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“In the world’s broad field of battle,

In the bivouac of Life,

Be not like dumb, driven cattle

Be a hero in the strife

Trust no Future, howe’er pleasant

Let the dead Past bury its dead

Act,—act in the living Present

Heart within, and God o’erhead

.

.

.

Let us, then, be up and doing,

With a heart for any fate;

Still achieving, still pursuing,

Learn to labor and to wait.”

—- Henry Wadsworth Longfellow
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Abstract

The discovery of the neutrino oscillations by the various neutrino experiments from

the Sun, atmosphere, reactors and accelerators has been one of the important devel-

opments in the field of particle physics. It is a proof of the fact that the neutrinos are

not massless as predicted by the Standard Model of particle physics. It is a quantum

mechanical phenomenon where the neutrinos can change their flavor from one to an-

other due to the different flavor and mass eigenstates. The neutrino oscillations are

enhanced while passing through a medium which is known as the Mikheyev-Smirnov-

Wolfenstein (MSW) resonance. The neutrinos from a core-collapse supernova can

be an interesting probe of the nuclear processes and the dynamics of a supernova ex-

plosion. In a dense medium like a core-collapse supernova, in addition to the MSW

resonance, the neutrinos also undergo flavor conversions known as collective oscilla-

tions. This arises due to the neutrino-neutrino interactions in the dense medium.

In this thesis, we focus on the self induced neutrino flavor conversions in the

context of both slow and fast regime. The fast conversions are independent of the

neutrino mass and they grow at the scale of the large neutrino-neutrino interaction

strength (105 km−1) of the dense core. The slow collective modes, on the other hand

grow at a slower rate as they are driven by the smaller vacuum oscillation frequencies

(100 km−1). In the literature, these flavor conversions have been exclusively studied

in the standard two flavor scenario. Here, we discuss the aspects of studying these

conversions in the three flavor scenario. First we carry out a linearized study of

the three flavor slow and fast instabilities. Our slow flavor results are in qualitative

agreement with the existing non-linear three flavor studies. For the fast modes, our

results show that the inclusion of the third flavor may impact the growth rates of

flavor instabilities in comparison to the two flavor scenario. Motivated by this and

the supernova simulations with muon production, we perform the first non-linear

simulations of fast conversions in the presence of three flavors. The relaxation of

the assumption of taking equal fluxes of the non-electron flavors of neutrinos and

antineutrinos leads to some interesting results. Our analysis shows the need of the
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muon and tau lepton number angular distributions alongwith the electron lepton

number to have a complete understanding of the system. Both our only temporal

and the 1+1 D analysis are qualitatively same. Overall, our study emphasizes the

need to go beyond the simplistic approximation of the three species while studying

fast flavor oscillations. Finally, we investigate the phenomenological implication of

the fast oscillations on the diffuse supernova neutrino background.
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Chapter 1

Neutrino oscillations

The development of the theory of beta decay was one of the milestones in the

theory of weak interactions. The discovery of beta decay can be traced back to

the discovery of phenomenon of radioactivity in uranium by Henri Becquerel in

1896. In addition to this, there were two more types of radioactive decay, namely

alpha and gamma decay. The phenomenon of beta decay caught the attention of

the scientists due to its unusual behaviour. James Chadwick in 1914 measured the

β-spectrum and found it to be continuous. Moreover, the laws of conservation of

energy and angular momentum were found to be violated. If the β decay was a two

body decay similar to α and γ decay, then it would have shown discrete spectra.

One of the proposed solutions to this puzzle was that this missing energy could be

explained by the existence of a new particle which eventually led to the birth of the

‘neutrino’. The neutrino was first postulated by Wolfgang Pauli in 1930 [1, 2] to

explain the energy-momentum conservation in radioactive beta decays which was

then discovered experimentally by Cowan and Reines in 1956 [3].

The neutrino is a very light neutral lepton and is one of the most abundant

particles in the universe. It can interact only via the weak interaction and gravity.

Hence, it is very hard to detect. The Standard Model of particle physics predicts

three flavors of neutrinos corresponding to the three charged leptons i.e., electron

neutrino (νe), muon neutrino (νµ) and tau neutrino (ντ ). Similarly there are three

antineutrinos (ν̄e, ν̄µ, ν̄τ ) [4]. There are a large number of sources of neutrinos like

from nuclear reactions inside the Sun, collisions of cosmic rays with nuclei in the

upper atmosphere, Type II supernovae, neutrino background leftover from the big

bang, particle accelerators, nuclear reactors, etc.

Over the years, a large number of evidence regarding the existence of neutrino

oscillations have been provided by the different experiments from the Sun [5–10],

1
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Chapter 1. Neutrino oscillations

atmosphere [11–14], reactors [8, 15–17] and accelerators [18–20]. The idea of neu-

trino oscillations was first suggested by Pontecorvo (1957) [21] and later by Maki,

Nakagawa and Sakata (1962) [22]. It is a quantum mechanical phenomenon where

the neutrinos can change their flavor from one to another and the reason being their

different flavor and mass eigenstates. Neutrinos are produced in one of the three

flavor eigenstates whereas they propagate as linear combinations of the mass eigen-

states. During propagation, the mass eigenstates develop nontrivial relative phases

which leads to the phenomenon of neutrino oscillations and this is an indication

of the fact that neutrinos are not massless as considered in the Standard Model

of particle physics. When neutrinos pass through a medium, they interact with

the electrons and nucleons present there through weak interactions. This creates

an effective potential for the neutrinos which leads to the matter enhanced flavor

oscillations known as the MSW (Mikheyev-Smirnov-Wolfenstein) resonance [23–26].

The effect on the neutrino oscillations due to the MSW resonance has been studied

using the data from the different solar neutrino experiments [27–30]. In addition

to this, the potential of the long baseline experiments in testing the MSW effect

has also been investigated [31–33]. Besides Sun, nuclear reactors, accelerators etc.,

neutrinos are also produced inside the core of a supernova as a result of the nuclear

and particle processes happening there. The SN neutrinos play a crucial role in the

collapse and explosion of massive stars.

