

Φ(ξ = 1) = ρf/H
4
f and R(ξ = 1) = 0 , (3.116)

ρf is the inflaton energy density at ξ = 1. Furthermore, the reheating temperature is

identified from the radiation temperature Trad at the point of H(tre) = Γϕ (tre denotes

the end of reheating), when maximum inflaton energy density is transferred into radi-

ation.

Tre = T endrad =

(
30

π2gre

)1/4 [
ρR(Γϕ, ξre, ns)

]1/4
. (3.117)

with ξre being the rescaled factor at the end of reheating i.e ξre = are/af . From the en-

tropy conservation of thermal radiation, the relation among Trad = Tre at equilibrium,
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ωϕ = 0, Tre = 106 GeV
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Figure 3.7: The background Hubble parameter H(ξ) versus ξ during the reheating era i.e for
1 ≤ ξ ≤ ξre. The plot corresponds to ωϕ = 0 and Tre = 106GeV.

and (T0, Tν0 = (4/11)1/3T0), the temperature of the CMB photon and neutrino back-

ground at the present day, respectively, can be written as

greT
3
re =

(
a0
are

)3(
2T 3

0 + 6
7

8
T 3
ν0

)
. (3.118)

Using the above equation, one arrives at the following well-known relation

Tre =

(
43

11gre

) 1
3
(
a0T0
k

)
H∗e

−Nfe−Nre , (3.119)

where Nre is the e-folding number of the reheating era. To establish one to one corre-

spondence between Tre and Γϕ, we combine the equations (3.117) and (3.119). To fix the

values of decay width Γϕ in terms of spectral index (ns), we use one further condition

at the end of the reheating

H2(ξre) =
1

ξ2re

(
dξre
dt

)2

=
ρϕ(Γϕ, ξre, ns) + ρR(Γϕ, ξre, ns))

3M2
Pl

= Γ2
ϕ . (3.120)

With the above equipments, we solve the Hubble parameter (H2(ξ) = 1
3M2

Pl

(
ρϕ + ρR

)
)

numerically along with the coupled Boltzmann differential equations (3.113) and (3.114).

The numerical solutions of H(ξ) is depicted in Fig.3.7 which corresponds to a particu-

lar set: Tre = 106GeV and ωϕ = 0 respectively. In the perturbative reheating scenario,
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the quantity η − ηf of Eq.(3.95) can be expressed as,

η − ηf =

(
1

afHf

)∫ ξ

1

dξ

ξ2

√
3MPlHf√

ρr(ξ) + ρϕ(ξ)
, (3.121)

where ρϕ and ρR are governed by the coupled Eqs.(3.113) and (3.114). Due to the com-

plicated nature of the Boltzmann equations, the integral in Eq.(3.121) may not be per-

formed in a closed form; however, we will perform it numerically for various values of

ωϕ. The above expression of η− ηf immediately leads to the magnetic power spectrum

during the reheating era as follows,

∂ρ(B⃗)

∂ ln k
=

1

π2

(
k4

a4

) ∑
r=±

∣∣βr∣∣2 {Arg[αrβ∗
r

]
− π − 2

(
k

afHf

)∫ ξ

1

dξ

ξ2

√
3MPlHf√

ρr(ξ) + ρϕ(ξ)

}2

.(3.122)

Furthermore, due to the fact that
∣∣βr(ηf )∣∣≫ 12, the electric power spectrum during the

reheating phase goes as,

∂ρ(E⃗)

∂ ln k
=

1

π2

(
k4

a4

) ∑
r=±

∣∣βr(ηf )∣∣2 . (3.123)

The above expressions will be used to investigate whether scenario S2, with a reheat-

ing phase, characterized by a perturbative mechanism, will predict sufficient magnetic

strength in the present Universe. We will analyze this for different values of ωϕ in

Sec.3.6.3.1, which in turn will help to probe various information about the reheating

phase.

3.6.3.1 Present day magnetic field and constraints on perturbative reheating

Following this same methodology considered for the earlier reheating scenario, we

will see that the present value of the magnetic field constrains the perturbative re-

heating dynamics. During the perturbative reheating, the effective EoS ωeff is time-

dependent. However, to set constraints, we may introduce an average effective EoS

defined by,

⟨ωeff⟩ =
1

ξre − 1

∫ ξre

1

ωeff dξ =
1

ξre − 1

∫ ξre

1

{
3ωϕρϕ + ρR

3
(
ρϕ + ρR

)}dξ (3.124)
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Figure 3.8: B0 (in Gauss units) vs ⟨ωeff⟩ with k = 0.05Mpc−1 in the perturbative reheating
scenario. The reheating temperature for different values of ⟨ωeff⟩ is shown in the upper label of
the x-axis. In the left plot: H∗ = 10−5MPl, ns = 0.9649, ln

[
1010As

]
= 3.044, Nf = 50 and in

the right plot: H∗ = 10−5MPl, ns = 0.9649, ln
[
1010As

]
= 3.044, Nf = 55.

where we use Eq.(3.112) and recall, ξ = 1 to ξ = ξre denotes the reheating phase.

It may be observed from Eq.(3.124) that ⟨ωeff⟩ contains the information of background

evolution of ρϕ and ρR, and also depends on the inflaton EoS (ωϕ). Following Eq.(3.122),

and the detailed procedure discussed in the previous section, one obtains the magnetic

field strength at the present epoch as,

B0 =

√
2

π

(
k

a0

)2
√√√√∑

r=±

∣∣βr∣∣2 {Arg[αr β∗
r

]
− π −

(
2kMpl

afHf

)∫ ξre

1

dξ

ξ2

√
3Hf√

ρr(ξ) + ρϕ(ξ)

}2

(3.125)

For this purpose, we will take the same set of parameter values as before for our nu-

merical computation, (H∗, Nf ) = (10−5MPl, 50) and (2) (H∗, Nf ) = (10−5MPl, 55). Given

those values, we first need to evaluate ξre appearing in the upper limit of the integral,

which is done by simultaneously satisfying the following equations:

H(ξre) = Γϕ , Tre =

(
30

π2gre

)1/4

ρ
1/4
R , Tre =

(
43

11gs, re

) 1
3 a0T0

k
H∗e

−Nf e−Nre (3.126)

Using ξre and the numerical solutions of ρϕ and ρR from the Boltzmann equations, we

get the variation of B0 with ωϕ, which is depicted in Fig.3.8. It is with respect to the

average effective EoS of the reheating era, i.e, in respect to ⟨ωeff⟩ defined in Eq.(3.124).

As we may observe, similar to the earlier reheating case, the current magnetic strength
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in the perturbative reheating mechanism increases with the average effective EoS (i.e

⟨ωeff⟩, defined in Eq.(3.124)) and lies within the observational constraints for a suit-

able regime of reheating parameters. However, the viable range of the reheating pa-

rameters differs in the two reheating mechanisms . In particular, the compatibility of

the scenario S2, with a reheating phase characterized by a perturbative mechanism,

both with the CMB observations on B0 and with the BBN constraint on the reheating

temperature, leads to a constraint on ⟨ωeff⟩ as: 0.05 ≲ ⟨ωeff⟩ ≲ 0.17 for Nf = 50 and

0.04 ≲ ⟨ωeff⟩ ≲ 0.27 for Nf = 55 respectively.

3.7 Conclusion

Effective field theory is a powerful tool in various branches of physics. In this

chapter, we studied inflationary magnetogenesis in this EFT framework in detail. In

the cosmological Universe, four-dimensional diffeomorphism symmetry is generically

broken down to spatial diffeomorphism. In this framework, the electromagnetic sec-

tor automatically breaks conformal invariance, which plays the crucial role in produc-

ing the gauge field from the quantum vacuum. We have also considered the parity-

violating term, which further gives rise to the helical magnetic field, which has great

observational significance. The form of the coupling functions has been considered in

such a way that during inflation, the electromagnetic field evolves non-trivially; how-

ever, at late times (in particular after the end of inflation), the conformal symmetry

of the EM field is restored and consequently the standard Maxwellian evolution is re-

stored.

We have explored the evolution of the EM, scalar, and tensor perturbations and de-

termined the primordial power spectrum taking into account PLANCK and large-scale

magnetic field observations. In regard to the cosmological evolution of the electric and

magnetic fields, we discussed the possibilities of a scale-invariant magnetic or electric

power spectrum, particularly at the superhorizon scale. If we consider instantaneous

reheating after inflation, it is observed that the scale-invariant magnetic field scenario
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is observationally compatible, but it suffers from the backreaction problem. On the

other hand, the scale-invariant electric field scenario is indeed free from the backreac-

tion problem. However, it does not predict a sufficient amount of magnetic strength in

the present Universe.

To cure this problem, we next introduce a reheating phase with non-trivial evolu-

tion dynamics and a non-zero e-folding number. Two different reheating mechanisms

are considered: (i) Reheating dynamics is [66] governed by a time independent effec-

tive equation of state (ωeff). (ii) As a second possibility, we consider a perturbative

reheating scenario where the effective equation of state is time-evolving due to non-

trivial decay of the inflaton into the radiation. Because of the reheating phase, the

post-inflation dynamics of the EM field become non-trivial. The most interesting case

arises when one considers vanishing electrical conductivity during this phase, which

induces an additional magnetic field from the non-vanishing electric field due to the

well-known Faraday effect. However, after the end of reheating, this effect ceases to

exist as the Universe becomes a good conductor and, hence, the electric field vanishes.

Specifically, the magnetic field energy density evolves as a−6H−2 during the reheat-

ing era, and after the reheating, as a−4. Furthermore, we observed that reheating also

helps increase the helicity of the magnetic field if parity violation is introduced in the

system, as shown in Fig.3.6. Reheating phase, therefore, helps enhance the present

value of magnetic field as compared to the ordinary instantaneous reheating case. Our

detailed analysis shows that this is precisely the mechanism that can provide the right

magnitude of the present magnetic field for the scale-invariant electric field scenario.

However, this mechanism does not help to cure the problem for the scale-invariant

magnetic case. The reason is that the backreaction problem occurs during inflation and

thus can not be rescued by any post-inflationary phase. We will discuss the possible

resolution of this problem in our forthcoming paper.

Most importantly, introducing the reheating era not only helps to obtain the right

magnitude of the large-scale magnetic field, It allows one to obtain valuable informa-
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tion about the reheating EoS parameter (ωeff), which in turn can potentially constrain

the inflationary model itself, which has been discussed before in some of our recent

works [70, 95]. Therefore, probing a large-scale magnetic field opens up a new probe

to look into the reheating phase, which is otherwise very difficult to constrain. Com-

bining CMB, presently observed constraint on B0, and the BBN constraint, our anal-

ysis restricts the value of of ωeff as follows: (i) 0.01 ≲ ωeff ≲ 0.14 for Nf = 50 and

0.01 ≲ ωeff ≲ 0.25 for Nf = 55 for the reheating scenario where EoS is constant. and (ii)

0.05 ≲ ⟨ωeff⟩ ≲ 0.17 for Nf = 50 and 0.04 ≲ ⟨ωeff⟩ ≲ 0.27 for Nf = 55 for the perturba-

tive reheating scenario (recall, Nf is the inflationary e-folding number and ⟨ωeff⟩ is the

average effective EoS during the reheating era defined in Eq.(3.124). The reheating era

provides a viable constraint on the reheating EoS parameter from CMB observations.
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Based on ”Magnetogenesis from an anisotropic universe” by S. Pal, D. Maity and T. Q. Do,

Phys. Rev. D 109, no.8, 083507 (2024) [arXiv:2311.07685].

As we had discussed in Chapter 1, it is well known that our Universe is magnetized

on all observational scales. Starting from the planets and stars to large-scale galaxies

and galaxy clusters, and even to the intergalactic medium (IGM). In particular, the

magnetic field strength for galaxies and galaxy clusters has been observed to be ∼ µG.

A few G of magnetic field is hosted by planets. Furthermore, in the case of neutron

stars, a magnetic field strength of 1012G has been measured. From Gamma-ray ob-

servations and Faraday rotation measurements, the magnetic field in the intergalactic

medium (IGM) has also been shown to be bounded with the strength ranging from

10−10 − 10−22 G [23, 50, 90, 91, 96]. The presence of magnetic fields on a large scale

(∼ 1MPc), especially in the IGM, suggests that they are primordial, having been gen-

erated during the Big Bang or later and surviving until today as a relic. Magneto-

hydrodynamic processes can successfully explain the magnetic fields in galaxies and

galaxy clusters, where the dynamo mechanism amplifies the seed magnetic field. How-

ever, the origin of primordial magnetic fields is still an active area of research. Various

mechanisms for generating large-scale primordial magnetic fields have been proposed,

which can be found in Refs. [31, 34, 36, 93, 97–108]. Among all the proposed models,

the inflationary magnetogenesis model is the most accepted one [31], where the elec-

tromagnetic fields are generated during the inflationary period. Here, the conformal

invariance of the Maxwell term, i.e., FµνF µν under a spatially flat background, is bro-

ken through non-minimal coupling(s) with other fields, such as scalar fields.

Following the inflationary magnetogenesis mechanism provided in refs. [30, 31, 33,

93, 103, 109], we propose a novel mechanism for generating the primordial magnetic

fields through anisotropic spacetime. In particular, the Maxwell field experiences the

existence of the anisotropies of spacetime during the inflationary era, and therefore, the

conformal invariance is not protected. In cosmology, there exists a nice classification
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4. Magnetogenesis from Anisotropic Inflation

of homogeneous but anisotropic spacetimes called the Bianchi universe [110–114]. We

work with the Bianchi type I metric, which is the simplest one and can be regarded

as a straightforward extension of the Friedmann-Lemaitre–Robertson–Walker (FLRW)

spacetime. Therefore, we study the evolution of the electromagnetic field during the

inflationary era.

