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ABSTRACT

Quantum Chromodynamics (QCD), the theory of the strong interaction, is an essential
component of the Standard Model (SM) of particle physics. Precision predictions within
QCD are necessary for interpreting collider data and for testing the SM against exper-
imental observations. In recent years, the demands for theoretical precision has grown
due to the increasing accuracy of measurements at the Large Hadron Collider (LHC). In
this thesis, we address this challenge by performing higher-order perturbative QCD cal-
culations and threshold resummation for a class of processes at the LHC. These include

both Standard Model processes and those sensitive to potential extensions beyond it.

A central focus of this work is on soft-gluon threshold resummation—a technique used
to account for the dominant logarithmic corrections that arise when partonic processes
are near threshold. Such logarithms, if left untreated, can spoil the convergence of the
perturbative expansion. We perform the threshold resummation in the Mellin-space
to systematically resum these logarithms to next-to-next-to-next-to-leading logarith-
mic (N3LL) accuracy, matched with the available next-to-next-to-next-to-leading order
(N3LO) fixed-order results. This provides the state-of-the-art precision for hadronic

cross-section predictions.

In Chapter 3, we study the threshold resummation of Drell-Yan-like processes at N3LO
+ N3LL accuracy. Drell-Yan processes serve as clean probes of QCD dynamics due to
their relatively simple final states and have played a critical role in precision studies
at hadron colliders. We perform the resummation for neutral and charged Drell-Yan,
V H production and Higgs production through bottom quark annihilation and present

phenomenological results relevant to current LHC energies.

In Chapter 4, we extend threshold resummation to the associated production of a Higgs
boson with a Z boson (Z H production) through gluon fusion. This is a loop-induced pro-
cess in the Standard Model and sensitive to new physics effects. We perform soft-virtual
(SV) and next-to-soft-virtual (NSV) resummation for this process in born-improved the-
ory at the LHC, achieving improved theoretical control over uncertainties from unknown

higher-order corrections.
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In Chapter 5, we investigate the threshold resummation of ZZ production at the LHC
up to NNLO + NNLL accuracy. Diboson production processes like ZZ are crucial both
as precision SM measurements and as backgrounds to Higgs and new physics searches.
We make use of the resummation formalism developed for 2 — n type processes involv-
ing colorless final states and tailor it to the ZZ production process for performing the
resummation. We notice that these improved predictions reduce the scale uncertainties,

particularly in the high invariant mass region.

In Chapter 6, we shift focus to the computation of two-loop virtual amplitudes for the de-
cay of a pseudo-scalar Higgs boson to three partons, within an effective theory approach.
These amplitudes are relevant for understanding pseudo-scalar Higgs production in as-
sociation with a jet at hadron colliders, especially in scenarios beyond the Standard
Model such as the Minimal Supersymmetric Standard Model (MSSM). We compute the
amplitudes to NNLO accuracy, including the terms beyond the positive power in the di-
mensional regulator €, which are essential for the computation of three-loop pseudo-scalar

production cross sections.

Finally, the results presented in this thesis represent significant advances in precision
QCD calculations, enhancing our ability to interpret LHC data and to test the boundaries
of the Standard Model. The resummation techniques and multi-loop calculations studied
herein are not only relevant for the processes studied but also provide a framework that

can be extended to a broad class of observables in collider physics.
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Chapter 1

Introduction

THe known interactions among all forms of matter in the universe are governed by
four fundamental forces: gravity, electromagnetism, the weak force, and the strong force.
Over the decades, there has been a sustained effort to unify our understanding of these
interactions within a common theoretical framework. However, classical physics falls
short of accurately capturing the dynamics of these forces, especially at very small or
very high-energy scales. The advent of quantum mechanics combined with the theory of
special relativity laid the foundation for a more complete formulation, known today as
quantum field theory (QFT). This framework interprets particles as excitations of under-
lying quantum fields and incorporates the principle of local gauge invariance. Enforcing
such local symmetries naturally requires the introduction of gauge fields, which mediate
interactions between matter particles. The strength of each interaction is characterized

by a corresponding coupling constant.

The Standard Model (SM) of particle physics provides a unified theoretical framework for
describing three of the four fundamental interactions in nature—electromagnetic, weak,
and strong forces—excluding gravity. It integrates the electromagnetic and weak forces
into a single electroweak theory and combines this with quantum chromodynamics (QCD)
to account for the strong interaction. The incorporation of the Higgs mechanism allows
the SM to explain the origin of particle masses in a gauge-invariant manner. Structurally,
the SM is built upon the local gauge symmetry group SU(3)c x SU(2)z x U(1)y. Each of

these gauge groups governs a fundamental interaction: SU(3). corresponds to the strong

1
TH-3775-196121103



Chapter 1: Introduction 2

1st 2nd 3rd generation Goldstone

standard matter unstable matter force carriers bosons

(7

N

2
up
i

U
d

12 fermions 5 bosons
(-+12 anti-fermions) (-+1 opposite charge W)

increasing mass —

FIGURE 1.1: The particle spectrum of the Standard Model (SM)

force, responsible for the interactions between color-charged particles; SU(2)y, is associ-
ated with the weak interaction, which acts on left-handed particles; and U(1)y describes
the hypercharge interaction, leading to electromagnetism after electroweak symmetry
breaking. The foundational step towards this theory was taken by Glashow [5], who pro-
posed a unified framework for the weak and electromagnetic interactions. This was later
extended by Weinberg [6] and Salam [7], who introduced the Higgs mechanism [8-12]
into the electroweak theory, enabling a consistent explanation for the masses of gauge
bosons and fermions. In the current formulation, the electroweak interaction is described
by a spontaneously broken SU(2);, x U(1)y gauge symmetry, while the strong interaction

remains governed by an unbroken SU(3)¢ color gauge symmetry.

The SM particle content includes six quark flavors—up (u), down (d), charm (c), strange
(s), top (t), and bottom (b)—each appearing in three color charges: red, green, and

blue. These quarks interact via eight gluons, the gauge bosons of the strong force.
The leptonic sector comprises three charged leptons—electron (e¥) +)
*)

, muon (u™), and

tau (7°)—along with their corresponding neutrinos (ve, v, and v;). The mediators of
the weak interaction are the W+ and Z bosons, while the electromagnetic interaction
is mediated by the photon (7). Additionally, the model includes a scalar Higgs boson
(H), which is responsible for the mass generation of fundamental particles via the Higgs

mechanism. The spectrum of particles are given in Fig. 1.1.

The validation of the SM which is based on elegant gauge symmetries and quantum field
theory requires precise experimental verification. High-energy particle colliders have been

instrumental in this effort, enabling the discovery of predicted particles, the measurement
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of fundamental parameters, and the testing of quantum corrections in QFT. The interplay
between theoretical predictions—often involving perturbative quantum chromodynamics
(QCD)—and collider measurements has allowed for stringent tests of the SM and has
constrained possible extensions. Different types of colliders contribute uniquely to this

program by providing complementary experimental conditions and energy regimes [13,

14].

Lepton colliders, such as LEP and future proposed machines like the ILC [15, 16] or FCC-
ee [17], provide a clean environment for precision studies of the Standard Model. Since
the initial states in these colliders are fundamental particles with no internal structure,
the associated background and non-perturbative effects are minimal. This simplicity
allows for highly accurate theoretical predictions using perturbative quantum field theory,
including QCD corrections to final states such as hadronic jets. Precision measurements
of electroweak parameters and strong coupling constants at lepton colliders have played
a vital role in validating the Standard Model and probing for indirect signals of new

physics.

In contrast, hadron colliders like the Tevatron and the Large Hadron Collider (LHC)
offer access to a much wider energy range and allow direct production of heavy parti-
cles such as the Higgs boson and top quark. However, because protons are composite
particles, hadronic collisions involve a mixture of partonic subprocesses and initial-state

QCD radiation, making theoretical predictions more complex. Despite these challenges,
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advances in perturbative QCD, including high-order corrections and resummation tech-
niques, have enabled precise cross-section calculations and differential predictions. These
developments are crucial for testing the Standard Model in the high-energy regime and

for extracting parton distribution functions (PDFs) with improved accuracy.

The SM of particle physics stands as a remarkable theoretical framework, not only due
to its mathematical consistency—Dbeing a renormalizable quantum field theory—but also
because of its striking agreement with experimental observations. Its predictive power
has been validated through numerous key discoveries over the decades. One of the earliest
confirmations was a phenomenon anticipated by the electroweak theory came in 1973,
with the observation of neutral currents by the Gargamelle collaboration [18|. This was
followed a decade later, in 1983, by the direct detection of the massive gauge bosons W
and Z at CERN by the UA1 [19] and UA2 [20] collaborations, respectively in the Super

Proton Synchrotron collider, cementing the electroweak component of the SM.

The strong interaction sector also saw major breakthroughs by the discovery of the
J/1¢ meson in 1974 by experiments at SLAC [21] and BNL [22]| provided compelling
evidence for the charm quark, offering a cornerstone for the development of QCD. In
1977, the bottom quark was discovered through the observation of bottomonium states
at Fermilab [23, 24], and nearly two decades later, the top quark was discovered in
1995 by the CDF [25] and D@ [26] collaborations at the Tevatron, completing the third
generation of quarks. The discovery of the Higgs boson by the ATLAS [27] and CMS [28§]
experiments in 2012 marked the final piece of the SM puzzle, bringing the model to its

current completeness.

The remarkable success of modern high-energy physics experiments is rooted in the
tireless efforts of both experimental and theoretical communities. On the one hand, ex-
perimentalists have extracted highly accurate measurements from vast datasets; on the
other hand, theorists have strived to match this level of precision by accounting for con-
tributions from all relevant interaction channels and computing them to sufficiently high
orders in the perturbative expansion. As experimental accuracy improved, it became in-
creasingly evident that theoretical predictions needed to incorporate higher-order effects
to maintain consistency and predictive power. For instance, early observations of W
and Z production rates by UA1 and UA2 |29, 30| were found to be consistent with then-
recent QCD corrections computed at next-to-leading order (NLO) [31-35]. Simultaneous
progress was made in computing NLO corrections for processes such as Drell-Yan (DY)

and Deep Inelastic Scattering (DIS) [36, 37].
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Furthermore, searches for the Higgs boson at earlier colliders such as the Large Elec-
tron—Positron Collider (LEP) [38] and the Tevatron [39] were instrumental in narrowing
down the allowed mass range of Higgs boson. LEP set a lower bound of 114.4 GeV on
the Higgs boson mass, while global fits to electroweak precision data constrained the

upper bound of Higgs boson mass to 152 GeV at 95% confidence level [40].

As colliders reached multi-TeV energy scales at the Large Hadron Collider (LHC) at
CERN, the requirement for highly precise theoretical predictions became ever more
critical—particularly for hadron-initiated processes where strong interactions dominate.
With increasing luminosity and energy at the LHC—from 196 fb~—! at 13 TeV to 500 fb~*
at 14 TeV after Run 3—and the eventual goal of reaching 100 TeV at future hadron col-
liders, one can probe a much higher energy frontier. With the prospects of achieving
the integrated luminosity of 1 ab™! in future colliders, the properties of SM particles are
expected to be probed to unprecedented accuracy. Due to the asymptotic freedom of
QCD, the strong coupling becomes small at high energies and in this energy regime one
can use it as an expansion parameter and consequently the perturbation theory can be
used to compute higher-order QCD corrections to physical observable that can well be
measured at collider experiments. In this context, next-to-next-to-leading order (NNLO)
calculations for processes like DY [41-43] and DIS [44], have been vital for refining parton
distribution functions (PDFs). Similarly, the discovery of the Higgs boson have heav-
ily relied on the advanced theoretical predictions up to NNLO results [45-53|. Other
than DY and Higgs production, NNLO QCD corrections have been computed for several
important processes within the SM at the LHC, including top quark pair production
[54-59], dijet production [60-63], di-photon [64], di-boson [65-67] and tri-photon [6§]

final states. More recently, next-to-next-to-next-to-leading order (N3LO) QCD cor-
rections have been achieved for benchmark processes such as Higgs boson production
[69, 70], Drell-Yan [71-73]. In addition, mixed QCD-electroweak (EW) corrections to
the Drell-Yan process have also been computed up to NNLO accuracy. These develop-
ments mark a substantial enhancement in precision. However, further improvements are
essential to match the increasing accuracy of experimental measurements at the LHC and
future colliders. Achieving even higher-order corrections will help reduce theoretical un-
certainties, refine the extraction of fundamental parameters, and improve our sensitivity

to possible signals of new physics beyond the Standard Model.

Despite the remarkable success of the Standard Model (SM) in explaining a wide range
of phenomena, it leaves several fundamental questions unanswered. One major gap is

the absence of a consistent quantum field theoretical formulation of gravity. Although
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gravity is well described classically by general relativity, the quantum mediator of the
gravitational interaction—the graviton—has not yet been observed. Additionally, the
SM fails to account for dark matter and dark energy, which together constitute about
95% of the energy content of the universe, leaving only a small fraction (~ 5%) that is

described by known SM particles.

The search for physics beyond the SM is also driven by the idea of unifying all the
fundamental forces under a common theoretical framework. Grand Unified Theories
(GUTs), which attempt to combine the strong, weak, and electromagnetic interactions
into a single gauge group, provide a promising path in this direction. These theories
predict new particles and interactions, some of which could be tested at current or
future colliders. Another notable shortcoming is related to the mass of neutrinos. Within
the SM framework, neutrinos are massless, yet experimental evidence, such as neutrino
oscillations, clearly demonstrates that they possess finite masses. Moreover, the SM
does not provide a natural explanation for the large difference between the electroweak
scale and the Planck scale, known as the hierarchy problem. In particular, keeping
the Higgs boson mass stable at the electroweak scale requires fine-tuning unless new
physics is introduced. Furthermore, recent results from the ATLAS [74] and CMS [75]
collaborations at the LHC have shown an excess in the di-photon production channel
relative to SM expectations at the 20 level. These observations may suggest the presence

of new physics phenomena beyond the SM.

To identify such potential signals of physics beyond the Standard Model (BSM), it is
essential to have highly accurate theoretical predictions within the SM. Only with such
precision can any deviations be confidently attributed to new physics. This thesis focuses
on achieving precise theoretical predictions for important processes within the SM at
the LHC: Drell-Yan production, associated production of Higgs boson with a massive
vector boson, bottom quark annihilation to Higgs boson production and Z-boson pair
production. Apart from these, we have computed the amplitudes for the decay of pseudo-
scalar Higgs boson to three partons at the two-loop level to the higher power of the

dimensional regulator in the context of BSM.

The fixed-order correction is important to achieve the desired accuracy of the theoret-
ical predictions. However, the behavior of certain observables is very poor in certain
kinematic region for fixed order correction. In particular, the fixed order correction in-
troduces finite logarithmic terms originating from the soft and collinear parton radiation
in the final states. These logarithms contribute significantly to the partonic cross section

near the kinematic threshold region and can spoil the convergence of the perturbative
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expansion. To obtain reliable theoretical results, one has to resum all these large log-
arithms to all orders in the perturbation theory. We have focused extensively on the
threshold resummation of QCD processes, particularly for the production of neutral and
charged Drell-Yan, associated production of a Higgs boson with a vector boson, and

Higgs production in bottom quark annihilation at the LHC.

The production of massive lepton pairs in hadronic collisions—commonly known as the
Drell-Yan (DY) process—has been a topic of great interest for over five decades. It
was first observed by Christenson et al. in 1970 [76] through proton—nucleus collisions.
Since then, the process has been studied in numerous experiments at increasingly higher
energies and improved precision. Initially motivated by the search for new vector mesons,
the Drell-Yan process has become a crucial probe of hadron structure. In particular,
parton distribution functions (PDFs) are extracted by fitting large datasets of cross-
section measurements from channels like deep inelastic scattering (DIS) and Drell-Yan

processes.

The large next-to-leading order (NLO) corrections [31-35] to the DY cross section cast
doubts on the validity of perturbative QCD (pQCD), highlighting the necessity for next-
to-next-to-leading order (NNLO) predictions [41-43]. Recently, complete next-to-next-
to-next-to-leading order (N3LO) results are available for DY [71-73]. Although N3LO
corrections are smaller in magnitude, they play a critical role in verifying the convergence
of the perturbative expansion. Moreover, the process of mass factorization and ultraviolet
(UV) renormalization introduces two arbitrary scales—the factorization scale and the
renormalization scale. At each perturbative order, residual dependence on these scales
manifests through logarithmic terms. However, such dependence systematically reduces
as higher-order corrections are included, ideally vanishing in the all-orders limit. These
theoretical considerations provide a strong motivation to pursue Drell-Yan cross section
calculations beyond N3LO by resumming the all order logarithms in the threshold limit,

as done in this thesis.

The pursuit of precision in Higgs boson production predictions has necessitated the
inclusion of higher-order QCD corrections. Initial next-to-leading order (NLO) correc-
tions [45-48| were found to be large around 128% of LO, and subsequent next-to-next-
to-leading order (NNLO) corrections [49-53] are significant around 44% of LO and the
correction showed significant reduction in the scale uncertainties from 16.6% to 8.8% .
Unlike in the Drell-Yan process, the convergence of the perturbative expansion for Higgs
production is slower, prompting extensive studies beyond NNLO [77-89]. This ultimately

led to the computation of next-to-next-to-next-to-leading order (N®LO) corrections [69]
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in the heavy-top effective theory, where the top quark is integrated out, resulting in an
effective interaction between the Higgs boson and gluons. The level of precision achieved
at this order is remarkable and has opened the door to exploring contributions from less
dominant but phenomenologically relevant production modes. Among these is the Higgs
production through bottom quark annihilation, where the bottom quark is considered
massless except in the Yukawa coupling. Though its contribution is smaller than that
from gluon fusion, NNLO corrections have been computed for this channel [90], showing
that its size can become competitive with higher-order corrections in other channels,
highlighting its importance in precision Higgs physics. Recently, N3LO cross sections
are available for this process [91], and for 13 TeV LHC case they are found to be about
5.42 + 4.8% pb.

Although gluon fusion is the dominant contribution for Higgs boson production at hadron
colliders, the associated process of bottom quark annihilation (bb — H ) provides a com-
pelling complementary production channel, particularly in scenarios where the Higgs cou-
pling to bottom quarks is enhanced. In the Standard Model (SM), the bottom Yukawa
coupling is relatively small, and the bb — H contribution is subleading. However, in sev-
eral Beyond the Standard Model (BSM) frameworks, including the Minimal Supersym-
metric Standard Model (MSSM) and two-Higgs-doublet models (2HDMs), this coupling
can be significantly amplified, making bb-initiated processes especially relevant [92, 93].
Moreover, from a phenomenological standpoint, studying Higgs production in bottom
quark annihilation is crucial to validate and constrain models with extended Higgs sec-
tors, where scalar or pseudoscalar Higgs bosons may couple more strongly to down-type
quarks. Experimentally, this channel contributes to inclusive Higgs production and has
been examined through its impact on the H — 777~ decay channel, where an excess in
the bottom fusion mode was observed in the Run II analyses of the ATLAS and CMS
collaborations [94, 95]. On the theoretical side, calculations for bb — H were initially
performed at leading order (LO) and improved to next-to-leading order (NLO) using the
five-flavor scheme (5FS), where bottom quarks are treated as massless partons in the
proton [96, 97]. The full NNLO QCD corrections in the 5FS were later computed [90],
showing significant improvements in perturbative stability and reduced dependence on
the renormalization and factorization scales. In parallel, the four-flavor scheme (4FS),
where bottom quarks appear only in the final state and are treated as massive, has also
been developed to NLO [98, 99|, offering a complementary approach. The two schemes
were reconciled through matching procedures such as Santander matching [100]. Fur-

thermore, differential distributions and resummation techniques have been explored to
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account for logarithmically enhanced terms arising from initial-state radiation [101]. As
precision Higgs physics advances, the bb — H channel remains important for accurate de-
terminations of the Higgs coupling to bottom quarks and plays a key role in constraining

new physics scenarios at the LHC and future hadron colliders.

The production of the Higgs boson in association with a massive vector boson (W= or Z),
known as V H production, serves as a key channel for testing the electroweak sector of the
Standard Model (SM). This process is particularly valuable due to its distinctive exper-
imental signatures, especially when the accompanying vector boson undergoes leptonic
decay, allowing for efficient signal reconstruction. Among these channels, ZH produc-
tion plays a central role owing to the strength of the Higgs-Z boson interaction, which
contributes significantly to the overall cross section and provides a sensitive probe of
potential deviations from SM expectations. The significance of V H production became
prominent with the observation of the Higgs boson at the LHC in 2012 by the ATLAS and
CMS collaborations [27, 28], where evidence from multiple channels—including V H with
H — bb——contributed to the discovery. Notably, the direct observation of V H(bb) was
achieved during Run 2 of the LHC at /s = 13 TeV [102, 103|, marking a key milestone in
confirming the Yukawa coupling of the Higgs to bottom quarks. From a theoretical stand-
point, the VH channel was initially calculated at leading order (LO) using electroweak
theory. With the need for precision matching the experimental capabilities, next-to-
leading order (NLO) QCD corrections were computed decades ago [104, 105], reducing
uncertainties and enhancing cross section predictions. Subsequent developments led to
the full computation of NNLO QCD corrections in the narrow-width approximation [106—
110], which provided more accurate predictions, particularly for total and differential
distributions. In parallel, next-to-leading order electroweak (NLO EW) corrections were
also derived [111, 112|, showing notable effects in high transverse momentum regimes

due to Sudakov logarithms.

In the pursuit of precision predictions for associated Higgs production, significant progress
has been made by incorporating soft-gluon resummation at next-to-next-to-leading loga-
rithmic (NNLL) accuracy, consistently matched to next-to-next-to-leading order (NNLO)
fixed-order results [113|. Additionally, threshold-enhanced approximations have been ex-
plored at next-to-next-to-next-to-leading order (N3LO) within the Drell-Yan-like chan-
nel through soft-virtual techniques [114]. More recently, complete N3LO corrections for
the DY-type contributions have become available using the n3loxs package [73]. These
developments underscore the importance of resumming large logarithmic corrections in

the threshold limit to all orders in perturbation theory. Motivated by this, the present

TH-3775-196121103



Chapter 1: Introduction 10

thesis focuses on advancing precision studies of the VH production cross section by

implementing threshold resummation techniques beyond the N3LO fixed-order level.

In addition to the dominant Drell-Yan—like mechanism, the associated production of a
Higgs boson with a Z-boson receives notable contributions from the loop-induced gluon
fusion channel, gg — Z H. These processes, although formally higher order in QCD, can
be numerically significant due to the large gluon luminosity at the LHC. Leading-order
studies [115-118| and next-to-leading order corrections [119-126] have revealed that this
channel can substantially enhance the total cross section, particularly in specific regions
of phase space such as the boosted regime. Moreover, soft-gluon effects for this process
have been addressed through inclusive resummation techniques in the so-called Born-
improved framework [127|. Given that the theoretical uncertainties remain relatively
large for this channel, a precise prediction of differential observables is essential. In
this thesis, we aim to perform the resummation of the invariant mass distribution for
the ZH final state in the gluon fusion channel. This analysis is crucial for improving
theoretical control and reducing uncertainties in the modeling of this subdominant but

phenomenologically important production mode.

The production of a pair of on-shell Z bosons at the Large Hadron Collider (LHC) plays a
pivotal role in testing the Standard Model (SM) and in exploring possible deviations aris-
ing from new physics. As a clean final state, the ZZ channel provides an essential back-
ground to Higgs boson measurements, particularly in the decay mode H — ZZ* — 44,
and contributes significantly to precision electroweak studies. The process was first
observed at the Tevatron [128, 129] and later studied extensively at the LHC, where
the increased center-of-mass energy and luminosity allowed for detailed measurements
of total and differential cross sections [130, 131]. From a theoretical standpoint, ZZ
production is particularly attractive as it allows for precision calculations in QCD due
to its color-singlet final state. Fixed-order predictions have advanced to next-to-next-
to-leading order (NNLO) in QCD [132, 133], significantly reducing the renormalization
and factorization scale uncertainties. However, in regions where the partonic center-of-
mass energy approaches the production threshold, soft-gluon emissions introduce large
logarithmic corrections that can compromise the convergence of the perturbative series.
To address this, threshold resummation techniques are employed. The resummation
of next-to-next-to-leading logarithmic (NNLL) terms matched to NLO fixed-order re-
sults [134] has shown to improve theoretical predictions, especially for observables such

as the invariant mass distribution of the ZZ system and the rapidity separation between
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the bosons. These improvements are crucial for high-precision comparisons with experi-
mental data and for constraining anomalous gauge couplings and other beyond-the-SM
scenarios. The present thesis contributes to this program by providing NNLO-+NNLL
accurate predictions for the total and differential cross sections of ZZ production at the

LHC.

The pursuit of physics beyond the Standard Model (BSM) is driven by several compelling
theoretical ideas, each aiming to address the unresolved issues within the Standard Model
(SM). Among the prominent approaches are models involving extra spatial dimensions,
proposed as a potential solution to the hierarchy problem—mnamely, the vast disparity
between the electroweak and Planck scales, which remains unexplained in the SM frame-
work. In these scenarios, SM particles are restricted to a 341 dimensional hypersurface
(brane), while gravity propagates in the higher-dimensional bulk. The graviton in such
theories, originating from a (44 n)-dimensional spacetime, appears in four dimensions as
a tower of massive spin-2 states. Depending on the specific construction, this spectrum
can be continuous, as in the Arkani-Hamed-Dimopoulos-Dvali (ADD) model, or consist

of discrete resonances, as in the Randall-Sundrum (RS) model.

Supersymmetric theories form another robust category of BSM models, offering solutions
to multiple theoretical shortcomings of the SM. In the MSSM, for instance, the Higgs
sector comprises five physical states: two CP-even scalars, one CP-odd pseudo-scalar,
and a pair of charged Higgs bosons. Beyond the MSSM, many BSM scenarios such as
the two-Higgs-doublet models (2HDMs) also predict additional bosons that couple to
SM fermions. The discovery of such particles at the LHC would provide strong evidence
for new physics and requires both extensive experimental searches [135-138| and highly

accurate theoretical predictions.

Among them, the Minimal Supersymmetric Standard Model (MSSM) and the Two Higgs
Doublet Model (2HDM) [139-147] are well-studied examples that extend the scalar sector
by introducing additional Higgs bosons. These extended models predict both CP-even
and CP-odd scalar particles, including a pseudo-scalar Higgs boson A, whose discovery

has been a focus of experimental efforts at the LHC.

Theoretical studies have been crucial in characterizing the production mechanisms and
decay modes of such CP-odd Higgs bosons. Next-to-leading order (NLO) QCD correc-
tions to the inclusive production cross section of A have been calculated [48, 148-151],
and the enhancements over the leading-order (LO) predictions are found to be sub-

stantial—reaching up to 67% in some scenarios. Further progress has been made by
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computing the next-to-next-to-leading order (NNLO) cross section within an effective

field theory approach [53, 152, 153|, enabling more precise rate predictions.

While inclusive rates are essential, differential observables provide deeper insight into the
nature of A and its interactions with Standard Model particles. In particular, studying
A in association with hard jets or under jet veto conditions can significantly improve
signal-to-background discrimination. It has been shown [154, 155 that such strategies
enhance the sensitivity to Higgs signals and allow for a better understanding of the
underlying dynamics. Recent work has produced NNLO predictions for Higgs-plus-jet
final states, including fiducial cross sections defined by realistic detector acceptance cri-
teria [156]. These developments build upon earlier NNLO calculations for Higgs-plus-jet
observables [157-161] and rely on two-loop amplitudes that have been computed for scalar
Higgs-plus-jet production [162-168|. The production of a pseudo-scalar Higgs boson (A)
at hadron colliders is a key avenue for exploring the structure of extended Higgs sectors
and CP-odd couplings in theories beyond the Standard Model (SM). Unlike the CP-even
SM Higgs boson, the pseudo-scalar arises naturally in models like the Minimal Super-
symmetric Standard Model (MSSM) and other two-Higgs doublet frameworks [169]. In
such scenarios, the discovery of a CP-odd scalar would provide compelling evidence for
extended scalar sectors. Although the SM does not contain a pseudo-scalar Higgs, its
presence has been actively searched for at the LHC, primarily in the 777~ decay channel.
Limits on the pseudo-scalar mass and couplings have been reported by both ATLAS and
CMS [138, 170|, prompting precise theoretical predictions. Since the pseudo-scalar does
not couple directly to vector bosons at tree-level, its dominant production at hadron col-
liders proceeds via gluon fusion through a top-quark loop. In the heavy top-quark limit,
the interaction can be modeled effectively via an operator coupling the pseudo-scalar
to gluons and quarks, allowing for higher-order QCD corrections to be computed ana-
lytically. The leading-order (LO) [48, 171] and next-to-leading order (NLO) [172, 173]
corrections were derived early on using this effective field theory (EFT) approach, which
showed large K-factors and reduced scale dependence. However, differential distribu-
tions for A, such as transverse momentum and rapidity distribution, are currently only
available up to NNLO accuracy [174, 175]. As precision goals rise, going beyond NNLO
becomes essential, especially for distinguishing pseudo-scalar signals from SM-like Higgs
backgrounds. Therefore, extending these predictions to N3LO, particularly for exclusive
processes like pseudo scalar Higgs and a jet production, is highly desirable. Such precision
would not only reduce theoretical uncertainties but also improve the reliability of exper-

imental analyses incorporating selection cuts and fiducial constraints. In this thesis, we

TH-3775-196121103



Chapter 1: Introduction 13

computed the two-loop amplitude with higher powers of the dimension regulator, which
are important ingredients of the three-loop computation. These amplitudes form a vital
ingredient in extending the total cross section to N®LO using threshold approximation or
soft-virtual techniques. Moreover, understanding the ultraviolet (UV) renormalization
of pseudo-scalar form factors is subtle due to the axial anomaly and operator mixing in
the effective Lagrangian [176, 177]. The interplay between these theoretical challenges
and the increasing accuracy of experimental data reinforces the importance of precise

predictions for pseudo-scalar production processes at current and future colliders.

The next section outlines the structure and objectives of this thesis.

Outline

This thesis presents a collection of research works aimed at a comprehensive under-
standing of higher-order contributions in perturbative QCD for important color-singlet
processes at the LHC in SM and higher order correction at beyond NNLO for pseudo
saclar Higgs boson decay to three partons in BSM.

Chapter 2 offers a concise review of the fundamentals of pQCD and then we describe
the formalism for deriving threshold-resummed partonic cross sections based on the ap-
proaches discussed in [81, 82, 178, 179]. A general expression for the threshold-enhanced
terms in partonic processes is provided. By employing the factorization properties and
the universal infrared (IR) and ultraviolet (UV) behavior of QCD amplitudes, we explore
the structure of these corrections. A detailed investigation reveals a Casimir scaling
property between quark- and gluon-initiated processes for the soft distribution func-

tions |77, 180]. This is already observed more than 15 years ago.

In Chapter 3, we will utilize the maximally non-Abelian nature of the soft functions as
discussed in Chapter 2 to derive the threshold resummed contributions to Drell-Yan (DY)
production at N3LO+N3LL accuracy [181]. Numerical studies are performed to assess
the impact of these corrections. It is found that the the resummed contributions are
relatively small, affirming the convergence of the perturbative expansion, and a notable
reduction in scale uncertainties is observed. These results were subsequently extended to
compute N3LO-+N3LL threshold contributions for Higgs boson production via bottom
quark annihilation [181] and associated Higgs production with a vector boson [181] for

other DY-type color neutral production at N3LO-+N3LL in QCD.
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In Chapter 4, we focus on gluon fusion ZH production at the LHC. Although the Drell-
Yan-like q¢ — Z H channel is dominant as discussed in chapter 3, the gluon-initiated loop-
induced process gg — Z H contributes significantly, particularly at high invariant masses.
We carry out the soft-gluon resummation at next-to-leading logarithmic (NLL) accuracy,
matched to the fixed-order NLO results and extended to next-to-soft-virtual resummation
[182]. The computation is performed in the Born-improved effective theory framework,
where exact Born-level matrix elements are retained, and higher-order corrections are
resummed based on the soft limit behavior. The importance of this channel stems from
its relatively large theoretical uncertainties compared to the Drell-Yan type process,
making soft-gluon resummation crucial for reducing scale dependence and improving
precision. Phenomenological studies at different center-of-mass energies are presented,
showing how the resummation impacts the invariant mass distributions and total cross

sections.

In Chapter 5, we turn to the production of on-shell ZZ pairs at the LHC. This process
plays a vital role both as a background to Higgs boson studies and as a probe of the
electroweak sector. The fixed-order NNLO QCD corrections have been available for some
time; however, sizeable threshold logarithms at partonic energies close to the production
threshold can spoil the convergence of perturbation theory. To address this, we perform
threshold resummation up to next-to-next-to-leading logarithmic (NNLL) accuracy and
match the resummed results with the fixed-order NNLO computations for ZZ produc-
tion [183]. The soft-collinear factorization framework is employed, taking advantage of
the known universal infrared structure of QCD amplitudes. We provide numerical pre-
dictions for total and differential cross sections at various collider energies and analyze

the reduction in theoretical uncertainties due to the resummation.

In Chapter 6, we represented the first step toward beyond-NNLO precision for pseudo
scalar decay to three partons in higher powers of the dimension regulator. Here, the three-
loop quark and gluon form factors are computed [184]. The computation involves gener-
ating Feynman diagrams using QGRAF [185|, simplifying the algebra with FORM [186,
187], and performing integral reduction through IBP identities using LiteRed [188] and
Reduze2 [189]. Dimensional regularization in d = 4+ ¢ dimensions is employed to system-
atically handle divergences. The ultraviolet (UV) singularities arising from loop integrals
are removed through the standard renormalization procedure, which includes both the
renormalization of the coupling constant and the operator renormalization. This ensures
that the resulting amplitudes is UV finite. The universal behavior of IR singularities

provides a non-trivial check of the results and the finite amplitudes are expressed in
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terms of Generalised polylogarithms (GPLs). The amplitudes for decay to three partons
are then simplified in mathematical routine and then optimized in FORM then imple-
mented in FORTRAN-95 routine for use in any Monte-carlo generator, and make the

code public.

Finally, in Chapter 7, we summarize the main findings of the thesis and discuss possible
future extensions of this work toward even higher accuracies and applications to other

important LHC processes.
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Chapter 2
Perturbative QCD

THE STANDARD MODEL (SM) of particle physics provides a successful framework
for understanding the fundamental particles and their interactions. Over the decades, it
has been tested extensively through a wide range of experiments, particularly at high-
energy colliders such as the Large Hadron Collider (LHC). Among the three fundamental
forces described by the SM—electromagnetic, weak, and strong—the strong interaction,
governed by Quantum Chromodynamics (QCD), plays a central role in hadron collider

physics.

At hadron colliders like the LHC, protons are collided at very high energies, and since
protons are made of quarks and gluons, it is these partons that interact in high-energy
collisions. Describing these interactions accurately requires a deep understanding of
QCD, which is a non-Abelian gauge theory. One of the challenges in QCD is that
the strong coupling becomes large at low energies, making non-perturbative effects im-
portant. However, at high energies, the coupling becomes small, and the perturbative

approach becomes applicable.

Precise theoretical predictions are essential for comparing experimental results with the
Standard Model and for uncovering any possible hints of new physics. This demands com-

putations beyond the leading-order approximation. Higher-order corrections in QCD,
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such as next-to-leading order (NLO) and next-to-next-to-leading order (NNLO), signif-
icantly improve the reliability of theoretical predictions. These corrections help reduce

the uncertainties related to scale choices and improve the stability of the predictions.

In addition to fixed-order calculations, there are specific kinematic regions—such as those
near the threshold of partonic reactions—where fixed-order expansions fail to converge
well due to the presence of large logarithmic terms. In such cases, resummation tech-
niques become necessary. These methods allow us to systematically sum over all orders
of such dominant contributions, thereby improving the accuracy and reliability of theo-

retical predictions.

In this context, the study of higher-order corrections and resummation techniques is
essential for precision collider physics. In the following sections, we will introduce the
basics of QCD and explain how higher-order computations and resummation methods

are implemented to enhance theoretical predictions for processes of interest at the LHC.