Massive stars whose masses are greater than 8M⊙ undergo Type II supernova

explosion at the end of their lifetimes. During this explosion, most (99 %) of the

gravitational energy is carried away by the neutrinos. Thus these neutrinos carry

information from the heart of the explosion and, due to their weakly interacting

nature, offer the only direct probe of the dynamics and thermodynamics at the center

of a supernova [34, 35]. SN1987A [36] was the first supernova whose observations

provided a great opportunity for the modern astronomers to study the development

of supernova in great detail and it also provided much insight into core-collapse

supernovae. The high density of neutrinos in a core-collapse supernova provides an

opportunity to study the flavor oscillations due to interaction of neutrinos among

themselves. As a result, in addition to MSW resonance, another phenomenon occurs

which is known as the collective oscillations [35]. As the name suggests, collective

oscillation of neutrinos is a phenomenon in which neutrinos of different energies

collectively undergo flavor conversion in a coherent manner. The neutrino spectra

observed from a galactic SN can carry the signatures of neutrino flavor conversions

deep inside a star. These signatures can be further utilised to infer the unknown

2
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1.1 Vacuum oscillations

neutrino properties, as well as to understand stellar dynamics.

In this thesis, we focus on the neutrino oscillations in a supernova. To introduce

the formalism in supernova neutrino oscillation, we first discuss the vacuum oscil-

lations and the MSW resonance. This chapter also states the current status of the

understanding of the three flavor oscillations.

1.1 Vacuum oscillations

The flavor eigenstates of the neutrinos (νe, νµ and ντ ) are different from the mass

eigenstates (ν1, ν2 and ν3). Thus, the probability that a neutrino created in a par-

ticular flavor state will be found at a later time in the same state or any other flavor

state oscillates with time.

The flavor eigenstates (να) can be written as a linear combination of the mass

eigenstates (νj) in the form [37]:

|να⟩ =
∑
j

U∗
αj |νj⟩ (1.1)

where, the unitary matrix ‘U’ is the neutrino mixing matrix. Note that for antineu-

trinos, the relation between the mass and flavor eigenstates is |ν̄α⟩ =
∑

j Uαj |ν̄j⟩.
Suppose initially at time t = 0, the neutrino is produced in flavor eigenstate |να⟩.
Now we are interested to find the probability of finding this neutrino in some other

state |νβ⟩ at a later time ‘t’. So, if the initial state is |ν(0)⟩ = |να⟩ =
∑

j U
∗
αj |νj⟩.

Then, at a later time ‘t’ it becomes

|ν(t)⟩ =
∑
j

U∗
αje

−iEjt |νj⟩ (1.2)

The probability of finding the neutrino in the state |νβ⟩ is given by

P (να → νβ; t) = | ⟨νβ|ν(t)⟩ |2 =
∣∣∣∑

j

UβjU
∗
αje

−iEjt
∣∣∣2 (1.3)

For relativistic neutrinos (|pi| >> mi),

Ei =
√
|pi|2 +m2

i ≃ |pi|+
m2

i

2|pi|
(1.4)

Here, the terms of O(
m4

i

|pi|3
) and higher have been neglected. Further we expand the

3
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Chapter 1. Neutrino oscillations

second term of equation 1.4 as follows :

m2
i

2|pi|
=

m2
i

2(Ei −m2
i )

1/2

≃ m2
i

2Ei

(
1 +

m2
i

2E2
i

)
≃ m2

i

2Ei

(1.5)

Here also the further higher order terms are neglected. Now, we substitute equations

1.4 and 1.5 in equation 1.3. Also we consider that all the mass eigenstates have same

energy (Ei ≃ E). So the transition probability can be written as

P (να → νβ; t) =
∣∣∣∑

i

UβiUαi

∣∣∣2 − 4
∑
i>j

Re(U∗
αiUβiUαjU

∗
βj) sin

2

(
∆m2

ij

4E
t

)

+ 2
∑
i>j

Im(U∗
αiUβiUαjU

∗
βj) sin

(
∆m2

ij

4E
t

)
(1.6)

Using the unitarity property of U, the above equation becomes

P (να → νβ; t) = δαβ − 4
∑
i>j

Re(U∗
αiUβiUαjU

∗
βj) sin

2

(
∆m2

ij

4E
t

)

+ 2
∑
i>j

Im(U∗
αiUβiUαjU

∗
βj) sin

(
∆m2

ij

4E
t

)
(1.7)

where, ∆m2
ij = m2

i − m2
j is the mass squared difference. Moreover, when α = β,

equation 1.7 represents the survival probability and when α ̸= β, it denotes the

conversion probability. Now we discuss the two flavor and three flavor scenarios in

detail.

1.1.1 Two flavor case

First we consider the simple case of two neutrino mixing. Here, two species of

neutrinos νe and νµ, i.e. α = e, µ and j = 1, 2 are considered. In this scenario, the

mixing matrix ‘U’ takes the form [38] :

U =

 c s

−s c

 (1.8)

4
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1.1 Vacuum oscillations

So, the flavor eigenstates can be written as a linear combination of the mass eigen-

states as follows:

|νe⟩ = c |ν1⟩+ s |ν2⟩

|νµ⟩ = −s |ν1⟩+ c |ν2⟩
(1.9)

where, c = cos θ0, s = sin θ0 and θ0 denotes the vacuum mixing angle whose value

lies in the interval [0, π/2]. Let us suppose that at time t = 0, the neutrino is in

flavor state |νe⟩. So the transition probability to |νµ⟩, given by the equation 1.7

takes the form :

P (νe → νµ; t) = P (νµ → νe; t) = sin2(2θ0) sin
2

(
∆m2

21

4E
t

)
(1.10)

For relativistic neutrinos, L ≃ t and thus equation 1.10 can also be written as

P (νe → νµ;L) = P (νµ → νe;L) = sin2(2θ0) sin
2

(
∆m2

21

4E
L

)
(1.11)

where ∆m2
21 = m2

2 −m2
1 and L is the distance between the source and the detector.

Note that we will identify ∆m2
21 as the solar mass squared difference later. Focussing

on equation 1.11, there are two terms which govern the neutrino oscillation. They

are as follows:

(1) The first term (sin2(2θ0)) depends on the mixing angle and it describes the

amplitude or depth of the neutrino oscillations. The maximum value of the

amplitude is 1 and it occurs when mixing is maximal i.e. θ0 = 45◦. The mixing

is small when θ0 is close to zero or 90◦. This is the case when the flavor and

mass eigenstates are almost coinciding.

(2) The second term determines the frequency of the oscillation. It is a function of

the mass squared difference (
∆m2

21

4E
) and the distance (L). Not only the mixing

needs to be large, the phase should also not be very small in order to have a

substantial amount of transition probability.