Remarkably, it has long been argued that the very early Universe, which is close to

the initial singularity, should be strongly anisotropic [115–117]. During an inflationary

phase of the early Universe, all spatial anisotropies, which could have happened in

a pre-inflationary phase, should decrease very quickly such that the Universe speed-

ily approaches a locally isotropic state, as pointed out in Refs. [118, 119]. It should

be noted that this scenario is consistent with the so-called cosmic no-hair conjecture,

which claims that all initial anisotropies and inhomogeneities should disappear in a

late-time universe [120,121]. Very interestingly, some recent unavoidable anomalies in

the cosmic microwave background (CMB)radiations confirmed by the Planck [88,122],

such as the cold spot and hemispheric asymmetry, have challenged the standard in-

flationary universe models, which are based on the cosmological principle stating, the

Universe should be homogeneous and isotropic on large scales. In addition, other

interesting observational evidence, which has called the validity of the cosmological

principle into question, has been listed in a recent interesting review [123]. These

remarkable points lead us to a possible scenario of an anisotropic inflationary uni-

verse in early times. Many papers have been working on anisotropic inflation, e.g., see

Refs. [110–112] as well as Refs. [124–129].

Here, we do not discuss the origin of anisotropies in spacetime; rather, we study

the effect of this anisotropy. We treat the anisotropies as a perturbation over the FLRW

background. As the spatial anisotropy breaks the conformal flatness of the background

in the electromagnetic (EM) field, we do not need any explicit coupling with the scalar

field as proposed in the literature [93, 103–105, 108] for gauge field production dur-

ing inflation. In this context, it is important to mention the challenges in inflation-
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4.1 Bianchi I type spacetime and Quantization of the Electromagnetic field

ary magnetogenesis, namely the strong-coupling problem and the backreaction prob-

lem [35, 36, 89, 93]. In the literature, several mechanisms and different types of cou-

pling [35] have been introduced to overcome these problems. However, in our for-

malism, the strong coupling problem is readily solved in this paper since no explicit

coupling is involved with the gauge field. However, there might still be a possibility

of backreaction, which we will discuss in detail in the next sections.

4.1 Bianchi I type spacetime and Quantization of the Electromag-
netic field

We introduce the spatial anisotropy in the background through the homogeneous

but anisotropic Bianchi type I metric. In general, this type of metric can be written as

ds2 = a2(η)
[
−dη2 + b2(η)dx2 + dy2 + dz2

]
, (4.1)

where η is the conformal time, a(η) is the overall scale factor and b(η) is the anisotropic

factor along the x-direction. In our phenomenological model, we impose the condi-

tion that the anisotropy in the spacetime exists only in the inflationary era, although

the spacetime remains continuous. This ansatz guarantees that the conformal flatness

is restored after inflation. These conditions can be satisfied by various models of the

anisotropic factor b(η). However, we take a particular model that satisfies all the nec-

essary conditions

b(η) = 1 + α e−(
η

ηm
)
2

, (4.2)

In the above Eq. (4.2), α is a dimensionless parameter that determines the strength of

the anisotropy. Furthermore, ηm is a parameter that dictates the overall behavior of the

anisotropic background. An example of the anisotropic background is shown in Fig.

4.1. Here, α and ηm are free parameters of the anisotropic model. In this paper, we do

not discuss the origin of such anisotropies. However, the anisotropy, particularly near

the end of inflation, may be a combined effect of quantum field theory and the sudden

breakdown of slow-roll conditions. We will come back to this issue in the future.
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Figure 4.1: Behaviour of the anisotropic factor b(k̃η) with k̃η for anisotropic free parameters
α and k̃ηm.

The action of Einstein-scalar-vector theory can be given by

S =

∫
d4x

√
−g
[

1

16πG
R− 1

2
∂µϕ∂

µϕ− V (ϕ)− 1

4
FµνF

µν

]
, (4.3)

where G is the gravitational constant, ϕ is a scalar field, and Fµν ≡ ∂µAν − ∂νAµ is the

field strength of the vector fieldAµ(t,x) describing the electromagnetic field. In this pa-

per, the dynamics of the scalar field and the metric itself due to the anisotropies present

are beyond our scope. Therefore, we will mainly discuss the dynamics of the EM field

during the inflationary era due to the spatially anisotropic background. Therefore,

the Lagrangian of interest here is the Lagrangian corresponding to the electromagnetic

field, which, according to Eq. (5.1), is given by

Lem =
1

2a2
gjnA′

jA
′
n −

1

4
gimgjnFijFmn, (4.4)

where the prime denotes a derivative with respect to conformal time. In this paper, all

the physical quantities are denoted with the lower index, e.g., the physical momentum

is denoted by ki, and the vector potential is given by Ai. We set A0 = 0 as the choice of
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4.1 Bianchi I type spacetime and Quantization of the Electromagnetic field

gauge, and unlike the case of conformally flat spacetime, the ν = 0 component satisfies

the modified constraint equation,

g̃im∂iA
′
m = 0, (4.5)

where we have defined g̃ij = a2gij for simplicity of calculation. It can be further shown

that the above equation boils down to the usual Coulomb condition for the conformally

flat case. However, the raising (and lowering) of the indices is done through the metric

component gij(gij). Similarly, the dynamical equation of motion for the magnetic vec-

tor potential Ai can be calculated from the ν = j component, which boils down to

A′′
n +

b′

b
A′
n + g̃jng̃

′jkA′
k − g̃im∂iFmn = 0. (4.6)

It is important to note that the metric components play a crucial role in the dynamics

of the field. In the case of a standard conformally flat background, the term with the

metric component’s derivative vanishes, giving us the regular plane wave solutions.

Now, we will promote the fields and their conjugates as operators. The conjugate

momentum operator corresponding to the field operator Ai turns out to be

Πi =
∂Lem
∂A′

i

=
1

a2
gimA′

m. (4.7)

To quantize the field, we decompose the magnetic vector potential Ai as,

Ai(η, x) =
∑
p

∫
d3k

(2π)3

(
a
(p)
k u

(p)
i (η)eiknx

n

+ a
†(p)
k u

∗(p)
i (η)e−iknx

n

)
. (4.8)

In the above Eq. (4.8), (p) is the polarization index, a(p)k and a
†(p)
k are the annihilation

and creation operators corresponding to the polarization mode (p). They follow the

general commutation relation,

[
a
(p)
k , a

(q)

k′

]
= δpq(2π)3δ3(k − k′). (4.9)

In this article, the boldface letters represent vector quantities.

In this context, it is important to discuss the commutation relation of the magnetic
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4. Magnetogenesis from Anisotropic Inflation

vector potential Ai and its conjugate momentum Πi. We impose the commutation re-

lation, such that they satisfy the constraint Eq. (4.5) on vector potential Ai,

[Ai(η, x), Aj(η,y)] = 0; [Πi(η, x),Πj(η,y)] = 0, (4.10)[
Ai(η, x),Πj(η,y)

]
=

i√
−g

∫
d3k

(2π)3
eikn(x

n−yn) ×
(
δji −

kik
j

knkn

)
. (4.11)

With the quantization of the field, we now get the mode function equations using Eq.

(4.6). The mode functions satisfy the relation,

u′′n +
b′

b
u′n + g̃

′jlg̃jnu
′
l + g̃im (kmkiun − knkium) = 0. (4.12)

The polarization index is omitted here, as all the polarization modes follow the same

equation of motion. Similarly, the constraint Eq. (4.5) in terms of the mode function

becomes

g̃inkiu
′
n = 0. (4.13)

Interestingly, Eq. (4.12) contains the derivative of the metric coefficients, which works

as the source of particle production during the inflationary era. As the mode func-

tion equation contains the derivative of the metric components, substituting the metric

components, we get the modified mode function equations as,

u′′1 −
b′

b
u′1 + k22u1 + k23u1 − k1k2u2 − k1k3u3 = 0,

u′′2 +
b′

b
u′2 +

k21
b2
u1 + k23u2 −

k1k2
b2

u1 − k2k3u3 = 0, (4.14)

u′′3 +
b′

b
u′3 +

k21
b2
u3 + k22u3 −

k1k3
b2

u1 − k2k3u2 = 0.

Moreover, all the mode functions u1, u2, and u3 satisfy the constraint in Eq. (4.13)

which explicitly boils down to

k1
b2
u′1 + k2u

′
2 + k3u

′
3 = 0. (4.15)
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The mode functions follow the normalization condition,

(
u
(p)
i g̃jmu∗

′(p)
m − u

∗(p)
i g̃jmu

′(p)
m

)
=

i

2b

(
δji −

kik
j

knkn

)
. (4.16)

Utilizing the above formalism of quantization along with the constraint relation, we

evolve the mode function in different phases of the universe until the present epoch.

4.2 Evolution of Electromagnetic field during inflationary era

According to our model in Eq.(4.1), the anisotropy in the spacetime exists only to-

wards the end of inflation. After the end of inflation, within a short period, the space-

time becomes FLRW. again, as seen from Fig. 4.1. However, it is important to mention

that the large-scale production of the EM field is not affected due to this short presence

of anisotropy after inflation. It is also evident that b → 1 towards past infinity ensures

that the Bunch-Davis vacuum condition is satisfied in the infinite past. Furthermore,

we assume the background spacetime is de Sitter in nature, i.e., a = −1/(Hη), whereH

is the Hubble parameter during inflation and remains constant throughout the entire

inflation. Following these initial conditions, we numerically solve the mode function

equations shown in Eq. (4.14). We consider k1 = k2 = k3 = k̃ ∼ 1 Mpc−1 for sim-

plification and the Hubble parameter H = 10−5Mpl remains constant throughout the

inflationary era. Here Mpl =
√
1/(8πG) is the reduced Planck mass. We redefine the

conformal time η as a dimensionless parameter x = k̃η. In terms of this new variable,

Eq. (4.2) can be rewritten as,

b(x) = 1 + αe−(
x

xm
)
2

, (4.17)

where the parameters α and k̃ηm are chosen accordingly to avoid the backreaction from

anisotropy, which essentially means that the anisotropy acts as a perturbation over the

FLRW universe. A detailed discussion of the anisotropic backreaction is done in the

later section. In terms of the redefined variables x = k̃η, ũi =
√
k̃ui, and k̃ = k1 = k2 =
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Figure 4.2: Evolution of the mode functions ũ1, ũ2, and ũ3 with x = k̃η for the value of
anisotropic parameter α = 3 and xm = −2. As the anisotropy exists only along the x-direction,
the mode function equation corresponding to the x-direction (ũ1) behaves differently than the
other two (ũ2, ũ3).

k3, the mode function equations can be written as,

d2ũ1
dx2

− 1

b

db

dx

dũ1
dx

+ 2ũ1 − ũ2 − ũ3 = 0,

d2ũ2
dx2

+
1

b

db

dx

dũ2
dx

+
ũ2 − ũ1
b2

− ũ3 = 0, (4.18)

d2ũ3
dx2

+
1

b

db

dx

dũ3
dx

+
ũ3 − ũ1
b2

− ũ2 = 0,

along with the constraint equation,

1

b2
dũ1
dx

+
dũ2
dx

+
dũ3
dx

= 0. (4.19)

By solving Eq. (4.18), we can obtain the mode function solution for different choices of

the parameters α and xm as shown in Fig. 4.2. The above figure shows that the mode

function grows in time due to anisotropy, particularly near the end of inflation. For

values α < 0.03, field production stops altogether. Hence, we get a lower bound on

the anisotropic parameter α ≥ 0.03. The upper bound on α is discussed in the later

sections.
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4.2.1 Power spectrum of the electromagnetic field during inflationary era

The stress energy-momentum tensor corresponding to the produced EM field is

given by

Tµν = − 2√
−g

δ[
√
−gL]
δgµν

. (4.20)

As a result, the energy-momentum tensor corresponding to the electromagnetic part

of the Lagrangian boils down to

Tmn = −1

4
gmng

µαgνβFµνFαβ + gµνFmµFnν . (4.21)

The total energy density of the system is given by the Ttt component of the energy-

momentum tensor. Therefore, the total electromagnetic energy density of the system is

ρ = −⟨T 0
0 ⟩ =

1

2a2
gij⟨A′

iA
′
j⟩+

1

4
gijgab⟨FiaFjb⟩. (4.22)

Thus, we have the electric field and magnetic field energy densities as,

ρE(x, η) =
1

2a2
gij⟨A′

iA
′
j⟩,

ρB(x, η) =
1

4
gijgmn⟨FijFmn⟩, (4.23)

respectively, where the expectation values are taken with respect to the initial Bunch-

Davies (BD) vacuum. In the momentum space, these energy densities can be written

as

ρE(k, η) =
1

2a4

∑
p

∫
d3k

(2π)3
u
(p)
i g̃iju

∗′(p)
j , (4.24)

ρB(k, η) =
1

4a4

∑
p

∫
d3k

(2π)3
g̃ij g̃mn ×

[(
kiknu

(p)
m u

∗(p)
j − kikju

(p)
m u∗(p)n

)
+
(
kmkju

(p)
i u∗(p)n − kmknuiu

∗(p)
j

)]
. (4.25)
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In order to determine the strength of the magnetic field in the present era, we first

define the power spectrum of the electromagnetic field as

PE/B(k, η) =
∂ρE/B
∂ ln k

, (4.26)

As already stated earlier, each polarization mode follows the same equation of motion.