2.1 Basics of QCD

Quantum Chromodynamics (QCD) is the quantum field theory that describes the fun-
damental interactions of strong forces. QCD is a non-Abelian gauge theory based on the
SU(3) symmetry group. While the theoretical framework is straightforward to construct,
the physical implications of this theory are highly complex. The strong interaction was
understood in terms of general scattering principles without any knowledge of its elemen-
tary constituents in the beginning. The theories were developed based on the analytical
computation of the S-Matrix and Regge theory. This was initially followed by the devel-
opment of current algebra, which was later succeeded by the introduction of quarks and
partons in the quark model. Murray Gell-Mann and George Zweig independently pro-
posed the quark model to describe the observed patterns in hadron spectroscopy. Quarks
were introduced as the fundamental building blocks of protons, neutrons, and other
hadrons, though they were initially considered abstract mathematical constructs rather
than physical particles. Experiments at SLAC (Stanford Linear Accelerator Center) re-
vealed that protons are made up of tiny point-like particles, confirming that quarks are
real. These findings matched Richard Feynman’s parton model, which described quarks
as almost free particles at high energies. These quarks follow Fermi-Dirac statistics, but
the way hadrons were arranged suggested that something was missing to follow the Pauli

exclusion principle. To explain how three identical quarks could exist together inside a
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baryon, physicists introduced the idea of "color charge". This led to the understanding
that quarks carry a special type of charge, governed by SU(3) symmetry. David Gross,
Frank Wilczek, and David Politzer discovered asymptotic freedom, showing that the
strong interaction weakens at short distances. This means that quarks act almost like
free particles at high energy. To describe this, the QCD Lagrangian was formulated as a
non-Abelian SU(3) gauge theory, incorporating quark fields, gluon fields, and their inter-
actions. Unlike electromagnetism, gluons themselves carry color charge, allowing them to
interact with each other. This leads to confinement, which means quarks can never exist
alone and are always bound inside larger particles like protons and neutrons. Finally,
the success of QCD in describing the strong interaction is defined by two key concepts:
asymptotic freedom and confinement. Asymptotic freedom signifies the weakening of the
interaction at short distances, while confinement arises from its increasing strength at
long distances. However, many theoretical predictions—primarily, but not exclusively,
related to inclusive processes—are independent of QCD’s long-distance behavior. These

predictions fall within the domain of perturbative QCD (pQCD).

In the following, we briefly outline the corresponding QCD Lagrangian and discuss the
evolution of the strong coupling constant. We then introduce the parton model and mass

factorization.

2.1.1 QCD Lagrangian

QCD is an SU(3) gauge theory that describes the strong interaction. It consists of eight
gauge bosons, known as gluons, which interact exclusively with colored particles such
as quarks and with themselves. This self-interaction among gluons distinguishes QCD
from Quantum Electrodynamics (QED) because of non-abelian theory. The interaction

Lagrangian of QCD is expressed as

1 _ y - 1
Locp = —ZFﬁyF‘”‘W + 1 (i'y"D}f —mé¥) h; — 2—@(8“14““)2 —c (—8“7)20) ¢ (2.1)
where Fj, is the field strength tensor,
Ff, = 0,A% — 0,A% + g f* AL AS. (2.2)

DZb and D,Zj are the covariant derivatives for quark and gluon fields, respectively:
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D =570, — gs fOAL, (2.3)
D = §99, —ig,TEA, (2.4)

Where the following definitions are,

¥; : the fermionic field (quarks)

A% : the gauge field (gluons)

c* : the ghost fields

T2  : generators of SU(3) group

f%¢ . the structure constant of SU(3) group

i,7 : color indices in the fundamental representation
a,b,c : color indices in the adjoint representation

m : mass of quark field

Co : the gauge parameter

Js : the bare strong coupling constant

The first two terms in Eq. (2.1) represent the kinetic terms for the gauge and fermionic
fields, respectively. The third term corresponds to the gauge-fixing component of the
Lagrangian in the covariant gauge, which is introduced to properly define the gluon
propagator during quantization, ensuring a consistent quantum field theory. This arises
because the gluon propagator contains additional degrees of freedom that must be elim-
inated through constrained gauge fields. Ghost fields play a crucial role in canceling the
unphysical polarization states of gluons that would otherwise contribute to physically
measurable quantities. Therefore, the gauge-fixing term is complemented by the fourth

term in Eq. (2.1), which represents the kinetic term for the ghost fields.

A common framework employed in collider physics is perturbative Quantum Chromody-
namics (pQCD), which relies on expanding physical observables as a series in the strong
coupling constant as = §2/(4r). Under the assumption that ay is sufficiently small at
high energies, physical quantities can be systematically computed order-by-order. For

an observable o, the perturbative expansion can be expressed as:

0 =00+ o1 +aloy -, (2.5)
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where oy denotes the leading-order (LO) contribution, ¢; the next-to-leading order
(NLO) correction, and so on. Each term o; corresponds to a correction calculated us-
ing Feynman diagrammatic methods within the perturbative framework. In this thesis,
our primary focus lies on the perturbative techniques in QCD and their applications to

high-energy collider processes.

2.1.2 Ultraviolet divergences and renormalization

Quantum field theories typically suffer from divergences at high energies. In QCD, these
divergences are handled through renormalization, where physical quantities are redefined

to absorb infinities.

While an exact analytical solution for the QCD Lagrangian remains elusive, the property
of asymptotic freedom—where the strong coupling constant decreases at high energies—
allows for the use of perturbative techniques by expanding around the free field limit.
In this expansion, the strong coupling constant gs serves as the perturbative parameter.
The typical approach begins by deriving Feynman rules and proceeds toward calculating
physical observables. Leading-order (LO) calculations are usually manageable; however,
incorporating higher-order corrections introduces complexities, especially due to phase-

space integrations and loop diagrams, which often result in divergences.

To handle these divergences systematically, a regularization method must be applied.
Here, we employ dimensional regularization [190], in which the number of space-time
dimensions is shifted to d = 4 4+ e. Within this framework, divergences manifest as poles

in 1/e, where € is an infinitesimally small quantity.

Divergences encountered in calculations can be broadly classified based on their origin.
Ultraviolet (UV) divergences arise when loop momenta become arbitrarily large, while
infrared (IR) divergences occur when a parton’s momentum becomes soft or collinear to

another. In this section, our primary focus is on addressing UV divergences.

Using dimensional regularization, UV divergences appear explicitly as 1/e poles. To
systematically eliminate these divergences, the concept of renormalization is introduced.
The essence of renormalization lies in redefining the bare fields and coupling constants
so that physical quantities remain finite in the limit ¢ — 0. We denote bare quantities
with a hat, for instance, §s for the strong coupling constant, and quS for generic fields

¢ € {A, ¥, c}, representing gluon, quark, and ghost fields, respectively. Since g, acquires
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mass dimension in d dimensions, we introduce an auxiliary mass scale ug to restore

dimensionlessness.

The UV divergences are absorbed into renormalization constants Z, leading to the rela-

tions:

¢ = Zy(ur) d(pr),  9s = Zg(1r) 9s(1R), (2.6)

where pp is the renormalization scale introduced during the redefinition. The renor-
malized Lagrangian thus includes counterterms that cancel UV divergences at every

perturbative order.

The choice of how much finite contribution is absorbed into the renormalization con-
stants is known as the renormalization scheme. In this thesis, we employ the modified
minimal subtraction (MS) scheme [191], where, in addition to the divergent 1/e terms,
the finite parts involving In 47 and the Euler-Mascheroni constant vg ~ 0.5772 are also

systematically absorbed.

2.1.3 Running of the strong coupling constant

The renormalized strong coupling constant is not constant but depends on the unphysical
renormalization scale ur. We define a5 = d/4m = §2/167% and as = /4w = g2 /1672,

then

as Qs (qu )
S — = Z(u2 lit 2.7
MS (MR) ,U/% ( )

where g is introduced to make the strong coupling constant dimensionless in 44 ¢ dimen-
sions. The scale ug refers to the renormalisation scale, at which the renormalised strong
coupling constant as(ur) is defined. Where, S¢ = exp {g['yE —1In 47r]} is the spherical
factor characteristic of d-dimensional regularisation with vg is the Euler Mascheroni con-
stant. The L.H.S of Eq. (2.7) is independent of pr, whereas the R.H.S is a function of
ur. Therefore,

A
d,u%

=0 (2.8)

This equation leads to the renormalized group equation (RGE) of ag, and it reads as
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dinas(pg) € dinZ(pF)

= Z2VR) (2.9)
dln u% 2 dIn ,u%%
Now we define a new function called the S-function in MS scheme as
dlnas(p%) € 1 9
N 2.10
This S-function can be written as a series of as as
2
Blas ,“R Zﬁn as n+ (2.11)

Using Eq. (2.7) and Eq. (2.11), one can find the solution for Z(u%), and the solution is

452 863 14 2
Z(uh) = 1+ as(up)=— 60 + a3 (%) (%Jr%) + a3 (k) (%Jr ?iofl +3ﬁ:>

(2.12)
165, 465336 952 + 208032 53
402 0 0 1
+ab(u) (24 = +0(a}(3)
where the ’s are given below [176, 192-198|:
11 2
fnlalg I
Bo = 3 A= 3nf
) 20
2857 1415 158 44 205
By = 54 CA — 97 CATan R ——— o7 CATI%H? + ‘Q_CFTI%n? *CFCATan + QCFTFTLf,
17152 448 4204 352
=(—+— CyCrT — C,CA:T
B3 < 913 C3> ACF nf—i-( w C3> ACEpTrnyg
424 7073 656 7930 224
Tind + ( - — ACFT, CAT?
+ (2430A i (243 C3> CaCr an> +< 1 C3> A an
1232 39143 136 150653 4
T T — ==
+(243CFTF ( 81 <3>CA F"f>+< 486 9€3>C
1352 704 512 1664 .\ N(N? +6)
—i—( )CF nf—|—4GC’FTan—|—<9— 3 3> 18 ny
704 512\ (N*—6N? +18) , 80 704 .\ N?(N? +36)
== S ) Y 2.1
* ( 9 C?’) gone T Ty T 24 (2.13)

TH-3775-196121103



Chapter 2: Perturbative QCD 24

where C4 = N, Cp = %, ny is the number of active quark flavors (equal to 5),

Tr = %, and N = 3 for SU(3) gauge theory.

The running of the strong coupling constant as(ug) can be expressed using an approxi-
mate analytical solution incorporating the first three coefficients of the QCD S-function.

The expression takes the following form:

w(t) = 2% [, 20 In (In(uq/A%)
T RGN | B n(eR/A?)

432 1\N? 5 o
] (CCC IR B o S

where pp is the renormalization scale and A is the QCD scale parameter.

For fewer than 17 active quark flavors (ny < 17), the first S-function coefficient By
remains positive, leading to a decrease in as with increasing pr, which is a manifestation
of asymptotic freedom. However, this expression becomes unreliable at energy scales near
A, where In(u%/A?) approaches zero and as diverges — a behavior known as the Landau
pole. Below this scale, the coupling becomes large and perturbative QCD (pQCD) is no
longer valid. In contrast, for scales significantly above A, pQCD can be reliably applied.
The precise value of A depends on the number of active quark flavors, the renormalization
scheme, and the value of the strong coupling at a reference scale. For instance, using the
MS scheme and four-loop evolution, the QCD scale A is approximately 210 4 14 MeV
for ny = 5 and 292 4 16 MeV for ny = 4, consistent with the world average value
as(Mz) =0.1181 £+ 0.0011 [199].

2.2 The Parton model

Asymptotic freedom is one of the most profound results of Quantum Chromodynamics
(QCD), providing a compelling explanation for the behavior of quark-gluon interactions
at high energies. Despite this, free quarks and gluons are not observed in nature. Instead,
it is protons (and other hadrons) that participate in high-energy collisions. However,
describing proton interactions directly using perturbative QCD (pQCD) techniques is

not feasible due to confinement effects.

To study high-energy hadronic processes, we rely on the Parton Model which is initially

proposed by Feynman,. The parton model has been remarkably successful in describing
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the connection between low-energy confined hadronic states and high-energy free par-
tons. In this framework, hadrons are composed of fundamental constituents known as
partons. In the infinite momentum frame, each parton carries a fraction of the hadron’s
momentum. Specifically, if P is the proton momentum, the i-th parton carries momen-

tum p; = x; P, where z; is the momentum fraction (0 < z; < 1).

Within this framework, the hadronic cross section o for a high-energy collision between
two hadrons Hy and Hy with momenta P; and P, with centre-of-mass energy (S)can be

written as a convolution of parton-level cross sections 64, with the PDFs:
1 2 FH
O'Hng(S) = Z/ dxr1 dxo ffl (1) b 2(xz9) ogp(T1 P, 22 P), (2.15)
a,b 0

where &, partonic cross-section can be computed perturbatively, whereas the PDFs

fiHi (x) are non-perturbative inputs.

While the naive Parton Model captures many important features, it must be modi-
fied when QCD radiative corrections are included. Radiative processes introduce new
phenomena, such as gluon emission and parton splitting, leading to an energy scale

dependence in both the PDFs and the partonic cross sections.

Thus, the improved Parton Model incorporates the effects of these corrections, accounting
for the evolution of the PDFs with energy scales. To understand these improvements, it
is essential to study the divergence structures arising from radiative corrections, which

will be discussed in subsequent sections.

Radiative corrections and factorization

In perturbative QCD (pQCD), the partonic cross section can be systematically expanded

in powers of the strong coupling constant as:
N (*)
Gap = ) as(uk) 6 (HF), (2.16)
k=0

(k)

where 6 ,,° represents the coefficient at order k in the expansion, computed using Feynman

diagram techniques.
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At leading order (k = 0), the computation is relatively straightforward. However, at
higher orders (k > 1), contributions from both loop diagrams and real emission pro-
cesses must be included. These contributions bring about divergences of two types: ul-
traviolet (UV) and infrared (IR). UV divergences, discussed earlier, are handled through

renormalization procedures.

IR divergences, in contrast, arise due to soft gluon emissions and collinear configurations
involving massless partons. Specifically, soft divergences emerge when the energy of
emitted gluons tends to zero, while collinear divergences occur when massless partons
become parallel. In physical observables, the soft and collinear divergences from virtual
corrections are canceled by corresponding divergences from real emission processes, as

guaranteed by the Kinoshita-Lee-Nauenberg (KLN) theorem [200, 201].

Although soft divergences cancel entirely, collinear divergences associated with initial
state massless partons persist at the partonic level. To handle these, a technique known
as mass factorization is employed. The approach resembles UV renormalization: collinear
singularities are systematically factored out and absorbed into the bare parton distribu-

tion functions (PDFs), rendering them finite and universal quantities.

This procedure introduces a new energy scale, the factorization scale ur. Consequently,

the renormalized partonic cross section can be written schematically as:

a'ab(l']_P]_,.',UQPQ ZF O'l] .1:1P1,$2P2,,U,F) Fjb(ﬂ%“): (2.17)

where 6;;(u%) are finite partonic coefficient functions and I'y;(p%) and T'jp(p%) are the

mass factorization kernels, often referred to as Altarelli-Parisi (AP) kernels [202].

Similarly, the singularities are absorved inside bare PDF’s and the finite PDFs are ob-

tained:

(=, u7) ZFZ] (uF fJ (2.18)

where I';; encapsulates the collinear structure and give finite measurable quantity. The

finite PDFs are universal and does not depend on the process.

Thus, including radiative correction ns and accounting for factorization scale dependence
modifies the original naive parton model to the so-called improved parton model, which

forms the backbone of QCD analyses at high-energy colliders.
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FIGURE 2.1: A schematic representation of parton model.

Partons are treated as if they exist in a frozen state within the hadron, meaning they
do not interact with one another. Consequently, the scattering process is modeled as
a weighted, incoherent sum of individual parton scattering processes. These subpro-
cesses can be systematically calculated within a dynamical theory that describes parton

interactions.

As an example, we consider the following hard-scattering process:

where the collision of two hadrons H; and Hy with momenta P; and P, with centre-of-
mass-energy S produces the final state F', a system of colorless particles such as lepton
pairs, Higgs boson, and so forth. For this process, the idea of the parton model is
depicted in Figure 2.1, where the following notations are used generically. The variable
x; represents the fraction of the parent hadron’s momentum, with p; = z; P;, for i = 1, 2.
The functions f71(z;) and flf]“’ (z2) denote the distribution functions of the partons a
and b within the hadrons H; and Hj, respectively. The hadronic cross section o(5) is

related to the partonic contributions through the following factorization formula
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o Z /dxl/ day 17 (21, 1u%) £, (w2, pF)6an(w1 P, 2o Po, ) (2.20)

a,b=q,q,9

In Eq. (2.19), the final state X can represent any inclusive collection of hadrons. The
improved parton model refines the naive parton picture by incorporating radiative cor-

rections in Eq. (2.20).

The initial hadronic beam is treated as an incoherent ensemble of its constituent partons.
Each parton carries a fraction of the hadron’s longitudinal momentum, governed by the
parton distribution functions (PDFs). The short-distance hard scattering cross section
between partons is perturbatively calculable. It can be expanded in the strong coupling

constant as evaluated at the renormalization scale pg:
o0
Gab(z1P1, 22 Py, pp) = Za (13) 6! o N(@1P1, 22 Py, i, 113)- (2.21)
k=0
Although the PDFs are non-perturbative in nature, which are universal and process-
independent.
The scale evolution of the PDFs is described by the Dokshitzer-Gribov-Lipatov-Altarelli-
Parisi (DGLAP) equations:
0 Ldz 9
b Fiw i) = 3 [ F Pyl 15 (2o, (222)
HE 7 Jz z z
where Pj; are the splitting functions that encode the probability of parton j evolving

into parton ¢ with a momentum fraction z.

This combined framework, known as the collinear factorization theorem, ensures that

the physical cross section remains finite and well-defined after mass factorization.

It is important to recognize that two unphysical scales now appear in the theory:

e The renormalization scale ugr, where the strong coupling constant as is evaluated.

e The factorization scale pf, which separates short-distance physics from the collinear

long-distance effects.

Typically, both pr and pr are chosen around the characteristic energy scale of the hard

scattering to minimize large logarithmic corrections in the perturbative expansion.
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The principal objective in this context is to improve the precision of short-distance par-
tonic cross sections by including higher-order radiative corrections. In the next section,

we will briefly introduce various methods employed for such higher-order computations.

2.3 Fixed order Computations

A widely adopted method for calculating higher-order QCD corrections is the fixed-
order perturbative expansion. In this approach, observables are expanded systematically
in powers of the strong coupling constant a; = a,/(47), and only a finite number of
terms are retained. Because a, is relatively small at high energies, higher-order terms
contribute diminishing corrections, and truncating the Taylor’s series after a few orders

often provides an excellent approximation to the full result.

The partonic cross section truncated at order n is given by
. k
Gan(@1Pr w2 Po) = Y abi(ud) 6% (w1 Py, 2o P, ) + O(al ). (2.23)
k=0

n+1

Given that as < 1, contributions of order a7

are expected to be small and can typically
be neglected (born type channel contribution), provided that the perturbative series

exhibits good convergence behavior.

The first non-zero term defines the leading order (LO), with successive terms represent-
ing the next-to-leading order (NLO), next-to-next-to-leading order (NNLO), and

so on. If the expansion is carried out to order n, we refer to it as an N"LO calculation.

The order at which the perturbative series starts can vary by process. For example,
in gluon-initiated Higgs boson production, the leading contribution appears at O(a?),
whereas in Drell-Yan process, it begins at O(al). Thus, a more general expression for

the expansion is

Gap(r1Pr w2 Po) = @ () Y al (k) 6,y (1 Py wa P ) + O ), (2.24)
k=0

where A denotes the starting order determined by the specific process under considera-

tion.
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Higher-order corrections stem from both virtual loop diagrams and real emissions. Con-

sidering a general partonic subprocess, two particles a and b into one particle F',

m

a(p1) +b(p2) = F(q) + Y Ri(ks), (2.25)
=1

where F represents a colorless final state and R; are the emitted partons with momentum

k;, the cross section can be written as

R 1
Gab = 57 / dPS1 1 m | Map—r|?. (2.26)

Here, Mgy is the matrix element, and dPS;4,, denotes the (1 4+ m)-particle phase

space:

m m

dPS 1y m = d®(q) | [ d®(k:)(2m) %6 (pa +p—q=) k) : (2.27)
i=1 i=1

where d®(p) represents the on-shell phase space measure for particle p. In this thesis, we

mainly focus on presenting the invariant mass distributions of the final-state particles.

In Appendix A, we have shown how to rewrite the two-body and three-body phase space

expressions in terms of invariant mass variables.

At LO, only the Born-level matrix element squared contributes. At NLO, corrections

consist of contributions from both:

e One-loop virtual diagrams, &}Z/b.

e Real emissions of an additional parton, 6fb.

Thus,
1
o) = . (/ dPS; 6, + /czps2 a—f;@) ; (2.28)

with

- 0), 1

Gap = 2Re (Ml(lb);IFMl(lbLF) ) (2.29)

. 0

Gap = \MfszFHIQ- (2.30)

At NNLO, three types of corrections arise:

e Double real emissions (RR), involving two additional partons.
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e Real-virtual corrections (RV), combining one-loop corrections with one addi-

tional parton.

e Double virtual corrections (VV), involving two-loop virtual contributions.

They contribute as:

1
52 — 5 (/ dPs; 64V + /dPSg gBY +/dP53 &fﬁ) , (2.31)
where

T 2| Meglamigs (2.32)
A 0), 1

a9 =2Re (MgbLF+1MEszF+1) ) (2.33)
A 1

o5 =2Re (MPT MG ) + MG 2 (2.34)

Throughout these calculations, both ultraviolet (UV) and infrared (IR) divergences arise.
Renormalization is employed to remove UV divergences, while mass factorization is used
to absorb initial-state collinear singularities into the PDFs. The resulting finite hard
coefficient functions &, are then convoluted with the PDFs to obtain physical cross

sections.

Finally, for the fixed-order expansion to be reliable, it is necessary that each subsequent

order yields increasingly smaller corrections:

nl)

5" <« 50 (2.35)

(n) _ A(n=1)

If instead 6,,” ~ 7,, ', the perturbative expansion becomes unreliable i.e. truncating

series expansion is not reliable, then the need for alternative resummation techniques.

2.3.1 Scale Variations

In perturbative QCD calculations, the dependence on the unphysical renormalization
(ur) and factorization (up) scales is a primary source of theoretical uncertainty. A
standard procedure to estimate this uncertainty is the 7-point scale variation method. In
this approach, the two scales are varied independently around a central value pg by factors
of 2, but constrained such that their ratio does not become too large, typically requiring

|In(pr/pnr)| < In2. This constraint defines seven distinct points in the (ug, pup)-plane:
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the central point (yo, pto). The different choice of scales are (&2, 52), (&2, o), (1o, 5),
(1o, po)s (2p0, t10), (Ho,210) and (20, 2p0). The envelope of results from these seven
calculations provides a conventional and widely adopted measure of the uncertainties in

a theoretical prediction.

2.4 Thershold Resummation Framework

The fixed-order perturbative QCD predictions have achieved remarkable success, their
applicability is often limited by the emergence of large logarithmic contributions. How-
ever, the behaviour of certain ovservables is very poor in certain kinematic region for
fixed order correction. In particular, the fixed order correction introduces finite loga-
rithmic terms originating from the soft and collinear parton radiation in the final states.
These logarithm give very large contributions to the partonic cross section depending
on the kinematic regions and break the convergence of the perturbation theory. To ob-
tain reliable theoretical results, one has to resum all these large logarithms to all orders
in perturbation theory. These enhanced logarithms primarily arise from three different

origins: ultraviolet (UV) divergences, collinear divergences, and soft-gluon emissions.

As explained earlier, logarithms associated with UV divergences are systematically ab-
sorbed into the definition of the running coupling constant through renormalization.
Similarly, collinear divergences are treated by absorbing the singularities into the parton
distribution functions (PDFs) via the process of mass factorization. However, large log-
arithms stemming from soft emissions of gluons are not entirely canceled, even after the

cancellation of divergences between real emissions and virtual corrections.

In specific kinematic regions, particularly where real and virtual contributions are im-
balanced, soft-gluon effects remain substantial. In such cases, the reliability of the fixed-
order expansion becomes questionable because the series convergence deteriorates. To
properly account for these effects, it becomes essential to reorganize the perturbative
expansion. This leads to a technique known as resummation, where classes of large

logarithms are systematically summed to all orders in the coupling constant.

2.4.1 Soft-virtual correction

Moreover, at the hadronic level, the behavior of PDFs can also amplify the impact of

soft emissions, especially in regions close to the partonic threshold. Consequently, soft
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corrections, when supplemented by the virtual contributions, form what are commonly

referred to as soft-virtual or threshold corrections.

This section provides a concise overview of the formalism developed to capture these
threshold contributions in inclusive processes, along with the framework for their all-

order resummation based on [81, 82, 178, 179|.

In the study of soft-gluon emissions, the threshold limit is of particular importance. This
limit corresponds to the kinematic configuration where the produced final-state color-
neutral system carries nearly the entire energy of the initial partonic center-of-mass
system. The hadronic and partonic center-of-mass energy squared of incoming partons
are define as S = (P; + P»)?, and § = (p1 + p2)? respectively and @ is the invariant mass
of the final-state particles. The partonic and hadronic threshold variables are define

%2 ,and T = %2 respectively. The approach to the threshold region can then be

z
characterized using the dimensionless partonic thershold the limit z — 1. Where the
partonic threshold variable z — 1 implies that very little energy is carried away by
additional emissions, and the final state absorbs almost the entire initial energy and

emitted radiation will be soft.

Now, hadronic cross-section parameterized in terms of threshold variables z and 7, can

be written as

1 1
0(5.Q)= ¥ [ an [ s @ d) 5w i) (2.36)

a,b=q,q,9

1
x [z 6O AL (6. Q2 )37 — z1i).
0

The partonic coefficient function to any order n, can be written as

2n—1
AL (2, Q2 13 1h) =Ca s (Q% i, 13)0(1 — 2) + > CY) L (Q% i, 1k) F(Di(2))
=0

+ Cab,reg(Q27 /L%a M%%)freg(z) (2'37)

where the distribution function D;(z) has the form

Dy(z) = Fnl(l__zz)L i=0,1,2,--- (2.38)
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The first term in Eq. (2.37) is coming from virtual correction and soft gluon radiation,
the second term is the effect of soft and collinear gluon radiation and together these two
terms is called soft-virtual (SV) partonic coefficient function. The third term is called
regular part which is process dependent and also finite when z — 1. The SV cross section
constitutes a significant contribution to the partonic cross section in the limit z — 1 and
can be computed order by order in the strong coupling. Here, I represent the incoming
partons like quark or gluon. Now, the threshold part can be separated from partonic

coefficient as

I,(n I, I,(n
Aab( )(Z, Q27 M%‘? /-L%{) = Aab(;gg (Z7 sz :U‘%'a :u?%) + Aab(,rgg(z7 an :u%'v N%{) (239)

The threshold partonic soft-virtual cross-section to all orders in perturbation theory in
z space for the space-time dimensions d = 4 + € can be written 81, 82] as,

AL (2,Q% uF, i €) = Cexp (V' (2, Q% i, uhy€)) L:O, I=gq,g (2.40)

Where ¥ is the distribution function which is finite in the limit ¢ — 0. The symbol C
represents the Mellin convolution operation (denoted by ®), and it acts according to the

following expansion:

Cexp (9(6)) = 61— 2) + 719(e) + 9() D g() + -+ (2.41)

where g(e) is a function composed solely of §(1 — z) and plus distributions. In the
threshold limit, the finite part of the exponent above can be re-organized and receives
contributions from the form factor F!(as, ¢%, u%,¢) (with ¢*> = —Q?), the soft-collinear
function ®(a,, Q?, ,u%, €) (referred to later as the soft function), and the mass factoriza-

tion kernels I's(as, ,u%, ©2,€). In dimensional regularization, it can be expressed as:

Ul (2, Q% p¥, %, €) = <ln [ZI(&S,M%,ug,e)]Q +1In [FI(dS,Q2,M%,€)]> 5(1—2) (242)

+ 28" (a5, Q% pF, €) — 2mC In Ty (as, 1, 13, €).-

In the above Eq. (2.42) m = 1 for Drell-Yan and Higgs productions cases and m = 1/2 for

DIS case. Whereas a; is the unrenormalised (bare) strong coupling constant is define as

~2
s
Us = gy

. Where g, denotes the strong coupling constant, which remains dimensionless
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in d = 4+ € space-time dimensions. The parameter pg is introduced through dimensional
regularisation to ensure that the bare coupling g, retains its dimensionless character in

d dimensions.

The bare coupling constant a is connected to the renormalised coupling through the in

Eq. (2.7).

Operator renormalization

The quantities Z7(as, ,u%%, M%7 €) represent the overall renormalisation constants associated
with the corresponding operators. In the case of the vector current, the renormalisation
factor is trivial, i.e., Z9(as, .U%:p ,u(%) = 1. However, for the gluonic operator is a non-trivial
overall renormalisation factor is required, and the gluonic operator renormalisation factor

[203] for the gluon fusion Higgs production case is

€
1 j 2\ 2 200
Z9(as, i, gy €) = 1+ as (Z’;) Se [i
0

2 \ 3%
T <“R) S8 [12( - mwl) i gfl (2.43)

The form factor

The unrenormalised form factors F! (as, Q?, u%) associated with both fermionic and glu-
onic operators follow an integro-differential equation. This equation emerges as a con-
sequence of gauge invariance and the principles of the renormalisation group [204-207].

The form of the equation in dimensional regularization is,

d A LA 22 . QF
QZ@IHFI (CL57Q2,/’L376) = 2[}(: (as,/jg,E)‘i‘g as,g,jjg?E (244)

where K contains all the negative powers of € i.e. poles. On the other hand, G collects

the rest of the terms that are finite when ¢ becomes zero. In other words, G! contains
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only non-negative powers of €. Since Flis follow the RG equation, we find that

Lk (a0 5 ) = ala )
dﬂ%{ ) M(2) )
d QQ M2
2 I ~ R 1 2
2 7g As; —5, 75 € =A (G‘S(M ) (245
Rd/ﬁ% ( /J% 'u% R) )

The functions A’ represent the conventional cusp anomalous dimensions and can be

expressed as a perturbative series in the renormalized strong coupling constant ag (,u%):
oo

Al(ug) = al(ur) A (2.46)
k=1

The total derivative is given by

d 0 das(u%) 0
2 2 s\HR
p— _|_
Rdu% “apg% du% 6as(u%)

(2.47)

The RG equations of ! can be solved in powers of the bare coupling constant @, as

1S9 k<

il (a4 1 . Z&k AN SE K™ () (2.48)

) “(2) ) Wy S /J,% € '
k=1

The explicit expression of the coefficients K':(%) are given in Appendix A.2.

Similarly, RG equations for G! can also be solved, yielding the following solution:

2 2 2
gI <&57%7M%a5> = gl <as(/~5%)7'§276>

R Ho R
I 2 b dx? I 2 92
= G (as(Q )7176) + Q2 VA (CLS()\ :LLR)) (249)
1R

The integral in Eq. (2.49) can be performed, and solution to be

LA P
<> — 1| SL kL@ (e) (2.50)

ILAQAI(G(AZ 2)) _ 00&1 2R '
%2 22 s KR - ‘ s ,LL%%

KR
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The function G'(as(Q?),1,¢), this also admits a perturbative expansion in powers of

as(Q?), given by
G'(as(@%),1,6) =Y _ak(@ (2.51)
k=1

By inserting these solutions into Eq. (2.44) and carrying out the remaining integration,

we arrive at the final expression:

i F1Gi0 Q%a) = 3 (Qz) 210 (2.52)

=1
The explicit expressions of the coefficients ﬁg_l(k) are given in Appendix A.2 in Eq. (A.12).

The result presented above is consistent with the findings of [208], where various algo-
rithms for evaluating nested sums were employed. The cusp anomalous dimensions, Ai
and g,{ (€), are known up to the third order in the strong coupling constant as. Notably,
the cusp anomalous dimensions exhibit a maximally non-Abelian structure and leading

to the following relation:

CF
A1 =ZE po 2.
@ (2:53)

The expressions for the coefficients g,g (€), corresponding to both I = ¢ and I = g,
are available in [209] with the necessary powers in the dimensional regulator €. These

coefficients follow
o
Gi(e) = 2Bf —d1480) +f+) g™
I=1

(ee]
Gi(e) = 2(BS —20141) + f1 —2B0g,"" + > g
=1

Gi(e) = 2(BS—3014B2)+ f1 — 251911’1 — 28 (921’1 + 25091[’2>

o0
+ Z elggl’l (2.54)
=1

The coefficients B,g have been determined up to O(a?), made possible by the advancement
in the calculation of three-loop anomalous dimensions and splitting functions in [210,

211].
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The constants f,f share similarities with the cusp anomalous dimensions Ai as in Eq.
(2.53) that appear in the form factors. It was shown in [212] that the single pole (in €) in
the logarithm of form factors up to two loops (i.e., order a?) can be traced back to these

f,g constants. They exhibit a maximally non-Abelian structure, satisfying the relation

C
fl= C—jf;if, (2.55)

which mirrors the behavior of the Ai terms. This proportionality has been confirmed to

persist even at the three-loop level, as demonstrated in [209].

Splitting function

The collinear divergences arise from massless partons, particularly when their emissions
are parallel with the incoming partons. These collinear divergences are systematically
removed by incorporating them into the bare parton distribution functions (PDFs). This
yields renormalized PDFs, which are finite and physically observable. The process, known
as mass factorization, is carried out at the factorization scale up. As mentioned earlier
in Eq. (2.17), this procedure introduces mass factorization kernels I'y, which effectively
absorb the initial-state collinear divergences. Within the M.JS scheme, these kernels

satisfy the following renormalization group (RG) equation:
24 d 2 1 9 P
“E d/ﬂ Fab(za HE, 6) — 5 Z Pac (Z, MF) X Fcb (z, U, 6) (2.56)
F &

Where P,p(z, u%) are known as Altarelli-Parisi splitting functions (matrix valued) and
both are perturbatively expanded in powers of the strong coupling constant, Pyp(2, u%)

known up to three loop level [210, 211]:

Puy(z, 1) Za P (z) (2.57)

Since we are focusing only on the SV part of the cross section. So, only the diagonal terms
of splitting function contributes to our analysis, hence non-diagonal terms that arise
beyond SV are neglected. The diagonal terms of splitting functions Pr(z) (a = b = I)

have the following structure

P(z) = 2|BL,6(1 — 2) + AL Do | + P2 (2) (2.58)
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The functions P (@)

reg.I remain finite in the kinematic limit where 2z — 1. The renormaliza-

tion group equation (RGE) for the kernel can be addressed using dimensional regulariza-
tion, with a perturbative expansion in the strong coupling constant. Since our focus lies
on the soft and virtual components of the cross section, only the diagonal elements of the
kernel are relevant. In the MS renormalization scheme, the kernel exclusively contains
divergences in the form of e-poles. The kernel can thus be expressed as a series in terms

of the bare coupling as,
oo ,u2 kg
i) =02+ 3oak (45) 7 strie. (2.59)
1

After solving the RG equation for the kernels, the solutions in the M S scheme are given
in Appendix A.2 in Eq. (A.13). These parameters are universal in nature and remain

unaffected by the choice of operator insertion.

Soft Distribution function

The IR structure of pure virtual amplitudes is known to be completely universal and
does not depend on the number of external colorless particles. Consequently, in order
to yield a finite cross section, the combined effects arising from real emission processes
and mass factorization must also adhere to this universal behavior. By leveraging this
universality and enforcing the requirement of cross-section finiteness, we can isolate the
universal part of these contributions. This enables us to construct the soft-virtual (SV)

cross section, which we discuss next.

The soft distribution functions ®1 (s, Q%, u3, z) can be systematically derived using the
known results up to three loops for the form factors F!. the evolution kernels I'y, and

the coefficient functions AZ .