The reactor oscillation experiments have E ∼ 1 MeV while for the accelerator

oscillation experiments E ∼ 1 GeV. So the transition probability can be expressed

as :

P (νe → νµ;L) = P (νµ → νe;L) = sin2(2θ0) sin
2

(
π

L

losc

)
(1.12)

5
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Chapter 1. Neutrino oscillations

where losc is the oscillation length which is equal to the distance between any two

closest maxima or minima of the transition probability. It is given as

losc =
4πE

∆m2
21

≃ 2.48m
E (MeV )

∆m2
21 (eV

2)
≃ 2.48 km

E (GeV )

∆m2
21 (eV

2)
(1.13)

In order to measure the transition between different flavors in different neutrino

oscillation experiments, one important quantity is
∆m2

21 L

2E
. So if

∆m2
21 L

2E
≪ 1, then

the transition cannot be measured or in other words, if L ≪ losc, then the phase

factor in the second term of equation 1.12 is very small and thus oscillations fail

to develop. On the other hand, if
∆m2

21 L

2E
≫ 1 or L ≫ losc, then the transition

probability undergoes fast oscillations. As a result, it gets averaged out at the

detector and the probability of transition becomes P̄ = 1
2
sin22θ0. Therefore, the

only information which can be obtained from such experiments is that about the

mixing angle θ0. So to obtain the complete information about the oscillations, the

various experiments are designed by choosing suitable values of L
E
so as to make them

sensitive to different ∆m2
21 values. In other words, the ratio L

E
is chosen in such a way

so that
∆m2

21 L

2E
∼ 1. Based on this factor, the different oscillation experiments are

classified into Short Baseline, Long Baseline and Very Long Baseline experiments.

1.1.2 Three flavor case

Now we consider the case of three flavors of neutrinos νe, νµ and ντ . In this scenario,

according to equation 1.1, α = e, µ, τ and j = 1, 2, 3. The mixing matrix ‘U’ is

known as the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix [21, 22] which

can be parametrized as [4]:

U =


c12c13 s12c13 s13e

−iδ

−s12c23 − c12s23s13e
iδ c12c23 − s12s23s13e

iδ s23c13

s12s23 − c12c23s13e
iδ −c12s23 − s12c23s13e

iδ c23c13

 ×


1 0 0

0 ei
α21
2 0

0 0 ei
α31
2


(1.14)

So, the flavor eigenstates can be written as a linear combination of the mass eigen-

states as follows:

6
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1.1 Vacuum oscillations


νe

νµ

ντ

 =


Ue1 Ue2 Ue3

Uµ1 Uµ2 Uµ3

Uτ1 Uτ2 Uτ3




ν1

ν2

ν3

 (1.15)

where, cij = cos θij and sij = sin θij and θij lies in the interval [0, π/2]. So, there

are three mixing angles θ12, θ13, θ23, one Dirac C-P violating phase (δ = [0, 2π])

and two Majorana C-P violating phases α21 and α31. The Majorana phases do not

affect the neutrino oscillations and thus we will not consider them further. In the

three flavor case, the oscillation probabilities are given by the general expression

1.7, where now there are three mass squared differences (∆m2
21,∆m2

31 and ∆m2
32).

The three mass eigenstates have a hierarchy between them on which the sign of the

three mass squared differences depend. If m1 ≪ m2 ≪ m3, the mass ordering is

considered to be normal and it is inverted if m3 ≪ m1 ≃ m2. The solar neutrino

data indicates the presence of a small mass squared difference while the atmospheric

data requires a larger mass squared difference for its explanation. So the smaller

one is termed as the solar mass squared difference, i.e., ∆m2
⊙ ≈ ∆m2

21 and the

larger one is the atmospheric mass squared difference, i.e., ∆m2
atm ≈ ∆m2

31 ≈ ∆m2
32.

In addition to the above two mass orderings, it is also possible that the neutrinos

are quasi-degenerate in mass and only their mass differences follow an ordering.

However, several studies have been carried out to investigate the validity of this

scheme [39–43]. In the quasi-degenerate case, mi > 0.2 eV. The current limit on

the kinematical mass for beta decay from the KATRIN experiment is mβ < 0.8 eV

(90 % CL) and the sensitivity goal is 0.2 eV [44]. On the other hand, the current

cosmological bound on the sum of the neutrino masses is
∑

mν < 0.12 eV [45]. So,

the current limit and sensitivity from KATRIN would correspond to
∑

mν ≈ 2.4

eV and 0.6 eV. In [44], it is reported that the latest upper limit from KATRIN have

narrowed down the allowed range of quasi-degenerate neutrino-mass models and

have provided model-independent information about the neutrino mass. It further

allows the testing of non-standard cosmological models. In contrast to the two flavor

case, here it is difficult to obtain a simple form of the probability. However, it can

be simplified under some limiting cases two of which have been discussed below.

Let us first consider the case of atmospheric, reactor and accelerator experiments

for which
∆m2

21 L

2E
<< 1. Effectively there are no oscillations in this case and it can

7
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Chapter 1. Neutrino oscillations

be considered that ∆m2
21 → 0. So the oscillation probability becomes :

P (να → νβ;L) = 4 |Uα3|2 |Uβ3|2 sin2

(
∆m2

31 L

4E

)
(1.16)

For instance, the survival probability of the electron neutrinos can be written as :

P (νe → νe;L) = 1− sin2(2θ13) sin
2

(
∆m2

31 L

4E

)
(1.17)

which is similar to that of two flavor case with mixing angle as θ13 and mass squared

difference as ∆m2
31.

Now we consider another limiting case which is applicable for the solar neutrino

experiments and the very long baseline experiments. We have
∆m2

31 L

2E
≃ ∆m2

32 L

2E
≫ 1

and thus the oscillation probability due to ∆m2
31 and ∆m2

32 get averaged out. So

the survival probability of νe becomes :

P (νe → νe;L) = c413 P + s413 (1.18)

where, P is again the two flavor νe survival probability with the mixing angle as θ12

and the mass squared difference as ∆m2
21. The expression for P in case of vacuum

neutrino oscillations is given by :

P = 1− sin2(2θ12) sin
2

(
∆m2

21 L

4E

)
(1.19)

1.2 Oscillation in matter

Till now, we focussed on the vacuum neutrino oscillations. But in all realistic sit-

uations, like neutrino propagation in Sun, neutrino propagation through the Earth

before detection, neutrino oscillation in dense objects like supernovae etc., the neu-

trinos interact with the background matter. As a result, they undergo a refractive

effect due to which the oscillation probability is enhanced. This is known as the

Mikheyev-Smirnov-Wolfenstein (MSW) effect.

Ordinary matter consists of electrons, protons and neutrons. So, when neutrinos

pass through it, they interact with the constituents through the Standard Model

weak interactions (as shown in figure 1.1). The neutrinos undergo both elastic and

inelastic scattering with the electrons and nucleons [23]. The dominant contribu-

8
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1.2 Oscillation in matter

tions are from the elastic processes which are proportional to GF as compared to

the G2
F dependent inelastic processes. All the flavors of neutrinos (νe, νµ and ντ )

interact through neutral current interactions with the electrons and the nucleons.