Therefore, all the polarization modes have equal contributions. Summing over all the

polarization modes and using the assumption that the amplitude of all the momenta

k1 = k2 = k3 = k̃ is the same, we calculate the power spectrum of the electric and

magnetic fields as

PE(η, k̃) =
k̃3

2π2a4

(
|u′1(η)|2

b2
+ |u′2(η)|2 + |u′3(η)|2

)
, (4.27)

PB(η, k̃) =
k̃5

2π2a4

[
1

b2

(
2|u1|2 + |u2|2 + |u3|2 − 2ℜ(u1u∗2)− 2ℜ(u1u∗3)

)
+

(
|u2|2 + |u3|2 − 2ℜ(u2u∗3)

)]
. (4.28)

With these forms of the power spectrum, our goal would be to calculate its strength at

present. However, before that, we will calculate the condition for which the produced

electromagnetic field should not backreact to the background during inflation.

4.2.2 Backreaction of anisotropic background and generated EM field

In the previous section, we briefly discussed the backreaction and strong coupling

problem of inflationary magnetogenesis. In a general large-scale gauge field produc-

tion scenario, a scalar field is coupled to the EM field to break the conformal invariance.

Depending on the choice of the coupling function, it is possible to have a strong cou-

pling problem, and different scenarios have been discussed in the literature [35, 36, 89,

93]. For the sake of completeness, we discuss it here briefly. In order to have a sustain-

able production of the electromagnetic field during inflation, the coupling function is

often chosen to be an increasing function of time. However, it needs to revert to unity

to restore the regular Maxwellian electromagnetism at the end of inflation. Hence, it

needs to be very small at the start of the inflationary era, so the effective charge of elec-
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trons will be very large, and we cannot treat the gauge field as a free field during the

inflationary era. In this proposal, there is no such direct coupling between the inflaton

field and the EM field. Therefore, we do not need to worry about the strong coupling

issue in this scenario. However, we must ensure that the anisotropy energy density or

the generated EM field does not jeopardize the inflation. To this extent, we calculate

the energy density produced by the anisotropic background and get a lower bound on

the anisotropic parameter k̃ηm and α introduced in Eq. (4.17). The energy-momentum

tensor of the background Tµν is dictated by the Einstein equation in terms of the Ein-

stein tensor Gµν as

Gµν = 8πGTµν . (4.29)

In the case of Bianchi type I background as introduced in Eq. (5.3), the 00 compo-

nent of the Einstein tensor can be calculated as

G00 =
a′(3a′b+ 2ab′)

a2b
. (4.30)

Thanks to this result, we can calculate the energy density corresponding to the anisotropic

background. It turns out as

ρtotal = −T 0
0 = − 1

8πG
G0

0 =
1

8πG

(
3
a′2

a4
+ 2

a′

a3
b′

b

)
= 3H2M2

pl + 2HM2
pl

b′

ab
, (4.31)

where H ≡ a′/a2 is the Hubble parameter in conformal time during the inflation, a

is the scale factor in de Sitter spacetime (a = −1/(Hη)). From the dynamics of the

inflaton field during inflation, we already know that the total energy of the inflaton

field is given by ρinf = 3H2M2
pl. Therefore, the total background energy density in Eq.

(4.31) consists of two parts. The first part we call inflationary energy density, and the

second part is the energy density due to anisotropy in the background,

ρinf = 3H2M2
pl, ρanis = 2HM2

pl

b′

ab
. (4.32)

105

TH-3815_1861231026



4. Magnetogenesis from Anisotropic Inflation

α=1, Nm=-9.2

α=2, Nm=-9.9

α=3, Nm=-10.3

-14 -12 -10 -8 -6 -4 -2 0

0.0

0.2

0.4

0.6

0.8

N

ρ
an
is
/ρ
in
f

Figure 4.3: Evolution of the ratio of anisotropic energy density to inflationary energy density
with the e-folding number N with different anisotropic parameters α and Nm.

In our proposition, we have mentioned earlier that the anisotropy should act as a per-

turbation. Therefore, we must ensure that the anisotropic energy density must be

much lower than the inflaton energy density. Furthermore, the electromagnetic en-

ergy density has to be lower than the anisotropic and inflaton energy densities. From

the PLANCK data [88], we know that the temperature anisotropy in CMB is ∆T
T

∼ 10−5.

If the anisotropic energy is closer to the perturbative limit towards the end of the in-

flationary era, it will not affect the CMB map, as observed by the PLANCK. We define

e-folding number during the inflationary era as N = ln
(

a
aend

)
, where aend is the scale

factor at the end of inflation. By this definition, the e-folding number at the end of in-

flation Nend = 0. Moreover, the total e-folding number during the inflation is Ntot ≃ 60.

The anisotropic factor b in terms of e-folding number can be written as

b(N) = 1 + α exp
[
−e2(Nm−N)

]
, (4.33)

here Nm is the e-folding number corresponding to the conformal time ηm. We can

calculate the ratio of the anisotropic energy density and the inflationary energy density

in terms of the e-folding number N as follows∣∣∣∣ρanisρinf

∣∣∣∣ = ∣∣∣∣ 2

3H

b′

ab

∣∣∣∣ = ∣∣∣∣23 db

dN

1

b

∣∣∣∣. (4.34)

In order to have sustainable inflation, such that the anisotropic energy density does not
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affect the inflation energy density, we need to have
∣∣∣∣ρanisρinf

∣∣∣∣ < 1 throughout the entirety of

the inflation. Thus, the ratio gives us an upper bound on α, which dictates the strength

of the anisotropy. In Fig. 4.3, we can see that the ratio of the energy densities reaches its

maximum towards the end of inflation. Thus, we can choose our parameters such that

the ratio is up to the perturbative level (∼ 0.5). It gives us the upper bound α ≤ 1.48.

Still, the CMB remains unaffected due to the presence of spatial anisotropies. However,

it is worth mentioning here that we do not consider the dynamics of the anisotropy

in the background. In order to make sure that the anisotropic background comes in

towards the end of inflation, we take the upper limit on the parameter k̃ηm ≥ −2.

Furthermore, during inflation, the EM field is also produced. It is also necessary to

ensure that the generated gauge field energy density does not violate the inflationary

energy density. We can see that the maximum production occurs towards the end of

inflation from the nature of the coupling function introduced in Eq. (4.17). Thus, to

avoid the backreaction problem, it is sufficient to satisfy

ρE + ρB ⩽ ρinf .

We can obtain the values of the energy densities of the electric and magnetic fields from

Eq. (4.23) and integrate over all the modes inside the horizon during the inflationary

era. Which finally boils down to,

ρE =
H4

2π2

∫ xf

xi

dxx3
[
1

b2

∣∣∣∣dũ1dx
∣∣∣∣2 + ∣∣∣∣dũ2dx

∣∣∣∣2 + ∣∣∣∣dũ3dx
∣∣∣∣2], (4.35)

ρB =
H4

π2

∫ xf

xi

dxx3
[
1

b2

(
2|ũ1|2 + |ũ2|2 + |ũ3|2 − 2ℜ(ũ1ũ∗2)− 2ℜ(ũ1ũ∗3)

)
+

(
|ũ2|2 + |ũ3|2 − 2ℜ(ũ2ũ∗3)

)]
. (4.36)

Where we recall the variables x = k̃η, ũi =
√
k̃ui, evaluating the integrations numeri-

cally, the ratio of the energy densities turns out to be ρE+ρB
ρinf

∼ 10−9, for the anisotropic

parameter k̃ηm = −1 and α = 1.45. As the generated electromagnetic energy density is

very low compared to the background inflaton energy density, the backreaction prob-
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lem is also avoided. Therefore, with this formalism, we can sustainably produce the

EM field during inflation without worrying about the strong coupling or backreaction

problem. On the other hand, ensuring that the generated EM field does not surpass

the energy density of the inflationary background is also necessary. Eq. (4.17) shows

that the maximum energy density occurs at η = 0. However, we have taken that the

inflation ends at ηf , so there is no production of the large-scale magnetic field in the

post-inflationary era. If the electromagnetic energy density is less than the anisotropic

energy density at the end of inflation, all the sufficient conditions for no backreaction

are satisfied. To this end, we reiterate that the anisotropic parameter α is so chosen that

the anisotropic energy density remains subdominant compared to the inflaton energy

density. We further show that the produced energy density of the electromagnetic field

is less than the anisotropic energy density. In conclusion, the produced electromag-

netic field affects neither the inflationary nor the anisotropic background. Therefore,

this formalism effectively produces a magnetic field without special coupling to avoid

the backreaction effect.

4.3 Post inflationary evolution

The anisotropic factor b goes to unity after the end of inflation, and the spacetime

becomes conformally flat. Afterward, the EM field evolved into a usual Maxwellian

field. However, depending on the evolution of the universe, we can have two different

scenarios of field evolution: (i) In the first scenario, it is assumed that the universe

instantly goes into radiation domination, i.e., the inflaton field instantly decays and

produces radiation. (ii) In the second scenario, the inflaton decays within a finite time,

and therefore, it goes through a brief period of reheating, having a non-zero e-folding

number and very low conductivity. The dynamics of the subsequent evolution of the

universe dictate the present strength of the observed magnetic field. We will discuss

both scenarios in the next subsections.
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4.3.1 The case of instantaneous reheating

In this section, we will find the strength of the magnetic field at present, considering

an instantaneous reheating scenario. In this case, after the end of the inflationary era,

the universe instantly thermalizes and goes to the radiation-dominated era. As the

conductivity of the universe becomes very large, the electric field dies out instantly.

However, the magnetic field produced during the inflationary era decays as a radiation

density PB ∝ a−4. Therefore, by incorporating the conservation of entropy, we can

compute the strength of the magnetic field, which relates to the field strength at the

end of inflation. We have already calculated the power spectra of the magnetic field

during the inflationary era in Eq. (4.28). In terms of the mode functions, the explicit

expression for the present-day magnetic field turns out to be

B0 =

(
−k̃ηfafH
π2a0

)2√
|ũ1(xf )|2 + |ũ2(xf )|2 + |ũ3(xf )|2. (4.37)

The above expression is in the GeV2 unit. Here, we recall the variable ũi =
√
k̃ui (with

i = 1, 2, 3), H is the Hubble parameter during inflation, and k̃ is the scale under consid-

eration in which we will estimate the strength of the magnetic field. Furthermore, in

order to calculate the value of B0 from Eq. (4.37), we first need to evaluate the value of

the ratio af
a0

. We evaluate the value to be a0
af

≈ 1030(H/10−5Mpl)
1/2. Here, in particular,

we have taken the value of the Hubble parameter to be H = 10−5Mpl. With the numer-

ical solution of the mode functions from Fig. 4.2 at the end of inflation k̃ηf = −0.0001

and Eq. (4.37) we can evaluate the strength of the magnetic field at present-day using

the conversion 1 G = 1.95× 10−20 GeV2 for different values of the anisotropic parame-

ters α and k̃ηm. In Fig. 4.4, we can see the variation of the present-day magnetic field

B0 with α for a fixed value of k̃ηm as well as the variation of magnetic field strength

with k̃ηm. The maximum value of B0 obtained in the instant reheating scenario for

fixed value of k̃ηm is B0 = 2.86 × 10−21 G varying α. Similarly for a fixed value of α,

the maximum value of B0 obtained is B0 = 3.24 × 10−21 G. Experiments like Faraday
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Figure 4.4: (a) Variation of the present strength of the magnetic field B0 with α for a fixed
value of the anisotropic parameter k̃ηm = −1. (b) Variation of the present strength of the
magnetic field B0 with k̃ηm for a fixed value of the anisotropic parameter α = 1.45, the ratio of
the anisotropic energy density in this case remains constant at ρanis/ρinf = 0.492.

rotation and gamma-ray observation impose a bound on the present strength of the

primordial magnetic field 10−10 G ≲ B0 ≲ 10−22 G [23]. Therefore, this proposal can

generate a large-scale magnetic field within the experimental bounds of the present-

day intergalactic magnetic field. With the choice of the anisotropic parameter in the

range 0.03 ≤ α ≤ 1.48, the backreaction or the strong coupling problem is also avoided.

4.3.2 The case of prolonged reheating with constant equation of state

In the last section, we saw that we can generate the required strength of the mag-

netic field in the instant reheating scenario. However, if we consider a reheating phase
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4.3 Post inflationary evolution

with a non-zero e-folding number, then the conductivity of the universe does not reach

infinity instantly. Instead, during this period, the conductivity of the universe may re-

main very low. As a result, the electric field does not go to zero immediately and

induces a magnetic field during this period. This conversion of the electric field into

the magnetic field during the reheating phase occurs through Faraday induction [92].