Since Al remains finite as e — 0, it follows that ®! must exhibit a pole structure in e
analogous to that of F! and T';. Furthermore, the soft functions @I (a5, Q% 13, 2) follow

the renormalization group equation:

d .
M%%diz(bgv(a&@a/‘%vz?e) =0 (2'60)
MR

Based on the preceding insights, it is reasonable to anticipate that the soft distribution

functions also follow an integro-differential equation of the Sudakov type—similar to the
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one satisfied by the form factors F!(Q?) (similar to Eq. (2.44)). Therefore,

d . 1l—1/. /112 —1/. Q2 N2
Q2dQ2<I>£v(a5,Q2,u(2),z,e):2[K (as,,u}g,z,e + G as,%,ﬂ—}g,zm (2.61)

where K ' contains all the poles terms i.e. negative powers of € and G " are contains the

finite functions of e. Then RG invariance leads to

d —r{. 2 d —1{. Q% u? —I
_/‘LQRiQ K as,%azje :,U/2 5 G CLS,T,%,Z,G :A (GS(H%))(;(]. _Z)(262)
dpg 1o Iz
In order for the soft distribution functions ®I, (as, @2, u?, z,€) to provide the necessary
pole structure that cancels the divergences originating from the form factors Fl , the
renormalization constants Z!, and the mass factorization kernels I'; to ensuring the

finiteness of Al in Eq. (2.40), then the functions A ! must satisfy the following condition:

s/

A=Al (2.63)

In analogy with Eq. (2.48), we carry out an expansion of & in terms of as as follows:

2 0 2 \ ke
K <a “’;,z,e> =51-2)+Y &k <§) KW (e, (2.64)
Mo k=1

where each K® (e) denotes the k-loop contribution. The structure of the solutions, as

shown in [81] and it related to K©*) in Eq. (A.11) as :

_Iv(k)

K () = —KH R (e) (2.65)

Similarly, this approach is extended to solve the renormalization group equation (RGE)

for G
2 2 2
é[ <&87%7M§72”76> - él <QS(M%§)7Q27276>
KR Mo MR
rad 2 ban? I 2 2
= G (as(@Q%),1,z,¢) = 6(1 — 2) o2 FA (as(Nu3))
R
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Now it is now straight forward to determine all G I(as(QQ), 1,z,€) from the available

informations. The functions G I(as (Q?),1, 2, €) can be expanding in powers of as(Q?) as

o0
G I(as( ), 1,2, ¢€) Za Gk Z,€) (2.66)
k=1
The solution of the soft function to the Eq. (2.61) can be obtained as for In F!(Q?) in

Eq. (2.52). Expanding the soft distribution functions in powers of bare coupling as as

00 2 k% .
o (a5, Q% p, 2, 6) = Y _ak (%) S¢ &0 (z,¢) (2.67)

k=1 0

The solution should be:

S (5, ¢) = £2P) (e) (A,g — —6(1—z) AL, Gl(e) = Gl (2, e)> (2.68)

The finite functions éé (z,€) can be determined by applying the mass factorisation for-

k)

malism, ensuring that the corresponding coefficient functions Agi,( remain finite. Due
to the renormalisation group (RG) invariance of the soft functions and the straightfor-
ward rescaling of the momentum, @ — (1— z)@, it follows that the expansion below also

satisfies the associated integro-differential equation:

O, (a5, Q% i, 2,€) = @y, (s, Q3 (1 — 2)%, 11, €)
6
2 _ 5 A
=3 Z ];(Q (LO Z) ) S? (116_62) d’L(k)(e) (2.69)
k=1

For convenience, we redefine the functions by using Gi(e) in place of éi(e), where both

are connected through the relation:

0 201 _ )2\ F_ 0 201 _ 2\ ke
S (T Gl -yt (PU) siwo, )

k=1 Mo

then
$10 () = L3 (e) (Ai — —ALGl(e) — g£<e>> (2.71)

The explicit expression of the soft functions 525[ (k) is given in Apppendix A.2 in Eq.
(A.14). The z-independent constants ?I(e) appearing in ¢ ! (k) (¢) can be determined by

TH-3775-196121103



Chapter 2: Perturbative QCD 42

utilizing the form factors, mass factorization kernels, and coefficient functions A;’J(kfl),
each expanded in powers of € to the required precision. This determination is done by
matching both the pole and finite parts in € ofgzg I’(k)(e) with those arising from the form

factors, the overall renormalization constants, the splitting functions, and the lower-order

contributions from Aﬁ,;(k‘l). As a result, we obtain
G’ = —H+d e
j=1
Gl = —f 266" +3 G,V
j=1
G = —fl-266,"" — 25 (?J’(l) + 2ﬂ0§1[’(2)) +3 66, (@)

j=1

/)

The explicit expression of the coefficients ?i’(]

in Eq. (A.15).

in Eq. (2.72) are given in Appendix A.2

Using such compensating ¢*®(¢) and the following expansion,

1
1—2

[0 =715 = 2o -2) + 3 5

Jj=0

D; (2.73)

we obtain ail(z,e) upto three loop level. We find that the finite functions éil(z,e)
have the following decomposition in terms of cusp anomalous dimension AZ-I and fi] that

appear in the form factors :

G = —fls(1—2)+24l Do+ > g ()
k=1
— 1 B 00 £
Gy = —f16(1—2) +24L Dy — 2B, 91171(2)+Z€k 3% (2)
k=1
J— I A : B
Gy = —ff 801 2)+245 Do - 281 5, (2) - 260 (5" (2) + 260 9, (2))

+ Z ek ggl’k(z) (2.74)
k=1

The explicit expression of anomalous given in Appendix B.2 and the coefficients gkl’j in

Eq. (2.74) are given in Appendix A.2 in Eq. (A.16).
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We observe that the soft distribution functions corresponding to DY and Higgs produc-

tion processes exhibit maximal non-Abelian characteristics, specifically:

C
(I)q(ds,Q2,,U,g7Z,€) = Cij (bg(&87Q27:u3727€) (275)

up to three-loop order. However, this feature does not persist at the level of the cross
section corrections (Al ), which do not share this non-Abelian proportionality due to
the form factors,. The universal nature of the soft distribution function becomes evident
when we observe that, after factoring out the Born-level contribution, the soft part of the
cross section remains unaffected by the spin, color, flavor, or any other quantum numbers.
Its dependence lies solely on the gauge group underlying the interaction, such as SU(N).
Consequently, once the soft distribution function is determined for a particular process,
for example, Higgs boson production via gluon fusion, this universality allows us to infer

the soft distribution functions for other related processes as well.

2.4.2 Next-to-soft distribution function

The expression presented in Eq. (2.76) serves as a foundational formula for systematically
deriving soft-virtual (SV) and next-to-soft virtual (NSV) corrections to Al at successive
orders in perturbation theory, whereas in Eq. (2.40) presents only SV terms. Its utility
lies in the fact that, once the relevant components in Eq. (2.42) are determined with
sufficient precision, this formulation enables one to extract specific SV and NSV terms

to all orders in the strong coupling constant as using results computed at lower orders.

ATz, Q% i i €) = Cexp (W (2, Q% i i) | I=a.g (2.76)

With the complete set of information on the SV coefficients at hand, we now proceed to

analyze the structure of ®!_ in detail using Eq. (2.61).

nsv

By subtracting the K+G equation corresponding to the SV part, ®! | from Eq. (2.61),
we find that ®!

nsy satisfies the differential equation

d . 1—1 /. Q2 ,u%
Q27®1113v aS)Q27,U'27 27Z)€ =G <a5,7,2§,6 ) 2.717
where éé is defined as the difference
Gr=G"-G., (2.78)
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and admits the perturbative expansion

. 2 2 o0 2 1— 2
Gt (1,2 ) =Sk (P g0 em)
Hr Ho 1 MR

Integrating Eq. (2.77), we obtain the structure of ®._,

00 2 2\ ke
Ol (s, 15, Q% z,€) = Y _ak (W) Sk bk (2, €). (2.80)

k=1 Mo

The coefficients ¢£(z, ¢) in Eq. (2.80) can be decomposed into singular and finite parts
in e

¢£(z7 6) = ¢£,k(27 6) a (bef,k(Z? 6)? (2'81)

where the singular part, <Z>£’k, follows a structure analogous to Eq. (2.48) with the re-

placement
oL 1(2,€) = KE)(e) ' (2.82)
Al——L1(2)
where L (as(u%), ) can be expanded in powers of as(u%) as
L (as(p%), Za (2.83)

The finite part d)i (%, €) remains regular in the limit € — 0, and it can be expressed in
terms of the finite coefficients GZ , (2, €) as well. The finite contributions gbgc x (2, €) to the

non-soft-virtual (NSV) part are given order-by-order by

A1)

Sl = 20" z,0),
W20 = 5 (~50GL V(=) + o (G1P(z9).
O s(z.6) = 13( 53G“” e ) (30050 + 38017 00)) + 5010 e
Shalend = 5 (28T E0) + 4 (ﬁomaé%,e) #3086 () )
2 (- %ML (2.0 = GE 0 = 500510 () ) + 1010

(2.84)
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The aé’(k)(z, €) are expressed as
Ao =P+ Y dar ), (2.85)

where the xi’(k) (z) coefficients are given in terms of coefficients éé’y(ik) (z) in Appendix A.3
in Eq. (A.17).

1,(k)

Here, the terms G ;' (z) are expanded in powers of In(1 — z):

k+i—1 T
aP = Y e -z, (2.86)
j=0

where the upper limit k£ + ¢ — 1 reflects the perturbative order and € dependence.

The NSV part ®._ can thus be reorganized as

1 Q*(1-2)? g)\2
Pl .0 = [ G (P00, 2) 6 0@ <2 2.0)
+ 0" (as(pf), 2, €), (2.87)

where L! is finite as ¢ — 0 and ¢!** contains the 1/¢ divergences. For ¢ = f,s, the

function ¢!(as(\?), 2) is given by:

kE

I S \.
S (an(¥?), 2, :Z@( ) L(2.9), (2.58)
=1
Renormalization group invariance of ®._ leads to

u%%was(u%), 2) = L' (as(4i2), 2). (2.89)

Since W! (defined earlier) must be finite order-by-order in as as e — 0, we find the

structure of L to be

HNag, 2 Z a’; Ck In(l—2)+ DI) (2.90)
k=1

identifying Clg and D,g with the NSV components of the Altarelli-Parisi splitting func-

tions.
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Their relation with cusp (Al) and collinear (B{) anomalous dimensions reads:

Ci =0, Di = —Af,
Cy = (A1), Dj = —A3+ Af (B{ — o) ,
Cf = 2A1 A3, Dj = — AL+ A{ (B — 1) + Af (B — fo) - (2.91)

Expanding the finite contribution ¢/ in ay, we have
"1 (as(Q*(1 ~ Za (Q*(1 = 2)*)é(2).
L(z) = Zéi’(j) In? (1 — z), (2.92)
=0

1,(k 7]).

. r
where coefficients ¢k’( are determined in terms of the unrenormalized G’ ¥

Explicitly,

50 S, (=0,

7 (4 1

2V = SG + aGre”, (1=0,1,9),

N 113, ; 2 1,2, ; .

gbé’(j) 1 7GL(1 J) + /6 GL2 1,5) + 36 G ( 7) + B GL -7)’ (] :0’1,2,3)’

1

—1,(4, 1 —1,(2, ,(3, — A/ HQE
o) < SO + ST + iy <2’)+§/30GL,2’ +26081G1 5"

+B§éLy,3 4 +2/80GL,,4 ’J)’ (] = 071a2a374)' (293)
—I (1 3)

Additionally, coefficients like G757, 52’7(21’4), 52’7(22’4), and éé’g’@ are vanish.

. —1,(k,j . . . .
The coefficients G ! ’])L,z can be determined by comparing the known perturbative
expansions of A7, Fl oz ®sv!, and I'! in powers of o, using the double expansion in

€® and In’(1 — 2).

Specifically, for Drell-Yan and bottom quark annihilation up to O(a2), the relevant co-
efficients G} ’( D in Eq. (2.93) are given in Appendix A.3 in Eq. (A.18). Similarly, for
Higgs and Z H production through gluon fusion are given in Eq. (A.19).

I,(k

It is important to note that, unlike the soft-virtual finite coefficients, the éLﬂ 7 do not

satisfy maximal non-abelian relations beyond one loop.

Recent advancements have yielded third-order contributions to the soft-virtual func-

tion A’ in the Drell-Yan (DY) process, as reported in [213]. Corresponding results for
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Higgs boson production via gluon fusion and bottom quark annihilation were presented
in [69, 70, 91|. At this order, the complete expressions for form factors (FFs), anoma-
lous dimensions I'y, and soft-virtual terms ®Z are now available, including the necessary

renormalization constants.

These developments allow us, in principle, to extract the relevant soft-virtual coefficients
G;Lk’i) up to three loops. However, due to the absence of full analytic results for the
second-order corrections to A? in powers of ¢, it remains challenging to fully determine
the G( %) coefficients. Nevertheless, specific linear combinations of these, denoted by
Q_Sé 3y ), can still be obtained for processes with initial states I = ¢ (DY), I = b (bottom
fusion), and I = g (gluon fusion), up to the third order.

For example, in the Drell-Yan quark annihilation and in gluon fusion Higgs production
process, the extracted coefficients qgi’(j ) in Eq. (2.93) are given in Appendix A.3 in Eq.
(A.20) and Eq. (A.22) respectiely.

Interestingly, although the soft-virtual (SV) functions ®}*¥ for quarks and gluons are
structurally distinct, they display universality up to second order, i.e., they are indepen-
dent of the underlying hard scattering process. For instance, ®;°" for DY matches with
that of Higgs production via bb annihilation [91]. Similar agreement is found with V H

production via quark annihilation:

¢Z’(J)|qq—>e+z—+x _ éf;Z’(j)|qq—>VH+X _ ng’(j”bl_;%HJrX’ =

A similar universality is observed for gluon-initiated processes:

leg;(j)’ggﬁH+X = Qg)i’(j)‘ggﬁZH+Xa k71,2,

However, at the third order, this universality breaks. For example, the coefficient qgl(f’)

for bb — H deviates from its DY counterpart for & = 0,1 reported in the thesis [214]:

0 = g2 _16C,Cp (Ca — 2CF)
V) = 20 | 8CLCr (Cy — 2CF),

gi_>3’ :d;g’ , for k=23.
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FIGURE 2.2: Emission of n gluons from a quark line, with gluon energy fractions
relative to the emitting quark and quark energy fractions measured from the initial
quark energy.

The origin of this breaking at third order, especially for £ = 0, 1, as computed using state-
of-the-art higher-order results [69, 70, 91, 213|, requires further investigation, potentially

within a more refined factorisation framework.

2.4.3 Threshold Resummation

The generic partonic coefficient function Al in Eq. (2.37) receives significant contri-
butions in the kinematic region where z — 1, which typically arises due to soft gluon
emissions. To illustrate this, let us consider a simplified scenario involving a quark that
sequentially emits n gluons, as shown in Fig. 2.2. Each emitted gluon carries away a
small fraction of the quark’s energy, denoted as 1 — z;, where z; is close to unity. Conse-
quently, after n emissions, the quark retains only a fraction z = 2129 - - - 2, of its original
energy. This final value of z appears as the argument in the coefficient function. For
every gluon emitted, the coefficient function develops terms that become large in the
limit z; — 1, corresponding to soft emissions. When integrating over the phase space
of the emitted gluons, these soft enhancements result in singular structures, typically
represented by distributions such as D-functions. At the partonic threshold, where the
threshold variable z approaches its kinematic limit (z — 1), the threshold corrections
become dominant. These corrections appear through distributions such as §(1 — z) and
D;(z) as introduced in Eq. (2.37), along with powers of In(1 — z). As z approaches unity,
the logarithmic terms In(1 — z) grow significantly, whereas the strong coupling constant
as remains small, making the product asIn(1 — z) approximately of order one. Under
such circumstances, a fixed-order perturbative expansion is no longer reliable. Therefore,
it becomes essential to resum these large logarithmic contributions to all orders. Resum-
mation provides a reorganized perturbative expansion that systematically includes the

dominant logarithms at each order, thereby leading to stable and trustworthy predictions
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even after truncation. It is important to note that the emergence of large logarithms is
a consequence of truncating the perturbative series, and a complete all-order summation

would yield physically meaningful results.

To develop the resummation formalism, we utilize the structure of the soft-collinear
distribution derived in the previous section. By employing the relation in Eq. (2.73) and
appropriately factoring out the soft divergences from Eq. (2.69), we arrive at an integral

representation for the soft-collinear distribution.

+

k=1 Ho
1 = (1BNE 1
~k R k 7745
— S K 2.94
+(1_Z)+ ,;(uo) E RO ) (294)

The third line of the above equation precisely cancels the Dy term arising from the mass
factorization kernel. The term ¢'*(*) appearing in the second line contains both divergent
(pole) and finite contributions. The pole terms specifically cancel against those from the

form factor and the 6(1 — z) component of the mass factorization kernel.

An alternative approach for resumming these large logarithms involves the use of Soft-
Collinear Effective Theory (SCET), which has been extensively explored in the litera-
ture [215-217]. In this thesis, however, we focus on the traditional resummation method.
Direct resummation in z-space poses significant technical difficulties due to the complex-
ity of the convolution integrals involved. In contrast, working in Mellin-N space greatly
simplifies the analysis, as the convolutions transform into ordinary products. This sim-
plification enables a systematic resummation of the dominant logarithmic contributions
to all orders. In the subsequent discussion, we outline the procedure for implementing

the resummation in Mellin-N space.

Mellin Transformation

Given that the integrand consists of multiple convolutions, it is advantageous to perform

the analysis in Mellin-N space, where convolutions simplify into ordinary products. The
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Mellin transform of a function f(z) is defined as
1
T = [ a1 1) (295)
0

Furthermore, the Mellin transform of a convolution, as introduced in Eq. (2.41), satisfies

the relation

T[A ® B](N) = T|A|(N) Z[B](N), (2.96)

where ® denotes the convolution operation. The threshold limit in Mellin-/N space is

characterized by

the transformation:

z—21 = N-oox (2.97)

In this limit, the Dirac delta function §(1 — z) maps to a constant, while the plus-

distributions Dy(z) and In®(1 — 2)(Ji) correspond to powers of logarithms in terms of

InN.

I[Do] =

I[Dy] =

I[Ds] =

I[D4] =

I[Ds| =
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The Mellin transforms of In*(1 — z) functions are given below
I[jo] = Na
In N
I[jl] = _Tv
G In*N
I|T] = =
_ 3¢GInN PN 2
e e N N’
3¢ 6¢ 66PN In'N  8InN(3
T = 22 4 >
e N N N
15¢2In N 30(4In N 10n® N  In®N
I[Ts] = — - — -
N N N
20 201n> N 24
206263 20In" NGz 24¢Gs (2.100)

N N N’

Where N = N exp(yg). The Mellin transforms of other functions are given below [218]:

T - 2)] =1,
T[((1=2)"), | =) (F(%Ji)n) - F(ll—l—n)> ’
|2 (-2, ] =T) (?g; é; - F(ll—l—n)> ’
P N AF S
7 |:(Z 2(1 = 2) 1>+_ =T(n) (I‘(N—i— é) - F(i il é)) ;
7| (log13) | =1 (v ). (2101
oY |

Soft-virtual (SV) resummation

By combining the form factor and the mass factorization kernel with the soft function

presented in Eq. (2.94), performing the renormalization of the coupling constant, and

subsequently solving the resulting expressions in Mellin space, we arrive at the resummed

formulation. In Mellin space, the finite soft-virtual (SV) cross section is given by:

Ay

1—=2

1 SN-1_ 4 Q%(1—2)2 d)\2
CS(QQ,M%,u%)eXp</O dZ{/
I

2
R

Co(Q?, 1%, M%)exp{ In g (as(p%)) + va(w)}

T0(Q%, 1%, u%)exp{va(w)}
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Here, w = 2BpasIn N, and DI (as (QQ(l - 2)2)) represents the well-known threshold
exponent as discussed in [219, 220|, which is connected to the soft-virtual (SV) coefficients

through the following relation:

D! (as (Q2(1—z)2)) = Zaf QQ 1—2) )D,ﬁ

k=1
— 2GL, (as (Q3(1—2)?) ,¢) (2.103)
€=0
Comparing the results in Eq. (2.103) with the Eq. (2.70), we find
G, (2.104)

€=0

The quantity Cé is specific to the underlying hard scattering process and corresponds to
the §(1— z) contributions originating from the form factor and the soft function; notably,

it is independent of N. The remaining terms in the integral are universal.

The Mellin transformation in Eq. (2.102) separates the expression into an N-dependent
part, denoted by G{V (w), and an N-independent part, represented by In gé. Combining
the N-independent part with Cé defines gé through

90(Q%, i, 1) = C3(Q%, s 1) 95 (as (), (2.105)

where g} (as(1%)) can be expanded perturbatively as

Ghasid) = dr(ud) gy ™. (2.106)

The integral structure of Eq. (2.102) was first introduced in seminal works by Ster-
man [219] and by Catani and Trentadue [220]. The function G systematically captures
and resums all the large-NV logarithms to all orders, and admits the perturbative expan-

sion:

G{\](Q{W) - lnNg{(Q27w) + gé(Q27w) + as gg(Q27w) + a’g gi(Qzu('U) T+ (2107)

The explicit forms of the universal coefficients g,ﬁ for DY-type processes are provided in
Appendix B.1. The explicit forms of the process dependent coefficients g, LK) for DY-type
and ZZ production processes are provided in Appendix B.1 and Appendix C.1 respec-

tively. Each term in this expansion captures contributions to all orders: the first term
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resums the leading logarithms (LL), the second resums the next-to-leading logarithms
(NLL), and so forth. Including higher-order terms systematically enhances the logarith-
mic accuracy of the resummed predictions. A detailed discussion of the resummation
framework will be presented in the following chapters. Moreover, in the next section, we

extend the formalism to also resum next-to-threshold logarithmic contributions.

Next-to-Soft-virtual (NSV) resummation

A recent body of work [178, 221-224] has introduced a new approach for systematically
resumming the next-to-soft virtual (NSV) logarithms that emerge in the diagonal par-
tonic channels. Within this framework, the soft-virtual (SV) and NSV contributions
to the partonic cross section are reorganized in Mellin space, enabling a more refined
resummation structure beyond the conventional leading threshold terms. In Eq. (2.102)

the Mellin moment of the exponent takes the following form,
G (w) = G (w) + GR™ (w). (2.108)

The Mellin moments Gf\}sv and Gf\}nsv are have the following form,
(o)
Gy =In(N) gf (@) + D> ad ™ (uR) g1 (W),
n=1

o0 n
G = =3 ) (mu» + 3 M)t N) , (2109
n=0 k=0
Here, N = N exp(yg), where g represents the Euler-Mascheroni constant, and w =
2Bpas (M%) In N. The leading term in the exponent Gf\}sv determines the logarithmic ac-
curacy at the leading logarithmic (LL) level, with each subsequent term contributing to
higher logarithmic precisions. The coefficients g? are process-independent and rely solely
on the type of initial partons—quarks or gluons. To achieve LL accuracy in the resum-
mation of next-to-soft virtual (NSV) logarithms, one needs to include the corresponding
NSV exponents g} and héo, in addition to the standard LL contributions. These NSV
resume coeflicients are given in chapter 4 for the incoming gluon channel. Attaining
higher logarithmic accuracies requires incorporating further terms in the expansion of
G{V. Starting at the next-to-leading logarithmic (NLL) or NLL level, one must also
account for the N-independent constant term g} same as given in Eq. (2.106), which

admits a perturbative series expansion.
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FIGURE 2.3: Integration contour of Mellin inversion as given in Eq. (2.110).

Inverse Mellin Transformation and Matching

After obtaining the all-order resummed partonic cross-section in Mellin (N) space, it is
essential to perform a Mellin inverse transformation to retrieve the results in the physical
z-space. This section addresses the technical aspects of performing the Mellin inversion.
The resummed cross-section in the hadronic variable 7 is given by the inverse Mellin

integral

e o i a* /CHOO AN 7 NAP (2.110)
2mi k=0 * c—100 N

where c is a real constant chosen such that the integral converges, and the integration
contour lies to the right of all singularities of the integrand. The contour of integration
in Eq. (2.110) is shown in Fig. 2.3. The contour denoted as Cjy, can be deformed to an

equivalent path C; that will give the same result, provided no poles lie between them.

To facilitate numerical evaluation, the above expression can be recast in terms of real

variables using the parametrization N = ¢ + ze!® with z € [0, 00):

1 = n > id_—c—ze® n
o(r) = wza‘"/o dzIm [e 1 Agv)zcmw], (2.111)
n=0

where the angle ¢ must be chosen greater than /2 to ensure numerical stability. To carry

out the Mellin inversion, we adopt the approach known as the minimal prescription [225],
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wherein the integration contour is selected such that the Landau pole lies to the right, and
all other singularities are positioned to the left of the contour. Following the methodology

in [226] and we use the values ¢ = 1.9 and ¢ = 37 /4 for numerical stability in our analysis.

However, the integrand can develop singularities at specific values of N, notably at the
so-called Landau pole N = Np, defined by the condition w = 28pasIn N = 1. To avoid
such unphysical singularities, several regularization schemes have been proposed in the
literature, including the Minimal Prescription (MP) and Borel-based approaches. The
constant ¢ in the Mellin inversion must be selected such that all singularities are located
to the left of the contour, while the Landau pole and its higher-order analogs lie well to

the right, ensuring a reliable and stable numerical evaluation.

To consistently combine resummed and fixed-order results, care must be taken to avoid
double-counting contributions that appear in both. A naive sum of the two would result
in the soft-virtual (SV) terms being counted twice. This can be understood by examining
the structure of the resummed series in Eq. (2.102). For instance, retaining the exponent
and the prefactor gé up to first order and truncating the expansion at O(as) reproduces
the NLO soft-virtual terms along with next-to-leading logarithmic (NLL) contributions
to all higher orders. Similarly, extending both the exponent and gé to second order yields
NNLO soft-virtual terms and next-to-next-to-leading logarithmic (NNLL) accuracy for
higher-order corrections. Therefore, a direct addition of the resummed result to the

fixed-order one leads to duplication of the SV terms.

To remedy this, one subtracts the overlapping SV and NSV terms present in both the
fixed-order and resummed results—a procedure known as matching. The matched cross-

section is given by

daN”LO-i-m doN"LO _ ctico 4N [
Q*—— 2+ Z Uz(zb)(QQ)/ — 7N fon(ur) fon (1)
dQ dQ be{ 7} c—100 2mi
a 99,99
x | Q? L A (2.112)
dQ? dQ? . ' '

where f, v and f, v are the Mellin moments of the parton distribution functions, and

the contour C' is chosen as described in the Mellin inversion procedure.

The inclusion of the second term within the brackets ensures the removal of duplicated
singular contributions that are already accounted for in the fixed-order (FO) computa-

tion, represented by the final term in the above expression in Eq. (2.112). For example,
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achieving N3LL accuracy matched to N3LO requires retaining O(a2) terms in the expo-
nent of the resummed expression and subtracting all logarithmically enhanced terms up

to N3LO from the resummed part.

This matching framework provides a consistent way to combine the resummed and fixed-
order results and is adaptable to various levels of accuracy. In this thesis, we perform
precision studies for the charged and neutral Drell-Yan production, VH production,
bottom quark annihilation to Higgs production, gluon fusion ZH production and ZZ
production processes within the Standard Model, focusing on threshold resummation in

QCD. Further details and results will be discussed in the subsequent chapters.
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Chapter 3

Resummation of color singlet
processes in Standard Model

INclusive production of colorless final states at hadron colliders occupies a central role
in precision tests of the Standard Model (SM) and searches for new physics. Among these,
Drell-Yan (DY) production, associated Higgs production with a vector boson (V H), and
Higgs production via bottom quark annihilation (bb — H) represent a class of processes
often referred to as DY-type. These processes are characterized by their color-singlet
final states and share a common QCD structure that makes them particularly amenable
to resummation of soft-gluon contributions. Due to their clean experimental signatures
and the theoretical control offered by perturbative QCD (pQCD), they have served as
important probes for both SM parameters and possible deviations indicative of beyond

the Standard Model physics.

In Chapter 2, we introduced the theoretical framework of threshold resummation within
perturbative QCD. There, we outlined how radiative corrections near the partonic thresh-
old lead to large logarithmic contributions that jeopardize the convergence of fixed-order
perturbation theory. In such kinematic configurations—where the invariant mass of the
colorless final state nearly equals the partonic center-of-mass energy—the suppression of
real gluon emission enhances the sensitivity to soft-gluon effects. These logarithms can

be systematically organized and resummed to all orders using established techniques in

o7
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Mellin space, providing improved predictions that are both more accurate and less sensi-
tive to scale variations. In this chapter, we apply that formalism to compute threshold-
enhanced contributions for several important color-singlet production processes at hadron

colliders.

3.1 Introduction

Color singlet production processes are important to understand properties of elementary
particles, the proton structure as well as to extract fundamental quantities like coupling
and masses at the colliders [227] like the Large Hadron Collider (LHC). From a theo-
retical point of view, they are relatively easier to understand, and experimentally, they
often provide clear signatures. Processes like the Drell-Yan (DY) productions [228] are
standard candles at the hadron colliders and are important for luminosity monitoring.
On the other hand processes like Higgs-strahlung where a Higgs boson (H) is produced in
association with a massive vector boson (V = Z, W) are important to understand Higgs
boson properties and also to search new physics beyond the Standard Model (SM). In this
chapter, we focus our study on a few such processes. In particular, we studied the neutral
Drell-Yan (nDY") production where a Z boson or virtual v decays to a lepton-antilepton
pair, charged DY (¢DY') where a W boson decays to a lepton and a neutrino, associated
production of Higgs boson with a vector boson like Z or W, and Higgs boson production
through bottom quark annihilation. All these processes are produced through quark
annihilation at the born level. The next-to-leading order (NLO) QCD corrections to the
DY production process were computed about 40 years ago [32, 33, 229-232|, and the
next-to-next-to-leading order (NNLO) QCD results are now known [43] for quite some
time. The higher order QCD corrections have also been studied in the BSM context
[233-235].

Recently the fixed order (FO) predictions have been improved to next-to-next-to-next-
to leading order (N3LO) [69, 71, 72, 91, 213, 236-238] and public codes are available
[73, 236, 239-241] which provide the flexibility of studying N3LO cross section with
different parameters, parton distribution functions (PDFs) and scales. There is also
recent progress on the EW corrections which could be competitive as the QCD correction
in the higher orders. At NLO, the EW corrections for massive gauge bosons have been

performed in [242-250], whereas mixed EW-QCD corrections are also studied recently
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at NNLO [251-254] and are known to give contributions as large as —1.5% of NLO QCD
corrections in the high invariant mass region. The mixed QCD-QED corrections for bbH

can be found in [255]

Color-singlet processes such as Drell-Yan (DY) lepton pair production, Higgs production
in association with a vector boson (V H), and Higgs production via bottom quark anni-
hilation (bb — H) have been extensively studied at the LHC by both ATLAS and CMS
collaborations. These processes serve as clean probes of the Standard Model (SM) due
to their relatively low background and well-understood theoretical frameworks. The DY
process provides stringent tests of electroweak couplings and parton distribution func-
tions, while V' H production channels contribute significantly to precision measurements
of Higgs boson properties. In recent years, the evidence for bottom quark-induced Higgs
production has also gained attention, particularly in boosted or high-mass regimes where

sensitivity improves.

Fig. 3.1 shows representative invariant mass distributions for the DY process, comparing
the measured CMS [1| data with SM predictions. The agreement is generally good, but
certain kinematic regions, especially near threshold or in the high-invariant-mass tail,
exhibit larger uncertainties. These regions are sensitive to higher-order QCD effects,
motivating improved theoretical calculations including soft-gluon resummation. In Fig.
3.2, experimental data are compared with SM theoretical predictions from CMS [2] and
ATLAS [3] for V H production with Higgs decay to bb and experimental data show good
agreement with SM predicted results. Where the p parameter is defined as the ratio of

experimental observation over SM prediction.

While improving the FO calculations, it is essential to push precision frontiers, for often
they are not sufficient to correctly describe the data. In particular, FO predictions are
plagued by the large logarithmic contributions which appear at each order of perturbation
theory. A particular class of these enhanced logarithms appear in the threshold region
when partonic threshold variable z — 1. Truncated FO predictions at a relatively lower
order are insufficient to capture the dominant contributions from the large threshold
logarithms. On the other hand, the universality of these logarithms allows us to resum
them to all orders and capture significant contribution which is essential to compare to

the experimental predictions.
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FIGURE 3.1: The invariant mass distributions for DY production channels experimental
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from CMS [2] and ATLAS [3] for V H production with Higgs decay to bb.
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The singular part of the fixed order contribution wiz. the soft-virtual (SV) corrections to
these processes are known for a long time through N3LO and beyond [85-87, 114, 256
263|. Some of these results have been used to perform threshold resummation up to
N3LL. Threshold resummation has been well studied from the early days of QCD for
a wide range of processes [219, 220]. This is possible due to refactorization [77-79, 81,
82, 180, 225, 264-269] of partonic cross sections in terms of soft and hard functions
in the threshold region. For color-singlet productions, they are extensively studied to
N3LL accuracies [127, 239, 257, 260, 270-275] and even to N*LL [261-263] for some
processes in the SM. In general the inclusion of threshold resummation results into better
perturbative convergence with an improved scale uncertainty. In [272], it was pointed out
that the threshold resummation is important in the DY invariant mass distribution in the
moderate and high invariant regions and results 2% correction to the fixed order. The
scale uncertainty reduces to below 1% in the high invariant mass region @ > 1500 GeV
where a matching at third order was limited only to the SV part. A general framework
has been provided for arbitrary color singlet production in [276, 277|. Beyond the SM
(BSM), these are also studied for a wide range of models and stringent bounds have
been obtained with models parameters with precise N3LL results [89, 278-287|. However,
one also needs to match the threshold logarithmic contributions with the FO results to
capture the subleading terms which become important at higher orders as well. The
recent results on the FO frontiers allow us to study this with the availability of a fixed

order code n3loxs [73] shipped with a range of color-singlet processes at N3LO.

The purpose of the present chapter is thus to perform a complete study with properly
matching N3LL resummed results with the newly available N3LO results. We extract all
the process-dependent and universal coefficients needed for N3LL resummation following
the formalism developed in [78, 79, 81, 82, 180|. It is worth mentioning that the Higgs
boson production in gluon fusion at the LHC has been studied extensively in the litera-
ture. The mass of the Higgs boson being around 125 GeV, the underlying parton fluxes
at high energy hadron colliders are large. In addition to the fact that the lowest order
dominant contribution comes from the gluon fusion channel, the QCD corrections cannot
be neglected even beyond NNLO in QCD. This led to the computation of higher order
QCD corrections to N3LO QCD in the fixed order and to N3LL accuracy in the context

of resummation, in order to achieve the robust precision studies for this process. The
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FIGURE 3.3: A schematic representation of Drell-Yan production at a hadron collider.