Additionally, νe undergo charged current interactions with electrons. However, due

to the absence of muons and tauons, the non-electron flavors (νµ and ντ ) do not have

similar interactions. As a result, an effective potential is created which is propor-

tional to the number density of the matter constituents. Due to charge neutrality,

the contribution from electrons and protons to the neutral current interactions can-

cel each other. So, the form of the potential due to charged current and neutral

current interactions is given by [38]:

Vcc =
√
2GFne(r)

Vnc = −
√
2GF

nn(r)

2

(1.20)

where, ne(r) and nn(r) are the local electron and neutron densities respectively. The

equation of motion for the evolution of neutrinos in matter background is given as:

i
d

dt

νe

νµ

 =

−∆m2

4E
cos 2θ0 + Vcc

∆m2

4E
sin 2θ0

∆m2

4E
sin 2θ0

∆m2

4E
cos 2θ0


νe

νµ

 (1.21)

Here, there is a common term in the diagonal elements due to neutral current inter-

actions (Vnc) which can be written as proportional to an identity matrix. This will

only appear as an overall phase factor which can be eliminated by the redefinition

of fields. Thus, it will not affect the oscillation probability. This equation of motion

(in flavor basis) is valid when the matter density is constant as well as when it varies

with distance. This equation is not easy to solve analytically in general but it can

be done so under certain conditions.

1.2.1 Constant matter density

First, we consider the case of constant matter density, i.e., ne is constant. This makes

the problem analytically solvable. Here, we consider the basis of instantanteous

matter eigenstates, in which the Hamiltonian is diagonalizable. The transformation

relation between the flavor states and matter states in the two flavor scenario is

given by [46],

9

TH-2924_176121012



Chapter 1. Neutrino oscillations

Figure 1.1: The Feynmann diagrams for the charged current and neutral current interactions
of the neutrinos with background matter. Left panel : Charged current interaction of electron
neutrino with the electron. Right panel : Neutral current interactions of all the flavors of neutrinos
with electron, proton and neutron. This figure is taken from [37].

νe

νµ

 =

 cos θ̃ sin θ̃

− sin θ̃ cos θ̃


ν̃1

ν̃2

 (1.22)

where the mixing angle in matter θ̃ in terms of the vacuum mixing angle θ0 is given

by :

tan 2θ̃ =
∆m2

2E
sin 2θ0

∆m2

2E
sin 2θ0 −

√
2GFne

(1.23)

The effective mass squared difference and the effective squared masses in matter are

given by the following two equations respectively.

∆m̃2 =
√

(∆m2 cos 2θ0 − 2EVcc)2 + (∆m2 sin 2θ0) (1.24)

m̃2
1,2 =

1

2
(m2

1 +m2
2 + 2EVcc ±∆m̃2) (1.25)

So, now the oscillation probability in matter with constant density can be writ-

ten similar to that of vacuum. Here the difference is that the vacuum parameters

are replaced by their corresponding ones in matter. The expression for oscillation

probability is given by [46]

P (νe → µµ) = sin2 2θ̃ sin2

(
∆m̃2

4E
L

)
(1.26)

and the amplitude of the oscillation is

10
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1.2 Oscillation in matter

sin2 2θ̃ =

(
∆m2

2E

)2
sin2 2θ0(

∆m2

2E
cos 2θ0 −

√
2GFne

)2
+
(

∆m2

2E

)2
sin2 2θ0

(1.27)

Note that from equation 1.27, the maximum value of l.h.s is reached, i.e., sin2 2θ̃ = 1

when the following condition is satisfied

∆m2

2E
cos 2θ0 =

√
2GFne (1.28)

This is known as the Mikheyev Smirnov Wolfenstein (MSW) resonance condition.

It is evident from equations 1.23 and 1.27 that the mixing in matter is maximal

(θ̃ = 45◦) on the fulfillment of the MSW resonance condition. Moreover, it is

independent of the vacuum mixing angle (θ0) which means that even for a very

small value of θ0, the oscillation probability of neutrino in matter can be enhanced.

In case of antineutrinos, the effective potential Vcc has an opposite sign and thus

the resonance cannot occur simutaneously for both neutrinos and antineutrinos. It

occurs for one at a time for a particular value of ∆m2.

1.2.2 Varying matter density

We now consider the realistic case where the matter density varies with distance

or time. In this scenario, the transformation matrix between the flavor and matter

basis also becomes time dependent. Thus, the evolution equation now becomes

i
d

dt

ν̃1

ν̃2

 =

∆m̃2

2E
−idθ̃

dt

idθ̃
dt

−∆m̃2

2E


ν̃1

ν̃2

 (1.29)

It can be clearly seen from the above equation that the Hamiltonian is not diagonal

in this basis. Depending on the size of the off-diagonal elements, we can classify the

variation to be adiabatic or non adiabatic. This can be quantified by a parameter

called as adiabaticity parameter given by

γ ≡
|∆m̃2

2E
|

|dθ̃
dt
|

=
∣∣∣ 4(∆m̃2)3

∆m2 sin 2θ0

(dVcc

dt

)−1∣∣∣ (1.30)

If the variation of the off-diagonal |dθ̃
dt
| << ∆m̃2

2E
, then γ >> 1 (adiabatic) and thus

the transition between ν̃1 and ν̃2 are suppressed. However, the situation is non-
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Chapter 1. Neutrino oscillations

adiabatic for γ << 1 where there are substantial transitions. So, the transition

probability from one matter eigenstate to another is given by

Pr =
exp
(
− π

2
γrF

)
− exp

(
− π

2 sin2 θ0
γrF

)
1− exp

(
− π

2 sin2 θ0
γrF

) (1.31)

where F is a parameter depending on the density profile and γr is the adiabaticity

parameter at the MSW resonance. The value of γ near the MSW resonance is given

by

γr =
∆m2

2E

sin2 2θ0
cos 2θ0

∣∣∣ 1
Vcc

dVcc

dt

∣∣∣−1

r
(1.32)

Further details of the matter resonance in the specific scenario of dense medium

like supernova will be discussed in the subsequent chapter. Now we move on to the

current status of the three flavor neutrino oscillations in the next section.

1.3 Current status of three flavor neutrino oscillations

In the three flavor framework of neutrinos, there are six parameters which govern

their oscillations. In order to explain the generalized system completely, all of these

parameters need to be determined. The six parameters are the two mass squared

differences ∆m2
21 and ∆m2

31, three mixing angles θ12, θ23, θ13 and the CP violating

phase δ. Depending on the sign of ∆m2
31, there are two mass orderings. ∆m2

31 >

0(< 0) corresponds to normal ordering (inverted ordering).