This conversion of an electric field to a magnetic field makes it diluted slowly during

the reheating era compared to the previous case of PB ∝ a−4. Thus, a finite reheating

era further strengthens the magnetic field on a large scale and gives us bounds on the

EoS during the reheating era. After the inflation ends, the anisotropic factor b goes to

unity after a very short period, and the EM field evolves in the usual manner. Follow-

ing the regular Maxwellian evolution, the equation of motion of the mode functions

ui(k̃, η) during the reheating becomes

u
′′(re)
i (k̃, η) + 3k̃2u

(re)
i (k̃, η) = 0, (4.38)

where i = 1, 2, 3 are the indices corresponding to three spatial components of the

gauge field and u
(re)
i (k̃, η) are the mode functions during reheating. Furthermore, we

consider the universe a poor conductor during this period. To be precise, we take the

conductivity to be zero. The solution of the mode function from Eq. (4.38), along with

the proper normalization condition, gives us

u
(re)
1 (k̃, η) =

1√
6
√
3k̃

[
α1(k̃)e

−i
√
3k̃(η−ηf ) + β1(k̃)e

i
√
3k̃(η−ηf )

]
,

u
(re)
2,3 (k̃, η) = − 1

2
√
6
√
3k̃

[
α2,3(k̃)e

−i
√
3k̃(η−ηf ) + β2,3(k̃)e

i
√
3k̃(η−ηf )

]
, (4.39)

with αi and βi are the integration constants, and ηf denotes the end of inflation. the

integration constants are evaluated at the end of inflation ηf by equating the junction

conditions of inflationary and reheating era

u
(re)
i (k̃, ηf ) = ui(k̃, ηf ) and u

′(re)
i (k̃, ηf ) = u′i(k̃, ηf ). (4.40)
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In the above Eq. (4.40), ui(k̃, η) are mode functions during the inflationary era which

follow Eq. (4.14) and u
(re)
i are mode functions during the reheating era following Eq.

(4.38). This immediately leads to the integration constants,

α1(k̃) =

√
3
√
3k̃

2
u1(k̃, ηf ) + i

√√
3

2k̃
u′1(k̃, ηf ),

β1(k̃) =

√
3
√
3k̃

2
ũ1(k̃, xf )− i

√√
3

2k̃
u′1(k̃, ηf ),

α2,3(k̃) = −
√

6
√
3k̃u2,3(k̃, ηf )− i

√
2
√
3

k̃
u′2,3(k̃, ηf ),

β2,3(k̃) = −
√

6
√
3k̃u2,3(k̃, ηf ) + i

√
2
√
3

k̃
u′2,3(k̃, ηf ). (4.41)

With all these, we can now compute the time-evolving power spectrum during reheat-

ing as

PB(η, k̃) =
k̃5

π2a4

(
|u(re)1 |2 + |u(re)2 |2 + |u(re)3 |2

)
=

∑
i

k̃4

π2a4
|ũ(re)i |2

=
k̃4

π2a4

[
1

6
√
3

(
|α1|2 + |β1|2 + 2|α1||β1| × cos[Arg(α1β

∗
1)− 2

√
3k̃(η − ηf )]

)
+

1

24
√
3

(
|α2|2 + |β2|2 + 2|α2||β2| × cos[Arg(α2β

∗
2)− 2

√
3k̃(η − ηf )]

)
+

1

24
√
3

(
|α3|2 + |β3|2 + 2|α3||β3| × cos[Arg(α3β

∗
3)− 2

√
3k̃(η − ηf )

)]
.(4.42)

In order to estimate the strength of the magnetic field during the reheating era, we first

need to evaluate the term η − ηf . Following Ref. [92] the term is calculated as

η − ηf =

∫ a

af

da

a2H
. (4.43)

As the Hubble constant H is present in the above equation, it is evident that the quan-

tity η − ηf depends on the background’s evolution during the inflationary era. In par-

ticular, how the inflaton energy density is converted into radiation energy density. In

general, there are two scenarios
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4.3 Post inflationary evolution

• Evolution through time-independent, effective equation of state.

• Perturbative decay of inflaton into radiation (perturbative reheating scenario).

Here in this paper, we will only discuss evolution through an independent constant

effective EoS. In this context, we follow the methodology proposed by Kamionkowski

et al. in Ref. [66]. Here, the evolution of the background is parametrized by a constant

effective EoS ωeff . Therefore, the Hubble parameter during the reheating evolves as

H ∝ a−
3
2
(1+ωeff ). The physical parameters of reheating, like the e-folding number of

the reheating era Nre and the reheating temperature Tre, can be expressed in terms of

the inflationary parameters and effective EoS ωeff as [67]

Nre =
1

3ωeff − 1

[
ln(ρf )− ln

(
π2gre
30

)
− 1

3
ln

(
43

11gs,re

)
− 4 ln

(
a0T0
k

)
+ 4 ln(Hk) + 4Nk

]
, (4.44)

Tre =

(
43

11gs,re

)1/3(
a0T0
k

Hke
−Nke−Nre

)
, (4.45)

whereHk denotes the Hubble parameter at the time of horizon crossing, k/a0 = 0.05 Mpc−1

is the pivot scale, gre is the degrees of freedom during reheating, and Nk is the total e-

folding number from the end of inflation till horizon crossing. As we have not consid-

ered any particular inflation potential in this paper, we develop a model-independent

way to determine Nk following Ref. [184]. In the calculation of Nk, we have taken the

central values of scalar spectral index ns = 0.9649 and scalar perturbation amplitude

ln[1010As] = 3.044, considering the constraints provided by the PLANCK data [88] and

as an input parameter we have chosen Nk = 50. With this choice of ns, Nk, we get an

upper bound on the effective EoS ωeff < 0.164 from the BBN bound of reheating tem-

perature Tre ∼ 10−2 GeV. Now, in order to connect the reheating parameters Nre, Tre to

the strength of the primordial magnetic field, we need to evaluate the quantity η − ηf

in Eq. (4.43). It is evaluated following the evolution of the Hubble parameter during

the reheating era. As the EoS is constant ωeff , the variation of the Hubble parameter

during the reheating era (Hre) is related to the Hubble parameter at the end of inflation
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(Hf ) as

Hre = Hf

(
are
af

)− 3
2
(1+ωeff )

, (4.46)

where the subscript “re” represents the end of reheating. Thus, are and Hre are the

scale factor and Hubble parameter at the end of reheating, respectively. Following the

above relation, the term in Eq. (4.43) boils down to

η − ηf =
2

1 + 3ωeff

(
1

aH
− 1

afHf

)
. (4.47)

Substituting the value of the extra reheating term η − ηf , we can calculate the present

strength of the magnetic field as a function of the effective EoS ωeff . After the end of

reheating, the conductivity of the universe goes to infinity. Therefore, the electric field

goes to zero, and the Faraday conversion of the electric field into the magnetic field

stops at the end of reheating. And the magnetic field decays as radiation (a−4) until

now. From the conservation of magnetic energy density, the present strength of the

magnetic field can be calculated from the relation as follows

∂ρB
∂ ln k

∣∣∣∣
0

=

(
are
a0

)4
∂ρB
∂ ln k

∣∣∣∣
re

. (4.48)

Evolving through the reheating era, the strength of the magnetic field in the present

era turns out as

B0 =

√
2

6π
√
3

(
k̃

a0

)2 [
I1 +

1

4
(I2 + I3)

]1/2
, (4.49)

where,

Ii = |αi|2 + |βi|2 + 2|αi| |βi| cos(Arg(αiβ∗
i )− Φ),

Φ =
4k̃

√
3

(1 + 3ωeff )afHf

((
Hf

Hre

)δ
− 1

)
. (4.50)

In the above Eq. (4.49), δ = (3ωeff + 1)/(3ωeff + 3). Varying the EoS ωeff , we get the

present-day strength of the magnetic field of B0 ∼ 4 × 10−20 G, which is one order

higher than what was predicted for instantaneous reheating case, which is ∼ 3× 10−21
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Figure 4.5: Variation of present magnetic strength with effective equation of state ωeff for
the choice of anisotropic parameters α = 1.45 and k̃ηm = −1. With the model independent
formalism input parameter Nk = 50 and inflationary parameter ns = 0.9649.

G. Furthermore, from the observed strength of the magnetic field, we also get a lower

bound of EoS ωeff > 0.132. From Fig. 4.5, we see that the present strength of the

magnetic field increases due to the Faraday conversion of the electric field into the

magnetic field; such an increment is quite insensitive to the reheating EoS. This incre-

ment is small since the strength of the electric field compared to the magnetic field at

the end of inflation is not significantly higher.

4.4 Conclusions

In this work, we propose a new formalism to generate large-scale magnetic fields

during the inflationary era. The novelty of the work lies in the generation of fields

during inflation. The previous works done in the context of inflationary magneto-

genesis rely on breaking the conformal invariance by coupling the EM field to some

scalar field or gravity. In the present case, we have taken the underlying background

to be anisotropic (Bianchi type I) so that the EM field action is not conformally invari-

ant under the anisotropic background. Due to the absence of any explicit coupling of

the EM field, it does not suffer from the usual strong coupling problem. In the pro-

cess, we have introduced two parameters α and ηm to characterize the behavior of the

anisotropic scale factor b(η). By appropriately tuning those anisotropic parameters,
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we further addressed the backreaction problem and successfully circumvented it. The

constraints on the anisotropic parameter is obtained from the backreaction energy con-

dition, which suggests that the ratio of the energy densities ρanis and the inflaton energy

density ρinf to be ρanis/ρinf ⩽ 0.5. We get an upper bound on the anisotropic parameter

α ≤ 1.48. Furthermore, to ensure that an electromagnetic field gets produced during

the inflationary era, we get a lower bound on the parameter α ≥ 0.03. The parameter

ηm is so chosen that the anisotropy appears towards the end of inflation. For this, we

have taken k̃ηm ≥ −2, ensuring that the anisotropy is localized and short-lived. With

this choice of parameters, we find that the ratio of the energy density of the generated

EM field to the total inflaton energy density is ∼ 10−9, which implies that the electro-

magnetic energy density is also lower than the anisotropic energy density. Therefore,

the generated electromagnetic field neither back-reacts on the inflaton field nor on the

anisotropic background. Finally, this set of parameters gives us a present strength of

magnetic field B0 ∼ 3× 10−21 G, for α = 1.45 and k̃ηm = −2, which is well in between

the latest bound on present-day magnetic field strength. However, if we consider an

elongated reheating period followed by inflation, the magnetic field strength further

increases. This increase in strength occurs due to Faraday’s conversion of the electric

field to the magnetic field. By this prolonged reheating era, we get the present strength

of the magnetic field B0 ∼ 4× 10−20 G. Through the introduction of the reheating era,

we also get a tight constraint on the range of equation of state 0.132 < ωeff < 0.164

for the particular choice of inflationary parameter ns and Nk. Due to the presence of

anisotropies, there might be interesting signatures of the anisotropies on gravitational

waves at small scales. Further, the most interesting would be investigating the origin

of such anisotropies, particularly near the end of inflation, which is part of the future

aspect of this work.
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5. Application of Quantum Information theory in cosmological scenarios

Based on ”Probing non-classicality of primordial gravitational waves and magnetic field through

quantum Poincare sphere” by D. Maity and S. Pal,Phys.Lett.B 835 (2022) 137503

The Universe is believed to have originated from quantum fluctuations. As dis-

cussed in Chapter 1, the small-scale perturbations in the early Universe evolved into

the large-scale structure we observe today. However, any experimental verification of

this quantumness would be pivotal to understanding the underlying principle of na-

ture. Therefore, finding any quantum signatures embedded in the Universe has gained

much interest in the recent past. One of the recent endeavors toward understanding

this question has been to set up experiments to understand the large-scale structure of

our Universe and look for observable quantum signatures in it. Inflation [43, 130–134]

is the most successful theory that can explain the observed large-scale structure of our

Universe to a great precision, and is essentially assumed to be a quantum mechan-

ical phenomenon. Although quantum fluctuations during inflation can successfully

explain the observed matter fluctuation distribution, any classical statistical origin of

such fluctuations can not be ruled out. Therefore, looking for an unambiguous sig-

nature of quantumness encoded in the distribution of matter would be a pivotal step

toward establishing the inflationary paradigm itself. Cosmic Microwave Background

(CMB) anisotropy directly corresponds to the matter distribution of the Universe, and

it is related to the scalar quantum fluctuations during inflation. Therefore, in recent

years, it has been considered as a potential test-bed to look for quantum signatures in

the early universe [51–55]. Primordial gravitational waves (PGW) can also be produced

from the tensor fluctuations during the inflationary era. Hence, further studies have

been performed in the context of gravitational waves [135]. The primordial magnetic

field (PMF) is also believed to have originated from inflation [34, 36, 93, 99–102, 136].

Therefore, primordial gravitational waves and the primordial magnetic field can also

play a crucial role as observables that may encode the quantum signature of the early

Universe. In this work, we aim to find the quantum signatures embedded in the pri-
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mordial fields by defining an appropriate observable called the quantum Poincaré

sphere. We will consider both gravitational and electromagnetic fields in a unified

framework for our present discussion.

Measurement of gravitational waves and large-scale magnetic fields is a long-standing

endeavor with resounding successes. However, the detection of gravitational waves

over the last few years by LIGO and Virgo [137–150] has opened up a new era in the

experimental front of understandintg the origin of our Universe in the near future.

Magnetic fields of order a few micro-Gauss (µG) with coherence length of hundred

kilo-parsecs (Kpc) scale [50, 90, 151] have been observed in galaxies and galaxy clus-

ters, and for neutron stars, the magnetic field strength is quite high. The intergalactic

void also hosts a weak ∼ 10−16 Gauss magnetic field, with the coherence length as large

as Mpc scales [23]. The origin of magnetic fields with a Mpc coherence scale is difficult

to explain by any known classical processes. At the astrophysical scale, to generate a

magnetic field of µG order, a very weak seed magnetic field is needed. However, to

explain the origin of such a magnetic field at large scales, inflationary magnetogene-

sis [31, 33, 35, 37, 92] is believed to be the most successful mechanism. Similar to the

scalar and tensor perturbations, the quantum electromagnetic fluctuations of the vac-

uum during inflation can be amplified to produce a large-scale magnetic field. Apart

from explaining the presence of a magnetic field in the intergalactic media, such a mag-

netic field can then act as a seed magnetic field at small scales and get enhanced to the

galactic scale of µG order by the well-known Galactic dynamo mechanism [151–153].