FIGURE 3.4: A schematic representation of V H production at a hadron collider.

details of these precision studies can be found in [51, 53, 70, 85, 87, 239, 271, 278, 288
290]. Hence, we will not repeat them here but rather focus on the other color-singlet
production processes at hadron colliders. The chapter is organized as follows: in Sec. 3.2,
we briefly lay out the theoretical framework providing the essential formulas to perform
threshold resummation and the matching. In Sec. 3.3 we present the phenomenological
results for different color-singlet processes in the context of LHC, and finally we conclude

in Sec. 3.4.
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3.2 Theoretical Framework

The hadronic cross section for colorless production at the hadron collider is given by,

1 1 1
(@)=Y / da / Ay fular i) Folwa, i) / dz 61N (2, Q% y3)3(r — za1),
a,b=¢,3,9 0 0 0
(3.1)

where 0(Q?) = Q?do/dQ? for the DY-type processes, a schematic representation of
Drell-Yan production at the LHC is shown in Fig. 3.3 and o(Q?) = o(M%) for bbH
process. Note that for the total production cross section for V H, we integrate this over
the invariant mass @) of the final state V H. A schematic representation of V H production
at the LHC is shown in Fig. 3.4. The hadronic and partonic threshold variables 7 and z

are defined as

; (3.2)

where S and § are the hadronic and partonic center of mass energies respectively. 7 and z
are thus related by 7 = z1x92. The partonic coefficient Agb can be further decomposed
as follows given in Eq. (2.39). The overall normalization factor 6 depends on the
process under study. In particular, the processes under consideration take the following

forms,

o (Q%) = nl {fg)%(QQ)] ,  with DY € {nDY,cDY,ZH,WH},
(5
0 _ ()T 5.3
bbH 6M12_IU2 . .
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where,
2 2(0)2 2
©0) 2y _4a”| 2Q°(Q° — M7) v v
oy (@) =35 [ T ((Q2 — M2)2+ M%) 2,82 “17¢ 71
Q* V2 A\2 V2 AN2
+ ((Q2_M%)2+M%FZZ)C%US%U ((ge) +(ge) )((gq) +(gq) ) 9
40[2 Q4‘V ”2 / / / ’
FO (0n2y 2 aq V2 A2 V2 A2\ |
cDY(Q ) 39 ((Q2 _M]%V)Q‘FM{%VF]Z/V) 3%; ((ge ) +(ge ) )((Qq ) +(gq ) )
A r2231/2(02 Af2 A s2 NQ* M7 M7)
]:(0) (Q2) _a2 MZQ A (Q vMHaMZ) (1 + 12M2/Q? ( V)2 +( A)2
TS| ((Q2 = MZ)? + M2Ty)chsh ol )|
[V, PAVQE A5, 11 ) (14 2 201
(0) 2, @ w V2 TAN2
(3.4)
Here, qu/ are the CKM matrix coefficients with @, + @y = £1 and
1 1
g =—35T0, 9 =575 —50Qa;

Ya __ma Ya _ma

where @, is the electric charge and T3 is the weak isospin of the fermions. Here, My
and My are the masses of the weak gauge boson and Higgs boson respectively, my, is the
mass of the bottom quark and v being the vacuum expectation value. The function A

which appears in the V H case is defined as

M) = (1-% - y)2 4T 36)

l

~

[
F1GURE 3.5: The next-to-leading order feynman diagrams for Drell-Yan production at

LHC.

at higher orders in QCD. On the left, the one-loop virtual diagram represents purely
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virtual corrections, where no real gluon is emitted. These corrections are encoded in
the soft-virtual terms of the cross-section and are characterized by distributions such as
d(1—2). In the central diagram, a soft gluon, shown in red, is emitted in addition to the
virtual corrections. This emission remains unresolved in the detector and also contributes
to the soft-virtual part of the cross-section due to its infrared nature and characterized
in terms of plus-distributions (D) and §(1— z). Finally, the rightmost diagram shows the
emission of a hard gluon, depicted in blue, which is distinguishable and contributes to the
reqular terms in the cross-section that are finite as z — 1. These regular contributions
represent hard real radiation and are not captured by the threshold-resummed soft-
virtual approximation. The equation provided earlier reflects this decomposition, where
the soft-virtual contributions dominate in the threshold limit, while the regular terms

become relevant away from this limit.

FIGURE 3.6: The next-to-leading order feynman diagrams for V H production at LHC.

The Fig. 3.6 schematically represents the different kinematic regions contributing to the
NLO QCD corrections in the associated production of a Higgs boson with a vector boson
(VH). The top left diagram illustrates the one-loop virtual correction, where no real
radiation is present; this contribution is purely virtual and yields infrared divergences
that are captured by the soft-virtual terms in Eq. (2.39). The top right diagram depicts
the emission of a soft gluon, shown in red, which leads to soft singularities that also
contribute to the soft-virtual component. Together, these two configurations form the
soft-virtual (SV) structure, dominant near threshold. The bottom diagram shows a hard,
non-collinear gluon emission (blue), which contributes to the regular, non-singular part
of the cross-section away from threshold. This decomposition into SV and regular parts
allows for an efficient organization of perturbative corrections, particularly relevant for

resummation near the partonic threshold.
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The singular part of the partonic coefficient has a universal structure which gets con-
tributions from the underlying hard form factor [208, 209, 291-293], mass factorization
kernels [210, 211|, and soft radiations [81, 82, 204-207]. All of these are infrared diver-
gent which, when regularized and combined give finite contributions. The finite singular
part of these has the universal structure in terms of d(1 — z) and plus-distributions
D; = [In(1—2)*/(1 — 2)]+ as mention in the previous cahapter in Eq. (2.37). These large
distributions can be resummed to all orders in the threshold limit (z — 1). Threshold
resummation is conveniently performed in the Mellin (N) space where the convolution

structures become a simple product.

LS
S

] [
FIGURE 3.7: The N®LO order few feynman diagrams for DY production at LHC.

The partonic coefficient for the DY-type processes (I = ¢) in the Mellin space is organized
and given in Eq. (2.102).

1
&%DLL = /0 dz zN_lASV(z) = gl exp (G‘]IV) (3.7)

The factor g¢ is independent of the Mellin variable, whereas the threshold enhanced
large logarithms are resummed through the exponent G%,. The resummed accuracy is
determined through the successive terms from the exponent G?\,, which up to N3LL takes
the form as given in Eq. (2.107). The coefficients required to do resummation at this
order are g{(N), g4(N), g3(N) and gi(N). These coefficients are universal and only
depend on the partonic flavors being either quark or gluon. Their explicit form can be

found in e.g. [77, 180] and are also given for qurak in the Appendix B.

In order to achieve complete resummed accuracy one also needs to know the N—independent
coefficient g¢ in Eq. (2.106) up to sufficient accuracies. In particular, up to N3LL, re-

quired process dependent coefficients are yg’(l)gg’@) and gg’(?’). All these coefficients
gg’(k) are given in Appendix B.1 up to three-loop level. The three-loop level few virtual
diagrams are shown in Fig. 3.7 which will contribution in the process-dependent coef-

ficient ﬁg’(g). It is also possible to resum part (or all) of the g¢ by including them in
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the exponent [239, 262, 267, 271, 272], which however have subleading effect as these

contributions are not dominated in the threshold region.

To obtain the results in z space, one needs to do the Mellin inversion as in Eq. (2.110) and
we follow the procedure mention in section 2.4.3 to get the final matched results. The
fa,n are the Mellin transformed PDF similar to the partonic coefficient in Eq. (2.112) and
can be evolved e.g. using the publicly available code QCD-PEGASUS [226]. However, for
practical purposes, it can be also approximated by directly using z—space PDF following

77, 220, 294].

3.3 Numerical Results

In this section, we present numerical results for various color singlet production pro-
cesses discussed in the previous section in the context of the LHC. Unless specified
otherwise, in our numerical analysis we use MMHT2014 [295] parton distribution func-
tions (PDFs) throughout taken from the LHAPDF [296]. The LO and NLO cross sections
are obtained by convolving the respective coefficient functions with MMHT20141068cl
and MMHT2014nlo68cl PDFs, while the NNLO and N3LO cross sections are obtained
with MMHT2014nnlo68cl PDF sets. In all these cases, the central set (iset—0) is the
standard choice. Our default choice of the as is the same as the one used in the n3loxs
code, and it varies order by order in the perturbation theory. The fine structure constant
is @ ~ 1/132.184142. The masses of the weak gauge bosons being mz = 91.1876 GeV
and my = 80.379 GeV with the corresponding total decay widths of I'y = 2.4952 GeV
and I'yy = 2.085 GeV. The Weinberg angle is sin0y, = (1 — m¥,/m%) and is calculated
internally. This corresponds to the weak coupling Gp ~ 1.166379 x 10~> GeV~2. The
mass of the Higgs boson is taken to be my = 125.1 GeV and the vacuum expectation
value is v = 246.221 GeV. Finally, the pole masses of the bottom and top quarks are
taken to be my = 4.78 GeV and m; = 172.76 GeV, while their running masses are
mp(myp) = 4.18 GeV and my(my) = 162.7 GeV. In our calculation, the CKM matrix
elements are V4 = 0.97446, V,,s = 0.22452, V,;;, = 0.00365, Vg4 = 0.22438, Vs = 0.97359
and V = 0.04214. The default choice of center mass energy of the incoming protons is

13 TeV, unless it is mentioned otherwise.
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The unphysical renormalization and factorization scales are chosen to be ur = urp = Q,
where @ is the invariant mass of the dilepton or the invariant mass of the vector and
Higgs bosons in the final state. For the case of Higgs production in bottom annihilation,
however, the default scale choice is pr = mpy and pp = my /4 following the suggestion
from Ref.[91]. For all the processes we have considered here, the scale uncertainties are
estimated by varying the unphysical scales as mention in section 2.3.1, in the range so that
|In(ur/pr)| < In4. The symmetric scale uncertainty is calculated from the maximum
absolute deviation of the cross section from that obtained with the central/default scale
choice. To estimate the impact of the higher order corrections from FO and resummation,
we define the following ratios of the cross sections which are useful in the experimental

analysis:

O O\ %
Knipo = 40 and  Rjj = =L with 4, j=0,1,2and 3. (3.8)
JLO ONILO

The parameters Ky o and Rjj, serve as useful indicators for understanding the conver-
gence behavior of perturbative expansions. The ratio Kyi; o measures the relative size
of higher-order corrections compared to the leading order. If Kyi; approaches unity
as 1 increases, it suggests that successive corrections become smaller, indicating good
convergence of the perturbative series. Similarly, the ratios Rj; compare predictions at
closely related perturbative orders including logarithmic resummations. Stability of Rj;
values near one implies the resummation results are consistent and corrections are small,
providing further evidence of convergence. Overall, monitoring the behavior of Kyt
and Rj; across different orders allows one to quantify the reliability and convergence

properties of the perturbation series in a given process.

3.3.1 Neutral DY production

For the neutral DY case, the fixed order results and the associated uncertainties have
been discussed in Ref.[73] in greater detail. Hence, we will not repeat them here, instead
we focus on the resummed results. In the left panel of Fig. 3.8, we present the invariant
mass distribution Q%do/dQ? up to N?LO+N3LL by varying @ from 250 GeV to 3000
GeV. The corresponding R;g-factors defined above are given in the right panel. It can
be seen that Rog is larger than Rgp here up to about @ = 2000 GeV, and then they

slowly converge to each other, while Ry being smaller than these two for the entire )
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FIGURE 3.8: Invariant mass distribution for the enhancement in the resummed cross
section of DY for 13 TeV LHC (left panel) and the resummed cross section over fixed
order LO are shown here (right panel) through R;; is defined in Eq. (5.9).

region considered. We also present the R;;-factors which estimate the contribution of
higher order threshold logarithms over the respective FO results. The effect of threshold
resummation is prominent at NLO. However, its contribution at N3LO level is very small.
This is expected as the FO results for DY case are converging already at NNLO level
onwards, unlike the case of Higgs production in gluon fusion channel [51, 53, 69, 70].
Here, the resummed results at N®LO-+N?LL demonstrate excellent convergence of the

perturbation theory.

At this level of precision, it is also important to consider effects from power corrections.
As a first step, one can consider the next-to-soft-virtual (NSV) corrections by taking
into account the logarithms of the kind In‘(1 — z). In the context of the nDY process, a
detailed phenomenology at LHC has been studied in Refs. [223, 274]. In Ref. [274], these
NSV logarithms have been resummed to next-to-next-to-leading logarithmic accuracy
and a comparison of the same has been carried out with the SV resummed result. It is
found that the differences between the SV and NSV resummations are about 4% at LL,
2.84% at NLL and 0.85% at NNLL accuracy for @Q = 1000 GeV. At higher invariant mass,
the differences do not change much, e.g. at Q = 2000 GeV, the differences are about 4%,
2.8% and 0.89% respectively. A general observation is that the difference between SV and
NSV resummations is less sensitive to the value of ) and that this difference decreases
with higher logarithmic accuracy. If this trend were to continue, at N3LL the difference

between SV and NSV resummed results could be about 0.1%. This translates to a rough
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estimate of the order of 0.1% theory uncertainty due to the missing power corrections.
It is also worth noting that the NSV logarithms from other partonic channels will also
contribute to the cross section. However, a detailed study of such power corrections is

beyond the scope of the present work.

3.3.2 Charged DY production
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FIGURE 3.9: Invariant mass distribution for the enhancement in the resummed cross

section of charge current DY (W ~*) for 13 TeV LHC (left panel) and the resummed

cross section over fixed order LO are shown here (right panel) through R;; is defined

in Eq. (3.8).

Similar to the neutral DY case, we present in Fig. 3.9, the invariant mass distribution
(left panel) for charge DY (W ~*) case up to N3 LO-+N3LL accuracy and the corresponding
Rjo factors (right panel). For the case of charged DY, the corresponding parton fluxes
are different from those of neutral DY case. This will clearly result in a slightly different
behavior of the higher order corrections. This together with the NLL enhancement of
the cross sections can explain the behavior of the R-factors noticed. Quantitatively, the

impact of QCD corrections in the high invariant mass region (@ > 2500 GeV) are smaller

than the corresponding ones for neutral DY case.

Similar results have been obtained for W™* and the corresponding R;y factors are shown
in Fig. 3.10. Again, owing to the different underlying parton fluxes that are different
starting from the Born level, the behavior of these R;g-factors is expected to be different

from those of both neutral DY and W—*.
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FIGURE 3.10: Invariant mass distribution for the enhancement in the resummed cross
section of charge current DY (W) for 13 TeV LHC (left panel) and the resummed
cross section over fixed order LO are shown here (right panel) through R;; is defined

in Eq. (3.8).
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results for neutral DY [nDY] (left panel), charged DY [¢DY] W~* (middle panel) and
W+ (right panel).

TH-3775-196121103



Chapter 3: Resummation of color singlet processes in Standard Model 72

F pp -1 T E F pp-W-I"7 1 F —
1. 06| 2014 1.061- MVHT2014 4 1. 06[ pp-W 1"y 1
L 7 L 7] L MVHT2014 A
r 13 TeV LHC 7 F 13 TeV LHC 770 r P
F < F - ] F 13 TeV LHC v
1. 05j _ _ + ] 1. 05j H=pn =Q " ] 1. 05j 7
L Pe = W = Q a ] [ F R e ] [ Wo=p =0 ya
r -7 1 r - ] r R i
1. 04f = : 1. 04f s . 1. 04
o r v ] o r _ ] o r >
- F " g ——Ruy ] - L ‘_,/'/ ——Ry ] = C i —= Ry
$1.03 = R, 1 Frosc__- R, 1 §1.08f St __R,
E e — Ry E C — Ra 4 E\* — — Rs
1. 02F . 1. 02f . 1. 02F
1. 01f —— 1. 01F ] 1. 01f o]
500 1000 1500 2000 2500 3000 500 1000 1500 2000 2500 3000 500 1000 1500 2000 2500 3000
QlGeV] Q[GeV] Q[GeV]

FIGURE 3.13: Resummed enhancement over respective fixed order are shown here
for neutral DY (left panel), charged DY W~* (middle panel) and W** (right panel)
through R;; defined in Eq. (3.8).

Besides, the resummed results at N3LO+N3LL play a significant role in reducing the
conventional 7-point scale uncertainties. The scale uncertainties in the resummed pre-
dictions up to N3LO-+N3LL accuracy are given in Fig. 3.11 for neutral DY (left panel),
for W—* (middle panel) and for W** (right panel). While the FO scale uncertainties for
neutral DY case at @ = 3000 GeV are found to get reduced from about 1.5% at NNLO
level to about 0.4% at N3LO level, the same in the resummed results are found to get
significantly reduced from about 0.2% at NNLO-+NNLL level to almost about 0.1% at
N3LO+N3LL level. Thus, DY process is one of the processes for which the theoretical
predictions available to-date are the most precise, any uncertainties that can still be
present in these cross sections are only due to the PDFs. We will discuss the uncertainty
due to PDFs later. It should be noted here that the scale uncertainties in the resum-
mation context will not show improvement over the FO results in the low @Q-region, say
below 1000 GeV, where the threshold logarithms are not the sole dominant contributions
to the cross sections. However, the scale uncertainties in the resummed results will get
reduced in the high @ region. To elaborate on this, we compare and contrast the 7-point
scale uncertainties in FO and resummed results at third order in QCD (see Fig. 3.12).
The scale uncertainties in the low @ region (where regular terms and other parton chan-
nel contributions are non-negligible) are smaller for FO case, while they are smaller for

resummed case in the high @ region (where the threshold logarithms are important).

To see the effects of resummation over FO results at a given order, it is quite useful
to use the factors R;; defined in Eq. (3.8). We plot in Fig. 3.13 these factors Rj1, Roo

and Rg33 for all three different DY processes as a function of the invariant mass of the
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dileptons. In all these plots, we can see the R1; contribution is dominant particularly in
the high @ region, while the Rs3 is almost unity except for a small contribution in the

high invariant mass distribution.

3.3.3 V H production

In this section, we present the numerical results for the Higgs production in association
with a massive vector boson V = Z, W~, WT. We present results for both the invariant
mass distribution and the total production cross sections at hadron colliders for different
center of mass energies. However, for invariant mass distribution our results are confined
to only DY process i.e. the production of an off-shell gauge boson followed by its decay
to on-shell V and H.
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FIGURE 3.14: Invariant mass distribution of ZH for 13 TeV LHC fixed order (left
panel) and the resummed (right panel).

It is worth noting that the total production cross sections for these processes up to NNLO
are available through the public code vh@nnlo [108]. The updated version vh@nnlo 2.1
[110] of the code can handle both the SM Higgs and other BSM scenarios where Higgs
can be produced in association with a gauge boson. In this version, the code is also

interfaced with MCFM [297| to produce invariant mass distributions up to NNLO level.

In the present context, we provide the invariant mass distribution up to third order
(N3LO+N3LL). To achieve this we use the invariant mass distributions of DY processes

available at N3LO level through n3loxs [73] code, and we numerically incorporate the
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FIGURE 3.15: K-factor for fixed order of ZH for 13 TeV LHC (left panel) and the
enhancement in the resummed cross section over fixed order LO are shown here (right
panel) through R;; is defined in Eq. (3.8).
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FIGURE 3.16: The 7-point scale uncertainty (left panel), pg scale uncertainty (middle
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FIGURE 3.17: The 7-point scale uncertainty (left panel), pr scale uncertainty (middle
panel) ur scale uncertainty (right panel) up to N3LO+N3LL for ZH production.

decay of the off-shell vector boson to V' and H instead of to leptons, using the Eq.(2)

and Eq.(3) of Ref.[110]. For consistency, we reproduce the results obtained from vh@nnlo
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2.1 up to NNLO for V H invariant mass distribution. We then extend our analysis to

the fixed order N3LO level. For the resummation case, we use our in-house numerical

code, similar to the one used for dilepton production case discussed in previous sections.

In Fig. 3.14, we plot the invariant mass distribution of VH at FO (left panel) and at

resum level (right panel) up to third order (N3LO+N3LL) for ZH production process by

varying @ from 250 GeV to 3000 GeV. Because the branching of off-shell V* to VH is

different from that to dileptons, the production cross sections will certainly be different

from that of the neutral DY production of dileptons. However, the corresponding K-

factors and R-factors are defined in Eq. (3.8), expected to be almost same as those of

neutral DY case due to the cancellation of the branching part in these ratios.

V5 (TeV) 7.0 8.0 | 13.0 13.6 100.0
LO 0.2363 +£0.36% | 0.2908 +=1.00% | 0.5934 £ 3.81% | 0.6324 £+ 4.06% | 8.1105 + 13.57%
NLO 0.3164 + 1.55% | 0.3878 +1.50% | 0.7754 4+ 1.36% | 0.8245 + 1.36% 9.1445 + 4.40%
NNLO 0.3280 +£0.41% | 0.4017 +0.37% | 0.8005 + 0.35% | 0.8508 + 0.36% 9.1215 £ 0.94%
N3LO 0.3266 4 0.25% | 0.3996 & 0.27% | 0.7943 +0.32% | 0.8441+0.33% | 8.9790 + 0.49%
LO-+LL 0.2706 £ 1.48% | 0.3319 +1.45% | 0.6721 £4.20% | 0.7158 4+ 4.44% | 9.0406 & 13.86%
NLO+NLL | 0.3260 +4.34% | 0.3992 +4.33% | 0.7966 +4.31% | 0.8469 +£4.31% | 9.3550 & 5.39%
NNLO-+NNLL | 0.3295 4+ 1.40% | 0.4034 4 1.43% | 0.8036 £ 1.53% | 0.8542 4+ 1.53% 9.1500 £+ 1.77%
N3LO+NS3LL 0.3266 +0.46% | 0.3996 +0.49% | 0.7943 £+ 0.57% | 0.8441 + 0.58% 8.9795 £ 0.75%
TABLE 3.1: ZH production cross section (in pb) for different v/S with 7-point scale
uncertainty.
VS (TeV) "ﬁgﬁgfl Uﬁéng?»LL Ult\?B‘tI:ZoH ULOJL%ﬁNSLL
7.0 0.3266 4+ 0.25% | 0.3266 +0.46% | 0.3534 +1.25% 0.3534 +£1.17%
8.0 0.3996 + 0.27% | 0.3996 + 0.49% | 0.4373 £+ 1.36% 0.4373 +1.28%
13.0 0.7943 £0.32% | 0.7943 £0.57% | 0.9112 £+ 1.79% 09112+ 1.67%
13.6 0.8441 +0.33% | 0.8441 +0.58% | 0.9728 4+ 1.86% 0.9728 £ 1.75%
100.0 8.9790 + 0.49% | 8.9795+0.75% | 13.2674 £4.57% | 13.2678 £+ 4.39%
TABLE 3.2: ZH production cross section (in pb) of DY-type N3LO, DY-type

N3LO+N3LL, total N3LO and total resummed N3LO-+N3LL which are defined in Eq.
(3.9) and Eq. (3.10) for different v/S with 7-point scale uncertainty.

In Fig. 3.15, we present these K-factors (left panel) and R-factors (right panel) up to
third order (N3LO-+N3LL). The corresponding scale uncertainties for the ZH production

case are shown for FO in Fig. 3.16 and for the resum case in Fig. 3.17. We notice that
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FIGURE 3.18: Invariant mass distribution of W~ H for 13 TeV LHC fixed order (left)
and the resummed (right).
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FIGURE 3.19: K-factor for fixed order of W~ H for 13 TeV LHC (left) and the en-
hancement in the resummed cross section over fixed order LO are shown here (right)
through R;; is defined in Eq. (3.8).

the behavior of the scale uncertainties for FO is the same as that for the neutral DY
case. For completeness, in Fig. 3.16, we show separately the uncertainties due to the
7-point scale variations (left panel), those due to only ugr for fixed up = @ (middle
panel) and those due to only pp for fixed pgp = @ (right panel) for FO results. We
find that the factorization scale uncertainties at higher orders, namely, at NNLO and
N3LO level are smaller than those due to the renormalization scale. In Fig. 3.17, we
show similar plots as those in Fig. 3.16 but for resummed results. However, here we
find that the factorization scale uncertainties are larger than the uncertainties due to the

renormalization scale variations. This is expected because in the resummation case, the
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factorization scale dependence is included only from the threshold regions and that too
in the ¢ channel. However, at the fixed order at N3LO level, this is not the case as the
full pur scale dependence is included in the coefficient functions at this order. We also
notice that in general the scale uncertainties in FO results in the high @ region increase
but very slowly. On the contrary, the scale uncertainties in the resummed predictions
decrease with increasing (). This is because in the high @) region the bulk of the cross
sections are dominated by threshold logarithms and are resummed to all orders in the

perturbation theory.

In Fig. 3.18 and Fig. 3.20, we show the results for invariant mass distribution of W~ H and
W H production processes respectively. The corresponding K-factors and R;p-factors
are shown in Fig. 3.19 and Fig. 3.21. The results for the invariant mass distribution differ
from those of the respective dilepton production processes through off-shell W~ and W+
gauge bosons. However, the ratios K and R-factors are almost the same. Due to the
underlying parton fluxes, these K-factors and R-factors for W H production case, on the
other hand, will certainly be different from those of ZH case. In Fig. 3.22, we show
the 7-point scale uncertainties in the invariant mass distribution of W~ H and W+ H

processes.

For these new results i.e. the invariant mass distribution for V. H process at N3LO and
N3LO+N3LL, we compare the 7-point scale uncertainties in FO and in resum results Fig.
3.23. The behavior of the scale uncertainties is almost identical to that of the neutral
DY case (see Fig. 3.12), namely, the scale uncertainties are smaller in the low @ region
for FO case, while the same is true for resum case in the high @ region. There is a very
small and negligible difference between ZH case and neutral DY case, which is mostly

due to the presence of photon contribution in the latter case.

We also present in Fig. 3.24, the ratios R; for i = 1,2,3 for ZH, W~ H and W+TH
cases. It is also worth noting that with the automation of most of the NLO calculations
[298, 299], the NLO results are readily available for these processes and hence it will
be particularly useful to estimate the R;; for i = 1,2,3. We plot these R;; factors
for all these V. H processes in Fig. 3.25 as a function of ). We notice that in general
approximately for ¢Q > 2000 GeV, both Rs; and Rs3; merge with each other. However,

their values are different for different processes. In the high ) region around 3000 GeV,
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R31 being the largest for W~ H case and is about 1.105 while it is the smallest and is

about 1.03 for W H case, whereas the corresponding one for ZH case is about 1.065.
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FIGURE 3.21: K-factor for fixed order of WH for 13 TeV LHC (left panel) and the
enhancement in the resummed cross section over fixed order LO are shown here (right

panel) through R;; is defined in Eq. (3.8).

For the VH production process, we also give the total production cross sections ob-

tained by integrating the invariant mass distributions over the entire () region that

is kinematically accessible. First, we give these total cross sections for DY type ZH

production processes from LO to N3LO+N3LL for different center of mass energies

V'S = 7,8,13,13.6 and 100 TeV in Table 3.1. The corresponding 7-point scale uncer-

tainties are also provided for each case. For the total production cross sections, the bulk

of the contribution comes essentially from the low @) region and hence the corresponding
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scale uncertainties in the resummed results are predominantly due to those coming from
the FO results that enter through matching procedure. Hence, the scale uncertainties
are smaller for FO case than those for the resum case. However, one can clearly see
these scale uncertainties decrease for any center of mass energy as we go from LO to
N3LO in FO, or as we go from LO+LL to N3LO+N3LL in the resummation series. For
example, for the 13.6 TeV case, the scale uncertainties at LO are 4.06% and get reduced
to about 0.33%, while those at LO+LL are 4.44%, and they get reduced to about 0.58%
at N3LO-+N3LL. In Table 3.3, we present similar results for W~ H case and in Table 3.5
for WT H case. In all these results, the general observation is that the scale uncertainties

do increase with the center of mass energy v/S of the incoming hadrons.

Finally, in the context of V H production, we note that the DY type contributions do not
fully give the complete FO predictions for V H case. Starting from O(a?), particularly
the ZH process receives contributions from the gluon fusion channel [116], bottom anni-
hilation channel as well as the heavy top-loop contributions [300]. For the gluon fusion
channel, the LO order contribution formally comes at the same order as NNLO of DY
type ZH production process and the results for this channel are available already. The
higher order NLO corrections to this gluon fusion channel which contribute at O(a?)
level appear at the same order as the N3LO of DY type corrections, and these NLO
corrections to the gluon fusion channel in the effective theory [119] have been computed
already. It is worth noting that in the recent past, there has been a significant amount
of progress toward the computation of the NLO corrections to this gluon fusion process
considering the finite top quark mass effects [121-126, 301|. The top-loop contributions
are available at the a2 level [300] and are implemented in the vh@nnlo 2.1 code. In the
present context, we consider all these three contributions to the ZH production process

and define the total production cross section defined as

tot,ZH DY,ZH 3 2 bb
01\?3LO =oxsro T 099(a?) + 0'°P(a?) + o (3.9)
tot,ZH DY,ZH 3 2 bb
1\?3LO+N3LL = ON\SLO+N3LL T 099 (a3) + 0'P(a3) + o (3.10)

where the power of a, in the parenthesis denotes the highest order up to which the respec-
tive contribution has been taken into account. These additional contributing Feynman

diagrams are shown in Fig. 3.28. We present these results for the ZH case in Table 3.2.
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For the case W H production, there will be no contribution from gluon fusion as well as
bottom annihilation processes, however, there will be contribution from top-loops from

NNLO onwards. Hence, we define the total production cross sections for W H case as

tot, WH _ _DY,WH |, _top, 2
ONiLo = Oniro O (@) (3.11)
tot, WH __DY,WH top( 2\,
NSLOANSLL = ONsroneLL T O - (s) (3.12)
L H
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F1aURE 3.28: The feynman diagrams for V H production additional contributing chan-
nels at LHC.

These production cross sections up to N3LO+N3LL are given in Table 3.4 for W~ H and
in Table 3.6 for W H cases. We also note that at this level, the electroweak corrections
[111, 112] are also competitive. For the current LHC energies, they are about —5.28% for
Z H and —6.88% for W H total production cross sections. This can easily be implemented

in the analysis, however, we did not consider them for simplicity and focus only on the

QCD corrections.

Finally, we estimate the uncertainties in our predictions for V H invariant mass distri-
butions due to the choice of the PDFs used in our analysis. For this, we compute the
invariant mass distributions at N®LO+N3LL using different choice of PDFs : ABMP16
[302], CT18 [303], NNPDF23 [304] and PDF4LHC15 [305]. All these sets are consid-
ered at NNLO level and the invariant mass distributions are obtained for central set
(iset=0). We obtain these results normalized with respect to those obtained from our

default choice of MMHT2014nnlo PDFs (iset=0) and for the central scale choice and
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VS (TeV)

7.0

8.0

13.0

13.6

100.0

LO

0.1625 £+ 0.46%

0.2021 £ 1.27%

0.4262 4+ 4.04%

0.4553 + 4.28%

6.1486 4+ 13.49%

NLO

0.2144 + 1.55%

0.2660 + 1.50%

0.5524 £ 1.37%

0.5891 £ 1.44%

6.9628 + 4.39%

NNLO

0.2234 £+ 0.39%

0.2769 £+ 0.35%

0.5716 £+ 0.38%

0.6093 %+ 0.39%

6.9645 + 0.97%

N3LO

0.2223 £ 0.28%

0.2752 £ 0.30%

0.5667 £+ 0.36%

0.6039 £ 0.36%

6.8460 £ 0.54%

LO+LL

0.1872 £+ 1.56%

0.2320 £+ 1.68%

0.4847 + 4.42%

0.5175 £+ 4.65%

6.8494 + 13.71%

NLO+NLL

0.2214 £+ 4.55%

0.2744 + 4.53%

0.5683 + 4.46%

0.6059 + 4.46%

7.1248 £ 5.39%

NNLO+NNLL

0.2245 £+ 1.49%

0.2782 £ 1.52%

0.5741 £ 1.60%

0.6118 £ 1.61%

6.9867 £ 1.79%

N3LO+N3LL

0.2223 £ 0.53%

0.2752 £+ 0.55%

0.5667 £+ 0.63%

0.6039 %+ 0.63%

6.8464 + 0.81%

TABLE 3.3: W~ H production cross section (in pb) for different V'S with 7-point scale

uncertainty.

VS (TeV) Ulfr)?};:gv*H Ul?;:‘éVJNIéLL ;Oi;f,vgiH ”It\??’tivglg?)m
7.0 0.2223 + 0.28% | 0.2223 £0.53% | 0.2245+0.09% | 0.2245 + 0.34%
8.0 0.2752 + 0.30% | 0.2752 £ 0.55% | 0.2781 +0.08% | 0.2781 4+ 0.36%
13.0 0.5667 £+ 0.36% | 0.5667 +0.63% | 0.5739 +0.13% | 0.5739 &+ 0.42%
13.6 0.6039 £0.36% | 0.6039 +0.63% | 0.6117 +0.13% | 0.6117 & 0.42%

100.0 6.8460 + 0.54% | 6.8464 + 0.81% | 6.9963 + 0.35% | 6.9967 & 0.61%

TABLE 3.4: W~H production cross section (in pb) of DY-type N3LO, DY-type
N3LO-+N3LL, total N3LO and total resummed N3LO-+N3LL which are defined in Eq.
(3.11) and Eq. (3.12) for different v/'S with 7-point scale uncertainty.

V'S (TeV) i 7.0 8.0 13.0 13.6 i 100.0
LO 0.2820 £+ 0.30% | 0.3409 +1.08% | 0.6583 &+ 3.77% | 0.6983 +4.00% | 7.7331 4+ 13.06%
NLO 0.3805 +1.57% | 0.4582 +1.53% | 0.8676 + 1.40% | 0.9183 + 1.40% 8.7881 + 4.38%
NNLO 0.3944 + 0.42% | 0.4750 +0.39% | 0.8975 4+ 0.37% | 0.9497 + 0.38% 8.7460 + 1.01%
N3LO 0.3927 £0.25% | 0.4725+0.27% | 0.8906 4 0.33% | 0.9422 £ 0.34% 8.6026 + 0.54%
LO+LL 0.3201 +£1.39% | 0.3861 +1.49% | 0.7409 4+ 4.14% | 0.7856 +4.37% | 8.5904 + 13.33%
NLO+NLL 0.3911 £4.13% | 0.4707 +4.12% | 0.8897 +4.12% | 0.9416 + 4.12% 8.9811 + 5.26%
NNLO+NNLL | 0.3960 +1.34% | 0.4768 +1.37% | 0.9008 +1.46% | 0.9532 + 1.47% 8.7719 £+ 1.68%
N3LO+N3LL 0.3927 +£0.45% | 0.4725+0.48% | 0.8907 4+ 0.56% | 0.9423 + 0.57% 8.6032 £+ 0.79%

TABLE 3.5: W' H production cross section (in pb) for different V'S with 7-point scale

uncertainty.

present them in Fig. 3.26 for ZH (left panel), W~ H (middle panel) and for W H (right
panel). The bands for each of the PDF sets in these figures represent the corresponding
7-point scale uncertainties, which are found to get reduced with @ for all the PDF sets
considered here except those for NNPDF23 sets. For the latter choice of PDF sets, the

scale uncertainties are found to decrease first with @ up to about 1500 GeV, and then
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DY WTH DY,WTH tot, WT H tot, WT H
VS (TeV) IN3LO IN3LO+N3LL IN3LO IN3LO+N3LL
7.0 0.3927 £ 0.25% | 0.3927 +£0.45% | 0.3965 +0.11% | 0.3965 + 0.27%
8.0 0.4725 £ 0.27% | 0.4725 +0.48% | 0.47744+0.09% | 0.4774 +0.29%
13.0 0.8906 4= 0.33% | 0.8907 +0.56% | 0.9017 £0.13% | 0.9017 & 0.36%
13.6 0.9422 4 0.34% | 0.94234+0.57% | 0.9541 £0.13% | 0.9542 4 0.36%
100.0 8.6026 4 0.54% | 8.603240.79% | 8.7865 £+ 0.37% | 8.7871 4 0.60%
TABLE 3.6: WTH production cross section (in pb) of DY-type N3LO, DY-type

N3LO-+N3LL, total N3LO and total resummed N3LO-+N3LL which are defined in Eq.
(3.11) and Eq. (3.12) for different v/S with 7-point scale uncertainty.

they slowly increase with Q. The uncertainty in these predictions due to the choice
of different PDF sets is smaller in the low @Q-region and is at the most 4%, but these
uncertainties tend to increase with ). In the high @ region @ > 2000 GeV, the devi-
ations from MMHT2014 results are in general larger for ABMP16 and CT18 PDF sets
for ZH and W~ H processes. The deviations at @@ = 2000 GeV for ZH case are about
4.2%, 6.6%, 5.3% and 4.0% for ABMP16, CT18, NNPDF23 and PDF4LHC15 PDF sets
respectively. The similar numbers for @ = 3000 GeV are about 9.0%, 8.3%, 2.9% and
4.3% respectively. The deviations are largest for the case W~ H in the high @ region
and are about 20% for ABMP16 sets.

It is worth studying the intrinsic PDF uncertainties in our resummed predictions due to
the parametrization of the PDFs themselves. For this, we use the MMHT2014nnlo68cl
PDF sets and compute the cross sections due to all the 51 different sets and estimate
the asymmetric uncertainties as provided by the LHAPDF routines. We present these
uncertainties in our resummed results for V H productin cross sections at N3LO+N3LL
accuracy normalized with respect to those obtained with the central set. These results are

shown in Fig. 3.27 for the ZH, W~ H and W' H processes, with uncertainties reaching

about 5% in the high invariant mass region.

3.3.4 bbH production

As a final process, we consider the Higgs boson production in bottom quark annihilation
process at the LHC. A schematic representation of H production through bottom quark
annihilation at the LHC is shown in Fig. 3.29. This process has already been studied up to
NNLO-+NNLL by some of the authors in [257] including a detailed uncertainty analysis.
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FIGURE 3.29: A schematic representation of H production through bottom quark
annihilation at a hadron collider.
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FIGURE 3.30: The bbH cross section for different center of mass energy at different
order and the corresponding K-factor with respect to LO+LL.