Currently, five (∆m2
21, |∆m2

31|, θ12, θ23 and θ13) out of six of these unknown pa-

rameters have been determined with great precision from the various experiments

using atmospheric, solar, reactor and accelerator neutrinos. However, the mass or-

dering (sign of ∆m2
31) and δ are still unknown.

The solar neutrino parameters, i.e. solar mass squared difference ∆m2
21 and the

solar mixing angle θ12 are mainly constrained by the KamLAND reactor experiment

[8], SNO [9, 47], Super-Kamiokande [11, 48], Borexino [49], and Gallex [50]. The

bounds on the parameters θ23 and ∆m2
atm come from the atmospheric neutrino ex-

periments (SK) [11, 12] and the long baseline accelerator experiments (eg. MINOS)

[51]. The mixing angle θ13 is determined by the reactor experiments [15, 16]. The

value of the CP violating phase ‘δ’ is planned to be determined by the long baseline

experiments. The best fit values of the oscillation parameters determined from the

global analysis with the error at 1σ are given by [52]. The values corresponding to
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1.3 Current status of three flavor neutrino oscillations

both mass orderings are mentioned in table 1.1.

Normal Ordering Inverted Ordering

sin2 θ12 0.304+0.012
−0.012 0.304+0.013

−0.012

∆m2
21

10−5 eV 2 7.42+0.21
−0.20 7.42+0.21

−0.20

sin2 θ23 0.573+0.016
−0.020 0.575+0.016

−0.019

|∆m2
l |

10−3 eV 2 +2.517+0.026
−0.028 −2.498+0.028

−0.028

sin2 θ13 0.02219+0.00062
−0.00063 0.02238+0.00063

−0.00062

δ/◦ 197+27
−24 282+26

−30

Table 1.1: The best fit values to the global data for the oscillation parameters corre-
sponding to both normal (NO) and inverted ordering (IO) (taken from [52]). The errors
at 1 σ are also mentioned. Here ∆m2

3l ≡ ∆m2
31 > 0 for NO and ∆m2

3l ≡ ∆m2
32 < 0 for IO.

In comparison to the previous data, the latest analysis [52] shows that the allowed

range of δ is pushed towards the CP conserving value of 180◦ and it is allowed at

0.6 σ. On the other hand, in case of inverted ordering (IO) the best fit value of δ

is close to maximal CP violation which is favoured at around 3σ. All these results

are obtained after incorporating the new data from the long baseline accelerator

experiments T2K [53] and NOvA [54].

Regarding the mass ordering, the normal ordering (NO) is favoured at 1.6 σ

which has also decreased significantly as compared to the previous hints. However,

when combined with the χ2 map provided by the SK experiment for their atmo-

spheric data, the hint for NO is at 2.7 σ.

Besides the oscillation parameters, the other important information about the

neutrinos which is not known to us is its absolute mass and nature. The oscilla-

tion probability is not affected by the nature of the neutrinos (Dirac or Majorana)

and thus it cannot be determined by the neutrino oscillation experiments. The

experiments searching for neutrinoless double beta decay [55–57] can be helpful in

investigating the Majorana nature of neutrinos. Although the absolute mass of the

neutrino is not yet known, there is an upper bound on the sum of the neutrino

masses from cosmology, i.e.,
∑

mν ≲ 0.15 eV [58, 59].

In this chapter, we provided a generalized introduction to the basics of neutrino

oscillations. We began the discussion with the vacuum neutrino oscillations. Then

we explained the more realistic scenario of MSW resonance which occurs when

neutrinos pass through a medium. We elaborated the effects for both cases of
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Chapter 1. Neutrino oscillations

constant and varying density of the medium. As mentioned earlier, in addition to

the production of neutrinos from the Sun, nuclear reactors, and accelerators, another

major source of MeV neutrinos is the core-collapse supernova. The neutrinos emitted

from a supernova can indirectly probe the nuclear processes at a supernova core and

is an exciting field of study. In the next chapter, we will particularly focus on

neutrino production and oscillations in a supernova.

14
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Chapter 2

Supernova neutrino oscillations

In the previous chapter, we introduced the neutrino oscillations and summarized the

current status of the three flavor neutrino oscillations. In this chapter we extend

the discussion by focussing on the neutrino oscillation in dense medium, particularly

core-collapse supernova.

2.1 Core-collapse supernova

A supernova (SN) occurs at the end of the lifetime of a star. It is the superexplosion

pronouncing the death of a massive star. SNe are broadly classified into two types,

namely type I and type II. The distinction is based on their light curves and the

presence or absence of hydrogen lines in their spectra. Here we are interested in

the type II supernova explosion which is also known as the core-collapse supernova.

It occurs for the massive stars having mass greater than (8 − 10)M⊙. In this sec-

tion, we present an overview of the mechanism of a core-collapse supernova and the

corresponding emission of neutrinos [34].

2.1.1 Explosion mechanism

The whole process of maintaining the stability of a star depends on the interplay be-

tween two forces, i.e. the gravitational force acting inwards and the outward pressure

due to the material present inside the star. When the gravitational force becomes

larger and the star starts moving inwards, the temperature inside the star increases,

thereby creating favourable conditions for the nuclear fusion to occur. Nuclear fu-

sion is a process in which lighter elements fuse together to form heavier ones and a

large amount of energy is released. The fusion process in low mass stars ends after

15
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helium fusion. However, the stars having mass larger than 8 to 10 M⊙ undergo fur-

ther fusion processes after the formation of carbon [34, 35, 60–65]. Helium burning

is followed by carbon which is further followed by neon, oxygen, silicon. Each of the

successive burning process lasts for a shorter period of time than the previous one

which finally ends with the production of iron. As a result, an onion shell structure

is formed where each successive inner shell represents the heavier element. After

the formation of iron, the fusion process stops. This is because iron has the highest

average binding energy per nucleon and thus requires energy in order to fuse into

heavier elements. So now, the star begins to collapse as the electron degeneracy

pressure can no longer hold it against the inward gravitational force (as star reaches

Chandrashekhar mass limit of 1.4 M⊙). As it starts to collapse, the temperature

in the star’s core keeps on increasing and γ rays are released. These high energy

γ rays break the iron nuclei up into He nuclei through the process called photo-

disintegration. As the contraction continues, electron capture takes place releasing

large number of neutrinos. These neutrinos carry considerable amount of energy

which further causes the core to cool and contract even further. At ρ ≈ 1012g/cm3,

neutrinos get trapped in the core as their diffusion time becomes larger than the

collapse time. The collapse continues until nuclear densities reach ρ ≈ 1014g/cm3.