Our primary goal in this work is to construct appropriate observables for both

PGWs and PMFs, which can be measured in the present Universe and provide im-

portant quantum signatures. Our analysis will be along the lines of the squeezed state

formalism [51–53]. Furthermore, by constructing appropriate observables measured in

this state, we will solidify our proposal for quantum signatures.
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5. Application of Quantum Information theory in cosmological scenarios

5.1 Magnetogenesis in squeezed state formalism

We begin with a detailed account of the primordial magnetogenesis in the squeezed

state formalism. The conformal symmetry broken electromagnetic (EM) Lagrangian is

taken as [31],

S = −1

4

∫
d4x

√
−gI2(η)FµνF µν , (5.1)

where, Fµν = ∂µAν−∂νAµ is EM field strength tensor withAµ being the vector potential.

I(η) is an arbitrary EM coupling which breaks the conformal invariance of the EM

field. Generally, in the case of inflationary magnetogenesis, this coupling is taken as

a function of the inflaton field, which goes to 1 at the end of inflation. Following the

literature, it can be written as

I(η) =


(
aend

a

)2n
, if η < ηend

1, η ≥ ηend

(5.2)

Where a is the scale factor at any arbitrary time η, aend is the scale factor at the end of

inflation, and n is the coupling parameter. The background is taken to be spatially flat

FLRW metric with scale factor a(η),

ds2 = a(η)2(−dη2 + dx2 + dy2 + dz2), (5.3)

Because of spatial flatness, components of the vector potential can be defined in terms

of irreducible components as Aµ = (A0, ∂iS + Vi) with the traceless condition δij∂iVj =

0. In terms of these components, the action Eq.(5.1) becomes,

S =
1

2

∫
dηd3xI(η)(V ′

i V
i′ − ∂iVj∂

iV j). (5.4)

It is important to note that the action does not depend on the scale factor explicitly

because of the inherent conformal invariance of free electrodynamics. The spatial index

will be raised or lowered by the usual Kronecker delta function. The Fourier expansion
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5.1 Magnetogenesis in squeezed state formalism

of Vi is taken as

Vi(η, x) =
∑
p=1,2

∫
d3k

(2π)3
ϵ
(p)
i (k)eik.xu

(p)
k (η), (5.5)

where the reality condition of the field implies up−k = up∗k . Here, ϵ(p)i (k) is the polar-

ization vectors corresponding to two modes p = 1, 2, which satisfy ϵ
(p)
i (k)ki = 0 and

ϵ
(p)
i (k)ϵ(q)i (k) = δpq. The following mode function equation will govern the dynamics of

the field,

u
(p)′′
k +

I ′

I
u
(p)′
k + k2u

(p)
k = 0 (5.6)

Where the prime denotes derivative with respect to the proper time η. In terms of ukp

and its associated conjugate momentum πpk = Iupk
′, the Hamiltonian becomes,

H =
1

2

∑
p=1,2

∫
d3k

(2π)3

(
πpkπ

p∗
k

I
+ Ik2ukp∗u

k
p

)
. (5.7)

Treating the above canonically conjugate variables as operators, we express those in

terms of creation and annihilation operators,

πpk = −i
√
k

2
(apk − a

†(p)
−k ) ; u

p
k =

√
1

2k
(apk + a

†(p)
−k ), (5.8)

with [a
(p)
k , a

†(q)
h ] = (2π)3δpqδ(3)(k-h) being the fundamental commutation relation. In

terms of the operators, the Hamiltonian of each mode k becomes,

Hk = k
∑
p

(
I1

2

(
ap†k a

p
k + ap−ka

p†
−k

)
+

I2

2

(
apka

p
−k + ap†−ka

p†
k

))
where, I1 = (I + 1/I), I2 = (I − 1/I). To incorporate the time evolution of the

creation and annihilation operators, we employ the Bogoliubov transformation as,

apk(η) = αk(η)a
p
k(0) + βk(η)a

p†
−k(0), where Bogoliubov coefficients satisfy the relation

|αk|2 − |βk|2 = 1, which is parametrized by,

αk = eiθk cosh(rk) ; βk = −e−iθk+2iϕk sinh(rk) (5.9)

121

TH-3815_1861231026



5. Application of Quantum Information theory in cosmological scenarios

(rk, ϕk) symbolize the squeezing parameter and squeezing angle of the quantum state,

respectively. They satisfy

ϕ′
k = −kI1

2
+
kI2

2
cos 2ϕk coth 2rk, (5.10)

r′k =
kI2

2
sin 2ϕk ; θ

′
k = −kI1

2
+
kI2

4
cos 2ϕk tanh rk.

If one chooses the Bunch-Davis vacuum with the coupling function mentioned in

Eq.(5.2), then the solution of those parameters can be expressed as

rk = sinh−1 |βk| ; ϕk =
1

2
Arg(αkβ

∗
k)

If we calculate the Bogoliubov coefficients with the Bunch-Davies condition, it turns

out to be

β∗
k =

(πz
8I

) 1
2 (
H1

−n+1/2(z) + iIH1
−n−1/2(z)

)
αk =

(πz
8I

) 1
2 (
H1

−n+1/2(z)− iIH1
−n−1/2(z)

)
(5.11)

Where z = kη. In this parametrization, we have assumed that the Hubble constant (H)

remains constant throughout the inflationary era. Furthermore, it is taken as Hend. We

can find out the time evolution of the squeezing parameter (rk) from Eqs.(5.11). The

evolution of rk with z = kη is shown in Fig.5.1 for different values of the coupling pa-

rameter n. To this end, let us give a connection formula with the observable quantities

such as electric and magnetic correlation function with the aforementioned squeezing

parameters as

< Eµ(x)E
µ(y) >=

∫
d3k

4πk3
eik·(x−y)PE(η, k)

< Bµ(x)B
µ(y) >=

∫
d3k

4πk3
eik·(x−y)PB(η, k) (5.12)
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Figure 5.1: Evolution of the squeezing parameter rk with z = kη for different values of the
coupling parameter n

Where, electric and magnetic power spectrum defined in momentum space turned out

to be

PE(η, k) =
k4

4π2a4I2

∑
p=1,2

|α(p)
k − β

(p)
k |2

=
k4

4π2a4I2

∑
p=1,2

(cosh 2rpk − sinh 2rk cos 2ϕ
p
k)

PB(η, k) =
k4

4π2a4I2

∑
p=1,2

|α(p)
k + β

(p)
k |2 (5.13)

=
k4

4π2a4I2

∑
p=1,2

(cosh 2rpk + sinh 2rpk cos 2ϕ
p
k)

After the end of inflation, the conformal invariance is restored, and thus there is no

further production of the EM field. If we consider the instantaneous reheating scenario,

the universe readily transforms into a plasma state. Which makes the electric field

vanish due to the high conductivity of the medium. This also freezes the magnetic

field produced in the inflationary era. As there is no production of magnetic field in

the post-inflationary era, the magnetic field power spectrum decays as a−4. At present,

the magnetic power spectrum turns out to take the following form,

PB0 ∝
(
k

a0

)6−2n

e2(n−1)N (5.14)

123

TH-3815_1861231026



5. Application of Quantum Information theory in cosmological scenarios

Where (N, a0) are the inflationary e-folding number and the present value of the scale

factor, respectively. By this mechanism, therefore, a large-scale magnetic field of order

10−15−10−22 Gauss can be generated on Mpc scales [33,154], once an inflation model is

considered. The magnetic field generated during the inflationary era is produced from

quantum fluctuations. Subsequently, those modes will evolve throughout the entire

cosmological evolution. As mentioned earlier, due to the large conductivity, the elec-

tric field vanishes, but the magnetic field freezes after the end of inflation. However,

the subsequent dynamics of this frozen magnetic field will depend on the individual

modes. The magnetic modes that re-enter the Hubble horizon during the radiation era

interact with the plasma and further evolve through magneto-hydrodynamic (MHD)

evolution. Due to this MHD effect, the information of the inflationary origin of the

magnetic field from the Bunch-Davis vacuum will be erased for those magnetic modes.

On the other hand, the modes with larger wavelengths will re-enter the horizon during

the matter-dominated era and will not interact with the plasma. Hence, no MHD evo-

lution will take place. Therefore, those large-scale magnetic fields are expected to pre-

serve the information of their quantum origin during inflation. The above-mentioned

fact is schematically illustrated in Fig.5.1. In the following discussion, we estimate

the approximate scale above which information of the quantum origin of the magnetic

field will be preserved. We calculate the wavenumber of the mode which re-enters the

horizon during matter-radiation equality, where the following relation is satisfied,

Teq
Tre

=
are
aeq

, (5.15)

where aeq is the scale factor at the matter-radiation equality, and Heq is the Hubble

parameter at that point. The temperature at that point is Teq ≈ 10−9 GeV, Tre is the

reheating temperature. Considering the instantaneous reheating scenario, it is generi-

cally observed that Tre ≈ 1015 GeV. Furthermore, the entropy conservation leads to the
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Figure 5.2: 1/aH is plotted against a here. The region in yellow shows the radiation-dominated
era where the MHD takes over the evolution of the magnetic field, and the modes re-entering
the horizon in this era lose the information about the initial quantum production. The green
shaded region represents the matter-dominated era, and the modes re-entering the horizon in
this era will not undergo MHD processes. BD stands for Bunch-Davis vacuum.

following relation,

aeqHeq = areHre
are
aeq

=⇒ keq = 10−24kre, (5.16)

Where keq and kre are the modes associated with the radiation-matter equality and

the end of reheating. For instantaneous reheating, kre ∼ 10−15 GeV, which immedi-

ately gives keq ∼ 10−39 GeV ∼ 1 Mpc−1. From this estimation, one observes that any

mode k < keq ∼ 1 Mpc−1 re-enters the horizon during the matter-dominated era, is

expected to carry information about its quantum origin, as those are not affected by

causal MHD processes. A schematic of the modes that re-enter the horizon during

the different eras is given in Fig.5.1. Therefore, from the observation of magnetic field

strength and structure for large-scale modes, we can decode the quantum nature of the

early universe through observables such as squeezing parameters, which encode the

evolution of the field.

5.2 Primordial Gravitational waves in squeezed state formalism

Primordial gravitational wave (GW) has been studied already in the squeezed state

formalism [135,155,156]. Hence, we will quote the main results here. Formalism would
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be the same as discussed in the electromagnetic case. The transverse traceless part of

the metric perturbation defines the physical component of the gravitational waves,

ds2 = a2(η)
[
−dη2 + (δij + hij)dx

idxj
]

(5.17)

The tensor perturbation here hij satisfies the relation ∂ihij = 0, hii = 0 and |hij| ≪ δij .

hij(x, η) =
1

a

∫
d3k

(2π)3
epij h

p
k e

ik·x (5.18)

Where eij is the polarization tensor for the GW and it satisfies the relation em∗
ij e

n
ij =

2δmn. Here p is the polarization index corresponding to the GW. Like the electromag-

netic fields, p assumes two values corresponding to the two polarization modes. The

conjugate momentum corresponding to hk is

π
(p)
k = h

′(p)
k − a′

a
h
(p)
k (5.19)

With this in hand, the Hamiltonian turns out as

H =
1

2

∑
p=1,2

∫
d3k

(2π)3
k
(
a
(p)
k a

†(p)
k + a

†(p)
−k a

(p)
−k

)
+ i

a′

a

(
a
†(p)
k a

†(p)
−k − a

(p)
k a

(p)
−k

)
(5.20)

Now, as in the electromagnetic case, we can calculate the Bogoliubov coefficients as

αk =

(
1 +

i

kη
− 1

2k2η2

)
; βk =

1

2k2η2
(5.21)

Here also, the Bogoliubov coefficients are represented in terms of the squeezing pa-

rameter (rk) and the squeezing angle (ϕk) as in Eq.(5.9). The evolution of the squeez-

ing parameter and the squeezing angle in the case of primordial gravitational waves is

dictated by the following differential equations:

ϕ′
k = −k + a′

a
sin(2ϕk) coth(2rk) (5.22)

r′k = −a
′

a
cos(2ϕk) ; θ

′
k = −k + a′

a
sin(2ϕk) tanh(rk)

Moreover, the evolution of the squeezing parameter with the conformal time turns out,

as shown in Fig.5.3. And the GW power spectra in terms of the squeezing parameter
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Figure 5.3: Evolution of the squeezing parameter rk with z = kη in case of gravitational waves

(rk) and squeezing angle (ϕk) turn out to be

PGW (η, k) =
2k2

π2M2
Pla

2

∑
p=1,2

|α(p)
k + β

(p)
k |2

=
2k2

π2M2
Pla

2

∑
p=1,2

(
cosh(2r

(p)
k ) + sinh(2r

(p)
k ) sin(2ϕ

(p)
k )

)
(5.23)

Where Mpl = (8πG)−1/2 is the reduced Planck mass. From the above expression, it

is evident that the power spectra for GW also depend on the squeezing parameter

rk, which can be measured from the strengths. Towards this end, let us point out an

important observation regarding the distinct decreasing behavior of the squeezing pa-

rameter for the gauge field (see Fig.5.1) from that of the gravitational wave (see Fig.5.3).