In [257], the work also has been extended to N*LO-+N3LL including the estimation of

uncertainties only due to unphysical renormalization scale. However, in this work, we
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complement these studies by considering the bb — H production cross sections along
with a detailed 7-point scale uncertainties for the choice of parameters given before.
We present in Fig. 3.30 these production cross sections from LO+LL to N3LO+N3LL
along with the respective scale uncertainties at hadron colliders for different center of
mass energy v/.S values from 7 TeV to 100 TeV. For v/S = 13.6 TeV, we find that these
7-point scale uncertainties is 5.26% at N3LO and is 4.98% at N3LO-+N3LL. The scale
uncertainties are found to get reduced with higher logarithmic accuracy in resummation

while at any given order in perturbation theory they are in general found to increase

with v/S.

3.4 Conclusions

We have studied the threshold effect on the color singlet processes DY, associated VH
productions and Higgs production through bottom quark annihilation. To achieve this,
we have used the universal and process dependent resum coefficients that are known by
some of us up to N3LL. Thanks to the recent publicly available n3loxs code that we are
able to perform the complete matching at the third order in QCD thus incorporating
missing regular contributions at this order. We performed a detailed phenomenology for
neutral DY, charged DY production of dileptons, Higgs production in association with
massive vector boson (V = Z/W) in the DY-type process as well as for the Higgs pro-
duction in bottom quark annihilation process. We presented our results for the dilepton
and V H invariant mass distributions as well as the total production cross sections for
V H and bbH processes. For the case of VH production process, the resummed correc-
tions over the fixed order N3LO results are found to be very small, thus demonstrating
a very good convergence of the perturbation series. We observe that the FO results
have smaller scale uncertainties in the low () region. However, the resummation gives
significant reduction of the conventional 7-point scale uncertainties to as small as 0.1%
in the high invariant mass region @ > 1500 GeV of V H production processes. For the
associated Higgs production with a Z boson, the gluon fusion channel and top-loop con-
tributions from NNLO onward are also important [121-126, 301] at the accuracy that we
considered here. We have included these contributions in our inclusive total production
cross sections for V H processes. To tame down the uncertainties further, we note that

the resummation in gluon fusion channel is equally important. For the DY and DY-type
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V H production processes we have considered here, the theory uncertainties after the re-
summation to N3LL accuracy has been achieved are very much under control. However,
the PDF uncertainties are still large which can be reduced with the availability of N3LO
level PDFs and more experimental data. Further, at this precision level the electroweak

corrections are also important to bring the total theory uncertainties under control.
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Chapter 4

Soft gluon resummation for gluon
fusion ZH production in QCD

THe associated production of the Higgs boson with a massive vector boson, such as
the Z boson, plays a vital role in precision Higgs studies at hadron colliders. While the
dominant contribution to ZH production arises from the Drell-Yan (DY) type quark-
antiquark annihilation process, there exists an important subleading contribution via
the loop-induced gluon fusion channel, gg — ZH. Although formally suppressed by
the strong coupling constant oy, the gluon-initiated process is numerically significant at
the Large Hadron Collider (LHC), particularly in kinematic regions with high partonic
center-of-mass energies. Its importance is further amplified by the increasing gluon lumi-

nosity at higher collision energies, and thus demands a dedicated theoretical treatment.

In the chapter 3, we focused on the threshold resummation for DY-type color-singlet
processes, including Drell-Yan, associated VH production, and Higgs production via
bottom quark annihilation. Those processes share a common QCD structure where the
colorless final state is initiated by quark-antiquark pairs, and the soft gluon resummation
are governed by universal factorization properties. Here, we have studied soft gluon
resummation for the gluon pair case by using the universal factorization properties. We
employed a unified framework using soft-virtual (SV) resummation techniques in Mellin

space, matched to fixed-order results, and demonstrated how these corrections improve
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theoretical predictions by stabilizing the perturbative expansions, then extended to next-

to-soft-virtual corrections to reduce the scale dependence.

4.1 Introduction

The discovery of the Higgs boson [8, 10, 11] at the Large Hadron Collider (LHC) [27, 28§]
marks a significant milestone in particle physics. Following this breakthrough, the pri-
mary focus of the LHC has been the precise measurement of the Higgs boson’s properties
and couplings. Such efforts not only deepen our understanding of the Higgs boson itself
but also open new avenues for exploring physics beyond the Standard Model (BSM).
Many BSM scenarios predict weak couplings to the Higgs boson at collider energies in
the TeV range. Evidence of such interactions may manifest as deviations in total cross-
sections or distributions for Higgs boson processes. Therefore, precise experimental mea-
surements, combined with accurate theoretical predictions, are critical for identifying
potential BSM signatures. The associated Higgs production with a vector boson at the
LHC is of particular importance in probing Higgs coupling to the weak gauge bosons.
Furthermore, it is crucial to constrain the sign of the top quark Yukawa coupling and
examine its CP structure [306-308]. Keeping in mind the importance of this process,
the ATLAS and CMS experiments are actively conducting precise measurements for this
process [2, 3, 309-317]. Precise theoretical predictions are thus essential to complement

the improved experimental results for this channel.

At the LHC, the Higgs boson is produced in association with Z boson primarily through
the Drell-Yan (DY) type subprocess (¢q¢ — Z* — ZH) at the leading order (LO) in the
strong coupling (as) expansion. The higher order Quantum Chromodynamics (QCD)
correction for this channel thus closely follow the DY process and has been computed up
to next-to-next-to leading order (N2LO) [104, 106, 108-110, 297, 318, 319] and recently
to next-to-next-to-next-to leading order (N3LO) [73| accuracy. The perturbative series
for the DY-type contribution converges very quickly with next-to-leading order (NLO)
amounting to around 30% correction to LO, whereas N2LO, N3LO receive around 3%,
—0.8% corrections respectively relative to preceding orders. Additionally, the conven-
tional theoretical scale uncertainty reduces to sub-percent level. The ZH process also
gets a contribution from the bottom quark annihilation through the ¢-channel diagrams

at the LHC. This involves a bottom Yukawa coupling (y;) and its contribution is found
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[259] to be at the sub-percent level. Furthermore, the Electro-Weak (EW) effects for this
DY-type process have been computed to NLO [111] and a correction of around —5% was
observed compared to the NLO QCD result. When fiducial cuts are applied, these cor-
rections can grow significantly, reaching —10% to —20% of the NLO QCD distributions
[112].

Compared to the DY process, the ZH process receives additional QCD contributions
starting from N2LO. One such contribution involves Feynman diagrams where the Higgs
boson is radiated from the massive top quark loop in the quark annihilation subprocess.
Their contribution has been estimated [300] to be below 3%. Another type of subprocess
which appear for the first time at N2LO i.e. at O(a2)) is the ZH production through
gluon fusion. Although the gluon fusion subprocess for ZH production is suppressed by
two orders of strong couplings compared to the quark-antiquark annihilation subprocess,
the suppression, however, is compensated considerably by the large gluon flux at the
LHC. Therefore, starting from N2LO, this subprocess contributes dominantly. Due to its
importance, the gluon fusion subprocess is being studied in great detail in the literature.
The leading order of this subprocess (which contributes to O(a?)) is a loop-induced
process where ZH is produced through massive quark loop with top quark giving the
dominant contributions. The LO of this subprocess has been computed with exact top
quark mass in [115, 118] and is shown to provide correction of around 7% compared to
the NLO QCD DY-type contribution (in contrast, the N2LO QCD DY-type contributes

only around 3% compared to NLO DY) with a scale uncertainty of around 25%.

At the leading order and using the covariant R¢ gauge, the process in which two gluons
produce a Higgs boson along with a Z boson (g9 — HZ) is mediated by different types
of loop diagrams involving heavy quarks. These loops can be broadly classified into box
and triangle types. The box diagrams include heavy quarks like the top and bottom
quarks, which interact more strongly with the Higgs boson. However, it is important to
note that these contributions vanish in the limit of very large quark masses. The triangle
diagrams can proceed through a virtual Z boson, where only the axial (chiral) part of the
Z boson coupling contributes due to a symmetry rule known as Furry’s theorem. In this
case, only heavy quarks from the third generation make a non-zero contribution, since
the lighter quarks effectively cancel out. Interestingly, only the longitudinal polarization
state of the Z boson plays a role here, which simplifies the theoretical calculation by

removing complications related to transverse polarization states, as guaranteed by the
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Landau-Yang theorem [320, 321|. Another set of triangle diagrams involves the would-be
Goldstone boson that couple to the massive quark loops in the traigular graph, followed
by the decay of Goldstone boson to Z boson and Higgs boson. These contributions
come exclusively from loops involving massive quarks. These diagrams are proportional
to both the corresponding Yukawa couplings and the quark’s third component of weak
isospin. In the limit of heavy quark masses, their contribution approaches a constant
value. While the box diagrams do not depend on the choice of gauge, the triangle
contributions individually do. Nonetheless, when the two types of triangle diagrams are
combined for a given quark generation, their total effect becomes independent of the

gauge, which is necessary for any physically meaningful prediction.

Several efforts were made to further improve the accuracy for gluon subprocess by calcu-
lating its NLO (O(a2)) contribution. This requires computation of two-loop amplitudes
involving multiple scales, including three masses: the Higgs boson mass (Mpy), the Z bo-
son mass (Myz), and the top quark mass (m;) as well as two Mandelstam variables. The
presence of these large number of scales significantly increases the computational com-
plexity. However, the calculation becomes significantly simpler in the infinite top-mass
limit (EFT), where the NLO correction has been computed [119] within the framework
of this EFT approximation for this subprocess. Nevertheless, there are continuous efforts
to take into consideration of full mass dependence. The NLO real and virtual contribu-
tions have been computed using an asymptotic expansion of the top-quark mass [120].
Additionally, two-loop amplitudes have been evaluated through a high-energy and large-
my; expansion, utilizing the Padé approximation [301], as well as through a transverse
momentum expansion [122]. The combined effects of the high-energy expansion and
transverse momentum expansion were further explored in [124, 126]. The NLO cross-
section and invariant mass distribution have also been obtained by incorporating the full
top-mass dependence, alongside a small-mass expansion for My and My [123]. More re-
cently, two-loop virtual corrections have been computed with full top-mass effects [121],
followed by a determination of the cross-section with full top-mass dependence at NLO in
[125]. The total cross-section at NLO shows an approximately 100% increase compared
to the LO result, with the scale uncertainty reduced to around 15%. In contrast, the
distributions like transverse momentum of the Higgs boson, within the fiducial volume

can exhibit corrections as large as a factor of 10.
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In the previous chapter in Fig. 3.2, the experimental data are compared with SM theo-
retical predictions from CMS [2]| and ATLAS [3] for V H production with Higgs decay to
bb and experimental data show good agreement with SM predicted results. But certain
kinematic regions, especially near threshold or in the high-invariant-mass tail, exhibit
larger uncertainties. These regions are sensitive to higher-order QCD effects, motivating

improved theoretical calculations including soft-gluon resummation.

The fixed order results for this subprocess still suffer from the large threshold logarithms
arising from soft gluons emission. These large logarithms need to be resummed to have
reliable predictions. The size of the NLO corrections indicates that this subprocess will
receive significant contributions from the threshold logarithms similar to the Higgs case.
Resummation of these large soft (SV) logarithms is well-established in the literature
[79, 81, 82, 180, 219, 220, 268, 269, 277, 322| and have been applied to many colorless
processes [77, 78, 89, 183, 239, 260, 260, 262, 271, 278282, 323-325| leading to improved
predictions for inclusive cross-sections and invariant mass distributions. Recently, efforts
were made to incorporate the next-to-soft (NSV) threshold effects for colorless produc-
tions [178, 222, 223, 263, 326-333]. For the ZH production in the DY-type channel, the
effects of soft gluons have been estimated in [181] to next-to-next-to-next-to-leading log-
arithmic (N3LL) accuracy matched to N3LO fixed order in QCD. A better perturbative
convergence has been observed for threshold resummation for invariant mass distribution
of Z H pair. For the gluon fusion Z H process, the effects of soft gluons have been studied
[127] for the total cross-section to next-to-leading logarithmic (NLL) accuracy matched
to NLO in QCD in the EFT approximation where a correction about 15% of NLO was

obtained. Similar accuracy for the invariant mass distribution is still missing.

The goal of this chapter is to improve the gluon fusion Z H process by incorporating soft
and next-to-soft gluon resummation for both the total cross-section and the invariant
mass distribution of the ZH pair. We work in the exact Born-improved gluon fusion
channel, which has been shown to work effectively for the Higgs case, and we expect sim-
ilar behavior for the ZH process. For NSV resummation, we closely follow the approach
outlined in [178, 222]. Additionally, we present the complete result at O(a?), improved

with SV threshold resummation from both quark and gluon channels for ZH production.

The chapter is organized as follows: In Sec. 4.2, we introduce the key theoretical formulas

and present the coefficients required for performing SV and NSV resummation up to the
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necessary order. In Sec. 4.3, we provide a phenomenological study for the gluon fusion
subprocess, combining it with the DY-type contributions to present complete results for

pp collisions at O(a?3) accuracy. Finally, we conclude in Sec. 4.4.

4.2 Theoretical Framework

The hadronic cross-section for ZH production in proton collision is provided in QCD

factorization as,

d Byl 12
ngz Z/ dxl/ dzz fa ‘Tl’”F)fb(x??/‘F)/ dz5(7—zx1x2)Q2Uil(52uF)a

(4.1)

where f, are the parton distribution functions (PDFs) for parton a,b in the incoming
hadrons and & is the partonic coefficient function. The hadronic and partonic thresh-
old variables 7 = Q?/S and z = Q?/5 are defined in terms of respective center-of-mass
energies S and 5. Here @ is the invariant mass of the ZH system and pup is the factori-
sation scale. The partonic coefficient function can be decomposed (suppressing all scale

dependencies) as,

The term AP} appears only for the diagonal subprocesses (gg,¢q) and is known as the
soft-virtual (SV) partonic coefficient and it captures the leading singular terms in the
z=1-—2z— 1 limit. The AZ%g term, on the other hand, contains subleading or regular
contributions in the variable z. In general, they follow the expansion in the strong

coupling at the renormalisation scale as(u%) = 4ras(u?) as,

o0 2n—1
() = al(ih) Gab <Ag"> 5(z)+ > AR m(z)) , with ab € {gg,qq},  (4.3)
n=0 k=0
2n—1

AlE(z) = AR (z) + Z ag )(Z) = Z ag (4 (Z Aab Ang () + A(n)( )> ’
n=0

where §(2) is the Dirac delta distribution and D (z) = [lnk (2)/%] . are the plus-distributions.
At the leading order, all the coefficients vanish except A((SO) = 1. Here Agz)lnk are the

next-to-soft (NSV) coefficients which get contributions from both diagonal as well as
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off-diagonal channels. The last term in the above expression Agbl)(z) vanishes in the
soft limit Z = 1 — 2z — 0. Note that the singular SV part of the partonic coefficient
has a universal structure which gets contributions from the underlying hard form fac-
tor, mass factorization kernels [210, 211| and soft radiations [81, 82, 204-207]. All of
these are infrared divergent which however when regularized and combined give finite

contributions.
The Born normalization factor 36(12) in Eq. (4.2) takes the following form for ¢g subpro-

cess,

M%AI/Z(Q2,M%,M%) (1 o A(QQ,Mg,M§)>
(¢

~(0) 2y _ [T s V2 A2
O'qq (Q ) <n05> (Q2 . M%)2C;103i gq ) + (gq) ) )
(4.4)
with g4 = T37 = %ng — 52Qa, Q. being the electric charge and T2 being the

weak isospin of the fermions. Here, « is the fine structure constant, s, ¢, are the sine
and cosine of the Weinberg angle respectively, and n, = 3 in QCD. Mz and My are

the masses of the Z boson and Higgs boson respectively and the function \ is defined as

Mz, y,z) = (1 — /2 —y/2)* — day/22.

For the gluon fusion subprocess, in the infinite top mass limit, the Born factor takes the

form [119],

g

2 2 2
~(0),EFT (2 VT as(ug)a Q° A\ (02 M2 M2 15
99 (Q ) ( 1681200121) M% (Q s + YT Z)' ( : )
In the infinite top mass approximation, the full NLO correction to the gluon fusion
subprocess is known [119]. In particular, the SV and NSV coefficients up to NLO are

given as,

W _ (56 64 6 ., AN 1
A5 = (27+8C2>C'A+ 9Tan—|— 9C’A 280 | In Q2 2080 In M%

O (virt,red)

as(12)5 5T (Q2)

1 p
A =—AD 1804 = -8C4In ( Qg) ,
AD) =—all =160y (4.6)
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Here O'(yirt,red) is the “virtual reducible” contribution arising from Feynman diagrams

involving two quark triangles which in the infinite top mass limit takes the form [119],

~ VTas () 1
O (virt,red) = /dt aS(:U’R)3 < 1652 62 8M4

2 (P M
{MH< g < ) g (M) <f—M§>2>
N ?M2 U

(4.7)

where 7, ¢ are the partonic Mandelstam variables.
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FIGURE 4.1: The leading order feynman diagram for gluon fusion ZH production.

The born coefficient in the exact theory, on the other hand, contains Feynman diagrams
involving triangle and box diagrams as shown in Fig. 4.1 with heavy top quark depen-
dence. It can be expressed in terms of helicity amplitudes for triangle and box diagrams
as,

+ M7,

)\ by g Z )\g)\ Az (4'8)

@y = (el L [ 5

Ag Mg Az

The exact expression for these helicity amplitudes for two gluons and a Z boson can be

found in [118].

In figure Fig. 4.2 illustrates the different contributions to the gluon-gluon initiated as-
sociated production of a Higgs boson with a Z boson. On the top left, the one-loop
virtual diagram captures the purely virtual corrections, where no real radiation is emit-
ted. The top right diagram shows the emission of a soft gluon, represented in red, from
the virtual configuration. This soft radiation, though real, does not significantly alter
the kinematics and is treated in conjunction with the virtual terms, forming the so-called
soft-virtual (SV) contributions. These dominate near the production threshold, where

the final state carries most of the partonic energy. In contrast, the bottom diagram
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FIGURE 4.2: The next-to-leading order few feynman diagrams for gluon fusion ZH
production at LHC.

features the emission of a hard gluon, shown in blue, which leads to real radiation with
substantial momentum. Such configurations are classified under regular contributions,
as they do not exhibit the same threshold enhancements. The distinction between SV
and regular terms is reflected in the analytic structure of the cross-section, with SV
terms captured by plus distributions and delta functions in the partonic variable z, while
regular terms are finite in the limit z — 1. The decomposition of the higher-order QCD
corrections into these two components is essential for understanding the behavior of the

perturbative series and for improving resummation predictions in the gg — Z H channel.

These large distributions appearing in the ASY can be resummed to all orders in the
threshold limit z — 1. Typically, resummation is performed in the Mellin N-space
where plus-distributions become simple logarithm in Mellin variable (V). The threshold
limit z — 1 translates into N — oo limit. Recently a formalism has been proposed
[178, 221-224] to also resum the NSV logarithms arising out of the diagonal channel.
Essentially the partonic SV and NSV coefficients in the Mellin space can be organized
as in Eq. (2.102) and G%; (I = g for gluon fusion case) can be written as in Eq. (2.108)
for SV and NSV exponent.

1 Zda—\%n%L ! N-1 2
;@ _ — sV nsv — =9 g,sv g,nsv
o e, 4 ) + AN ST@ e (G + 64

(4.9)
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The factor g is independent of the Mellin variable and contains process-dependent infor-
mation. The leading threshold enhanced large logarithms and the next-to soft logarithms
in Mellin space are resummed through the exponent G% and G%™" respectively. The
resummed accuracy is determined through the successive terms from both the exponent
G%; which takes the form as in Eq. (2.109). The first term in the Eq. (2.109) is the
expansion of G corresponds to the leading logarithmic (LL) accuracy, whereas the in-
clusion of successive terms defines higher accuracies. These coefficients (gi,) are universal
and only depend on the partonic flavours being either quark or gluon. In order to obtain
LL accuracy in NSV resummation, one has to consider NSV exponents g7 and hgo in
addition to the LL terms. Similarly, for higher accuracies, one has to consider the next
terms in the expansion of G%. Note that starting from NLL (NLL), one has to also
consider the N-independent gj coefficients whose perturbative expansion takes the form
as in Eq. (2.106). The explicit form of the resum exponent for SV and NSV resummation
can be found e.g. in [77, 180]. Up to NLL(NLL) one requires the following coefficients

for gluon fusion channel,

e+ 1))}

g5 (w) = 51 {C’Aﬁl (4w + 4L, s, 5) + Cangfo <40 (w+ Ly ))
0

+C%5 ((—? +8<;2> (w-l—Lw)) + Caf} (4L In (S}i) + 4wln (52};)) }
#(w) = ;{CA (L)}

a8(w) = ] CaCiong (=800 + L) + Ciing (~ 5w+ L) )+ % (0 + L)

40 268 2 2
+ Cany By <§w> + C’%Bg (—9 + 8(2) w—+ CABS (—8 +41n (%) — 4@ In <'u§>) } ,
Hr Hr

hio(w) = Blo{OA (—=8Ly) } ;

o) = 5 { CaB (8004 L))+ Cango (=) + G (55 - 16 )
WP 9
o (8 81n <Q2) +8@ln <“z’>> }
1 Hr
1
h{; (w) = L%{Ci (32wc§2 — 4w>} : (4.10)

where w = 1 —w and L, = In(@). Note that up to the required order NLL, the SV and

NSV exponents are the same as the ggH case. Up to NLL(NLL) accuracy, one also needs
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ey

the process dependent coefficient gg’ and the gluon fusion ZH process the coefficient

we found it to be,
0 o2y _ (26 64 M 46 M
=(=+41 —T —2BpIn | —- —Cs—2 In(—
do(Q7) (27+ 6(2) Ca+ 9 Py Bo In ,U% + 90,4 6o | In 02

a\(virt,red)
" . (4.11)
as(13)55 (Q?)

Note that both gJ and G%; are scheme-dependent which is related to the ambiguity in
exponentiation of certain constant terms (e.g. yg) coming from Mellin transformation
along with the large-NN terms (see e.g. [325] for a detailed discussion). In the context of
LHC, it has been observed that the so-called N-scheme provides a faster perturbative

convergence for the resummed series. In this scheme, the constant gf is independent of

YE-

The resummed result in Eq. (4.9) has to be finally matched with the available fixed
order results to incorporate the hard regular contribution and, at the same time, avoid
double counting of SV(NSV) logarithms. The matching with the fixed order is usually
performed using the minimal prescription [225] and we follow the procedure mention in
section 2.4.3 to get the final matched results at NnLL resummation. Note that similar
matching procedure is done for the SV resummation. The f, y are the Mellin transformed
PDF similar to the partonic coefficient in Eq. (2.112) and can be evolved e.g. using
publicly available code QCD-PEGASUS [226]. However, for practical purposes, it can
be also approximated by directly using z—space PDF following |77, 220]|. Essentially, for
SV resummation, this will contain all the fixed order singular logarithms and for NSV
resummation, it will contain additional NSV terms from the diagonal channel. In the

next section, we study the impact of SV and NSV resummation on the gluon subprocess

at LHC.

4.3 Numerical Results

In this section, we present numerical results for ZH associated production at the LHC.
The default center-of-mass energy of the incoming protons is set to 13.6 TeV. Unless
specified otherwise, our numerical analysis employs the PDFALHC21_40 [334] parton dis-
tribution functions (PDFs) throughout, as provided by LHAPDF [296]. In all these cases,
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the central set is the standard choice. The strong coupling is provided through the
LHAPDF routine. The fine structure constant is taken as o ~ 1/127.93. The masses
of the weak gauge bosons are set to be Mz = 91.1880 GeV and My = 80.3692 GeV
[335] with the corresponding total decay widths of 'y = 2.4955 GeV. The Weinberg
angle is then given by sin?6y, = (1 — m2,/m%). This corresponds to the weak coupling
Gr ~ 1.2043993808 x 10~ GeV~2. The mass of the Higgs boson is set to My = 125.2
GeV.

In the gluon fusion channel, only the top quark contribution is considered at the lowest
order, with the top quark pole mass set to m; = 172.57 GeV. For this case, we chose the
pole mass of the bottom quark to be my = 4.78 GeV. The unphysical renormalization
(1ur) and factorization scales (up) are set to the invariant mass (@) of the ZH pair. The
scale uncertainties are estimated by simultaneously varying these unphysical scales as
mention in section 2.3.1, in the range [@/2, 2Q)] keeping the constraint |In(ur/pr) | < In4
(known as the 7-point scale uncertainty) and taking the maximum absolute deviation
of the cross-section from that obtained with the central scale choice. To estimate the
impact of the higher order corrections from FO and resummation, we define the following

ratios of the cross-sections,

O.NnLO O.NnLO-‘anLL O.NnLO+NnLL

Koy =—=—— Rom— ————— and Roy —

4.12
O-é\TmLO 9 =S O%\ImLO ( )

O-cNmLO

The subscript ‘¢’ in the above expressions indicates that the corresponding quantity is
evaluated at the central scale choice. As stated earlier, the lowest order process for ZH
production through the gluon fusion channel contributes at O(a?) level, which formally
should be considered at N2LO in the perturbation theory. Consequently, we have used
the N2LO PDF for the computation of LO and higher order corrections to the gluon

fusion process.

4.3.1 Invariant mass distribution

We first look into the invariant mass distribution of ZH pair. As mentioned in Sec.
4.1, the computation of higher-order corrections is non-trivial due to the involvement
of multiple scales and one can work with EFT to reduce this complexity. For inclusive

production of ZH pair, the total cross-section differs between these two approaches by
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FI1GURE 4.3: Invariant mass distribution of ZH for the gluon fusion channel at LO for
EFT and Exact theories at 13.6 TeV LHC are presented. The bands correspond to the
theoretical uncertainty using 7-point scale variation.

around 31% at LO. However, the difference is more pronounced in the invariant mass
distribution as can be seen from Fig. 4.3. The band in this plot corresponds to the
7-point scale uncertainty as described above. Although the differential cross-section is
comparable in the low invariant mass region, the shape differs significantly in the higher
invariant mass region. Therefore, it is essential to include the finite top quark mass effect
to produce the correct behavior for the invariant mass distribution. On the other hand,
the total cross-section with finite top quark mass effect at NLO differs only by 5% [125]
from the same in EFT. In fact, the exact LO captures the shape of the distribution in
bulk and the effect of top mass on the NLO correction will have less impact on the shape
of the distribution. Therefore, working with a Born-improved theory where the LO is
rescaled by the exact top quark effect and NLO corrections in the EFT, will reduce the
complexity while retaining essential features of QCD corrections, in particular the effects
of soft radiation where we are interested in. In the rest of the chapter, we use this exact

Born-improved EFT NLO cross-section for all purposes.

The fixed order results' have been computed with the publicly available code vh@nnlo
[108, 110, 119] and for resummation, we have developed an in-house code to handle

the Mellin inversion described in the end of Sec. 4.2. We first verified our code by

1At NLO with exact top quark dependence, there are also Z radiated diagrams where a Z boson is
emitted from the external light quark line. These kind of diagrams will contribute to O@(a2y?) (y: being
the top quark Yukawa coupling) i.e. the same order as the gluon fusion subprocess at exact NLO. Their
effects could be as large as 10 times [126] the LO results.
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reproducing the known result for the total resummed cross-section for ZH production
up to NLO+NLL [127] in the N-scheme. We further reproduced the known result for
inclusive resummed Higgs cross-section up to NLO-+NLL both in N- and N-schemes.
As discussed in Sec. 4.2, the N-scheme offers a faster perturbative convergence with a
better control on the scale uncertainty and we chose to use this scheme for all of our

studies in this chapter.
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F1GURE 4.4: Different contributions of gg — ZH at LO in exact theory.

In the gluon fusion induced Z H production process at leading order (LO) in the Standard
Model, the computation incorporates quark-loop contributions with full dependence on
the top and bottom quark masses. The LO contribution arises from two types of dia-
grams: triangle and box diagrams. The triangle diagram involves quark loops that couple
the gluons to the Z and Higgs bosons, while the box diagram represents a four-point
interaction connecting the initial gluons to the ZH final state through a closed quark

loop.

Different contributions of gg — ZH at LO in exact theory is presented in Fig. 4.4. In
this analysis, we retain the exact quark mass dependence and examine the individual
contributions. The curve labeled as full triangle includes both top and bottom quark
effects within the triangle diagrams. Similarly, the full box line represents the contri-
bution from the box diagrams including both quark flavors. Interference effects between
the triangle and box topologies are also significant. These are displayed separately as
negative contributions: (-1)*interference bottom and (-1)*interference top, in-
dicating the destructive interference between the triangle and box diagrams, decomposed

according to the respective quark flavor in the loops. The complete LO contribution,
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labeled as Full, combines all the aforementioned effects, providing a comprehensive de-
scription of the leading-order cross section as a function of the invariant mass @ of the

Z H system.

The resulting plot illustrates the behavior of Q2do/dQ? over a wide kinematic range in
Q, capturing the dominance of top quark contributions in the high-energy regime and

highlighting the non-trivial interference structure among loop diagrams.
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FIGURE 4.5: Comparison between the Born-improved fixed order and resummed results
with corresponding ratios as defined in Eq. (5.9) are shown here. In the left panel; a
comparison between fixed order and SV resummation are shown, and in the right panel;
a comparison among fixed order, SV resummation and NSV resummation are presented.

On the left panel of Fig. 4.5, we compare the SV resummation with the fixed order result
up to NLO(NLL) level, and we observe the expected behavior of better perturbative
convergence for the SV resummed series. This is further evidenced from the lower inset
where the ratios are displayed. From the ratio Kig, it is evident that the NLO correc-
tion can reach to around 100% compared to LO across most of the kinematic region
considered. The LO-+LL correction captures a significant portion of the higher order ef-
fects and provides an additional contribution of 80% of the LO, particularly in the high
invariant mass region (Q = 3000 GeV). This clearly demonstrates that the soft gluon
effect is dominant for this process. The NLO+NLL correction also shows a significant
enhancement (through the Rpo factor), reaching around 2.8 times the LO, particularly
in the high invariant mass region. On the right panel of Fig. 4.5, we further compare the
LO with LO+LL results and NLO+NLL with the new NLO-+NLL results. Through the

ratios Ry1 and Ri; on the bottom panel there, we observe that NLO+NLL corrections
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account for about 20% of NLO in the low invariant mass region and rise to approximately
40% in the high invariant mass region. The NSV resummation at NLO-+NLL, on the
other hand, contributes an additional 12% — 15% correction over NLO+NLL across most

of the invariant mass region.
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FIGURE 4.6: The 7-point scale uncertainty (upper panel) and the PDF uncertainty
(lower panel) of gluon fusion ZH production are compared for Born-improved SV (left)

and NSV resummation (right) against their corresponding fixed order results at 13.6
TeV LHC.
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In Fig. 4.6, we have also analyzed different sources of uncertainties in these predictions.
In general, the scale uncertainties at NLO are around 20% which gets reduced to around
15% in NLO-+NLL distribution, particularly in the high invariant mass region as shown
in the left panel of Fig. 4.6. In contrast, the NSV resummation at NLO+ NLL does not
show similar scale reduction over NLO, particularly in the low invariant mass region.
In the high invariant mass region, it marginally improves the scale uncertainty over
the NLO results. In the bottom panels of Fig. 4.6, we compare the PDF uncertainties
for both SV and NSV resummed cases against the fixed order. These uncertainties
generally increase with @@ as PDFs are well-constrained in the small-z region relevant to
the ZH threshold production, whereas at large-z, these are poorly constrained resulting
in significant uncertainties of around 10% at NLO in the high-@ region. The SV and
NSV resummed results show marginal improvements in PDF uncertainties by around

0.8% over the NLO.
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FI1GURE 4.7: Left: The DY and gluon subprocesses contributions are shown for fixed

order and SV resummed cases with the corresponding ratios at the bottom and its

uncertainty from the scale variation. Right: The combined contribution at the highest

accuracy for the fixed order and the SV resummed order are shown along with the scale
uncertainties.
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FIGURE 4.8: The 7-point scale uncertainty (upper panel) and the PDF uncertainty
(lower panel) are shown for the pp — ZH process at 13.6 TeV LHC.

N3LO NLO
Q2 dO'pp Q2 dag%LO + Q2 do
dQ2 dQ2 dQ2 )
) do N3LO+N3LL ) do N3LO+N3LL ) do NLO+NLL
Yy = 4.13

For completeness, we combine the gluon fusion results with other subprocesses for ZH
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contribution to obtain full pp — ZH results at O(a?) level. Particularly, in the fixed
order case, we combine the contributions arising from the DY-type channel with that from
the gluon fusion channel at O(a?) as given in Eq. (4.13). For resummation case, we chose
to use the SV resummed results. While NSV resummation shows some enhancement
over the SV resummed results (as seen from Fig. 4.5), it still lacks contributions from
off-diagonal channels. Moreover, one would also require the NSV accuracy for the DY-
type subprocess for which the relevant ingredients are still missing. Hence we combine
the fixed order results with SV resummed results for both DY-type and gluon fusion
channels. The required N3LO+N3LL SV resummed results for the DY-type channel
given in the chapter 3. In the left panel of Fig. 4.7, we show these results separately
for both DY-type and gluon fusion channels along with the scale uncertainties. Note
that the relative scale uncertainty for the DY-type is not visible on the scale of this plot.
The right panel of Fig. 4.7 shows the combined results for invariant mass distribution
at N3LO and N3LO-+N3LL. The bottom panel highlights the enhancement from N3LO
through the K33 and R33 factors. In Fig. 4.8, we show the scale and PDF uncertainties for
the combined results at N3LO+N3LL. The PDF uncertainty increases with @, reaching
around 10.6% in the high invariant mass region. On the other hand, the scale uncertainty
is largest at the top threshold (@ ~ 2my), reaching up to 6% and decreasing significantly
in the high-Q region, reducing to as low as 0.1%.

4.3.2 Total cross-section

Finally, we also present the total cross-section for the resummed results by integrating the
invariant mass distributions up to V/S. The Table 4.1 provides the total cross-sections for
the gluon fusion channel at fixed order and at SV and NSV resummation. Alongside, we
also provide various uncertainties arising from 7-point scale variation, non-perturbative
PDF set, and the variation of the strong coupling constant as(Myz). For the later we con-
sider a variation in the 1o range leading to a variation in the range a; (Myz) = 0.1165 and
af (Mz) = 0.1195. With the central choice for a$(Myz) = 0.118 same as the PDF, we ob-
tain the final uncertainty through 6(as) = + max ’a(a;t(MZ)) —o(a(My))|/o(al(My)).
Additionally, we also present the combined uncertainties from PDF and ag by adding the

respective errors in quadrature. The largest source of uncertainty arises from the scale
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Order cross-section (fb) | Scale | 0(PDF) | d(as) | 6(PDF + «y)
ohO 60.25 +£24.6% | £0.68% | £2.07% |  £2.18%
e 124.74 +£15.3% | £0.71% | £2.60% |  +2.70%
opO L 84.74 +27.5% | £0.69% | £2.45% |  +2.55%
o O TNLL 151.30 +19.4% | £0.71% | £2.93% |  £3.01%
gLOFLL 96.27 +£29.3% | £0.69% | £2.60% |  £2.69%
o O+NLL 170.73 +27.0% | £0.71% | +3.16% |  £3.24%

TABLE 4.1: The ZH production cross-sections (in fb) are presented at exact LO, and
Born-improved NLO, along with corresponding SV and NSV resummed results at 13.6
TeV LHC with 7-point scale, PDF and o, uncertainties.

variation which at NLO+NLL level are around 19.4%, indicating the need for further

improvements through higher-order computation.

Order cross-section (pb) | Scale | §(PDF) | d(as) | 6(PDF + ay)

RO 0.8416 +0.28% | £0.77% | +£0.14% +0.78%
oRSHOASLY 0.8416 +0.55% | +£0.77% | £0.14% +0.78%

oN3LO 0.9776 +1.94% | £0.65% | +0.47% +0.80%
oNSLO+NSLL 1.0042 +2.98% | £0.63% | +0.58% +0.86%

TABLE 4.2: ZH production cross-section (in pb) of DY-type N3LO, DY-type
N3LO+N3LL, total N3LO and total resummed N3LO-+N3LL which are defined in Eq.
(4.14) for different 13.6 TeV LHC with 7-point scale, PDF and «; uncertainties.