This is when the core stiffens which further slows down the infall of the core. At

this point of time, the core bounces back and creates a shock-wave into the outer

core. Finally, the shock wave reaches the surface of the star. This is followed by the

explosion of the star which blasts off its outer envelope injecting the stellar material

and the newly generated elements into the interstellar medium. This ultimately

leaves behind a neutron star or a black hole depending on the final mass of the core.

The scenario where the source of the explosion is the shock-wave is known as

the “prompt explosion scenario” [34, 66, 67]. This is usually true for low mass

stars. However, the simulations suggest that for larger progenitors while moving

outwards, a lot of the kinetic energy of the shock-wave is lost in dissociating the

heavy nuclei in the surroundings. This causes the shock-wave to stall after about 100

ms. Thus for larger stellar mass objects, explosion fails to take place. It is speculated

that for the explosion to be successful, more energy needs to be deposited in the

shock-wave while it propagates out. This can be possible if the neutrinos diffuse

from their last scattering surface (neutrinosphere) and deposit some of the energy

by interacting with the dense matter behind the shock-wave. This is known as

the “delayed explosion scenario” [68, 69] where the neutrinos help in reviving the

shock-wave leading to a successful explosion. Note that the exact mechanism of
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2.1 Core-collapse supernova

the explosion is still not known and is under active research. It has been found

in hydrodynamical simulations [70, 71] that the delayed neutrino heating scenario

does not always result in successful explosions without any artificial trigger like

in 1D simulations, the heavy mass stars fail to explode which leads to the need

of multidimensional simulations. In 2D simulations, including convection process

results in successful explosions whereas in 3D the convection alone is not enough to

drive the explosion [71–74].

2.1.2 Neutrino emission

The explosion of a star into a type II supernova is accompanied by the emission of

a large number of neutrinos, and 99% of the total gravitational energy (1053 ergs)

of the collapse is released in form of neutrinos (≈ 1058). This neutrino emission

happens in a time period of ∼ 10 seconds and contains neutrinos of all three fla-

vors. The emission of the neutrinos occurs mainly in three phases [60, 65] namely

Neutronization Burst Phase, Accretion Phase and Kelvin-Helmholtz Cooling Phase.

Figure 2.1 shows the variation of the luminosities (top panel) and average energies of

the different neutrino flavors (bottom panel) with the post bounce time in seconds.

We discuss these three phases in detail below.

• NEUTRONIZATION BURST : This phase lasts for around 25 ms after the

core bounce. Due to the electron capture on the free protons, a large number of

electron neutrinos are emitted during this phase as compared to other flavors

and thus the name ‘neutronization burst’. This phase is shown in the leftmost

panel of figure 2.1. It can be seen from the figure that the luminosity of

the electron flavor neutrino is highest in this phase as compared to the other

flavors.

• ACCRETION PHASE : This phase (middle panel of figure 2.1) can be further

divided into the early accretion phase and the later accretion phase. The early

phase extends up to ∼100 ms post bounce. During this time, the shock wave

propagates out to a distance of ∼200 km before it stalls. The later phase lasts

for several hundred milliseconds until the shock is revived. Here, other flavors

are also emitted in appreciable amount as can be seen from the luminosities.

Also there is a hierarchy in average energies (⟨Eνµ,τ ⟩>⟨Eνe⟩>⟨Eνe⟩). Note

that the y-axis scale for the luminosity in the middle panel is 10 times that of

the left one.
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Figure 2.1: The luminosities and average energies of different neutrino flavors vs the post
bounce time for the three phases of neutrino emission. These are obtained from the results of
Basel/Darmstadt simulation [75] of a 18 M⊙ progenitor. The left, middle and right panels corre-
spond to the neutronization burst phase, accretion phase and cooling phase respectively. In the
top middle panel, y-axis scale is 10 times that of left one and it is 100 times for the top right panel.
This figure is taken from [76].

• KELVIN-HELMHOLTZ COOLING PHASE: This is the final phase which

lasts till a time period of 10-20 s. Here, after the shock is revived and the

mantle of the star starts moving outwards, the neutrino emission is simply

due to the cooling of the hot proto-neutron star. In this phase shown in the

rightmost panel of figure 2.1, the hierarchy of the average energies is milder

compared to that of accretion phase. In this panel, the scale of y-axis for

luminosity is 100 times of the leftmost panel.

The reason for such a hierarchy in the average energies of the different flavors of

neutrinos is the fact that they have different interaction cross-sections with the

nucleons. In other words, the non-electron flavors (νµ, ντ , ν̄µ and ν̄τ ) have smaller

opacities as compared to νe and ν̄e. The electron neutrino and antineutrino take

part in the reactions

νe + n → p+ e−

ν̄e + p → n+ e+ (2.1)

However, the non-electron flavor neutrinos and antineutrinos do not undergo such

charged current reactions as they do not have enough energy to produce the heavy

leptons. As a result, they decouple earlier, i.e. at higher temperatures and also have

higher energies. Moreover, since the electron neutrino has a larger cross-section

than that of the electron antineutrino, ν̄e decouples earlier than νe. So, the average

energies of the different flavors follows the order as ⟨Eνe⟩ < ⟨Eν̄e⟩ < ⟨Eνµ,τ ⟩. In ad-
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dition to this, due to the dependence of cross-section of neutrino-nucleon scattering

on energy (σ ∝ G2
FE

2
ν), the last scattering surface of neutrinos called the neutri-

nosphere is also energy and flavor dependent. The neutrinosphere radius changes

with the post bounce time. The typical value ranges from around 102 km during

the accretion phase to around 30 km at the beginning of the cooling phase [77].

The whole hydrodynamic process of the explosion of a massive star into a su-

pernova is very complex. More detailed information about the neutrino fluxes and

the average energies are provided by the numerical simulations. In these simula-

tions, detailed neutrino transport is applied taking into account all the necessary

weak interaction processes. As is evident from figure 2.1, the luminosities and the

average energies of the emitted neutrinos are a function of time. The delayed neu-

trino heating mechanism does not always lead to successful explosions in the SN

hydrodynamic simulations. Although the lowest mass progenitors (8M⊙ − 10M⊙)

with oxygen-neon-magnesium core or small iron cores explode in the 1D simulations

(spherically symmetric), the heavier mass ones do not [70, 78–83]. So, for the heavy

mass progenitors, one has to implement the multi-dimensional simulations in order

to obtain a successful neutrino driven explosion. In 2D (axisymmetric) simulations,

inclusion of the convection process inside the PNS just below the neutrinosphere

[64, 70] amplify the early neutrino luminosities and thus more amount of energy is

deposited behind the shock. This can result in explosion sometimes. In 3D case, the

convection alone is not enough to drive the explosion [71–74]. In addition to this,

non-radial hydrodynamic instabilities like SASI (Standing Accretion Shock Insta-

bility) [84–86] can also aid the neutrino driven explosion in the multi-dimensional

models. Recently, 2D simulations have been carried out by including muons [87]

whose presence is usually neglected due to their low abundance in supernova matter

as compared to electrons. It has been shown that the inclusion of muons leads to

the softening of neutron star equation of state and faster contraction of the neutron

star. This further leads to higher values of luminosity and average energy of the

emitted neutrinos and thus helps in successful neutrino driven explosions.