This distinct behavior of rk for the gauge field originates from the underlying confor-

mal invariance. Because of this property, the evolution of the squeezing parameter of

the gauge field does not depend on the cosmological scale factor, as the background is

conformally flat. Hence, it depends only on the gauge coupling parameter I(η). The

coupling function Eq.5.2 is assumed in such a way that it decreases and becomes unity

at the end of inflation, which restores the standard conformal invariant Maxwell’s the-
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ory. As a result rk = sinh−1 |βk| also decrease with time. After the end of inflation,

the conformal invariance of the EM field is restored, and there will be no more evo-

lution of the squeezing parameter rk from background expansion. In the asymptotic

kη → 0 limit, the values of the squeezing parameter turned out to be rk= 6.9, 14.9, and

23.4 for n= 1, 2, 3, respectively. However, the dynamics of rk for gravitational waves

explicitly depend on the scale factor, which leads rk to increase in time, as depicted

in Fig.5.3. Therefore, for both cases, the information about the quantum origin of the

fields should be encoded into the non-zero value of their respective squeezing param-

eters.

5.3 Modifications due to initial Non Bunch Davies Vacuum

When we solved for the mode functions of gauge fields and the tensor pertur-

bations, in the infinite past, we considered the usual Bunch Davies (BD) vacuum,

parametrized by Bogolubov parameter values αk = 1 and βk = 0 for kη → −∞. How-

ever, generalizing the initial condition to a non-BD vacuum has been studied exten-

sively for scalar and tensor perturbations in the literature [157–162]. Such studies for

gauge fields have not been considered before, and we take this opportunity to investi-

gate the effects of a non-BD vacuum on the Primordial magnetic field. For the sake of

our present study, we also discuss the non-BD modification of the primordial gravita-

tional waves power spectrum.

5.3.1 Modifications to primordial magnetic field power spectrum due to non-BD
vacuum

The time-dependent magnetic field power spectrum can be expressed in terms of

the Bogoliubov coefficients as [92]

PB(k, η) =
k4

2π2a4I2

∑
p=1,2

|αpk + βpk |
2.
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In the past infinity, if we take the BD initial condition, i.e., αk = 1, βk = 0, the power

spectrum will turn out as

PB(k)|kη→−∞ =
k4

π2a4I2
. (5.24)

Usually, the non-BD initial state is parametrized by non-vanishing βk for each mode,

and the power spectrum at kη → ∞ will be,

PB(k)|kη→−∞ =
k4

2π2a4I2

∑
p=1,2

|α0(p)
k + β

0(p)
k )|2 (5.25)

Where α0(p)
k and β

0(p)
k represents the Bogoliubov coefficients in the limit kη → −∞.

For numerical purpose we define a dimensionless ratio δ(p)k = β
0(p)
k /α

0(p)
k . For the BD

vacuum, this ratio goes to zero. The Bogoliubov coefficients follow the relation

|αk|2 − |βk|2 = 1 (5.26)

In the infinite past also, the Bogoliubov coefficients follow the relation in Eq.(5.26).

Thus the quantity |α0(p)
k |2 can be written in terms of δ(p)k as

|α0(p)
k |2 − |β0(p)

k |2 = 1

|α0(p)
k |2

(
1− |β0(p)

k |2

|α0(p)
k |2

)
= 1

|α0(p)
k |2

(
1− |δpk|

2
)

= 1

Finally, it turns out to be

|α0(p)
k |2 = 1

1− |δ(p)k |2
(5.27)
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Now using Eq.(5.27), the power spectrum can be written in terms of the quantity δ(p)k

as,

PB(k)|kη→−∞ =
k4

2π2a4I2

∑
p=1,2

|α0(p)
k |2|1 + δ

(p)
k |2

=
k4

2π2a4I2

∑
p=1,2

|1 + δ
(p)
k |2

1− |δ(p)k |2

=
k4

2π2a4I2

∑
p=1,2

(1 + g
(p)
k ). (5.28)

Where g(p)k encodes the information of the non-BD initial excited state. Here the factor

g
(p)
k is related to δ(p)k as

δ
(p)
k =

g
(p)
k

2 + g
(p)
k

. (5.29)

And the Bogoliubov coefficients can be written in terms of g(p)k as

α
0(p)
k =

2 + g
(p)
k

2

√
1 + g

(p)
k

; β
0(p)
k =

g
(p)
k

2

√
1 + g

(p)
k

. (5.30)

For the simplicity of our calculation, we have taken that there is no relative phase dif-

ference between the two Bogoliubov coefficients in the past. It is evident from Eq.(5.30)

that the values of these coefficients are fixed by a particular choice of the function g(p)k .

5.3.2 Modifications of primordial gravitational wave power spectrum due to Non-
BD vacuum

As we discussed in the previous section on primordial magnetic fields, the grav-

itational waves will also get similar modifications in the non-BD vacuum state. The

power spectrum for the PGW can be written in terms of the Bogoliubov coefficients as

PGW (k, η) =
2k2

π2M2
pla

2

∑
p=1,2

|α(p)
k + β

(p)
k |2 (5.31)

For the BD initial condition, the power spectrum in the infinite past looks like

PGW (k)|kη→−∞ =
4k2

π2M2
pla

2
(5.32)
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Now taking into consideration the initial excited state, exactly like in the case of the

PMF, we can write it in terms of the ratio δ(p)k = β
0(p)
k /α

0(p)
k . Following the steps from

Eq.(5.26) to Eq.(5.27) we can obtain the power spectrum as

PGW (k)|kη→−∞ =
2k2

π2M2
pla

2

∑
p=1,2

|1 + δ
(p)
k |2

1− |δ(p)k |2

=
2k2

π2M2
pla

2

∑
p=1,2

(1 + g
(p)
k ) (5.33)

The factor g(p)k is related to δ
(p)
k as described in Eq.(5.29). Moreover, the Bogoliubov

coefficients are related to the factor g(p)k as described in Eq.(5.30). The equations (5.11)

and (5.21) show that for the BD initial state, one gets βk = 0 in the asymptotic past.

However, for the non-BD initial state, βk is non-vanishing. In our squeezing state for-

malism, this non-zero βk in the infinite past suggests that the initial state is squeezed.

In the following, we consider a particular model to show the deviation from the

regular BD vacuum. We assume the form of g(p)k to be a lognormal distribution follow-

ing from the reference [163].

g
(p)
k =

γ√
2π(∆

(p)
k )2

exp

[
− ln

2(k/ki)

2(∆
(p)
k )2

]
. (5.34)

Where γ represents the strength of the distribution, ∆k denotes the width of the Gaus-

sian, and ki denotes the location of the peak of the distribution. If we set γ = 0, the

non-BD states boil down to the standard Bunch-Davies vacuum state. Furthermore, for

the modes k >> ki, g
(p)
k → 0, which implies that the small wavelength modes perceive

the BD vacuum. For example, suppose we choose a particular value of the parameters

of the non-BD state, ki = 1 MPc−1, k = 0.8 MPc−1, γ = 4.5, and ∆p
k as unity for both po-

larizations. In that case, the Bogoliubov coefficients turn out to be αk = 1.13, βk = 0.53

for both cases. These new values also satisfy the relation |αk|2 − |βk|2 = 1. For the case

of BD vacuum, the initial value of the squeezing parameter rk is zero. However, from

Eq.(5.11), we can calculate the value of the squeezing parameter at the beginning of

the evolution, and the value turns out as r0 = 0.51 for the set of the parameters men-
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Figure 5.4: Here the evolution of the squeezing parameter (rk) of the primordial magnetic field
for coupling parameter n = 1 is plotted against kη. On the y-axis, we have plotted (rk − 9) (for
scaling), and on the x-axis, z = kη is plotted. The three colors correspond to different values of
the initial squeezing parameter r0, the variation in r0 is obtained by varying the strength of the
distribution γ introduced in Eq.(5.34), while keeping the value of k fixed at 0.8 MPc−1.

tioned above. The effect of this initial excited state can be realized from the evolution of

the squeezing parameter (rk) with r0 as the initial condition. It can, in principle, be ob-

served in the present day. As the rk is non-zero initially, we numerically solve Eq.(5.10)

and study the evolution of the squeezing parameter for magnetic field rk with z = kη

as shown in Fig.5.3.2. In the case of primordial gravitational waves, the squeezing pa-

rameter asymptotically goes to infinity as η → 0, like the BD vacuum. However, we

can always calculate the value at a finite but small η, which can be connected with the

present-day observation. For a better understanding of the modifications due to initial

excitation, we tabulate the values of the squeezing parameter at the end of inflation for

the case of primordial magnetic fields. Here we only show the changes in the final val-

ues rk (see Tab.5.1) due to initial squeezing r0 for the coupling parameter value n = 1.

To this end, let us briefly discuss the physical interpretation of the excited state. The

initial excited state can be regarded as a Bogoliubov transformation of the non-excited

BD vacuum state. If uk is the mode function corresponding to the BD vacuum, then if
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Bunch Davies case Non Bunch Davies case
Initial Initial Final

Parameters
Initial Initial Final

value value value value value value
of βk of rk of rk (γ, k in MPc−1) of βk of rk of rk

0 0 6.9

γ = 3, k = 0.8 0.396 0.387 9.468
γ = 4, k = 0.8 0.487 0.469 9.550
γ = 5, k = 0.8 0.567 0.540 9.621
γ = 4, k = 0.5 0.418 0.406 9.487
γ = 4, k = 0.7 0.474 0.0.458 9.539
γ = 4, k = 0.9 0.493 0.475 9.556

Table 5.1: The final values of the squeezing parameter in the case of the primordial magnetic
field are listed for different r0. The parameters γ and k are the variables of the initial value of
the squeezing parameter r0. The final value denotes the value of the squeezing parameter at the
end of inflation.

we do a transformation as

ũk = αkuk + βku
∗
k

Then the mode ũk is the mode function of the excited state containing nk = |βk|2 num-

ber of particles with momentum k.

5.4 Squeezed quantum states

In order to perform experiments for quantum signatures, following [54], we con-

struct the quantum state generalizing for two polarization states of the photon and

graviton. For each polarization mode, we already defined associated squeezing param-

eters, (r1,2k , ϕ1,2
k ). A generic quadratic Hamiltonian can always be expressed in terms of

those parameters and associated so-called squeezing operator S (rk, ϕk) = eBk and ro-

tation operator Rk = eDk for each individual polarization mode, with [51, 52]

Bk = rke
−2iϕka−kak − rke

2iϕka†−ka
†
−k

Dk = −iθka†−kak − iθka
†
−ka−k (5.35)

These are unitary operators It can be shown to form the unitary time evolution oper-

ator for the quantum state [54]. During inflation, it is generically assumed that all the

quantum states start to evolve from the Bunch-Davies vacuum. Because of the cou-
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pling of the fields under study with the classical background, the vacuum state will

evolve to a squeezed state, which can be expressed as follows,

|ψ⟩ = S2(r
2
k, ϕ

2
k)R2(θ

2
k)|0⟩ ⊗ S1(r

1
k, ϕ

1
k)R1(θ

1
k)|0⟩ (5.36)

=
1

A

∞∑
n,m=0

e−2i(nϕ1k+mϕ
2
k) tanhn r1k tanh

m r2k|n1
k,−k,m

2
k,−k⟩.

Where, A = cosh(r1k) cosh(r
2
k). The position space representation of Eq.(5.36) assume

the following form,

⟨q1,2A , q1,2B |Ψ⟩ = 1

π

∏
p

e(Xpq
p
A

2
+qpB

2−YpqpAq
p
B)

cosh rpk

√
1− e4iϕ

p
k tanh2 rpk

(5.37)

Here X1,2 and Y 1,2 are defined as

Xp =
e−4iϕpk tanh2 rpk + 1

2
(
e−4iϕpk tanh2 rpk − 1

) ;Yp = 2e2iϕ
p
k tanh rpk

e−4iϕpk tanh2 rpk − 1
.

Where the subscript ’A’ stands for momentum mode k and ’B’ stands for the momen-

tum mode −k. Superscripts 1, 2 are the polarization index. In the case of a scalar field,

we can also see similar product states of the polarization. However, we can see that

the state we obtained depends on the squeezing parameter rk. The evolution of the

squeezing parameter depends on the Hamiltonian of the system under consideration.

As the evolution of the scalar and gauge fields is totally different, the evolution of the

squeezing parameter will also be different. Therefore, it is obvious from the present

discussion that the large-scale magnetic field and gravitational waves should be in a

highly non-classical state at present. Quantum discord, an important measure of quan-

tumness, is indeed shown to increase [52] for such a state with increasing rk. However,

its measurement in the cosmological setting is not obvious. Therefore, in order to quan-

tify this quantumness, we will perform fuzziness of the quantum Poincaré sphere on

this state Eq.(5.36), and to show the concreteness of this proposal, we also perform the

well-established Bell test on this state. For this purpose, we consider two sets of ob-

servables with their unique algebraic properties.
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5.4.1 Effects of initial non-BD vacuum on the squeezed state

In the previous section, we showed the effects of initial excitation on the power

spectrum of magnetic fields and primordial gravitational waves. Here, we investigate

the effects of the initial excitation on the squeezed state. If we fix the parameters of the

function described in Eq.(5.34), then it fixes the value of βk and thus the excited state

|mk(η0)⟩ also gets fixed, from which the evolution starts. So the final squeezed state will

evolve from the state |m0
k,m

0
−k⟩ with a non-zero particle number. As we have taken the

factor gk to be independent of the polarization, this initial state is the same for both

polarization modes. In the interaction picture, the state and the operators evolve with

time. So the creation and annihilation operators ak(0), a
†
k(0) defined with respect to the

BD vacuum also evolve to some b̂k and b̂†k depending on the Hamiltonian of the system.