In Table 4.2, we present the total production cross-section of ZH at the LHC by com-

bining contributions from different channels. Particularly, in the fixed order case, we

combine the contributions arising from the DY-type channel (che-?), the bottom-quark

initiated ¢-channel (oy3), the gluon fusion channel (J%LO), and contribution coming from
Higgs radiation from top quark loop in the quark annihilation channel (otop(a?)) as de-

scribed in Sec. 4.1, corresponding feynman diagram are given in Fig. 4.9 and defined in
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FIGURE 4.9: The feynman diagrams for ZH production additional contributing chan-

nels at LHC.
Bq. (4.14),
N3LO N3LO NLO 2
Otot -~ =0DY ~ T 0gg + 0top(as) +app,
N3LO+N3SLL _ _N3LO-N3LL NLO+NLL 2 #
Troi = Opy + 0ogg + otop(as) + opg - (4.14)

For the resummation case, we improve the fixed order for the DY-type channel by SV
resummation at N3LO-+N3LL and for the gluon channel by resummation at NLO+NLL.
For the DY-type channel, resummation has very little effect in this order and the major
improvement is obtained through the gluon fusion channel. For the total cross-section,
the resummation improves the cross-section by around 2.7% compared to the fixed order,
whereas the scale uncertainty increases by 1%. This can be traced to the fact that, total
cross-section receives significant contributions from the low invariant mass region, where
the factorisation scale uncertainty remains significant. However, all other sources of

uncertainties remain small, contributing less than 1%.

4.4 Conclusion

To summarize, we have investigated the impact of soft gluon resummation on the ZH
production process in the gluon fusion channel at the LHC. In the low invariant mass
region, near the top-pair threshold (Q ~ 2m;), the gluon fusion channel at O(a?2) level
contributes around 20% of the dominant DY-type channel, highlighting its significance

and the necessity of including its contribution.

We first obtained the Born improved NLO corrections by rescaling the exact LO results
with the mass dependent NLO K-factor obtained from the Effective theory. Using the

universal cusp anomalous dimensions, splitting kernels, we have performed the SV and
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the NSV resummation and presented numerical results for the invariant mass distribution
as well as the production cross sections to NLO+NLL(NLL) accuracy for the current
LHC energies. The NLO corrections contribute as large as 100% of LO for the total
Z H production cross-section in the gluon fusion channel. We observed that the SV
(NSV) resummation contributes an additional 19.4% (35.3%) at NLL (NLL) level over
NLO in the low Q-region. In the high invariant mass regions (around @ = 3000 GeV),
this SV(NSV) resummation reduces the 7-point scale uncertainties at NLO level by a
few percent 5.0%(1.4%). Besides the scale uncertainties, we have also quantified the
uncertainties due to the PDFs on resummed results and these are found to be around

1.6% in the low invariant mass region.

Finally, for experimental analysis, we combine the contributions from different subpro-
cesses, including the soft gluon resummation effects, and present comprehensive results
for the invariant mass distribution as well as the total production cross sections at the
LHC. We note that except for the uncertainties due to the non-perturbative inputs from
PDFs, the theoretical uncertainties in the high invariant mass region are well under
control. However, to advance the precision for this process further, the higher order

corrections beyond NLO for the gluon fusion channel will be essential.
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Chapter 5

Threshold resummation for Z-boson
pair production at NNLO+NNLL

THe production of vector boson pairs, such as ZZ, at hadron colliders plays a crucial
role in testing the Standard Model (SM) and probing possible deviations arising from
new physics. As a purely electroweak process at leading order, ZZ production provides
a clean environment for precision measurements, including the study of triple gauge
couplings and background estimation for Higgs boson measurements and searches for
heavy resonances. Among the diboson processes, ZZ production is especially significant
due to its fully leptonic final state, which offers excellent experimental resolution. The
high precision expected in such measurements necessitates a corresponding accuracy in

theoretical predictions.

In the context of Quantum Chromodynamics (QCD), the dominant contribution to ZZ
production at the LHC arises from the annihilation of a quark and antiquark (¢g), similar
to Drell-Yan (DY)-type color-singlet processes. This resemblance allows us to adopt the
resummation techniques previously developed for DY, associated V H production, and
Higgs production via bottom quark annihilation. These processes all involve initial-state
radiation from color-charged partons and result in a color-neutral final state. As a result,
their soft-gluon dynamics exhibit universal factorization properties near threshold, which

we exploit in our resummation framework.
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In this chapter, we focus on the threshold resummation for the process q¢ — ZZ at the
LHC, performed up to next-to-next-to-leading order plus next-to-next-to-leading loga-
rithmic (NNLO-+NNLL) accuracy. To address this, we implement an all-orders resumma-
tion of soft-gluon contributions using the formalism introduced in earlier chapters. The
universal behavior of QCD radiation near threshold is again exploited to factorize and
resum the dominant logarithmic contributions. The resummation is carried out in Mellin-
N space, where the convolution structure simplifies and logarithmic terms exponentiate
naturally. This approach allows us to capture both the leading and next-to-leading log-
arithms systematically, thereby extending the predictive power of our framework to the

Z 7 final state.

5.1 Introduction

The production of a pair of massive gauge bosons (Z) at the Large Hadron Collider
(LHC) is an important process which has been studied very well, both theoretically
and experimentally. This process offers very clean signals that can be used to test
the prediction of the Standard Model (SM) precisely, thanks to their moderately large
production cross sections at the current LHC energies. The process can also be used
for testing the SM electroweak symmetry breaking mechanism as well as in the study of
fundamental weak interactions among elementary particles. Owing to the large coupling
between the Higgs and massive gauge bosons, the process plays an important role in the
Higgs sector. One of the important decay modes of Higgs being to a pair of massive

gauge bosons, either ZZ or WV

The experimental signature of this process typically involves either four charged leptons,
two leptons plus missing energy or two leptons plus two jets or four jet events. Out
of these, the decay to four charged leptons provides a very clean signal in the collider
experiments, that led to the measurement of these final states both at the ATLAS and
CMS experiments for different centre of mass energies e.g. 5.02 TeV [336], 7 TeV [130,
131, 337, 338|, 8 TeV [338-343|, 13 TeV [343-348| and 13.6 TeV [349]. Such measurements
can be used to probe the trilinear gauge couplings as well as to probe the possible hidden
new physics . From the theoretical point of view, a similar study can easily be extended

to the production of a pair of new massive gauge bosons.
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Owing to the importance of this process, a precise knowledge of this process, specifically
their production cross sections as well as various kinematic distributions at the current
LHC and future high energetic hadron colliders, is very important. In the perturbative
Quantum Chromodynamics (pQCD), the leading order (LO) predictions for this process
have been available for a long time [350-353]|. It is well known that the LO predictions are
unreliable and are contaminated with large theoretical uncertainties. The next-to-leading
order (NLO) calculations in pQCD were obtained for both on-shell as well as off-shell
Z-bosons decaying to a pair of leptons. The NLO QCD corrections for this process
can be found in Ref. [354-356]. The NLO QCD results, matched with Parton Shower
(NLO+PS) has been studied in Monte Carlo programmes like POWHEG 357, 358| and
aMCQ@NLO [359]. The ZZ production at the LHC has been analyzed in the context
of Beyond Standard Model (BSM) scenarios as well [360]. It is to be noted that at the
lowest order in the perturbation theory, this is a quark anti-quark initiated process similar
to the Drell-Yan (DY) production of dileptons. However, the Z-boson pair production
process has more similarities to the diphoton production process, as both them involve
identical particles in the final state, and both are ¢ and w channel processes, whereas
DY is a s-channel process (s,t and u being the Mandelstam variables). For the diphoton
production process even at LO, simple kinematic cuts are required to avoid divergences in
the forward region, whereas for the case of ZZ production the mass of the Z-boson avoids
such divergences, and hence the total production cross section is finite even in absence of
any kinematic cuts. However, in the high invariant mass region, or in the region where
Z-boson carries much larger kinetic energy compared to the rest mass energy, both the
processes can have similar behaviour in the cross sections, the special difference being

the isolation algorithm to be used in the case of di-photon production process.

Precision studies entail going beyond NLO. However, for the Z boson pair production
process, even the NNLO results are challenging for both analytical as well numerical
calculations. The full NNLO calculations have been carried out in [361-363] in QCD
for the quark annihilation process. It is also worth noting that the NNLO corrections
are computed for both on-shell Z-boson [132, 364]| case as well as for off-shell Z-bosons
[67, 133] followed by their decay to lepton final states. With the availability of two loop
helicity amplitudes [363], the differential distributions for the latter case also became
possible. Fiducial cross sections and distributions are also available for the vector boson

pair production processes [133, 365|. Additionally, the leading-order process in the gluon
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fusion channel, gg — ZZ, also contributes at O(a?). In the low invariant mass region,
the gluon fluxes for LHC energies are very large and hence the contribution from this
channel near the hadronic threshold region is very crucial and can not be neglected.
Going beyond NNLO for Z-boson pair production processes is a challenging task. On
the other hand, for DY and Higgs production this has been achieved. Recently the full
N3LO results for DY have become available and can be found in Ref. [71-73, 213| and
soft-virtual (SV) [181, 325, 366] and next-to-soft-virtual (NSV) [178, 221, 333] threshold
resummation of DY-type processes are available. The Higgs production through gluon
fusion channel N3LO results are available in [69, 367] and SV [239, 271, 278, 368] and NSV
[178, 222, 287]| threshold resummation results are also available. For Higgs production
via bottom quark annihilation, SV [324] and NSV [369] resummation results are also
available. Rapidity resummation for DY processes are available for SV [370, 371] and
NSV [179, 372-374]. Rapidity distribution for the Higgs production at the threshold
to third order in the gluon fusion channel can be found in [375]. For the DY type
processes, the threshold results at third order can be found in [114, 258]. Rapidity
resummation for gluon fusion channel Higgs production is available for SV [376] and
NSV [179, 377] cases. Rapidity resummation for Higgs production via bottom quark
annihilation is also available at NNLO+NNLL in Ref. [378]. Nevertheless, for the Z-
boson pair in the final state, there has been a tremendous effort to go beyond NNLO.
Transverse momentum resummation for vector boson pair production is available up
to NNLO-+N3LL [379, 380]. The parton shower matched with NNLO (NNLO-+PS)
are recently studied using MINNLOpg [381] method for the ZZ production. The LO
matching with parton shower results are available for the gluon fusion channel as well in
Ref. [382]. The NLO corrections to this channel have also become available [383-386].
However, their contribution in the high invariant mass region (> 2000 GeV) becomes
much smaller than those in the quark annihilation channel. The NLO results matching
with parton shower (NLO+PS) results for gluon fusion channel with massless quarks are
also available [387]. Finally, at this precision level, the electroweak corrections can not
be ignored for precision studies and the NLO EW corrections to this process have been
computed in [388-390|. Using SCET formalism, threshold resummation for vector boson

pair production is available up to NLO+NNLL [134].
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F1GURE 5.1: The experimental data are compared with SM theoretical predictions
from ATLAS [4] for ZZ production with Z-boson decay to four leptons.

The ATLAS collaborations [4] have reported high-precision measurements of the invari-
ant mass and transverse momentum distributions of the ZZ system at various center-
of-mass energies, such as 13.6 TeV. The Fig. 5.1 illustrates the measured invariant mass
distribution of the ZZ system compared to the theoretical predictions. These measure-
ments show excellent agreement with SM predictions at next-to-next-to-leading order
(NNLO) in QCD. While the threshold resummation for the final state on-shell Z-bosons
has been achieved to NLO+NNLL level, it is necessary to go beyond this accuracy. The
Z-boson pair production cross section has been measured at the LHC experiments using
13 TeV data obtained from the 137 fb~! luminosity. The measured total production
cross-section is 17.4 pb with an error of about 0.8 pb [348|. The invariant mass distri-
bution also has been measured up to 1 TeV region. With the upcoming HL-LHC, the
integrated luminosity is expected to reach 3000 — 4000 fb~!, which allows the measure-
ment of ZZ events in this TeV region with more statistical data. For the planned FCC-hh
[391], the increase in parton fluxes along with the integrated luminosity of 20 — 30 ab~!
can enhance the invariant mass distributions by a few orders of magnitude, thus allowing
the measurement of the ZZ events beyond 1 TeV region even more precisely. At this
level of experimental precision, adequate theoretical predictions are necessary. In this
work, we attempt to increase the theoretical precision by performing the resummation

at NNLL accuracy and give the results after matching them to the available fixed order
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results at the NNLO level.

This chapter is organized as follows: We present the theoretical framework in section
5.2. Details of the phenomenological analysis and the numerical results are presented in

section 5.3. Finally, in section 5.4, we summarize our observations.

5.2 Theoretical Framework

The hadronic cross-section for Z-boson pair production can be written in terms of its

partonic counterpart as following:

A

— = Z / da:l/ dxgy fo(z1, p7) fb(xQ,MF)/ dz 6 (T — zx122) . (5.1)
1@ i lGan : 0 42

Here @ is the invariant mass of the final states. The hadronic and partonic threshold

variables 7 and z are defined as

T=— z=——, (5.2)

where S and s are the hadronic and partonic center of mass energies, respectively. 7 and

z are thus related by 7 = z1x92.

VAVAVAVAVARY"

e VAVAVAVAVARY

FIGURE 5.2: The leading order feynman diagram for ZZ production at LHC

The leading order Drell-Yan (DY) type parton level process as in Fig. 5.2 has the generic

form

q(p1) + a(p2) — Z(p3) + Z(pa). (5.3)
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The leading-order (LO) cross-section &(52) for Z-boson pair production can be written

as,

6ty 1

dg?q = Q.S/dPS2 M(O,O)’ (5.4)

where dPS; is the 2-body phase space integration and M) is the born amplitude,

which in d = 4 — 2¢ dimensions is given below,

4
M o,0) =By N(c? +6c2c2 + cﬁ)w{—mﬁtQ + 8mittu + t3u — miu? + tu® — dmPtu(t + u)

+ e (—2mt? — 6mitu — 263u + 2miu® + 2t%u? — 2tud + AmPtu(t + )

+ 2 (—mit? — 2mitu + Pu — miu? + 2t%u% + tud) } (5.5)
In Eq. (5.5) the kinematical variables s,¢ and u are defined as,
(pr+p2)?=s, (p1—p3)®=t, (pp—p3)°=u and s+t+u=2m? (5.6)

(47a)? (Tgf —2 sin26’WQf) 1

—_—— Con = Cri = ———— —pum———|
) () . ) a . 9
4NZ 2 sinfy costy, 4 sinfy,cosby,

By =

where the Q; and T. 3{ are the electric charge and third component of weak isospin of
the fermion f and 6, is the weak mixing angle. Here m, is the mass of Z-boson, N is
the SU(N) color, and « is the fine structure constant. Here, we have dealt with 75 in

d-dimension using Larin’s prescription [392].

Beyond LO, the partonic cross section receives corrections originating from virtual and
real contributions. It is interesting to study the cross-section in the soft limit, which is
defined by, z — 1. This means that the initial partonic center of mass energy is almost
used to produce the final state pair of Z-bosons, and small energy is left to produce soft

partons. In this limit, the partonic cross section can be organized as follows:

doa _ Al

dQ ~ dQ

(A% (= 3) + 858 (=0113) ) - (5.7)
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The term APy is known as the soft-virtual (SV) partonic coefficient and captures all the
singular terms in the z — 1 limit. Only quark-antiquark or gluon-gluon sub-processes
contribute to this SV cross-section. The A’S¥ term contains regular (hard) contributions
in the variable z. Both these contributions are expanded in a perturbative series of the
strong coupling constant. In our work, we consider such an expansion up to NNLO in
QCD. It is to be noted that the overall normalization factor d&c(i) /dQ depends on the

process under study.

g SV 9 ——YVUUUWL 2 § —— VN 5

FIGURE 5.3: The next-to-leading order feynman diagram for ZZ production at LHC

In Fig. 5.3 schematically illustrates the different components contributing to the NLO
corrections for the q¢ — ZZ process. The leftmost diagram represents the one-loop
virtual correction, involving internal gluon exchange without any additional radiation.
This contribution is captured by the purely virtual part of the amplitude and becomes
relevant in the threshold region, where the available energy is just sufficient to produce
the ZZ pair. The central diagram shows the emission of a soft gluon, depicted in red, from
the initial-state quark or antiquark. Such soft emissions, though real, do not significantly
change the kinematics of the final-state bosons and are included in the soft-virtual (SV)
terms of the cross section. Together, the virtual and soft gluon contributions form the
SV approximation, which dominates near partonic threshold. On the other hand, the
rightmost diagram depicts the emission of a hard gluon, shown in blue, which carries
substantial energy and alters the final-state kinematics. This contribution belongs to the
regular (hard real) part of the cross section and becomes important away from threshold.
These components are systematically organized in Eq. (5.7), where the SV terms account
for the singular behavior near threshold, while the regular terms describe hard radiation

and are free of threshold enhancements.

The singular part of the partonic coefficient has a universal structure which gets contribu-
tions from the underlying hard form factor [208, 209, 291-293|, mass factorization kernels
[210, 211, 393] and soft radiations [81, 82, 204-207|. According to the KLN theorem,
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these infrared divergences, when regularized and combined, yield finite contributions.
After the infrared cancellation, the finite part of these has the universal structure in
terms of §(1— 2) and plus-distributions D; = [In(1—2)%/(1—2)]+. In the threshold limit,
z — 1, the plus distributions contribute dominantly to the SV cross section. These large
distributions can be resummed to all orders in the threshold limit. Threshold resumma-
tion is conveniently performed in the Mellin (N) space where the convolution structures

become simple product.

The partonic coefficient in the Mellin space is organized as follows in Eq. (2.102).
NOLL ) N-1
oN = / dz 2" 'A% (2) = gdexp (GY) - (5.8)
0

The factor gg is independent of the Mellin variable and process dependent, whereas
the threshold enhanced large logarithms (lni N in Mellin space) are resummed through
the exponent G(]]v- The resummed accuracy is determined through the successive terms
from the exponent G% which up to NNLL and required coefficients are g{(N), g4(N)
and g1(N) as given in Eq. (2.107). These coefficients are universal and only depend
on the partonic flavors being either quark or gluon. Their explicit form can be found
for DY-type processes taken from e.g. [77, 180] and given in Appendix B.1. In order
to achieve complete resummed accuracy one also needs to know the N—independent
coefficient gg as mention in Eq. (2.106) up to sufficient accuracies. In particular, up to
NNLL, required process dependent coefficients are ﬁg’(l) and §g’(2) as given in Eq. (2.106).

Using the universal G}, and the process dependent gg, resummation for two Higgs boson

production in the gluon fusion channel at N®LO + N3LL has been achieved in [394].

It is also possible to resum part (or full) of the g¢ by including them in the exponent
[239, 262, 267, 271, 272|, which however have sub-leading effect as these contributions

are not dominated in the threshold region.

The N-independent coefficient g§ is computed based on the formalism given in Ref. [277],

the expression for yg’(l) () (1)

and g~ are given in Appendix C.1. The g3’ requires one
loop virtual computations (Mg 1)), we have computed the amplitude Mg 1y using our
in-house FORM [187] code and the expression is given in Appendix C.1. To obtain the
results in z space, one needs to do the Mellin inversion as in Eq. (2.110) and description

is given in section 2.4.3.
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Finally, we get the final matched results as given in Eq. (2.112). In Eq. (2.110), f, ~
are the Mellin transformed PDF, which one can obtain using publicly available code like
QCD-PEGASUS [226]. However, for numerical applications, it can also be approximated
by employing the z-space PDF following |77, 220].

Before we proceed to the numerical results, we add a few comments on the extraction
of the resummation coeflicient, gg’(z), which is a process-dependent quantity. To obtain
the full §g’(2), we follow the procedure given in [277] and make use of the two-loop
(./\/1(0,2)) amplitudes as well as the one-loop squared amplitudes, (./\/l(l,l)). The two-loop
virtual amplitudes Mg 5 are reconstructed using VVamp package [363], while the My 1
is obtained by squaring Mg ). After performing the UV renormalization, the IR pole
structure of these amplitudes is then verified using Catani’s I-operator formalism [395].
The finite parts of the two-loop amplitudes are quite large in size. These amplitudes
are then simplified and optimized using our in-house developed FORM routines. We
have used handyG [396] for numerical evaluations of the generalized polylogarithms in
these one-loop and two-loop amplitudes. Finally, these two-loop amplitudes have been
cross checked numerically for different phase space points with those implemented in the
MATRIX [363, 397-401]. The resummation formalism used here is developed in [220,
370, 376] and has been successfully used in the past in calculating NNLO+NNLL and
N3LO-+N3LL for Drell Yan processes [181, 282, 325, 368]. All the anomalous dimensions

required for computing the resummed results are given in the Appendix B.

5.3 Numerical Results

In this section, we present the numerical results for the Z-boson pair production process
at the LHC. For the numerical computation, we take the fine structure constant to be
a =1/132.233193. The mass of the weak gauge bosons m, = 91.1876 GeV, m,, = 80.385
GeV. The Weinberg angle is sin?6y, = (1 — m2 /m?2) = 0.222897223. This corresponds
to the weak coupling Gp = 1.166379 x 107> GeV~2. The default choice of centre mass
energy of the incoming protons is 13.6 TeV. Unless specified otherwise, in our numerical
analysis, we use MSHT20 [402| parton distribution functions (PDFs) throughout taken
from the LHAPDF [296]. The LO, NLO and NNLO cross-sections are obtained by con-
voluting the respective coeflicient functions with MSHT20lo as130, MSHT20nlo_as120
and MSHT20nnlo as118 PDF sets, using the central set (iset=0) as the default choice.
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The strong coupling constant as is taken from LHAPDF [296], and it varies order by order
in the perturbation theory. For our analysis, we consider the number of light quark
flavours as ny = 5. For the fixed order calculations, we have used the package MATRIX
[397]. The fixed order results from MATRIX are checked against those obtained from
the MadGraph package [403] up to NLO and are found to be in good agreement. The
fixed order NNLO results have been checked with the numbers quoted in the literature
[132, 133]. The resummation results are obtained using the in-house developed numerical

code.

The unphysical renormalization and factorization scales are set to up = urp = @), where
(Q is the invariant mass of the Z-boson pair production in the final state. The scale
uncertainties are estimated by varying the unphysical as mention in section 2.3.1, in the
range so that |In(ugr/pr)| < In2. The symmetric scale uncertainty is calculated from
the maximum of the absolute deviation of the cross-section from that obtained with the
central /default scale choice. To estimate the impact of the higher-order corrections from
FO and resummation, we define the following ratios of the cross-sections which are useful

in the experimental analysis:

O o i O i i . k.
K= NIO Rij:w el LU:M with 4, j = 0,1 and 2-
ONILO ONILO ON/LO+NILL

(5.9)

In Fig. 5.4 , we present the fixed order results for the invariant mass distribution of the Z-
boson pair production from 2m, to 1300 GeV up to NNLO+NNLL in QCD. For the range
of Q-variation considered here, the distribution varies over three orders of magnitude.
In the lower panel, the corresponding fixed order as well as the resummed K-factors,
as defined in Eq. (5.9) are given. The NLO K-factor Kjo here varies from about 1.22
at @ = 200 GeV to about 1.58 at ) = 1300 GeV. As can be seen from Fig. 5.4, the
variation of K9 above @) = 500 GeV is mild. However, the NNLO K-factor Ky slowly
but continuously increases from about 1.29 to about 1.94 for the ) range considered here.
This clearly shows additional contributions coming from second order corrections in the
higher Q-region, which are due to the real correction sub-processes like q¢¢ — ZZqq' .
A more detailed discussion of this kind of contributions can be found in the Ref. [389).

The resummation has been achieved in the Mellin space where large logarithms of kind
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F1GURE 5.4: Resummed predictions for the Z-boson pair invariant mass distribution
(upper panel) and the corresponding K-factors(lower panel) up to NNLO-+NNLL.
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FiGUure 5.5: K-factors for the fixed order and resummed results for Z-boson pair
production(see Eq. (5.9) for details).

In(N) have been resummed to NNLL accuracy as outlined in the text. From Rgyg, we
see that the LL resummation enhances the LO results by about 15% for Q = 1300 GeV.
While the NLO corrections are as big as 58%), the corresponding NLO-+NLL results are
about 68% of LO for the same @ region. The corresponding contribution from NNLO
is about 94% where the NNLL resummation adds an additional few percent, making the

NNLO-+NNLL contributions sizable, about 99% of LO.

To better estimate the size of higher order corrections beyond a certain fixed order as well

as that of resummed contributions at different logarithmic accuracy, we present various

TH-3775-196121103



Chapter 5: Threshold resummation for Z-boson pair production at NNLO+NNLL 123

- LO+LL
— NLO - NLO+NLL
—— NNLO ---= NNLO+NNLL

200 400 600 800 1000 1200
Q (Gev)

FIGURE 5.6: Seven point scale uncertainties for Z-boson pair production up to

NNLO-+NNLL.
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FIGURE 5.7: Renormalization(left) and factorization(right) scale uncertainties for Z-
boson pair production up to NNLO+NNLL.

K-factors of the kind Kj;;_1, R;;—1 and L;;—1, in Fig. 5.5. We notice that, in general,
L;j are smaller compared to the respective Kj;;, indicating that the threshold logarithms
of a given accuracy (LL, NLL, ...) capture a substantial contribution of the higher order
corrections. Moreover, we notice that the gap between Ky and Lo; is smaller than
that between Ko and Ljg, demonstrating a nice convergence of the higher order QCD
corrections. Further, it is evident that the former gap is almost independent of () while
the latter gap increases with ). We also notice that while the Ly is about as large as
1.45, the Loq is smaller and is about 1.18. This indicates that the contribution of the
second order terms and the tower of further sub-leading logarithms (NNLL) that are
not included in NLO+NLL are about 18% of NLO+NLL, and are still non-negligible for

precision studies.

The underlying theory uncertainties in these distributions up to NNLO-+NNLL due to the

variation of arbitrary factorization and renormalization scales are presented in Fig. 5.6.
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FIGURE 5.8: K-factors as defined in Eq. (5.9) but using same NNLO PDFs at various
orders in the perturbation theory.

Here, the complete 7-point scale variations, as discussed in the text, have been presented
where the maximum uncertainty in the low Q-region at LO is about 6.5%. However, the
inclusion of higher order NLO and NNLO corrections reduce this uncertainty to as low
as 2.6% and to less than 1.0% respectively, for Q = 200 GeV. The general observation
is that these scale uncertainties are found to increase with ), which for the NNLO case

are found to change from about 0.7% to about 4.5%.

For higher @) values, the threshold logarithms are dominant and as a result of resum-
mation, the corresponding scale uncertainties are expected to be smaller than those in
the fixed order ones. We see that the scale uncertainties increase from LO to LO+LL,
this is because for the process under study there is no pup scale dependence at LO.
On the other hand, the 7-point scale uncertainties at NLO+NLL (NNLO-+NNLL) be-
come smaller than those at NLO(NNLO) beyond @ = 700(400) GeV. While for NNLO,
the scale uncertainties reach up to 4.5% in high Q regions, the corresponding ones at

NNLO+NNLL level reach up to 3.2%.
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In the low @ region, the resummation is found to enhance the scale uncertainties com-
pared to the corresponding fixed order results. This is due to the fact that in the low Q
region, the regular terms coming from the hard non-collinear gluons as well as those from
the other parton channels are also important. However being non-universal, they can
not be resummed to all orders in the perturbation theory. As a result, the resummation

cannot improve the scale uncertainties in the fixed order results in the low @) region.

In the left panel of Fig. 5.7, we present the uncertainties due to only the renormalization
scale by keeping the pp = @ fixed. Similarly, in the right panel, the uncertainties due to
only factorization scale variations for fixed urp = @ are given. It is also worth noting that
while performing the resummation, the large partonic threshold logarithms are resummed
to all orders in the perturbation series that is expanded in as, and hence the uncertainties
due to ug are expected to be smaller for a given pp as shown in the left panel of Fig. 5.7.
However, the scale pur enters both the PDFs as well as the parton coefficient functions.
The uncertainty due to pur need not decrease as a result of resummation where the PDFs
used are extracted at a particular fixed order. Such a behaviour of up scale uncertainty
can be seen in the right panel of Fig. 5.7 and has already been reported in the literature

[178, 181, 221, 222, 280, 281, 287, 324, 325, 366, 370, 376, 377|.

To study the convergence of the perturbation series, it is useful to keep the PDFs fixed
and study how the cross sections vary at different orders. For this, we present the K-
factors obtained from the invariant mass distribution computed with NNLO PDFs, to
NNLO+NNLL accuracy. Thus, the same a; is used both at NLO and NNLO. In the top
left panel of Fig. 5.8, we present the fixed order K-factors, Kig, Koo and K. For a
faster converging perturbation series, the factor K; ;1 is supposed to be as close to unity
as possible. While the K7jg has the usual NLO K-factor information and is as large as
55%, from the K91 we see that the NNLO corrections could contribute an additional 25%
of NLO results. From the behaviour of K91, we see that the second-order corrections
are small, but they increase with ). Similar results are presented but for L;; in the top
right panel of Fig. 5.8. By definition, these ratios will estimate the contribution of higher
order corrections over and above at least LO+LL level. Hence, these are smaller than
the corresponding fixed order K-factors K;;. In the bottom left panel of Fig. 5.8, we
present the resummed K-factors R;y to estimate the size of the resummed results above
the LO predictions. We notice that the difference (Rgy — Ryg) is less than (Ri9 — Roo)

for the whole invariant mass region considered here. In the bottom right panel of Fig.
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5.8, we plot R;; that gives the information about the resummed contributions over and
above the corresponding fixed order corrections. We notice that the contribution from
the resummed corrections for any given ¢ is smooth but slowly increasing as () increases.
From Ray, we can estimate the size of higher logarithmic terms beyond NNLO to be

around 2.8% of NNLO for QQ = 1300 GeV.
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FIGURE 5.9: The feynman diagram for gluon fusion ZZ production at LHC.

The total production cross sections, after integrating over the invariant mass region over
the full kinematic region, for LHC energies are substantially large for the Z-boson pair
production process. These production cross sections have been given in the Table 5.1 up
to NNLO-+NNLL accuracy, along with the theory uncertainties due to the seven-point
scale variations for different centre of mass energies of the incoming protons. We notice
that for any given centre of mass energy, the cross sections increase while the uncertainties
decrease as we go from LO to NLO, in the fixed order case. However, the uncertainties
will increase from NLO to NNLO due to the gluon fusion channel opening up from
the second order in perturbation theory corresponding feynman diagram shown in Fig.
5.9, and hence new contributions will add up to the renormalization scale uncertainties.
The gluon fluxes for the LHC energies near the 2m, region is quite large, and this
gluon fusion channel contributes about 9.3% of LO Z-boson pair production at 13.6 TeV
LHC energy. To systematically quantify the uncertainties in the perturbation theory,
we define the second-order cross section without this gluon fusion channel and call it
NNLOyg. The scale uncertainties in this total production cross sections, LO, NLO and
NNLOy; are found to systematically decrease from 4.24% to 1.07% for 13.6 TeV LHC
energy. This behaviour remains similar for other centre of mass energies. We notice a
similar behaviour in the total production cross sections after the resummation has been
performed, i.e. the scale uncertainties decrease from 4.62% to 1.42%, as we go from
LO+LL to NNLO+NNLL. However, the NNLO-+NNLL has a somewhat larger scale
uncertainty compared to the one in NNLO. This is simply because of the definition of

total production cross section where the invariant mass has been integrated out from
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Qmin = 2m to V/S. In the lower Q-region the contribution from other channels like gg-
sub-process can not be ignored. However, with increasing Qumin in the total production
cross-section, the scale uncertainties in NNLO+NNLL are expected to be smaller than
those in NNLO, as evident from Fig. 5.6. The NLO corrections for the gluon fusion
channel, in the massless quark limit, are about 68% of its LO for the current LHC energies
[383]. The inclusion of massive top quark loops is found to increase this correction to
about 73% [386]. Finally, at this NNLO-+NNLL accuracy in the perturbation theory,
the NLO EW correction for Z-boson pair production also becomes important. The EW
corrections are negative, and for total production, they are found to be around —6.2%,
while the mixed NNLO QCDxEW corrections are about —5.7% for 13 TeV LHC. For the
invariant mass distribution, the EW corrections amount to —15% at 1 TeV [389]. Finally,
we note that the uncertainties due to the non-perturbative PDFs are also important.
These PDF uncertainties for the ¢g initiated DY processes are found to be about 3%
around the 1 TeV region [181]. The ZZ production process also takes place via ¢g initial

states, and hence a similar PDF uncertainty is expected around @) = 1 TeV.

| NE | 13.0 TeV 13.6 TeV | 100.0 TeV
LO 10.958 + 4.00% pb | 11.664 & 4.24% pb | 138.617 & 13.84% pb
NLO 14.380 + 1.92% pb | 15.284 4 1.91% pb | 169.090 =+ 5.13% pb
NNLOgq 15.427 + 1.01% pb | 16.437 +1.07% pb | 184.438 + 1.69% pb
NNLO 16.418 + 2.22% pb | 17.521 & 2.30% pb | 212.344 + 3.81% pb
LO+LL 12.353 + 4.37% pb | 13.143 +4.62% pb | 153.653 & 14.10% pb
NLO-+NLL 14.890 + 4.49% pb | 15.824 + 4.56% pb | 174.162 + 7.76% pb
NNLOgg+NNLL | 15.527 & 1.39% pb | 16.543 + 1.42% pb | 185.348 & 2.53% pb
NNLO-+NNLL | 16.518 & 1.84% pb | 17.627 & 1.93% pb | 213.254 & 3.64% pb

TABLE 5.1: Inclusive cross section for Z-boson pair production for different center
of mass energies of the incoming protons, along with the corresponding 7-point scale
uncertainties.

5.4 Summary

To summarize, we have performed the threshold resummation for the production of
a pair of Z-bosons at the energies of LHC, by resumming the threshold logarithms
to NNLL accuracy in QCD. The final state having two massive particles makes the

process dependent one-loop and two-loop virtual corrections more difficult compared
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to the massless final state like di-lepton or di-photon, or one-massive final state like
Higgs boson. The presence of such virtual amplitudes makes not only the fixed order
computation but also the resummation a challenging task to achieve numerically. In this
work, we have performed this resummation by systematically matching to the known
fixed order NNLO results (from the package MATRIX) and present our phenomenological
results to NNLO-+NNLL accuracy for both the total production cross sections as well
as for the invariant mass distribution of the Z-boson pair, for the current LHC energies,
13.0 and 13.6 TeV, as well as for the upcoming future 100 TeV collider. We notice that
the NNLL resummed results in general enhance the cross sections and contribute an
additional few percent to the known NNLO results. We have also presented the theory
uncertainties by varying the unphysical renormalization and factorization scales from
Q/2 to 2Q. We find that, after performing the resummation, the scale uncertainties of
about 4.5% in NNLO cross sections get reduced to about 3.2% at NNLO-+NNLL level
for the invariant mass region @ = 1.3 TeV. The availability of these resummed results
are expected to augment the current physics programme of the precision studies in the

context of LHC and future hadron colliders.
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Chapter 6

Pseudo-scalar decay to three parton
at NNLO to higher orders in ¢

THe computation of higher-order quantum corrections plays a pivotal role in achiev-
ing precise theoretical predictions for Higgs-related observables at the LHC. While scalar
Higgs production via gluon fusion has been explored to remarkable accuracy, its pseudo-
scalar counterpart also attracts significant attention in various extensions of the Standard
Model (SM), such as the two-Higgs-doublet models (2HDM) and the minimal supersym-
metric standard model (MSSM). These models predict the existence of additional CP-odd

scalar bosons whose discovery would be a clear signal of new physics.

In the chapter 2, we have employed the formalism for fixed-order computations in per-
turbative QCD, including ultraviolet (UV) renormalization and the treatment of infrared
(IR) divergences using dimensional regularization in d = 4 + € space-time dimensions.
These tools are essential for organizing the divergences that arise in multi-loop computa-
tions and for isolating the finite parts that contribute to observable quantities. Further-
more, we have discussed the application of resummation techniques to key processes such
as Drell-Yan, associated Higgs production with a vector boson (VH), ZZ production,
and Higgs production via bottom quark annihilation. These studies provide a strong

theoretical framework for handling soft and collinear radiation in high-energy collisions.
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Building upon this foundation, we now turn our attention to multi-loop computations

relevant for the decay of a pseudo-scalar Higgs boson into three partons.