2.1.3 Neutrino spectrum

The large number of neutrinos reaching the detectors after being emitted from deep

inside the core of an exploding star can provide significant information about the

inside of the star as well as the masses and mixing of neutrinos [35, 88, 89]. In order

to extract this information, measurement of the neutrino signal from a galactic
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Figure 2.2: Neutrino spectra given by equation 2.2 for typical average energies ⟨Eνe⟩ = 12 MeV,
⟨Eν̄e

⟩ = 15 MeV, ⟨Eνx
⟩ = 18 MeV. Here, β = 4. The parameter values has been taken from [91].

SN is required. The emission of the neutrinos from a supernova is similar to that

of a blackbody emission. However, their spectrum is somewhat different from the

thermal spectrum. This is because of the dependence of the interaction cross-sections

of the neutrinos with the background nucleons on energy. So, the neutrinos of

different energies are emitted at different radii and at different temperatures. As

a result, the spectrum of a SN neutrino signal becomes pinched. So, the neutrino

spectra is fitted by the SN simulations with a quasi-thermal spectra also known as

the alpha-fit [90, 91]. Note that here we have denoted the spectral parameter by β

instead of α (the usual convention). The form of the function used to fit the spectra

is as follows:

Fνα(E) =
(β + 1)(β+1)

Γ(β + 1)

Eβ

(⟨Eνα⟩)β+1
exp

[
− (β + 1)

E

⟨Eνα⟩

]
(2.2)

where, α denotes the flavor of the neutrino and
∫
dEFνα = 1. The average energy

of the neutrinos is given by ⟨Eνα⟩ and Γ(x) is the Euler gamma function. β is the

spectral parameter which determines the width of the spectra and is given by :

β =
2⟨E⟩2 − ⟨E2⟩
⟨E2⟩ − ⟨E⟩2

(2.3)

The spectral parameter β is also time dependent which means that they can be

different for different neutrino emission phases. The typical values of β as given by

simulations [91] are in the range 2 ≤ β ≤ 5, with the lower limit being the broadest

and the higher limit the narrowest spectra. The total number of neutrinos emitted
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or the total flux is given by

Φνα(E) =
Lνα

⟨Eνα⟩
Fνα(E) (2.4)

where Lνα is the luminosity of the corresponding flavor of neutrino. We have shown

an example of the spectra in figure 2.2 for some typical values of the average energies

taken from [91]. In figure 2.2, νx = ν̄x denotes the non electron flavors νµ, ντ , ν̄µ and

ν̄tau or their linear combinations.

While passing through the dense supernova matter, the neutrinos undergo flavor

oscillations due to the background matter which will be reflected in their final fluxes

reaching the detector. So, we will discuss the various oscillation scenarios undergone

by the SN neutrinos in the next section.

2.2 Oscillations of supernova neutrinos

The neutrinos free streaming from the neutrinosphere travel through the supernova

envelope where they undergo interactions with the background matter which is then

followed by their travel through the vacuum in interstellar space before they reach

the detector. In addition to the ordinary matter densities inside the core, these

neutrinos also encounter a large background neutrino density. As a result, besides

MSW conversion another phenomenon known as collective oscillations take place.

Let us first start with the equation of motion governing the evolution of the

neutrinos while they travel from the supernova core to the detector. The formalism

of describing the flavor evolution of the neutrino beams through the Schrödinger

equation is not adequate when we are dealing with the evolution of a statistical

ensemble of neutrinos simultaneously mixing and scattering in a medium. Such

scenario arises in a supernova or early universe, where the neutrino density is so high

that an ensemble has to be considered rather than single particle states. Here, in

addition to the refraction caused by background matter and background neutrinos,

collisions have to be taken into consideration [23, 25, 92]. These collisions can

destroy the coherence and thus oscillations can be affected. So, in order to model

the neutrino flavor conversions, the density matrix formalism is adopted as it can

take into consideration both mixed states and possible loss of coherence due to

collisions which is explained in detail in [93]. The equations of motion describing

the spatial and temporal evolution of the neutrino occupation number matrices ϱp,x,t
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for momentum p at position x and time t can be written in the form [93]

(∂t + vp · ∇x) ϱp,x,t = −i[Hp,x,t, ϱp,x,t] + C[ϱp,x,t] (2.5)

where, Hp,x,t is the Hamiltonian of the system and C[ϱp,x,t] is the collision term.

The occupation number matrices for neutrinos and anti-neutrinos are ϱp and ϱ̄p,

respectively and in general has the form

ϱp,x,t =


ϱeep,x,t ϱeµp,x,t ϱeτp,x,t

ϱµep,x,t ϱµµp,x,t ϱµτp,x,t

ϱτep,x,t ϱτµp,x,t ϱττp,x,t

 . (2.6)

The elements of ϱp,x,t denoted by ϱll
′

p,x,t = ϱ
νlνl′
p,x,t with l, l′ = e, µ, τ are proportional

to the expectation values of the neutrino field bilinears, i.e. ϱ
νlνl′
p,x,t ∝ ⟨a†νl′ aνl⟩. Sim-

ilarly for antineutrinos ϱ̄
νlνl′
p,x,t ∝ ⟨ā†νl āνl′ ⟩. Here, a†νl (ā

†
νl
), aνl (āνl) are the creation

and annihilation operators for neutrino (antineutrino) in the flavor eigenstate νl re-

spectively. So, the survival probability of a particular flavor of neutrino is given

by the diagonal elements of ϱp,x,t, whereas the off-diagonal elements provide encode

the phase information, i.e they tell us about the flavor conversion. The collision

term is proportional to G2
F and in our subsequent dicussions we will neglect it.

The Hamiltonian consists of three parts, i.e., vacuum term, MSW potential and the

neutrino-neutrino interaction terms.