And the excited state |m0
k,m

0
−k⟩ acts as a vacuum state with respect to the new creation

and annihilation operators b̂k, b̂
†
k. So the operator algebra gives b̂k |m0

k,m
0
−k⟩ = 0. There-

fore the new squeezing and displacement operator is defined with respect to the new

creation and annihilation operator b̂k, b̂−k and b̂†k, b̂
†
−k respectively as S ′(r′k, ϕ

′
k) = eB

′
k

and R′(θ′k) = eD
′
k , where

B′
k = r′ke

−2iϕ′k b̂−kb̂k − r′ke
2iϕ′k b̂†kb̂

†
−k

D′
k = −iθ′kb̂

†
kb̂k − iθ′k.b̂

†
−kb̂−k (5.38)

Here, we have used a different squeezing parameter r′k as its value starts from r0, unlike

the case for the general BD vacuum. The final squeezed state will be constructed as

|ψ⟩exc = S ′
2(r

′2
k , ϕ

′2
k )R

′
2(θ

′2
k )|m0

k,m
0
−k⟩ ⊗ S ′

1(r
′1
k , ϕ

′1
k )R

′
1(θ

′1
k )|m0

k,m
0
−k⟩

=
1

A′

∞∑
n,m=0

e−2i(nϕ
′1
k +mϕ

′2
k ) tanhn r

′1
k · tanhm r′2k |n1

k,−k,m
2
k,−k⟩ (5.39)

Where, A′ = cosh(r
′1
k ) cosh(r

′2
k ). The squeezed state, which evolved from the initial ex-

cited state, can be projected in the real space as described in Eq.(5.37). It can also be no-

ticed that the state described in Eq.(5.39) looks exactly similar to the state in Eq.(5.36),
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with the only difference being the squeezing parameter r, as in the latter case, it starts

to evolve from the value r0.

5.5 Quantum Stokes operators

The Stokes parameters [164] are known to be an important description of the polar-

ization properties of the electromagnetic field. The same can also be applied to grav-

itational waves. The quantum Stokes parameters are the operator representations of

the polarization that can be applied to non-classical waves. Most interestingly, these

operators satisfy an angular momentum-like commutation algebra. Stokes operators

are defined as follows,

S(0)
k = a1k

†
a1k + a2k

†
a2k ; S(1)

k = a1k
†
a1k − a2k

†
a2k (5.40)

S(2)
k = tka

1
k
†
a2k + t∗ka

2
k
†
a1k ; S(3)

k = i(t∗ka
2
k
†
a1k − tka

1
k
†
a2k)

Where tk = eiψk measures the relative phase between the two modes. According to

the above definition, p = (1, 2) corresponds to two different polarization modes as-

sociated with electromagnetic and gravitational fields. S0
k encodes the intensity of

a particular mode k or the total number of photons or graviton. S1
k and S2

k mea-

sures the linear polarization and S3
k measures the circular polarization. Interestingly

last three Stokes parameters parametrizing the polarization states satisfy SU(2) spin

algebra [S(p)
k ,S(q)

k ] = 2iϵpqrS(r)
k , where ϵpqr is the three dimensional levicivita tensor

density. (p, q, r) ≡ 1, 2, 3. In order to prove the quantumness of a system through

the Stokes parameters, we examine it via the quantum Poincaré sphere [165, 166].

For the classical case, we have the usual relation ⟨(S1
k)

2 + (S2
k)

2 + (S3
k)

2⟩ = ⟨(S0
k)

2⟩

[167, 168]. But in the case of quantum Poincaré sphere, we cannot precisely define

the radius of the Poincaré sphere due to the non-commutativity of S ik. And we have

⟨(S1
k)

2 + (S2
k)

2 + (S3
k)

2 − (S0
k)

2⟩ > 0. We define the fuzziness of the quantum Poincaré
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sphere (also called the fuzzy sphere) as a measure of the quantumness

Qfuzzy = ⟨(S1
k)

2 + (S2
k)

2 + (S3
k)

2 − (S0
k)

2⟩ (5.41)

In order to calculate the fuzziness of the Poincaré sphere constructed by the Stokes

operators, we need to explicitly calculate the expectation values of the operators (S ik)2.

We have

(S0
k)

2 = (n1
k)

2 + n1
kn

2
k + n2

kn
1
k + (n2

k)
2

(S1
k)

2 = (n1
k)

2 − n1
kn

2
k − n2

kn
1
k + (n2

k)
2 (5.42)

(S2
k)

2 = (tk)
2(a†1k )

2(a2k)
2 + tkt

∗
k n

1
ka

2
ka

†2
k + tkt

∗
k n

2
ka

1
ka

†1
k + (t∗k)

2(a†2k )
2(a1k)

2

(S3
k)

2 = −(t∗k)
2(a†2k )

2(a1k)
2 + tkt

∗
k n

1
ka

2
ka

†2
k + tkt

∗
k n

2
ka

1
ka

†1
k − (tk)

2(a†1k )
2(a2k)

2

Where n1
k = a†1k a

1
k is the number operator corresponding to polarization 1 and n2

k =

a†2k a
2
k is the number operator corresponding to polarization 2. Calculating the expecta-

tion values of the operators in Eq.(5.42) on the state defined in Eq.(5.36) we get

⟨(S0
k)

2⟩ =
1

A2

∞∑
m,n=0

tanh2n(r1k) tanh
2m(r2k)(n

2 + 2mn+m2)

=
1

4

(
cosh(4r1k) + 2 cosh(2r1k) cosh(2r

2
k) + cosh(4r2k)

)
⟨(S1

k)
2⟩ =

1

A2

∞∑
m,n=0

tanh2n(r1k) tanh
2m(r2k)(n

2 − 2mn+m2)

=
1

4

(
cosh(4r1k)− 2 cosh(2r1k) cosh(2r

2
k) + cosh(4r2k)

)
⟨(S2

k)
2⟩ =

1

A2

∞∑
m,n=0

tanh2n(r1k) tanh
2m(r2k)m(n+ 1)

= cosh2(r1k) sinh
2(r2k) (5.43)

⟨(S3
k)

2⟩ =
1

A2

∞∑
m,n=0

tanh2n(r1k) tanh
2m(r2k)n(m+ 1)

= sinh2(r1k) cosh
2(r2k)

Where A = cosh(r1k) cosh(r
2
k) and n,m are the number operator expectation values on

the state for polarization 1 and polarization 2, respectively. Calculating the fuzziness
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on the state from the expectation values of the operators, we get and symbolize as

Qfuzzy = ⟨(S1
k)

2 + (S2
k)

2 + (S3
k)

2 − (S0
k)

2⟩ = 4 sinh2(rk) (5.44)

Where, for simplicity, we have taken r1k = r2k = rk. We can see that the quantity is de-

pendent on the squeezing parameter rk. Similarly, when we consider the initial state as

an excited state, the final state corresponds to the state mentioned in Eq.(5.39). Here to

perform the fuzziness of the Poincaré sphere, we define the quantum Stokes operators

in terms of the new creation and annihilation operators b̂k, b̂−k and b̂†k, b̂
†
−k respectively.

Here, the Stokes operators are defined as

S ′(0)
k = b̂1†k b̂

1
k + b̂2†k b̂

2
k ; S ′(1)

k = b̂†kb̂
1
k − b̂2†k b̂

2
k (5.45)

S ′(2)
k = tkb̂

1†
k b̂

2
k + t∗kb̂

2†
k b̂

1
k ; S ′(3)

k = i(t∗kb̂
2†
k b̂

1
k − tkb̂

1†
k b̂

2
k)

Now, the system starts to evolve with some initial excitation. In that case, we also

define the fuzziness of the Poincaré sphere exactly as defined in Eq.(5.41) with the

Stokes operators defined in Eq.(5.45). For this system, the fuzziness of the Poincaré

sphere, having the state defined by Eq.(5.39), we get,

Q′
fuzzy = ⟨(S ′1

k)
2 + (S ′2

k)
2 + (S ′3

k)
2 − (S ′0

k)
2⟩ = 4 sinh2(r′k)

Where we have taken r′1k = r
′2
k = r′k. We can see from the results in Eqs.(5.44) and (5.46)

that when the squeezing parameter (rk, r
′
k) goes to zero, we can consider the state to

be classical. Therefore, the higher the squeezing parameter, the higher the fuzziness of

the Poincaré sphere, and thus the quantumness increases.

5.6 Measurement and Poincaré sphere

Performing the test for quantumness is not as easy as for cosmological scenar-

ios. However, the primordial gravitational Eq.(5.23) and magnetic power spectrum

Eq.(5.13) provide us a good observational measure of the squeezing parameters (rk, ϕk),

in terms of their strength and index. Using those measured values of (rk, ϕk), we can
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theoretically obtain the fuzziness of the Poincaré sphere from (5.41). Therefore, for a

particular value of the squeezing parameter, if that quantity is greater than zero, we can

infer about the quantumness of the system. Further, Stokes parameters are also mea-

surable quantities [169,170], which are directly related to the fuzziness. From Eq.(5.41),

we can see that fuzziness is defined in terms of ⟨(S ik)2⟩. The operators (S0,1
k )2 are func-

tions of the number operators. Thus, it can be measured from the intensity of GW and

the strength of the magnetic field, respectively. However, the expectation values of the

operators (S2,3
k )2 cannot be measured directly as they contain several correlation func-

tions, such as (a†ik )
2 , nika

j
ka

†j
k . However, Agarwal et al. [173] in their paper have shown

that these correlation functions can be measured in terms of the intensity and intensity

fluctuations. The variance is defined as

Vij =
1

2
(⟨{Si,Sj}⟩ − {⟨Si⟩, ⟨Sj⟩}) (5.46)

Where the curly brace is the anti-commutator. The diagonal elements can be calculated

as

Vii = ⟨(Si)2⟩ − (⟨Si⟩)2 (5.47)

As this quantity Vii can be measured [170,174] and the expectation values of the Stokes

parameter ⟨S ik⟩ is a measurable quantity we can write Eq.(5.41) as

Qfuzzy = ⟨(S1
k)

2 + V22 − (⟨S2
k⟩)2 + V33 − (⟨S3

k⟩)2 − (S0
k)

2⟩ (5.48)

Therefore, experimentally measured value of the fuzziness ⟨(S1
k)

2 + (S2
k)

2 + (S3
k)

2 −

(S0
k)

2⟩ in terms of Stokes parameters (S1
k ,S2

k ,S3
k), can now be compared with its clas-

sical counterpart (which is zero) [167, 168]. Upon observing ⟨(S1
k)

2 + (S2
k)

2 + (S3
k)

2 −

(S0
k)

2⟩ > 0, we can infer the quantum origin of those primordial fluctuations. In prin-

ciple, when we measure either a gravitational wave or a primordial magnetic field, we

cannot measure a particular wave number of k. We measure a superposition of several
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wave numbers. Therefore, the actual measurable quantity is defined as

kmax∑
k=kmin

⟨(S1
k)

2 + (S2
k)

2 + (S3
k)

2 − (S0
k)

2⟩ (5.49)

We know that for the classical case, the quantity defined in Eq.(5.41) Qfuzzy is zero, so

it is never negative for any scenario. Thus, the measurement will give us

kmax∑
k=kmin

⟨(S1
k)

2 + (S2
k)

2 + (S3
k)

2 − (S0
k)

2⟩ ≥ 0 (5.50)

After the measurement, if the measured quantity is greater than zero, we can conclude

that the system under consideration has a quantum origin.

5.7 Pseudospin operators and Bell violation

Now we embark on a different set of operators called pseudo spin operators and

their Bell violation test to further support our proposal in the last section. This set of

operators can be very useful in several quantum mechanical systems. We will discuss

their application in future work. When dealing with the system having continuous

variables, there exists an elegant way [55, 171, 172] of constructing a set of position-

dependent pseudo spin operators which satisfy the same algebra as the spin angular

momentum. To the best of our knowledge, such operators were constructed only in one dimen-

sion. Our present study demands the generalization of those operators in two dimen-

sions corresponding to two independent polarization modes. As a prerequisite of the

spin-like operators, the following operators are defined in position (q, q′) space,

Pn,m(l) =

∫ (n+1)l

nl

dq

∫ (m+1)l

ml

dq′ |q, q′⟩⟨q, q′|, (5.51)

Tn,m(l) =

∫ (n+1)l

nl

dq

∫ (m+1)l

ml

dq′ |q, q′⟩⟨q + l, q′ + l|,

T †
n,m(l) =

∫ (n+2)l

(n+1)l

dq

∫ (m+2)l

(m+1)l

dq′ |q, q′⟩⟨q − l, q′ − l|.

Those are called on-site projection, forward, and backward hopping operators, respec-

tively. When the projection and the hopping operators operate on a state, they behave
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as

Pn,m(l) ψ(q) =

 ψ(q) ml, nl ≤ q < ml + l, nl + l

0 otherwise

Tn,m(l) ψ(q) =

 ψ(q + l) ml, nl ≤ q < ml + l, nl + l

0 otherwise
(5.52)

T †
n,m(l) ψ(q) =

 ψ(q − l) ml + l, nl + l ≤ q < ml + 2l, nl + 2l

0 otherwise

The generalized pseudo spin operators are constructed from the aforementioned posi-

tion space operators, and generalizing from [171], we define them as

sz =
∞∑

C=−∞

(−1)n+mPn,m

s+ =
∞∑

C=−∞

T2n,2m (5.53)

s− =
∞∑

C=−∞

T †
2n,2m

where, C ≡ (m,n), and l is the length of the interval. We define s+ = sx + i sy and

s− = sx − i sy. It can be easily shown that these three operators sx, sy and sz are

dichotomous, i.e, s2x = s2y = s2z = 1. Moreover, they follow the usual SU(2) spin algebra.