In this chapter, we extend the results to compute the two-loop amplitudes relevant for the
decay of a pseudo-scalar Higgs boson A into three partons (gluons and quark-antiquark
pairs) in higher powers of €. Such amplitudes are crucial ingredients for the NNLO
and beyond calculations of pseudo-scalar production in association with jets at hadron
colliders. Importantly, to perform a complete and consistent calculation at next-to-next-
to-next-to-leading order (N3LO), it is necessary to retain terms beyond the finite part in
the dimensional regulator €. The interference between the higher-order loop amplitudes
and the e-expanded lower-order ones introduces contributions that survive in the physical

limit € — 0, hence their inclusion is essential.

6.1 Introduction

The Higgs boson was discovered in 2012 at the Large Hadron Collider (LHC) at CERN,
using the data collected during the Run-I phase of LHC [27, 28|. Ever since its discovery,
establishing its CP properties [135, 136] as well as the measurement of its couplings
to the Standard Model (SM) particles has gained significant importance at the collider
experiments [404—-406]. A study of these properties is vital in confirming that the observed
scalar is the SM Higgs boson and in understanding the electroweak symmetry-breaking
mechanism |8, 9, 11, 12, 407| responsible for the generation of masses of fermions and

gauge bosons.

In the SM, the dominant mode of the Higgs production channel is via gluon fusion
channel, where the Higgs boson couples to massive top loops. The other important pro-
duction channels include the Higgs-strahlung process [108], Vector Boson Fusion process
[408, 409]|, Higgs associated production processes [410, 411]. In the gluon fusion channel
(via triangular quark loop), in the exact theory, one needs to consider all the heavy quark
flavours whose coupling with the Higgs boson can not be neglected. However, the Lead-
ing Order (LO) predictions in the perturbative Quantum Chromodynamics (QCD) for
the Higgs production in the gluon fusion channel suffer from large theory uncertainties

necessitating the higher order QCD corrections to this process. The lowest order being
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already a loop-induced process, the computation of higher order corrections quickly be-
come non-trivial. However, in the limit where the top mass is heavier than the Higgs
boson mass ( m; — 00), one can use the effective theory (EFT) where the heavy quark
degrees of freedom can be integrated out and the lowest order process in the gluon fu-
sion process can be described in terms of an effective vertex coupling the Higgs boson
to gluons. The higher order corrections thus in the EFT become an easier realization.
The Next-to-Leading-Order (NLO) [412, 413| corrections in the EFT in this gluon fusion
channel are found to contribute by more than 100% [47, 48] of the LO and the corre-
sponding theory uncertainties due to the unphysical renormalization and factorization
scales were found to get reduced.These large QCD corrections indicate the necessity to
go beyond NLO towards the computation of Next-to-Next-to-Leading Order (NNLO)
predictions. These were computed in [53, 152, 153| and are found to enhance the cross
sections by an additional 60% and also found to stabilize the cross sections against the

variation of unphysical scales in the calculation.

The error introduced in these EFT results because of neglecting the finite quark mass ef-
fects were estimated to be around 5% at NLO [48, 149, 171, 414| and those at NNLO are
about 0.62% [415]. Owing to the importance of the SM Higgs boson, and with improved
statistics in the experimental data, it has become essential to go beyond NNLO towards
the computation of Next-to-Next-to-Next-to-Leading Order (N*LO) computation. Such
a computation was possible in the context of EFT [69, 70, 416, 417|, which gives ad-
ditional 10% correction, thanks to the available gluon Form Factors (FFs), universal

soft-collinear distribution [258], and the mass factorization kernels [210, 211].

The Higgs boson is the most sought-after particle in the SM. However, in spite of its
discovery, the SM has many shortfalls, like the origin of neutrino mass, unification of the
gauge couplings, and the observed relic abundance. Many New Physics (NP) scenarios
were proposed in this direction to address these issues and are studied in the context of
physics Beyond the SM (BSM). Such BSM scenarios like Supersymmetry|146], technicolor
[418], and extra-dimensions [419, 420] typically have further symmetries or new particle
content, inevitably including the scalar sector as well. As a result, an experimental
search for various BSM scenarios is going on both at the ATLAS and CMS detectors at
the LHC. In the context of scalar sector, one such particle studied well is the pseudo-
scalar particle in the Minimal Supersymmetric Standard Model (MSSM) [421]. In the

MSSM, after the electroweak symmetry breaking, there are three neutral (h, H, A) and
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two charged Higgs (H™T) particles [139-145, 422]. Out of these three neutral particles,

h, H are CP even scalars while A is CP odd pseudo-scalar particle.

There have been long attempts to establish the CP properties of the discovered Higgs
boson at the LHC, and all such efforts have clearly indicated that the observed Higgs
boson is CP even [404-406]. However, the search for CP-odd scalar particles in the
collider experiments is very crucial. One open and interesting possibility is that the
observed Higgs boson could have a small mixture of this pseudo-scalar component. From
the theory side, the production of the pseudo-scalar at the collider experiments takes
place in gluon fusion channel, very much similar to the case of SM Higgs boson. The
main difference being that the pseudo-scalar in the EFT has two different operators
O¢ and O;. Being gluon-fusion induced process, the higher order corrections (NLO,
NNLO etc.) as well as the theory uncertainties due to ur and pg in the production of

pseudo-scalar boson at the LHC are very much similar to those for the SM Higgs boson.

The NLO inclusive production of a pseudo-scalar Higgs boson has been computed in
[148], while the NNLO corrections can be found in [152, 153]. Efforts to include N3LO
corrections for pseudo-scalar have been made in [278, 368|. The amplitudes for di-
Higgs and di-pseudo-Higgs at NNLO also can be found in [423, 424]. To probe further
the properties of the (pseudo-)scalar boson and its couplings to the SM particles, it is
necessary to study various differential distributions like transverse momentum [425, 426]
and rapidity distributions [374, 376|, along the lines of the CP even Higgs. For the Higgs
transverse momentum distribution, the Higgs boson gets recoiled against the jets at the
lowest order itself. The higher order corrections to such observable is non-trivial. The
higher order corrections to process of Higgs + 1 jet have been computed up to NNLO
in [156-161, 427]. The NLO corrections for pseudo-scalar Higgs in association with a jet
can be found in [172, 173, 412, 413|, while the NNLO corrections for the same process
has been recently presented in [175]. These NLO cross sections are found to increase
the LO result by 80%, while the NNLO QCD corrections enhance the cross sections by
an additional 36%. The scale uncertainties at NLO and NNLO are about 38% and 22%
respectively [175]. This large scale uncertainties indicate missing higher orders, making

a full N3LO computation important for this process.

In perturbative Quantum Chromodynamics (QCD), virtual corrections to scattering am-

plitudes exhibit infrared (IR) singularities due to soft and collinear gluon emissions.
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These divergences manifest as poles in the dimensional regulator €, introduced via di-
mensional regularization with d = 4 4+ €. The structure of these poles is universal and
can be systematically predicted using factorization theorems and infrared evolution equa-
tions. At the one-loop level, the amplitude exhibits simple poles up to O(1/€?), while at
two loops, the pole structure extends to O(1/ 64). In general, for an L-loop amplitude,

the IR divergence behaves as
2L

1
M L3 & e (6.1)
k=0

where C,iL) are coefficients depending on the kinematic variables and color structure of
the process. Importantly, in order to construct finite cross sections at the next order, one
must account not only for the singular terms but also for the higher-order terms in € from
lower-loop amplitudes. For example, in the computation of finite parts at the three-loop
level, the O(€") terms (with n > 0) from the two-loop amplitudes contribute through the
interference with the singular structure of the one-loop or tree-level amplitude. These
contributions arise in the squared matrix elements and are crucial for obtaining consistent
and accurate predictions. Therefore, for precision QCD predictions at three loops, it is
essential to compute the two-loop amplitudes beyond the finite part, retaining terms up
to positive powers of €. These higher-order e-terms serve as vital ingredients in canceling

divergences and assembling finite, physical observables.

Going beyond NNLO to these differential distributions, both for Higgs as well as pseudo-
scalar Higgs boson cases, is highly non-trivial. However, attempts are ongoing to go
beyond NNLO. One such important ingredient required at N3LO level is the underlying
lower order virtual corrections expanded to higher powers in dimensional regulator €. For
N3LO level computation, one needs the one loop results expanded to €, the two loop
results expanded to €2, and three loop level results expanded to €? level. In the context
of Higgs + 1 jet, the two loop results expanded to €? have been recently computed
in [428]. It is essential to study the corresponding contributions for the production of
pseudo-scalar Higgs boson + 1 jet at hadron colliders. In this chapter, we perform
the two-loop computation for the pseudo-scalar decay to three partons and present the
results expanded to €2. In brief, our chapter contains the following: (i) O(e!) and O(€?)
of the matrix elements at NNLO, (i) O(e?) and O(e*) of the matrix elements at NLO,
(iii) Implementation of the optimised matrix elements and making it publicly available.

This computation with appropriate crossing symmetry relations will give the required
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result for the pseudo-scalar + 1 jet. After checking the IR poles as predicted in [429],
we further make a numerical study of the finite pieces by computing the coefficients of
€ (i > 0) for both A — ggg and A — qqg cases at one-loop as well as two-loop level in
QCD. We implement the above mentioned finite pieces in FORTRAN-95 routines and

discuss the subtleties associated with such numerical implementations.

This chapter is organized as follows: We present the theoretical framework and kinemat-
ics in section 6.2, and 6.3 respectively. Calculation details are presented in section 6.4.
We also present the IR and UV renormalization of the amplitudes in sections 6.5 and 6.6
respectively. Then we present some numerical results of the amplitudes in section 6.7.

Finally, we summarize our observations in section 6.8.

6.2 Theoretical details

A pseudo-scalar Higgs boson couples to heavy quarks through the Yukawa interaction.
In the limit of infinite quark mass limit the resulting effective Lagrangian can be written

as follows [177]:

£ = 24(a) | - 5Ca06(@) - 50104(x) (6.2)

where ®4 being the the pseudo-scalar Higgs boson. Cg and C; are Wilson coefficients
that results after integrating the heavy top quark loop. In other words, they carry
the heavy quark mass dependencies. The Wilson coefficients are computed [177] by
considering the vertex diagrams where the pseudo-scalar Higgs couples to the gluons
or light quarks via top quark loops. While C¢ does not receive any QCD corrections
beyond one loop, owing to Adler-Bardeen theorem [430], C; starts at second order in
QCD perturbation theory. The Feynman diagrams for A decay to 3 partons at leading
order (LO) are given in Fig. 6.1.

2
Denoting the strong coupling constant by as = 12%, the expression for Cg and C; are

as follows [177]:
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g (p2) 7 (p2) g (ps)
Alq) - e g(p1) Alg) - e a(p) Al - -5, q (p1)
g (p3) g (ps) q(p2)

FIGURE 6.1: Feynman diagram for A decay to 3 partons at LO.

Ca = a,CY)
Cy = (ascf,” § 2a94 ) Ce (6.3)

2 2
with Cf) = ~28Gcotf, C = ~Cp(; —31n “)

2
my

In the above equation,  is the ratio of the vacuum expectation values of the two Higgs
fields in the MSSM, m; is the top quark mass, C'r is the SU(N) color and GF is the

Fermi constant.

The operators, Og(z) and Oy (x) in Eq. 6.2 are defined in terms of the Standard Model

fermionic and gluonic fields as follows:

Og(z) = GGy = € oo GEY G2, (6.4)

O(x) = 3, (Py*v59) - (6.5)

In above G*¥ is the gluonic field strength tensor and v represents the light fermionic
fields. The operator O j(x) being a chiral quantity, contains 75 and the Levi-Civita tensor
etP? which are both four dimensional objects. These quantities are not well defined
for d # 4 dimensions; thus it is essential to choose a proper definition of them. We shall

follow the definition introduced by 't Hooft and Veltman in the article [190]:

1

= i55V1V2V3V47V17V2’7V3’7V4 . (6.6)

V5
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The contraction of €y, is as follows:

12 V2 P2 o2
5#1 5#1 5#1 5#1
17 12 P o
onz o2 00 op?

12 v2 P2 a2
5/)1 501 (5/)1 501

2 v2 P2 02
or2 02 0 03

g2 — (6.7)

Epviproy

We shall elaborate on 75 in the section 6.5.

6.3 Kinematics

We shall use the same notation as used in the article [174]. Considering the process:

A(q) — B(p1) + C(p2) + D(ps) (6.8)

for{B,C,D} ={g,g9,9}or {B,C,D} = {q, q,g}. The Mandelstam invariants are defined
as:

s=(p1+p2)*t=(p1+p3)u=(p2+p3)? ¢ = Q" (6.9)

Where @) is the mass of pseudo-scalar Higgs boson and they satisfy the conservation

relation:

s+t4+u=Q? (6.10)

In this work, we will work with the dimensionless variables:
u
mzﬁ,y:@,z:@. (6.11)

Our amplitudes are valid in the following kinematical regions of the decay phase space:

r=1—-y—2 0<y<1l-—2 0<z. (6.12)

6.4 Calculational details

We closely follow the calculational procedure as outlined in [174]. We first generate the

diagrams with QGRAF [185]. Our next step is to construct the amplitudes from these
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diagrams. In order to facilitate the discussions let us introduce some notations for the

amplitudes:

A
[Ap) = Calas)IMP) (6.13)
A=G,J
There are total four sub-amplitudes |M§}> When f = ggg we can have the sub-amplitude
\M?g} and the corresponding Wilson coefficients is Ci. For the same final state, we can

have the sub-amplitude |M?g‘;> and the corresponding Wilson coefficients is C;. When

Gog)

[ = qqg, similarly we can construct two more sub-amplitudes. While for f = ggg, M,

starts at O(gs), it is not true for A = J. However for f = ggg we have amplitides at
O(gs) for A = {G, J}. As a next step we construct the quantity Sy = (A¢|Ay), which we
can use to express the results at the cross section level. In order to do so, we process the
QGRAF output, perform the Dirac and SU(N) color manipulations with our in-house
codes in FORM [187]. The result of these algebraic manipulations can be expressed in
terms of thousands scalar Feynman integrals and some coefficients which depend on the
Mandelstam invariants. With suitable momentum transformations, these huge number
of Feynman integrals can be grouped under a minimal set of topologies. We perform
these momentum shifts using the public package REDUZE2 [189, 431]. For our current
work, we have considered these minimal topologies to be the one presented in [428]. It is
to be noted that the topologies considered in [428|(henceforth we call them new) can be

related to the ones in [432, 433| (henceforth we call them old )via the transformations:

s—u,u—t,t—s

Planargq Planarpew (6.14)
Non planar; 4 SIS, Non planar, ., (6.15)
Non planarsgg UL, Non planar, ., (6.16)

However, within each topology, we still have many Feynman integrals. Exploiting the
linear relations that these Feynman integrals share among themselves, we can find a
minimum number of integrals, which are called Master integrals(MIs), for each of the
topologies considered above. We have generated these identities using the public package
KIRA [434], which implements Laporta algorithm [435], and uses integration by parts
(IBP) [436, 437] and Lorentz invariance identities [438|. The number of MI at one loop

is 7 while the same at two loop is 89. These integrals have been analytically computed
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in the recent work [428], where the authors have expressed the results, up to O(€?), in
terms of Generalised Polylogarithms (GPLs). Here € is the dimensional regularization
parameter, which is used to regulate the ultraviolet (UV) and infrared (IR) divergences.
We have used these MIs and obtained the unrenormalised amplitudes Sg4y and Sgg4. It is
to be noted that in the work [432, 433] the results of the MlIs, for the same topologies as
in our current work, were presented up to O(e”), in terms of Harmonic Polylogarithms.
While it is not entirely possible to relate the special functions appearing in [432, 433]
to that of [428|, some of them can be shown to be related. In the section 6.6 we shall

present some of these identities.

It is to be noted that during the intermediate stages of the calculations, the size of the
polynomials becomes enormous, which results in final file sizes of ~ a few GB. We have
simplified the IBP rules, using MultivariateApart [439] which helps to partial fraction the
polynomials appearing in our computations. As a result, we could reduce the relevant
file sizes to less than 100 MB. This would later on help to efficiently implement the

amplitudes numerically.

For completion we present the relevant formulas for Sy44 and Syg4 below:

2
Sss0 =3 (CF) | S50 + 0,8 (6.17)
+a2 (S + 2051)S9GJ’(1))] (6.18)

where

SEO = (MEOIMEO),
S = aAMEGOIMED),
Sgcj,u) _ <MgGg’§O)IM;’g(gl)> 7
SG® = (MEDIMED) + 2MEOIMEGD) (6.19)
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where MgGg’én) is the matrix element at O(aZ). Similarly for A — ¢gg, we find

_ 3
Sqag = a;

2
() [Squ(O) +a, (2550 (6.20)
1205750 4 a2 (SE) + €N 5760

2
. (051)) SHO 4 20® S;G,(O))] (6.21)

where

SqG’(O) = M qqg |qug >’
SZIL(O) = M qqg |qug )
Sf’(l) = (M qng)|qug )
S;]]G’(O) = (M qqg ‘qug >’
SG@ = (MEMDMEDY 4 2(M qqgo)!Mg’;ggZ )

S’;]G7(1) i 2<qug |qug >+2< qqg ‘qug > (622)

In the next section we shall discuss their UV and IR renormalizations.

6.5 UV renormalization

The unrenormalised matrix elements that we obtained in the last section have singular-
ities which can be regulated by going to d = 4 + € dimensions, where the singularities
manifest themselves in inverse powers of €. These singularities are of UV and IR origin.
This section is devoted to discussing the UV singularities, which are first regulated in
dimensional regularization. Next we renormalise the coupling constant as well as that of

the composite operators. As we shall see, the latter is a non-trivial task.

The bare coupling constant is renormalized by renormalization constant (Z) and spher-
ical factor S. as given in Eq. (2.7). where S, = exp[(7rg — In4m)e/2] and the explicit

expression of renormalization constant as given in Eq. (2.12) up to second order in ay is

Z:1+as[ 50]—1—a [2ﬁo+ ﬁl] (6.23)
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Bi are the coefficients of the QCD S-functions [197], given in Eq. (2.13). Next, we turn to
renormalization of the composite operators, O¢g(x) and O (z). Their renormalization is
closely connected to the definition of 5 that we used earlier. The prescription of ~5 used
in Eq. 6.6 fails to satisfy Ward identities. In addition {v,,v5} # 0 in d dimensions. As a
first step to overcome the problem, we need to define the axial singlet current correctly,

which is as follows [392]:
I} = sy (6.24)

To get back the renormalization invariance of the singlet axial current, a finite renormal-
ization should be performed [392, 440|, which we refer to as ZZ. Thus the renormalized

axial singlet current reads as:

1 .
J/?,R = ZgZLsigguylyzysw')’m%/gfyugw (6.25)

where Z]SW—S is the overall operator renormalization constant. The corresponding expres-
sion, computed using operator product expansion, till third order in the strong coupling

constant can be found in [392, 441]. One of us in [442] has calculated Z3

the universality of the IR poles in form factor for decay of a pseudo-scalar Higgs to a

by demanding

quark-antiquark pair, or to two gluons. By demanding the operator relation of the axial

anomaly, Z$ was first determined upto O(a?2) in [392] which was verified later in [442].

As a result the bare operator [O]5 gets renormalised by
[Oslg = 252515104 = Z55 (04 (6.26)

The bare operator [O ] 5 mixes under renormalisation, and the formula to get the renor-

malised counterpart is as follows:

[Oclg = Zcc [Oclp + Zay [04]p (6.27)

The expressions for Z;;, Zga and Zg; were computed in [392, 441], and was later found
out by an independent calculation in the work [442|. Their expressions can be found in

the Appendix D.2.
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6.6 IR regularisation

The UV renormalised amplitudes contain divergences coming from the IR sector, due to
the presence of massless particles. For a n-loop amplitude, these singularities factorize
in the color space in terms of the lower n — 1 loop amplitudes. This factorization was
first shown by Catani, in his work [429], where the IR singularities for a n-point 2 loop
amplitude were predicted, and then encoded in terms of universal subtraction operators.
However, the 1/e pole was not fully predicted in [429]. The predictions of Catani were
later shown in [443] to be related to factorization and resummation properties of QCD
amplitudes. Using soft-collinear effective theory, Becher and Neubert [444] generalised
Catani’s predictions to arbitrary number of loops and legs, for SU(N) gauge theory. The
authors in [444] conjectured that for any n-jet operator in soft-collinear effective theory
the IR singularities can be factorized in a multiplicative renormalization factor, which is
constructed out of cusp anomalous dimensions of Wilson loops with light like segments

445, 446].

We have checked that the IR poles that appear in our computation, at one and two
loop level, are the same as the ones predicted in [429]. For completion, we present the

universal subtraction operators below:

|M?(1)> :21;1)(6)|M?(0)> L ’M?(l)fZTl)
M) =1 () MFO) + 21 () M) + (6.28)

I

| ?,(2)f7ﬂ‘b>

TH-3775-196121103



Chapter 6: Pseudo-scalar decay to three parton at NNLO to higher orders in € 142

where UV renormalised amplitudes are denoted by |M?’(n)> and

1) () = F, <CA:; - 560) [( - %)+ (6.29)

2 2¢ 2¢
1 2
1P(e) = —51;”(6) {1;”(6) — —f‘l] + (6.30)
e2"5T(14¢€) [ Bo (1) (2)
T+ [ . +K] I 7(2¢) + Hy " (e)
with
67 10 by ™ 27E
K = (E — Cz) s — KTF"f’ F, = —§m
3 b 11 1
2 2
H) (¢) :E{CA <—ﬁ N ;lca) + (6.31)
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(2) _1 15} 11 1
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We have checked the IR singular parts of Sy44 and Syg4 to Catani’s prediction and have
found perfect agreement. In addition, we also checked the IR poles and finite part of
our result to our earlier computation [174], where the latter result was expressed in

terms of Harmonic Polylogarithms. We have analytically checked the IR poles to the

ones appearing in [174] and the corresponding transformations that were needed are:
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H(0;y) — G(0;y), H(0; 2) — G(0; 2), (6.34)

e

1;2) > —G(1;2), H(1 — z;y) > —G(1 — z;9),

e

z1y) = G(—zy), H(0,0;y) — G(0,0;y),

g

0,0;z) — G(0,0;2),H(0,1; 2) — —G(0,1; z),

g

T

1,0;y) = —G(0;9)G(1;y) + G(0, 1;y),

=

1,0;2) - —G(0;2)G(1;2) + G(0,1; 2),

T

(
(
(
(
(0,1 =zy) = =G(0,1—2zy),
(
(
(0,0,1— z;9) — —G(0,0,1 — z; ),
(

H1,420,1) — G(O PG — zy) + G(0,1 — 2y),
H( - 2,1 229) = G(l—zy)

H(z,1-zy) = —G(=2z,1 = zy),

H(1 = z2zy) = G(L;2)G(=2;9) — (G(L; 2)+
G(1—2y))G(=2y) + G(=2,1 - zy),

1 1
H(0,0,0;9) = 2G(0;9)°, H(0,0,052) — =G(0;2)%,

H(0,0,1;y) — —G(0,0, 1;y),
H(0,0,1;2) - —G(0,0,1;2),H(1,1;2) — G(1,1; 2)
H(0,1,0:y) — —G(0;4)G(0, 1;9) + 2G(0,0: 1, 7)
H(0,1,0;2) — —G(0; 2)G(0, 1; 2) + 2G(0,0, 1; z)

H(0,1,1:2) = —GG(1:2) + %G(O; G122
G(1;2)(~=G + G(1,0;2)) + G(1,1,0; 2),
H(0,1,1;9) = —GG(Ly) + %G(O; y)G(1;y)*—
G(Ly) (=G +G(1,0;9) + G(1,1,0y),

HO,l_zaoyy)_>_G(071_Z>an)7

1,0,1;2) — G(1,0,1;2), H(1,1,0; 2) — G(1,1,0; 2),
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H(1-20,0;y) - —G(1—2,0,0;y),

H(1l - —zy) > Gl —2,0,1—zy),

T

=

(

(

(1—-2,1—2,0;y) > G(1—2,1-2,0;y),
(1-zl-21-zy) = —G(l—21—21—zy),
H(1 - —2y) = G(1 = z;9)G(—2,1 = z;9)—
2(¢2G(152) — Q(G(L;2) + G(1 — 2;9))+

SG0 = z9)2(G(0:2) + G(=5)) + G~ z;y)
G(1,0;2) + G(0;2)G(1 — 2,1 — z;y) — G(1 — z;9)
(= + G(0;2)G(1 — z;9) + G(1,0; 2)+
G(l—2z,—2zy)+ Gl —2,1-—2z—2y)),
H(z,1—-2,1=2y) = @G(1;2) — 2(G(1;2)
61~ 22y)) + 5 G0~ ) (C(0:2) + G(~=))
G — zy)C(L,0;2) + G(0;2)C(1 — 2,1 — 2z5)—
G(1—zy)(=G+G(0;2)G(1 — z;9) + G(1,0; 2)+
G(l—z ))+G(1—Z 1-— z,—z;y),

H(0,1—2,1—zy) > G(0,1 —z,1—z;9).

We have used PolyLogTools [447| and various relations among HPL’s to generate these

identities. The definitions of GPLs and HPLs are given in Appendix D.1. The finite part

of our new result matches numerically to our earlier computation [174] for several phase

space points. It is also to be noted that the finite part in [174] was recently confirmed

in the article [175]. This validates our computational framework. In the next section,

we discuss the numerical implementation of our results at O(e) and O(€?).

6.7 Numerical implementation

In this section, we discuss about the numerical implementation of our matrix elements.

In order to achieve a fast numerical grid, we have simplified the two-loop analytical

results, at each order in €, with our in-house routines in Mathematica. Thus we were

able to get files containing analytical results of sizes ~ 600 KB, 2.5 MB and 11 MB
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for O(e"), O(e) and O(€?) respectively. These analytical results will contribute to a full
three-loop computation for the type of process under study. This means that our results
need to be integrated over the allowed phase space regions, as desired by experimental
searches, using the Monte Carlo technique. The allowed phase space region can be seen
in Eq. 6.12. We have implemented the analytical results in a FORTRAN-95 code, which
can be easily used with any phase space generator. As we shall see the implementation

part is a non-trivial task.

In any Monte Carlo program, the matrix elements are numerically evaluated over the
phase space regions until the desired accuracy is achieved. Of course, the number of
phase space points needed depends on the accuracy demanded for phenomenological
studies. It is thus essential to efficiently implement the huge analytical results, such
that the time spent during the numerical runs in the computer algebra part is minimal.
This means that the analytical results need to be simplified and then optimized in a way
that helps to achieve the desired ease during numerical evaluations. It is known that
compiler level optimizations can help to minimize program execution time. We have used
the optimization routines implemented in FORM [448|] to proceed with our numerical
implementations of the analytical results. It uses Horner schemes along with Monte-
Carlo tree search [449] to optimize the analytical results. It has multiple optimization
settings from which a user can choose. At NLO we have optimized the results using the
highest setting (O4) and present our results, in electronic form, up to O(e*). At NNLO,
for Syqq, at O(e%), the O4 optimization in FORM takes ~ 20 min, O3 takes ~ 1.5 hours
and O2 takes ~ 10 min. For S,q, the O(€?) result takes ~ 35 min to optimize, at O4
setting. At O(e) along with O4 optimization , Sgq, takes ~ 5 hours while Sy, takes ~
4 hours to produce an optimized result. For O(e?) the analytical expression grows more
in size. Also, the number of GPLs that arise in this order increases almost 4 times that
of the previous order. In addition we get GPLs of higher weights, as compared to the
previous orders. These factors complicate the optimization process. Finally, we got the
optimized result (using O4) in ~ 16 hours. After the optimizations, compiling all the
two-loop Fortran files takes ~ 10 min on a 3.2 GHz computer, with 32 CPUs and 64
GB RAM. All of the above optimization programs were run with the threaded version
of FORM [450].

With the optimized results implemented in FORTRAN-95, we shall now discuss about

our numerical implementation. To evaluate the GPLs we have used handyG [396]. To
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see the behaviour of our matrix elements in different phase space regions, we consider

the following cases:

[10l<y<1l—2&&01<2z<1
IM:y<107% && 2 <1073

(6.35)

At NLO, for Sy4g, the O(e?) and O(e!), matrix element takes ~ 100 us to run, per phase
point. At O(e?), O(e3) and O(e?), the time this matrix element takes to run per phase

space point are 1 ms, 100 ms and 1 s respectively. At NNLO, we present our findings in

Table 6.1.
Matrix elements

Order Sggg Sqag
O(%); 5 ms 5 ms
O(eM)y 150 ms | 170 ms
O(e*)1 220s | 253s
O(®)11 6 ms 6 ms
O(eM 180 ms | 200 ms
O()1 18.2 s 20.2 s

TABLE 6.1: Approximate CPU user-time needed to run the optimized matrix elements
at two loop-level for one phase space point.

We observe that at NNLO, the time Sgg4/S444 takes to run per phase space point is the
same for cases I and II. Also, the time of running, per phase space point, for Syg4 is
almost the same as Sy44. In addition, we notice that the time of execution of the matrix
elements for O(e?), at NLO is almost the same as O(e!) at NNLO. However, the O(e?)
result at NNLO takes ~ 20 times more time to run per phase space point, compared to
the O(e*) matrix elements at NLO. Finally, we provide all the numerical routines in the

form of ancillary files [451].

In Fig. 6.2 - 6.7, we present the variation of the real part for the two-loop amplitudes at
different orders in e. We also observe that the O(e?) contribution for Sy, is about 100

times large compared to Syg4.
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FIGURE 6.2: Real part of O(e”); for the process Sy,
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FIGURE 6.4: Real part of O(e?); for the process Sy,

FIGURE 6.5: Real part of O(e®); for the process Sygq

6.8 Summary

In this chapter, we have analytically computed for the first time the matrix elements

for the decay of a pseudo-scalar Higgs boson to ggg and ¢ggg, which contribute beyond
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FIGURE 6.7: Real part of O(e?); for the process Syq4

NNLO in QCD. Precisely we computed O(e?) and O(e*) at NLO and O(e!) and O(€?)
amplitudes at NNLO, which contributes to a full three loop cross section for the pro-
cesses under consideration. We have obtained these amplitudes by working in an effective
theory with the heavy quark integrated out. The proper definition of 75 is essential in
d > 4 dimensions, and this fails to satisfy the Ward identity. In order to get back the
renormalization invariance of the singlet axial current, a finite renormalization is needed.
Using the renormalization constants Zgq, Zg., Zj7, we have obtained the O(e') and
O(€?) contributions at NNLO. We have checked our computation with the IR predic-
tions from Catani [429], and found perfect agreement. In order to check our IR poles
to the one from [174], we have analytically mapped the HPLs to GPLs, the resulting
identities we have presented in this chapter. We have hugely simplified the analytical
results with our in-house codes, which later helped for our numerical implementation.
We have also checked our results at O(e?) with NNLO results calculated in [174] and
found perfect agreement. Keeping in mind that these amplitudes can form a part of
some Monte Carlo codes, we have presented the numerical implementation of them, in
FORTRAN-95 routines. In order to reduce the compilation time as well as to evaluate
the amplitudes faster, we have optimised the results with FORM. The optimization of
the matrix elements at different loops as well as different orders in € presents different

challenges, which we have discussed in detail in this chapter. We have discussed about
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our numerical implementation of the matrix elements, by evaluating them in different
phase space regions. Our findings about the speed of evaluation per phase space points,
beyond NNLQO, are reported in Table 6.1. Finally, we provide the numerical implemen-
tations in FORTRAN-95 routines, which can be used with any Monte Carlo phase space
generator. Our results will be important for the precise predictions of pseudo-scalar

Higgs in association with a jet, beyond NNLO.
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Chapter 7

Summary

THe Large Hadron Collider (LHC) is the most advanced and powerful particle ac-
celerator built to date, and offers an unique opportunity to explore the fundamental
building blocks of nature. With its unprecedented centre-of-mass energy and high lu-
minosity, the LHC enables detailed investigations of particle interactions across a broad
range of kinematic regimes. As the energy frontier continues to be pushed forward, the
demand for precise theoretical predictions becomes increasingly vital. Accurate theoret-
ical calculations are essential not only to confirm the Standard Model (SM) with high
confidence but also to identify any potential deviations that may signal the existence of

new physics beyond the SM (BSM).

The discovery potential of the LHC relies on a synergistic relationship between high-
precision measurements and equally precise theoretical predictions. Theoretical uncer-
tainties must be reduced to match or surpass the experimental ones to enable unambigu-
ous interpretations. This necessitates the inclusion of higher-order quantum corrections,
particularly from Quantum Chromodynamics (QCD) and the electroweak sector. Among
these, perturbative QCD corrections play a dominant role in most LHC processes due to

the strong interaction nature of proton-proton collisions.

In this thesis, we have focused on systematically improving the precision of QCD predic-
tions for key processes at the LHC by computing higher-order corrections and resumming

151
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dominant contributions in specific kinematic regions. These computations are not only
crucial for validating the SM but also for setting stringent constraints on various BSM

scenarios by comparing theory with data.

Our work covers precision studies of several processes that are phenomenologically impor-
tant and theoretically rich. These include Drell-Yan production, Higgs boson production
via bottom quark annihilation, V' H production, ZZ production and pseudo-scalar boson
decay to three partons. Here, we have gone beyond fixed-order calculations by incorpo-
rating threshold resummation techniques, which are essential when partonic processes
approach their kinematic thresholds. In such regions, large logarithmic corrections can

spoil the convergence of the perturbative series unless resummed to all orders.

The Drell-Yan process, in particular, has served as a cornerstone for testing QCD dy-
namics and searching for BSM effects due to its clean leptonic final state. We have
performed precision computations up to N3LO + N3LL in QCD for such processes using
threshold resummation techniques and exploiting the universal structure of QCD ampli-
tudes at higher loops. Our studies extend to other processes such as V H production,
Z H production in gluon fusion and ZZ production, as well as to pseudo-scalar decays

to three partons, for the latter case multi-loop amplitude computations are carried out.

Overall, the results presented in this thesis contribute significantly to the ongoing effort
of refining theoretical predictions at the LHC. They provide essential ingredients for
experimental analyses and enhance our ability to probe the Standard Model and search

for physics beyond it with greater accuracy.

In chapter 3, we have investigated the Drell-Yan (DY) process and the associated pro-
duction of a Higgs boson with a vector boson (V H production) and present the invariant
mass distributions for all such processes. While next-to-next-to-next-to-leading order
(N3LO) QCD corrections for these processes are known and demonstrate good conver-
gence, we observed that in the region of large invariant masses—where the phase space
is squeezed—threshold logarithms become prominent and can compromise the reliability
of the perturbative expansion. To address this, we employed Mellin-space threshold re-
summation to capture and systematically resum the dominant logarithmic terms up to

next-to-next-to-next-to-leading logarithmic (N®LL) accuracy.
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Our resummed results, when matched to fixed-order calculations, showed excellent per-
turbative stability. In particular, the N3LL contributions to both DY and V H processes
were found to be numerically small, indicating that the perturbative series is well-behaved
even in the threshold region. One of the key benefits of resummation is the reduction of
theoretical uncertainties, especially those associated with the arbitrary choices of renor-
malization and factorization scales. These unphysical scales, although necessary in in-
termediate steps of perturbative computations, introduce a residual ambiguity in final
predictions. As expected, the magnitude of this uncertainty diminishes with increasing

perturbative order.

For the Drell-Yan process at high invariant mass, the fixed-order N3>LO prediction ex-
hibited a scale uncertainty of approximately 0.4%. After incorporating threshold re-
summation, this was further reduced to around 0.1%, highlighting the effectiveness of
our resummation approach. A similar trend was observed for the V' H production pro-
cess, where both the invariant mass distribution and total cross-section benefited from

improved precision due to resummation effects.

In addition to these processes, we extended our analysis to the Higgs boson production
via bottom quark annihilation. This mode, although subdominant compared to gluon
fusion, plays an important role in scenarios with enhanced bottom Yukawa couplings,
such as in certain extensions of the Standard Model. For this process, we performed a
full N3LL threshold resummation and matched it with the available N3LO fixed-order
results. The inclusion of threshold-enhanced contributions led to a modest reduction
in scale uncertainties—from 5.26% at N3LO to 4.98% after resummation—once again

underscoring the importance of all-order resummation in improving theoretical control.