Exploiting the nature of the operators, we can define the Bell-CHSH operator in terms

of the pseudospin operators. For two observer ’A’ having momentum k and observer

’B’ having momentum -k, the maximal Bell-CHSH operator can be constructed as

Bs
CHSH ≡ 2

√
(sAz ⊗ sBz )

2 + (sAx ⊗ sBx )
2 (5.54)

On the quantum state Eq.(5.37) we now calculate the expectation value of the Bell

operator Bs
CHSH with r1k = r2k = r presented in the Fig.5.5. We know that the Bell

inequality suggests that a system with a Bell-CHSH operator expectation value greater

than 2 can only be described by means of quantum mechanics. Thus, it is evident from
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Figure 5.5: Variation of the expectation value of Bs
CHSH with the interval length l for different

squeezing parameters rk for θk − ϕk
2 = 0

the figure that the system behaves quantum mechanically, i.e, ⟨Bs
CHSH⟩ > 2, above a

certain value of the squeezing parameter rk, which is in agreement with the conclusion

from our previous Poincaré sphere measurement.

5.8 Conclusion

In this work, we have proposed a Poincaré sphere fuzziness or Fuzzy sphere in

terms of observable quantities to verify the quantum origin of the large-scale magnetic

field and gravitational waves. For this purpose, we first constructed the squeezed

quantum states for the electromagnetic and gravitational wave fluctuations during in-

flation and the associated power spectrum. We have seen that the evolution of the

squeezing parameter is different for primordial magnetic fields and GW. In the case of

the primordial magnetic field, it asymptotically gives the values rk = 6.9, 14.9, and 23.4

for the coupling parameter n = 1, 2, and 3, respectively. In the case of GW, the squeezing

parameter rk increases asymptotically. So we can expect information about the quan-

tum origin of the fields. Furthermore, if we consider an initial non-BD vacuum, the

initial squeezing parameter naturally becomes non-zero. For example, if we assume

r0 = 0.51 for a mode k = 0.8MPc−1, the final values of the squeezing parameter turn
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out as rk=0.8 = (9.468, 9.550, 9.621) for γ = (3, 4, 5) respectively in case of primordial

magnetic field for the coupling parameter n = 1. Therefore, due to an initial excitation,

there is an increase in the final value of the squeezing parameter at the end of infla-

tion. We have then considered the Poincaré sphere fuzziness or the uncertainty of the

radius in terms of quantum Stokes operators, which assume a positive value for the

cosmologically evolved squeezed quantum states. Although all the terms described in

Eq.(5.41) cannot be measured directly, we can measure all the terms of the variances

and intensities of the Stokes parameters as defined in Eq.(5.48). Our theoretical calcu-

lation reveals that the larger the squeezing, the stronger the quantumness. Importantly,

this can be confirmed by the direct measurement of Stokes parameters and primordial

power spectra. Finally, we confirmed our conclusion by performing the Bell test fur-

ther and considering dichotomic pseudospin operators. Other quantum diagnostics,

such as quantum discord and Fano factors, could be interesting to study in the present

context.
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6.1 Summary of contributions

This chapter summarizes the work of the thesis, highlighting the important findings

and generation mechanisms of large-scale magnetic fields as well as constructing ap-

propriate observables to measure the quantum signatures of the primordial fields. Sec-

tion 6.1 provides a summary of contributions and discussions. Section 6.2 concludes

the chapter by providing a possible direction for future research.

6.1 Summary of contributions

The motive of this thesis has been to explore the different aspects of inflationary

magnetogenesis. The generation mechanism, their evolution, and dealing with the

challenges of inflationary magnetogenesis. This chapter contains the contributions

from the thesis work as follows:

In Chapter 1, we introduced the outline of the thesis, discussing cosmology, moti-

vation, and scope of the work briefly, and finally, the organization of the thesis.

In Chapter 2, we discussed the framework of inflationary magnetogenesis. The

EM field without any explicit coupling is conformally invariant under a conformally

flat background. Therefore, it is not possible to generate a magnetic field with suf-

ficient strength. However, by coupling a time-dependent scalar field, generally the

inflaton field, the conformal invariance can be broken, and we see that it can generate

a magnetic field strength consistent with the present observation. We further discussed

the challenges in inflationary magnetogenesis, namely the backreaction and the strong

coupling problem. The post-inflationary evolution of the gauge field and the present-

day strength of the magnetic field depend on the evolution of the Universe. In case of

a prolonged reheating era after the end of inflation, the strength of the magnetic field is

amplified compared to the case of instantaneous reheating due to conversion of electric

field energy density to magnetic field energy density through Faraday’s conversion.

In Chapter 3, we embark upon the Effective Field Theory of inflation. The spatial

diffeomorphism breaks the conformal invariance of the EM field, and the EM field

is produced during the inflationary era. Although the scale-invariant magnetic field
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does not suffer from the backreaction problem, the scale-invariant power spectra of

the magnetic field cannot produce a sufficiently strong magnetic field. Therefore, by

the introduction of a reheating era with a non-zero efolding number, the magnetic field

strength that is consistent with the observation is achieved.

In Chapter 4, we propose a novel mechanism to produce large-scale magnetic fields.

Here, we incorporate an anisotropic background to break the conformal invariance of

the EM field. Due to the absence of any explicit coupling to the EM field, it is evi-

dently free from the strong coupling problem. Furthermore, by tuning the anisotropic

parameters, we can generate a sufficient strength of magnetic field consistent with the

present-day observation. The proper choice of the parameters also avoids the back-

reaction problem of inflationary magnetogenesis. Moreover, by further introducing

an elongated era of reheating after the anisotropies disappear, we can enhance the

strength of the produced magnetic field. Furthermore, by the CMB observations of the

magnetic field strength, we can also put constraints on the effective equation of state

of the Universe.

6.2 Future aspects

The generation mechanism of large-scale magnetic fields has been widely discussed

in the recent past. However, all the proposed mechanisms have their drawbacks and

limits. Therefore, it is still an active area of research, and the detection of GW has shed

new light on how to probe the intergalactic magnetic fields more precisely. Here, we

suggest some of the possible directions to extend this work

• In our case of inflationary magnetogenesis in an anisotropic Universe, we have

assumed that the anisotropies are just a perturbation over the regular FLRW met-

ric, and we have not studied the effect of the anisotropies on the dynamics of the

inflaton field. However, through a perturbative study, the observational signa-

tures of the anisotropies on CMB can answer very fundamental questions about

the origin of the Universe. In this context, we have not delved into the origin of
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the anisotropies.

• In this thesis, we have discussed the quantumness of primordial magnetic fields

and primordial gravitational waves. However, in the case of secondary gravita-

tional waves, the primordial magnetic fields also play an important role. There-

fore, with the proper observable, we can probe the quantumness of the magnetic

field embedded in the secondary gravitational wave. Probing the quantumness

of magnetic fields through gravitational waves can be an exciting prospect in the

direction of quantum information in the cosmological context.
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A
Appendix

As we have already mentioned earlier in Chapter 3 that in this magnetogenesis sce-

nario we can find one to one correspondence between the EFT approach and several

well established models of inflationary magnetogenesis, here in this section we dis-

cussthe various magnetogenesis models can be embedded within the electromagnetic

action (3.7) for suitable forms of the EFT coupling parameters fi(η). For example,

• The model where the EM field couples with a scalar field (generally the inflaton

field), in particular the action is given by,

Sm1 =

∫
d4x

√
−g
[
I2(ϕ)FµνF

µν
]

(A.1)

where ϕ is the scalar field under consideration and I(ϕ) is the conformal break-

ing coupling function. The above magnetogenesis model without (i.e instanta-

neous reheating) or with reheating phase have been explored earlier in [70,92,93]

where the coupling function is taken as I(ϕ(η)) = (a(η)/af )
n, with ϕ = ϕ(η) be-

ing determined by the background evolution of the scalar field and a(η) is the

scale factor of the FRW metric. The possible implications of an elongated reheat-

ing phase have been discussed in such magnetogenesis scenario, and moreover
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the parameter n is constrained for which the model predicts sufficient magnetic

strength and also becomes free from various problems like the backreaction is-

sue, the strong coupling problem etc [70, 92, 93].

Most importantly, the action (A.1) has a direct correspondence with the EFT ac-

tion given in Eq.(3.7) when the EFT parameters get the following forms:

f1(η) =

(
a(η)

af

)n
, f2(η) = f3(η) = f4(η) = 0 (A.2)

respectively.

• On contrary to the scalar field coupled magnetogenesis model, let us consider the

model where the EM field couples with the background spacetime curvature, in

particular with the Ricci scalar as well as with the Gauss-Bonnet scalar curvature.

The corresponding action is [95],

Sm2 =

∫
d4x

√
−g
[
−1

4
FµνF

µν + f(R,G)FµνF µν

]
(A.3)

where the coupling function f(R,G) spoils the conformal invariance of the EM

field and has the form as f(R,G) = κ2q
(
Rq + Gq/2

)
, with q being the model pa-

rameter. This magnetogenesis model without (i.e instantaneous rehating) and

with reheating phase have been explored in [95] where an elongated reheating

phase seems to have a considerable impact on the magnetic field evolution, and

in turn it predicts sufficient magnetic strength for suitable range of the reheating

EoS. Moreover the above form of f(R,G) does not lead to scale invariant mag-

netic or electric power spectrum for the possible values of q.

Once again, the action Sm2 can be embedded within the EFT action (3.7), pro-

vided the EFT parameters are considered to have the following forms,

f1(η) = −1

4
+ κ2q

(
Rq + Gq/2

)
f2(η) = f3(η) = f4(η) = 0 (A.4)

respectively, where R(η) = 6
a2
(H′ +H2) and G(η) = 24

a4
H2H′, with H represents
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A. Appendix

the conformal Hubble parameter in the FRW metric.

• In both the above magnetogenesis models, the equivalent EFT parameters like

f3(η) and f4(η) become zero, mainly due to the absence of the parity violating

terms in the EM field Lagrangian. However, on contrary, we can consider certain

magnetogenesis models where the parity violating terms are indeed present in

the EM Lagrangian and the equivalent f3(η) or f4(η) (or both) are non-zero. One

of such models is explored by the authors of [?], where the EM field is considered

to couple with the background Riemann tensor, particularly the action is,

Sm3 =

∫
d4x

√
−g
[
−1

4
FµνF

µν − σ

M2
R̃µναβFµνFαβ

]
(A.5)

where σ is a model parameter, Rαβ
ρσ is the Riemann tensor and its dual is R̃µναβ =

1
2
ϵµνρσRαβ

ρσ . Due to the presence of the dual tensor in the Lagrangian, the two

polarization modes of the EM field evolve differently, which in turn leads to the

generation of helical magnetic field. The non-minimal coupling of the EM field

to the Riemann tensor generates sufficient primordial helical magnetic fields at

large scales, and the model is also free from the backreaction, strong coupling

problems.

In the case of background FRW spacetime (with a(η) being the scale factor), the

non-zero components of Riemann tensor come as,

R0j
0i =

(
a′2

a4
− a′′

a3

)
δji , Rkl

ij =
a′2

a4
(
δliδ

k
j − δki δ

l
j

)
.

Consequently the action Sm3, in the FRW spacetime, turns out to be,

Sm3 =

∫
d4x

√
−g
[
−1

4
FµνF

µν +
σ

2M2

(
a′2

a2
+
a′′

a

)
ϵijkF 0

i Fjk

]
. (A.6)

Thereby interestingly, the Sm3 can be thought as equivalent with the EFT action
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given in Eq.(3.7) if the the EFT parameters have the forms like,

f1(η) = −1

4
, f2(η) = 0 ,

f3(η) =
σ

2M2

(
a′2

a2
+
a′′

a

)
, f4(η) = 0 (A.7)

respectively. Here it may be mentioned that in [?], the authors considered an

instantaneous reheating mechanism in regard to the magnetogenesis model (A.5),

however one may expect that the inclusion of a reheating phase with non-zero e-

fold number will enhance the magnetic strength at present epoch compared to

the instantaneous reheating case.

• As a well known one, we consider the Turner-Widrow model [30] where the ac-

tion is given by,

Sm4 =

∫
d4x

√
−g
[
−1

4
FµνF

µν +
1

12
RA2

]
(A.8)

where R is the background Ricci scalar. The presence of the effective potential

term for the vector field (i.e V (AµA
µ)) in the above action spoils the U(1) in-

variance of the electromagnetic field, due to which the massive vector field gets

three physical degrees of freedom: two of them are usual transverse modes and

the other one is the longitudinal mode. The longitudinal mode with momentum

p2 > R/6 appears as a ghost field in the model, i.e a field with negative kinetic

energy [179–182]. However on contrary, in the present work, it is the kinetic

term of the electromagnetic field that gets coupled through the EFT parameters,

and hence there is no potential term of the electromagnetic field appearing in the

action. Thus the U(1) invariance is preserved in the present model, and conse-

quently the longitudinal mode is absent. This clearly indicates that the action

Sm4 is not equivalent with the EFT action (3.7) considered in this work.
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