Overall, the methods and results presented in this thesis provide high-precision QCD
predictions that are essential for interpreting data from current and future LHC runs.
They also serve as benchmarks for ongoing efforts in precision phenomenology, espe-
cially in testing the Standard Model, and search for subtle signs of new physics through

deviations in high-precision observables.

The associated production of a Higgs boson with a Z boson plays a significant role in
precision studies of the SM at the LHC. While the dominant mechanism for this process is
the DY-like quark-antiquark annihilation channel, an additional contribution arises from

the gluon-gluon fusion process via a heavy-quark loop. Although this loop-induced gluon
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fusion contribution formally enters at O(a?), it is non-negligible even at leading order
(LO), contributing approximately 9% to the total cross section in comparison to the DY-
type channel. Its relevance becomes even more pronounced in the high invariant mass

region of the ZH system, making it an essential component in precision phenomenology.

In chapter 4, we have extended the theoretical understanding of the gluon fusion channel
for ZH production by performing threshold resummation of soft-gluon effects at next-
to-leading logarithmic (NLL) accuracy, matched with next-to-leading order (NLO) fixed-
order QCD corrections. Our analysis employs the Born-improved approach to reliably

model the invariant mass distribution of the ZH system in this channel.

The fixed-order NLO corrections to the gluon fusion contribution are very large as ob-
served for Higgs production in the gluon fusion channel. This is particularly evident in
the invariant mass distribution, where corrections can reach up to 100% relative to the
LO prediction. The resummation of soft-gluon logarithms further modifies this behavior,
especially in the high invariant mass region. Specifically, we find that NLL resummation
contributes an additional ~ 40% enhancement over the NLO result in the tail region of

the distribution, indicating the growing importance of logarithmic effects at large scales.

A critical aspect of high-precision predictions is the control over theoretical uncertainties.
We observe that the scale uncertainty at NLO in the high invariant mass regime, around
3000 GeV, is approximately 20%. After including the resummed soft-virtual (SV) cor-
rections, this uncertainty is reduced to roughly 15%, demonstrating the stabilizing effect
of threshold resummation and the improvement in the reliability of theoretical predic-
tions. We further estimate the next-to-soft-virtual resummation for this subprocess at
the same accuracy (NLL) in the Born improved theory and present our predictions for

the invariant mass distribution.

In addition to differential results, we also compute the total cross section for ZH pro-
duction in the gluon fusion channel. The resummation-enhanced prediction increases the
total cross-section by approximately 21% compared to the fixed-order NLO result. This
sizable increase underlines the importance of including resummation effects when aiming

for precision predictions at the LHC.

For completeness, we incorporate the contributions from all relevant subprocesses to the

total ZH production cross section. This includes not only the DY-like quark-antiquark
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initiated channel but also the loop-induced gluon fusion channel with top and bottom
quark loops. Our final result for the inclusive production cross section at the LHC
thus reflects a comprehensive treatment of all significant QCD effects up to NLO+NLL
accuracy in the gluon fusion channel, supplemented by fixed-order calculations for the

DY-like and heavy-quark contributions.

In conclusion, our study highlights the phenomenological importance of the gluon fusion
contribution to ZH production, particularly in the high invariant mass region where
it becomes dominant. The inclusion of threshold resummation significantly improves
the theoretical precision and reduces scale uncertainties. These refined predictions are
essential for precision studies of the Higgs sector at the LHC and for probing possible

deviations from the Standard Model.

As a final component of our investigation into threshold resummation techniques, we
have analyzed the production of Z-boson pairs at the LHC. This process is an important
benchmark in the electroweak sector and serves both as a signal channel and a background
in many searches for new physics and Higgs boson studies. Achieving high theoretical

precision for this process is thus of both practical and theoretical significance.

In chapter 5, we performed soft-gluon threshold resummation at next-to-next-to-leading
logarithmic (NNLL) accuracy, matched consistently with the fixed-order QCD predic-
tions up to next-to-next-to-leading order (NNLO) for ZZ production at LHC. The anal-
ysis focused on improving predictions for the invariant mass distribution of the ZZ

production and the total production cross-section at the LHC energies.

The impact of NNLL threshold resummation becomes especially relevant in the high in-
variant mass regime, where logarithmically enhanced contributions from soft gluon emis-
sions can significantly influence the perturbative series. For instance, at () = 1300 GeV,
the resummed prediction exhibits a 2.8% enhancement over the NNLO result for the
differential cross-section. More crucially, this improvement is accompanied by a notable
reduction in theoretical uncertainty. The 7-point scale variation at this value of @ re-
duces from 4.56% at NNLO to 3.19% at NNLO-+NNLL. This highlights the improved

stability of the prediction upon including higher-order logarithmic terms.

In addition to the differential distribution, we examined the total inclusive cross-section.

The effect of resummation here is subtler but still relevant in the context of precision
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phenomenology. The NNLL corrections lead to an enhancement of approximately 0.6%
compared to the NNLO value. Furthermore, the residual scale uncertainty is reduced
from 2.30% at NNLO to 1.93% after incorporating NNLL resummation. These results
reaffirm the utility of threshold resummation in improving both the central value and
the theoretical precision of predictions, especially when small discrepancies can have a

significant impact on the interpretation of experimental data.

Overall, the study of ZZ production under threshold resummation strengthens our abil-
ity to provide precision theoretical inputs for the LHC program. It complements similar
investigations performed for other color-singlet final states such as Drell-Yan and Higgs
production, and demonstrates the broad applicability and robustness of soft-gluon re-
summation in the QCD framework. The reduction in theoretical uncertainties and the
consistent enhancement in cross-sections further underscore the importance of including

resummation effects in precision collider phenomenology.

In addition to the resummation studies covered throughout this thesis, a significant por-
tion of the work has been devoted to multi-loop amplitude calculations, which play a
critical role in improving the precision of theoretical predictions in QCD. A particularly
relevant process in this context is the decay of a pseudo-scalar Higgs boson to three par-
tons in chapter 6. This decay channel, considered within an effective theory framework,
has been studied at the two-loop level in higher power of the dimensional regulator,
marking an essential step toward achieving next-to-next-to-next-leading order (N3LO)

accuracy and laying the foundation for future three-loop computations.

The calculation of two-loop amplitudes inherently involves handling divergences that
appear as poles in the dimensional regularization parameter e. These singularities arise
due to infrared (IR) and ultraviolet (UV) divergences typical of multi-loop integrals in
gauge theories. As part of this study, we have performed the complete loop integration
and provided the resulting expressions, explicitly separating the divergent terms from
the finite parts. Moreover, the results include contributions beyond the finite order,
namely the terms proportional to positive powers of €. Such terms, though not required
for NNLO cross sections directly, are indispensable for constructing finite remainders
and for matching to three-loop matrix elements, which are necessary for next-to-next-

to-next-to-leading order (N3LO) accuracy.
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To facilitate the practical use of these amplitudes, we have developed a numerical imple-
mentation of our results. The scalar functions involved are computed using the handyG
package, which allows efficient evaluation of the Goncharov polylogarithms and harmonic
polylogarithms that appear in the analytic expressions. Despite the complexity and size
of the two-loop amplitudes, we find that the numerical evaluation at a given phase space
point is highly efficient, typically requiring only a few seconds for the coefficient of €

amplitudes —and at most around 20 seconds—for the coefficient of €2 amplitudes.

An additional noteworthy feature of this work is the consideration of analytic continu-
ation and crossing symmetry. By appropriately crossing external legs in the computed
amplitudes, one can obtain the corresponding results for pseudo-scalar Higgs production
in association with a jet, a process of direct phenomenological relevance at the LHC.
Since the three-loop virtual corrections for such processes are currently under active de-
velopment, our two-loop decay amplitudes—including the positive e-power terms—serve

as crucial ingredients for assembling consistent and renormalized higher-order results.

Altogether, this component of the thesis makes a substantial contribution toward advanc-
ing our understanding of pseudo-scalar Higgs bosons at hadron colliders. The analytic
structure of the amplitudes, along with their efficient numerical implementation, provides
a valuable tool for future phenomenological studies, especially in exploring possible sig-
nals of beyond the Standard Model physics through pseudo-scalar interactions at high
energies. Furthermore, the methods and computational techniques employed here can
be generalized to other multi-loop processes, reinforcing the broader applicability of the

framework developed in this work.

In this thesis, we have carried out a comprehensive investigation into the precision com-
putation of observables relevant to hadron collider phenomenology within the framework
of perturbative QCD. Our focus has been directed toward processes that play a central
role in testing the SM and probing scenarios beyond it, using both fixed-order calculations

and resummation techniques.

One of the key achievements of this work is the advancement of theoretical predictions
to a level of precision that supports high-accuracy studies at the LHC and complements
ongoing experimental efforts. For the processes studied, including Drell-Yan production,
Higgs boson production in association with a vector boson, Z-boson pair and pseudo-

scalar decays, we have obtained results with theoretical uncertainties reduced to the
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sub-percent level, reaching accuracies up to 0.1%. These predictions represent the most
precise QCD results currently available for these channels and are expected to signifi-

cantly contribute to ongoing and future analyses of LHC data.

We have also computed the uncertainties arising from the parton distribution functions
(PDFs), which encode non-perturbative aspects of proton structure. By exploring the
interplay between different sources of theoretical uncertainty, we have provided a reli-
able estimate of our predictions. In this thesis, we have also discussed the impact of
parton distribution function (PDF) uncertainties on precision predictions. While the
theoretical uncertainties arising from factorization and renormalization scale variations
are well under control—typically at the level of 0.1% for Drell-Yan-type processes—the
uncertainties associated with PDFs remain significantly larger, particularly in the high
invariant mass region where they can reach up to 10%. To reduce these PDF-induced
uncertainties, it is essential to incorporate more data with higher statistics in the high
invariant mass region, which will help constrain the PDFs more precisely and improve

the reliability of theoretical predictions in this kinematic domain.

The computed pseudo-scalar decay amplitude presented in this work provides a valu-
able ingredient for phenomenological studies. It can be used to investigate pseudo-scalar
Higgs boson production in association with jets at hadron colliders, enabling more pre-
cise predictions and a deeper understanding of beyond the Standard Model scenarios.
In this context, we performed precise multi-loop computations relevant for decay and
production processes. The amplitudes obtained include terms beyond the finite part in
dimensional regularization, which are essential for matching to three-loop results. These
high-precision results can be used to place stringent bounds on model parameters in
various BSM scenarios, especially those involving extended Higgs sectors such as the

Two-Higgs-Doublet Model (2HDM) or supersymmetric frameworks.

To conclude, the results and methods developed in this thesis represent a meaningful
contribution to precision collider phenomenology. They enhance our ability to perform
rigorous tests of the Standard Model and to search for new physics through high-precision
observables. As both theoretical and experimental tools evolve, the approaches under-
taken here will remain essential in interpreting data from current and next-generation

particle colliders.
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Appendix A

Phase space and Distribution
Coefficients

A.1 Phase Space for Invariant mass Observable

In high-energy particle collisions, computing the total or differential cross-section for
final-state particles requires integrating over the available phase space. The phase space
element encodes the kinematically allowed configurations of final-state momenta, sub-
ject to energy-momentum conservation. For processes involving two or three particles
in the final state, the phase space can be expressed in a Lorentz-invariant form and
systematically reduced by suitable variable transformations.

Two body kinematics to invariant mass distribution

For a two-body final state, the phase space is relatively simple and is completely deter-
mined by the masses of the initial and final particles. The total cross section for two-body
final states can be written as,

1
Ototal = W/dxg/d:pl/d(cosﬂ)/dqﬁ M2 6(z120 —7) (A.1)
1 do
32742 / S

Two body kinematics cases partonic (§) and hadronic center of mass energy (S) can be

written as,
8= 11108 = Q* (A.2)
2Q
dres = —=d
T2 =g Q

Now, the invariant mass (@) differential distribution can be written differential expression

of 9,
do 2Q) do
s A.
dQ  x1S dxo (A-3)
159
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Now total cross section can be written as,
1 do
=—— [ dQ— A4
Ototal 39752 / QdQ ( )
1 do 2
- / inﬁ
32782 dxo 11S
Now the invariant mass distribution can be written as,

dototal _ 1 di 2Q
dQ — 32w§2dxs 215

! /dmlm/d(cosﬁ) M2 S(z129 — 7)
:L’ls

= 32742

(A.5)

Three body kinematics to invariant mass distribution

In contrast, for three-body final states, the phase space becomes richer and more com-
plex, typically involving five independent kinematic variables. The 3-body phase space
production cross section can be written as,

Ttotal = /dE5/d834/d845/d9/d¢ |IM? (A.6)

do
= | dE5 ——
/ ° dE;

Here, we consider two particles colide with momentum p; and ps and three-body particles
produces with momentum p3, ps and ps. The invariant quantities are s3q = (p3 + p4)?
and s45 = (ps+p5)%. From the three-body final state kinematics, if the mass of the third
particle has mass ms then we can write from the four-momentum conservation,

§—Q2+m§
Fe=—"->2 A7
= =L (A7)
dEs| = L dq

V3

Here Es5 energy of the third particle in the centre of mass frame. For specific 1 and x2,
§ is fixed only @ and Fs5 will change. Then we can write,

do  do dQ

dE: ~ dQdEs (A.8)
_Vidr
S QdQ

Instead of integrating over the entire phase space, we can make this invariant mass
distribution by removing one integration of E5 and converting it to an invariant mass
distribution. We have to multiply the corresponding conversion factor. It will give better
results and Monte-Carlo error with fewer Vegas points.

TH-3775-196121103



Appendix A. Phase space and Distribution Coefficients

161

do
aQ

Q do
\/§ dE5

o = [ dQ
— / dQ

(A.9)

Now the invariant mass distribution for three-body case can be written as,

_Q do
Vs dEs5

:%/d334/d345/d9/d¢ MP

A.2 Soft distribution Coefficient

doiotal

dQ

The coefficients K1) in Eq. (2.48) are given below,

K = * ( - 2A{>
€
1,2 1 1 1 1
1 8 1 (2 8 1
ICI’B(E) 673 ( - 3/3(2)14{) aF ? (3/31‘4{ 1= 3/80145) aF 6(
1.4 1 3 4T 1 8 I 2 521
K% (e) a 485A71 | + 3| - §5051A1 — 6654,

1 /(1 1 1
+3 <3ﬁ2A{ + Bi1A] + 350A§> +- < = §A£>

The bare form factor coefficients ﬁ;(k) in Eq. (2.52) are given below

. 1 1

2L = > ( _ 2A{) +2 (gf(€)>

X 1 1 1 1
L7 =5 (ﬁwﬁ) ta < —gh- ﬁog{(d) + 29209

€

. 1{ 8 1(2 8 4
e - 1 ( _ 953A{> +5 (951,4{ + 5 f0A + 3ﬁ39{(6>>
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2
L w |
3 3)

(A.11)
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+5 ( — §A§ — gﬁﬁgf(e) - 35095(6)> + (SQE‘{(E))
. 1 1 2 3
LLW — = (5314{) +3 ( - 5505114{ - 553145 - 2589{(6)>

1(1 1 3 4
+3 (um{ + P4z + L BoAs + BB (e) + 36302 <f>>

1 1 1 1 3 1(1
T ( - gAi - gﬁzg{(ﬁ) = iﬁlgé(e) 5 25093{(6)) + - <4gi(e)> (A.12)

The explicit expression of the universal kernels in Eq. (2.59) are given below
1 150
T (z,e) = EP} )(2)
€

() = (;P}@(z) & PO(2) - 6P (z)) +1 (;Pl(l)(z)>

1/(4
Fg?’) (2,€) = 3 <35§PI(O) (2) — BOPI(O) (2) ® PI(O) (2)

1 1/(1
B EPI(O)(Z) ® PI(O)(Z) & PI(O)(z)> L = <2PI(O)(Z) ® PI(l)(Z)

1 4 1/1
— gﬁlp;o)(z) = gﬁop}l)(z)) -+ - (§P1(2)(2))
1 1
TV (z,¢) = ( PO(z) © PO(2) ® PO(z) @ PO(2)

T\ 24

1 11
‘z%ﬁW@®ﬂW@®ﬂW@+6%&”@®P9uwa%ﬂm@>
1/(1 1
= (P;O)(z) P (z) @ PY(z) - §ﬁ1P;O)(z) @ P (2)

4

— S BPO PP ) + S0 P (2) + 3ﬂ§P}”<z>>
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1(1 1 )
e <3Pf(°) ()@ P2 + 5P () @ P () = P (2)

~ %&P}”(z) - gﬂoP,‘”(z)) n % (ip}?’)(z)) (A.13)

The explicit expression of the universal soft functions gZ;I (k) in Eq. (2.71) are given below

o - 3 1 (ot0)

R 1 1(1 = ¥z
§er = 4 ( . 50A{> Lo <2A£ = ﬁogi(6)> + ;695(6)

@ = 14( AI) j( ﬁlAI BoA£+§6§§f(6)>

€

1 {2 4, = 11z
- <9A§ — S8, (0) - gﬂogé@) = <39§<6>>

; 1 1(2 3 G
@ = = ( - BS’A{) +3 <§5051A{ + 553145 - Qﬁgg{(€)>

1 1 1 3 4 = =
+3 ( — oAl — (PLA] — S B A + 56061%(6) + 3ﬂ395(6)>

1(1 i | R 3 = 1(1=
+5 <§Ai - 8529{(6) - 55195(6) = 550%(6)) + 4 <4Qi(e)> (A.14)

1,(5)

The explicit expression of the coefficients G, in Eq. (2.72) are given below

G = Cr (=361,

—_ 7
gﬁmzcy{gg},
=1,(3) 3
gl - C[ { 16C2} )

— 328 70 32 2428 469 176
gé(l) = Ciny {_81 *C2 Cs} + CrCy { TR ?Cz +4G — C3}
— 11 1414 2077 7288
Gy = 10— - @@ Gt e+ 438G — 5
40 27 243
1, 310 976
+CI”f{—20C2 Cz—sz 243}
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aé,( CICA { 16532C n 19964C 11000 CoCs — 764581627C2 @Cg 596748 - 14330 - 71837549881}
+CiCany {-252¢2 - @@@, Gt G G L]
+ CuCrny { T2 - 886060+ S0 + 0+ 326 - ST
+ Cmfc{ G- 1996(2 - 220(3 + 1211588;} (A.15)

where C1 = CF for I = ¢(DY) and C; = Cy4 for I = g(Higgs).
1,(9)

The explicit expression of the coefficients g’ in Eq. (2.74) are given below

91[’1 = (T (891 —3G20(1 — Z))

7
911’2 =Cy ( — 30Dy + 4D + §C35(1 = Z))

3

1616 242 1072
g, = CICA<< mrTa 7(2 + 56(3) Dy + <9 — 32@) D + ( & 88>D2

224

-+ ( 1SO>D1 + 16Dy + ( 38218 *CQ 2(3) 61— Z)))

4856 938 1210 3232 550
g,% = C’ICA<<4 = 2= C3> Dy + (- - 3 — + 112C3> Dy

ol 4 3
7 13 = 64 <3C3730 —3¢Dy + D3 — T6C§5(1 - Z))

81 9 2

1072 616 656 140 220
4+ | — =320 | D2 + D3 | + C[nf - — '%CQ C3 Do
9 9 81
448 100 160 112
D - — i

11 203 1414 2077 7288
1— iy Lol id + 43¢5 — ——
+0(1 - 2) <cfc,4 { 06— 50l oGt G T 436G — o }
1 5 196 310 976
Oy {‘zo<2 Toar T et 243})
_ 11 403861 71584 9368 o 9272
= -1 _ _
C[CA (( 243 7662(3 + 27 CQ 15 <2 + 3 C3 576(5

81 9 5 27
7744 96482 2452 1264 , 6536
+ <9> DS) + CICAnf<< 213 3 G2+ G S C3>
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72008 9056 448 22400 320 2816

4480 1520 416 4192 736
2 N
+Cmf<< 913 T o7 C?’)DO ( 81 CQ)

1600 256 1711 9 , 304
+ ( 27 )DQ (9> D3> + C[C'an<<9 —60¢2 — gC CS)
+ ( — 220+ 192{3) Dy + (64) Dg)

152 5 1964 11000 765127 536 59648
1 20—
+4( 2) <CICA{ 63< + 9 C G2C3 — 136 — G2+ 3 (3 57 3
_ 1430C i 7135981
T N il
932 , 1208 105059 45956 148 716509
+ C'ICAnf{ — 7(2 b 213 Ca+ g1 &y TC5 ~ 374 }
152 , 605 2536 11 42727
+CICan{ 15C —88C2C3+?C2+7C 45—32‘4}
1996 2720 11584
E — Al
+ Clnf{ G- C2 31 G3 + 5187 }) (A.16)

A.3 Next-to-soft distribution Coefficients

1,(k)

The coefficients Xé’(k) () in Eq. (2.85) in terms of coefficients G ;" (z) are given below

XL (Z) = 07
—,
i ® () = ~260G13(2),
—I,(1 —I,(2 (1
() = =28GLY (2) - 260 (GLY(2) + 260615 (2))
—1,(1 =1,
() = 26,GL (2) - 281 (GLY(2) + 48:GL T (2))
] A —1,(3
— 260 (GL5 (2) + 28G05 (2) + 483G (). (AaD)
The coefficients éqL’,(ik’j) for Drell-Yan type in Eq. (2.93) are given below
@q’(l’o) =4Cp,
Gq 0.0) = 3CFC27
o — Be 1 7
Gr Cr (2C2 + 3> ;
) 2804 200 656 44\
Gy =CaCF (27 3 G2 —56¢3 | +Cpny =7 + 3 C2 64C% (o,
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G = 2005 (Ca - Cp),
5%7(1272) — _8C2. (A.18)
—9,(1,0
GoM = acy,
—9,(1,0
G%,(g ) = 3CaG,
—9,(1,0 3 7
G = —ca (242 + 3> ,
— 0,20 2612 482 392 44
Gi,& e <27 — 7(2 > 56C3> + Cang <—27 + 3Cz> :
—g,(2,1 4
G7e" = 5Ca(Ca—ny),
—0,(2,2

The coefficient &é’(j ) in Eq. (2.93) are given below for Drell-Yan process

é(f’(o) =4Cp,

~q,(1

o7 =0,

500) _ 1102 ogey — 112 2 (_ e
0X) —CFCA( o7 283 3 G ) +Cr( 32(2)+nfCF o7 + 3 ©)
2 = 10CFC 4 — 10C%,

d_)g(Z) - _4012:"

74,(0) _ o (727211 1 - 29876 B 82868 E 2002
?3 CrCy ( 729 T 92¢s o € ] G2+ 3 C2G3 + 120G3

448

5143 2180 11584

32
3 904, FXOL2 2 -
+ Cy (23 + 48(3 8 (o i C2> + CpCa ( > 9 € o7

729 o Bt 5 @5

1309 496 . 2536
+nsCh <—% ——(a +

155902 1292 26312 368
4—nf0%cn,(—» + 45)

12656 160

27 3 5
0 _ g (2 4 s 8 (1843 54 961
@3 =CiCF ( 9 + 24¢3 342 + CrCy 31 -+ 3 G3+ 9 G2
64 80 256 28
+C} ( — 64¢3 + 3C2> + CpCang ( - CQ)

3 9 9
3952 160
+nsCr <_81 - 9@) ’

. 10 52
4 = cpch (34 3 cz) + CECa (—96 3 <z>
16 10 40
+c%<3>+cmum<—3)+cﬁw(3>

(3 176 32
¢g( )= C3Ca (‘27> +n;Ch (27> :
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G2 + 5(2) +nyCr (729 ?CB +

G2 2272 C%)

+15

704
77 C?) )

(A.20)

(A.21)
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Analogously, for Higgs production in gluon fusion:

o1 =40y,
79,(1
o7 =
~4,(0 1306 208 196 16
o5 =3 (27 — 28(3 — 3C2> +nsCy (—27 Cz)
2
79,(
- ()ome (D)
(537(2) - _40.%7
~4,(0 563231 34292 113600 13488 176
o5 = i’z( 102G~ G — G + <2+c2<3)
117778 1888 26780 232
2 —_— —
+nfCA< Tag T g _SadmnGa Cz)

2653 616 40 9 1568 160 152
+nyCrCa <—7 + 7(3 + ‘?)—Cz - ng) fCA < 799 T7§3 - 9C2> )

- 18988 448 1280
ng’(l) =9 <_T 7(3 Cz)
1568 248 56
—i—nfCA ( 31 — 8(3 — CQ) —i—nfCFCA <4—C2> +nfC'A (27>
02) _ o (1432 40 ) [ 164 2 8
5 =04 ( g7 Tg%) ¥ Oans (—5r + 3G ) +ns0h {57
-g,(3 176 32
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Appendix B

Resummation Coefficient for
DY-type processes

B.1 RESUMMATION COEFFICIENTS

The process-dependent g¢ coefficients for DY-type processes defined in Eq. (2.106) and
are given as (defining Ly, = In (Q? /%) , Ly = In (13./1%)),

go® = CF{ — 16+ 16¢ + ( - 6) L + (6) Lqr}, (B.1)
@ oo (127 8. 64, ( 34 16\ (2 16 3,
90 an{6 +9C3 3Cz+ 3+3C2 gr + 3+3C2 &
511 552
+ (—2>L§r+ <2>L§T} +C%{4 — 603 — 198¢5 + ?CS + <—93—|—48C3

+n@>%f+@3—@@—7%&Lﬁ+<—3®LW@w+<m>$¢
1535 604 376 17

92
18 ) L2 e i gy — 4 —— 424
+< 8> qT}—FCACF{ 12 + 9 (3 + 3 Ca 5C2+< 3 + 24(5

88 193 88
__:3C2>[¢r+—<3——24@3——i342>1@r+—<——11>l%r+—<11>l§r}, (B.2)
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@ _ g 2f T8, }ﬁ, 1072 M8 5 (68 32\ ., [ 8\
90 g { 7243 CS C2+ 135<2 9 + 9 G2 | Loy + 9 T

4 32 8 34 160 220 64
SV 4 (S (2 e L e s
+ <9 t3 C2> rt <9> ar T < C3 C2> frt < 9 5%

608 421 608 9448 9064 256
- C2) } + C%nf{ T3 7(5 C3 + T7C2 - TCzC?)

36208 275 256
135

272 496 64
+ Cz)Lfr <20 —32¢3 — 48C2> L+ <230 - ?43 —272C + 5C§>Lq

+(12>1@rL2r+(12>1§TLfr+<12)Lﬁr+(12>1§r+<72)1@TLfT}

— S TG+ 406,

2+ (——92—%32C34—48C2>17 3

5599 293 5972
4—(2%{ — T 1828Cs — 46005 + 3263 + gQ-4oogggg—-4447<2
| 169504 4 1495 968
e (-—E;—%480C54—992C34—720C2——704(2Q;—-~§2>ld%

+<—2m+2%@+1M@>ﬁr+<—2m+2%@+dug>ﬁf+(Mo

1495
——576§3——288§2>1@7Lfr+-<72«——480C5—— 9923 — 720(2 + T04¢Cs

1968<2> qr+-<-—108)l%TLfr+-(——36>I?T+—(36)[2r+—<108>1@rL2T}

110651 24512 44540 880 1156
+ CACan{ 943~ o% ~ Taq (3 — %1 G2 + C2C3 + 35E —G+ <
3052 3440 7504 344 400 2672
~ oW U C3+ C2—%C2> o+ ( 40—7C3 o (2
8 146 352 88 88
_fg Lyr+ | — 5 +16G——-G L3, + L3 + eyl
9 9 9
850 , (74321 5512 51508 592
=5" e~ — i ==
(5 - 10000 )12 }+0AOF{ L L L
66544 3680 258304 , 123632 4 3439 5368
— A B
o7 G2 + C2(3 + 135 G- T G+ ( + 240¢5 + 3 (3
2912
+ 1552¢2 — 352(aC3 — 52> a+ (-—420-+288g3>1@TL7r-+ <-—131
234 4048
+3%g+mmg>ﬁr+(%1-&mg—2M@>L;+<:ZS—ZMQ—@

1136
—100¢2 + 352¢2C3 — §Q>lqr <——66>l§r4—<——66>lgr+—(66)1@TLQT

1505881 139345 400 5
(00235} + cch{ - 0G5 + gy - 03

972
130295 7228 23357 o 7088 4 2429 968
= 4 88¢3+ ——
+ 200G - B Ge - B g4 TR (- 22 v ssa+ )12
242 242 493 6 1657
-3+ A L% —— —80
+< 9> <9> <9 88¢3 + 9C2> r+<18 G5
3104 8992 3082 22600 20720
cs—c2+4<§>LfT+( 5 180G — =G = G
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Here Ny = (n? — 4)/n. and ny, is proportional to the charge weighted sum of quark
flavors [292].

The process-independent universal resum exponent defined in Eq. (2.107) which are used
for DY-type processes are given as,

gl = [‘;E {2 —2In(l —w)+2In(1 —w) w_l}], (B.4)

gd = [gf {;1n(1—w)}+2§ {—1n(1—w)—w}+2§ {<ln(1—w)—|—;ln(1—w)2

+o) (g;)) # () L+ (ma =) Lo}, (B.5)

95 = [12(2% {— (1°_uw)+w}+%§ {(2 (li}—w)> Lqr+<3 (1°_"w)+2 h(‘il__:;)
-} () + (-20) afrat{-ace 255+ (50255
)

‘<1L—uw>‘2h<l§1—_wu>) *21““‘””‘”> (%>2+<‘<lfw>> Lgf*(

i) (&) e (4) B 5 s e

= HL—UTQ Lot (‘ o)~ 1?51—_@)) (%)
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gz=[A§ é (2_“)_1w}+A§{<_;W(2—w)>Lqr+<_5 w(2 — w)

0 (1-w)? 3 Bo (1—w)? 12 (1-w)?
SE ) (3) Ol
" (3 1?51—_:;32 i 1 iﬂw)? +3 i) ;1?1(—;32) ‘;»“) (%)
i (; fl({_wc;g Lot (zls (152@2 STt > (?3) i (‘“’) L
(G (B) oo o

1 In1-w)® 1 w? 1w I In(1-w) In(l-w)
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Fp e ge) (5)+ (-5 - PR Ve
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Here A} are the universal cusp anomalous dimensions for DY-type (I = ¢), D} are the

threshold noncusp anomalous dimensions for DY-type, and w = 2a,30In N. Note that
all the perturbative quantities are expanded in powers of as.
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B.2 Anomalous Dimensions

The cusp anomalous dimensions AJ are given as (with the recently known four-loops
results [452-454]) ,

A9 = oF{ } (B.8)
40 268
A%:CF{nf< 9 ) +CA<9_8C2>} (B.9)
16 110 836 112 160
Ay =Cpeng®( — o ) + Cpmy | — —= +32G | + Cany | — - RS
27 3 27
490 1072 176
+CA< 3 f<3 g 2t Cg>} (B.10)
32 2392 640 64 572
q _ 3 _ T T 2 27 _ 39
A4 Cp{nf ( 31 + 27C3> +Can < 31 Cg C2> +CF f( 9 320(5
592 923 2240 608 224 34066
H C3> + Canyg® <§ *Cs — 7@ - Cz) ™ CACan< Rl
3712 440 24137 2096
+ 160¢5 + 7C3 ACz — 128(2(¢3 — k@) + Ci”f< . B & 5 &
23104 20320 448 352 84278 3608 20944
N - (3 + G2+ *C2C3 = C2> ( S 9 ¢s + o 3
88400 3608 20032 5 dobed gabed 7 359()
—16¢2 — - I
6¢3 — G2 C2C3 G- 105 Gy ) } o Nr ( 3 (s
128 7936 {5004 giahed 1280 256
+ —5-C3 — 384 — 128G — c2> e ( G = =5Cs
R
+ 256@) ] (B.11)
The quartic casimirs are given as
dddsped  n2(n? +36) dXdP  ne(n? +6)
Ny 24 N4 48 ’
(B.12)
dgedgabed  (n2 —1)(n? +6) dpeddied  (n2 —1)(nt — 6n2 4 18) (B.13)

Ng 48 " Np 9613 ’
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with Ng = n2 — 1 and Np = n, where n. = 3 for QCD. The coefficients DI are given
(& (2

as,

D%:CF{O}, (B.14)
224 1616 176
DI = —_— = — + 56 —_— B.15
5 CF{nf( o Cz) ( o7 G+ C2> } (B.15)
3712 320 640 3422 608 64
Di = Cp{nf2 ( o9 Tar Bt C2> + Crry <27 g 873202 - CS)
125252 2480 29392 736 c? 594058
+ Cany ( 729 9 T g 2T C2> < T gy 384G
40144 98224 352 2992
t Gt e T g RG Cz) } (B.16)
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Appendix C

Resummation coefficients for 72
productions

C.1 Resummation coefficients

The process-dependent g coefficients for ZZ production, defined in Eq. (2.106) are given
as (defining Ly = In (Q2/,u%) yLir=1n (,u%/,u%%)),

yg»(l) = 2K(0,1) + QCF{ - 3Lfr 4 Lgr T CQ}, (Cl)
_q,(2) _ 328 2 112 20 4 10 16
98 =K1 +2K02) + Can{ R + gLfr + 77Lqr - qur ~ 5(2 18 gLer

4 32
L quT@ 4 343} o C%{ —3Lgy + 18L%, — 12Ls L2, + 2L, + 121,

2
+4L2.Go + 267 — 48Lfrg“3} + CF{ +360L3, — 2BoL3, — 12L 1Koy

3
32 2428
+4L2.K01) — 6bB80C2 — 2B0LgrCa + 4K (0.1)C2 + 35043} - CFCA{+81
17 808 134 67 88 22
D e TR T2 | —(,— — L, “CLgpCo—4L2 ¢ — 12652
3 fr 27 q A 9 q’r+ 9C2 3 fc2+ 3 qCQ qr2 CQ
176
- 7@3 +24L ¢ C3 + 28Lqu3} (C.2)
Here, we define
Mimny
Ky = ——mm) C.3
™ = Moo (C.3)
where,
My = (M| M) (C.4)

and |M,,) represents the UV-renormalized, IR-finite virtual amplitude at the n-th order
in as, as given in Eq. (C3) of Ref. [277]. The one loop virtual contribution for Z-boson
pair production is,
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(1 —e¢) 2\ ¢ 13
_ 2 € R f
M(O,l) = GS(NR)m(ZUT) <S CF —4 672 + Z M(O,O) + M(O,l) . (05)
here,
4
o 4 2 2 4 2 40,2 2
M(O,l) = B¢N(c, + 6¢c;c, + c;) <t2u2> [2{2( — 20mtu(t + u) — dm;(t° — 8tu + u*)

tu (
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Appendix D

Polylogs and Operator
Renormalization constants

D.1 GPLs and HPLs

We recall here that the GPLs are defined as iterated integrals over the rational functions
as,

G(ll,lg,...,ln;l‘) Z/ g G(lg,...,ln;t), (D.l)
A
1., )
G(0,0,..,0;z) :mln (x), G(z) =1, (D.2)

n

The definitions of the one and 2d-HPL for weight (n) one are:

H(l;y) = —In(l1-y),
H(0;y) = Iy,
H(-Ly) = In(1+y)
H(l—zy) = —ln<1—132>,

H(zy) = In (y+z>. (D.3)

z

and the rational fractions for 1d-HPL
FAiy) = FO) = © (L) = (D.4)
7y - 1 _ y M 7y - y ) 7y - 1 +y M .

For 2d-HPL, the rational fraction in terms of y, z

1
. _ 1 . _
f(l_zvy) - 1I—y—z>° f(27y> - Y+ 2z ) <D5>
such that 9
—H(a;y) = f(a;y), with a=+41,0,—1,1— z, 2. (D.6)

oy
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For n > 1:

—H(a,byy) = f(a;y)H (byy) . (D.9)

D.2 Operator Renormalization constants

The operator renormalization constant that given in Eq. (6.26) and Eq. (6.27) are

176 16
Ci = =5 Cang + 513}

2

Z(;Gzl—i-as + ag

122 4
L2g L
e{ 4 3nf

- %{484

9

1{34 (D.10)

10
£ 2 _ _
3 C3 3 Cany 2Can}

1

24
767 =g [ — =Cp| +a2|5{ = 176C,Cp + 32Cpny }
€ €

1 284
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e{ 3 ( )

C. gcpnf +84CE }

],

€

107

44 10 31
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(D.12)
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