Focussing on the Hamiltonian, we first begin with the vacuum term which is

given by

Hvacuum
p = U

M2

2p
U † (2.7)

where, U is the transformation matrix given by equation 1.8 for two flavor and

equation 1.14 for three flavors. The mass squared matrix in the mass basis for

the general three flavor case is M2 = diag (m2
1,m

2
2,m

2
3). For studying neutrino

oscillations, this can be further parametrised in terms of ω. For example, it can be

written as Hvacuum
p = diag (+ω/2,−ω/2) in an effective two flavor scenario. Here,

ω = ±∆m2

2E
for relativistic neutrinos of energy E and ± refers to normal and inverted

mass ordering respectively. If solar mass squared difference is used, ω becomes

ωL =
∆m2

⊙
2E

while for atmospheric mass squared difference, it is ωH =
∆m2

atm

2E
.

Now as the neutrinos pass through the medium, they experience a refractive

effect due to the constituents of the matter. This results in the MSW resonance
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effect as described in the previous chapter. So the matter potential due to the

background electrons is

λ =
√
2GFne(x) (2.8)

where ne(x) is the background electron density. In weak interaction basis, the matter

contribution to the Hamiltonian can be written as

Hmatter
p = λ diag(1, 0, 0) (2.9)

In addition to this, there is a third term (Hνν
p ) due to the presence of which the evo-

lution equation 2.5 becomes nonlinear making it difficult to solve, even numerically.

This term arises due to the large neutrino density in the supernova environment

and is responsible for the so-called collective oscillations. So the neutrino-neutrino

interaction contribution to the Hamiltonian is given by

Hνν
p = µ0

∫
d3q/(2π)3(1− vp · vq)(ϱq,x,t − ϱ̄q,x,t) (2.10)

where the neutrino-neutrino interaction strength is µ0 =
√
2GFnν , nν being the

background neutrino density, vp is the velocity of test neutrino, vq is the velocity of

the background neutrino, and GF is the Fermi constant. The non zero off-diagonal

entries of the ϱ give rise to off diagonal refractive indices. Moreover, this term is

proportional to (1−vp ·vq) which leads to different potentials due to neutrinos trav-

elling in different paths and this results in flavor decoherence. Under the assumption

of isotropic medium, this effect vanishes.

Note that the antineutrinos have a similar equation of motion as equation 2.5,

the only difference being that Hvacuum
p is replaced by −Hvacuum

p . We will now move

on to the detailed discussion of MSW and collective oscillations in the context of

supernova below.

2.2.1 MSW conversions

Initially it was believed that the flavor conversions in a supernova take place only

due to the Mikheyev-Smirnov-Wolfenstein (MSW) resonance phenomenon [88, 94].

In the MSW effect as explained before, the neutrino flavor conversion is enhanced

when the condition ∆m2 cos 2θ/2E = ±
√
2GFne is satisfied. Here the plus sign

corresponds to neutrinos and the minus sign is for the antineutrinos. In a supernova

environment, the whole three flavor system can be categorized into two independent
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Figure 2.3: Density profile at different post bounce times for a 15 M⊙ progenitor [96]. The
yellow and light blue patches show the range of value of ρH and ρL respectively. This figure is
taken from [97].

two flavor systems corresponding to the two different mass squared differences. This

is because of the hierarchy between them, i.e., the solar mass squared difference

(∆m2
⊙) is about two orders smaller than the atmospheric mass squared difference

(∆m2
atm). As a result two resonance layers can be defined, one at high density

and the other one at low densities corresponding to the two different ∆m2 and

the MSW conversions at the two regions can be studied separately [25, 88, 95].

The layer at higher density (ρH ∼ 103 − 104) g/cc is called the H-resonance layer.

The lower density layer (ρL ∼ 10 − 100) g/cc is known as the L-resonance layer.

Figure 2.3 shows the density profiles at different post bounce times for a 15 M⊙

progenitor [96, 97]. The yellow and light blue regions in the plot correspond to range

of values for ρH and ρL respectively corresponding to the expected energy ranges of

the neutrinos. As mentioned earlier that depending on the sign of the mass squared

difference, the resonance takes place either for neutrinos or antineutrinos. The solar

mass squared difference ∆m2
⊙ is always positive and thus the L-resonance occurs only

for neutrinos. On the other hand, the H-resonance occurs for neutrinos in normal

ordering (∆m2
atm > 0) and for antineutrinos in the inverted ordering (∆m2

atm < 0).

The final νe and ν̄e fluxes after MSW resonance are given by [88] :

Fνe = pF 0
νe + (1− p)F 0

νx (2.11)

Fν̄e = p̄F 0
ν̄e + (1− p̄)F 0

νx (2.12)

24

TH-2924_176121012



2.2 Oscillations of supernova neutrinos

where p and p̄ are the survival probabilities of the electron neutrinos and antineu-

trinos respectively. F0
να represent the initial fluxes of the corresponding flavor (α) at

the source. So the values of p and p̄ for the two mass orderings are given in the table

2.1 [88]. where PH is the crossing probability at the resonance which signifies the

NO IO

νe sin2 θ12 PH sin2 θ12

ν̄e cos2 θ12 cos2 θ12 PH

Table 2.1: Survival probability of electron neutrinos and antineutrinos in the two mass
orderings after undergoing MSW resonance.

transformation of one mass eigenstate to other. For adiabatic transition, PH = 0

and a specific numerical value for non-adiabatic case. Further, random temporal

variations can occur in the MSW resonance due to the presence of turbulence in the

matter density [98–105].

2.2.2 Collective oscillations

The above discussion on MSW effect in supernova considers the refractive effect

due to neutrinos within a supernova to be negligible. However, this is not true

as the neutrino density inside a supernova is very high (∼ 1031/cc at r ∼ 30

km) as a result of which there is a significant contribution of the neutrino-neutrino

interactions [106–110]. Here, each neutrino propagates in a background of other

neutrinos which makes the problem non-linear as mentioned before. The potential

experienced by the neutrinos is proportional to the neutrino density (∝
√
2GFnν).

The interactions are of the type

νe(p) + νx(k) ↔ νx(p) + νe(k)

νe(p) + ν̄e(k) ↔ νx(p) + ν̄x(k) (2.13)

where, νx, ν̄x are νµ, ντ , ν̄µ, ν̄τ or a linear combination of them as in a supernova,

the non-electron flavors are considered to have the same fluxes. Thus, this potential

is not flavor diagonal and the off-diagonal components also have a significant con-

tribution. This leads to the phenomenon known as collective oscillations where the

neutrinos having different energies undergo flavor conversion in a coherent manner.

A large number of studies [108, 111–144] have been carried out in the last two
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decades in order to investigate both the presence and outcome of collective oscilla-

tions. Depending on the time scale required for the development of these self-induced

flavor conversions, they are classified as slow or fast. The growth rate of the slow

modes is proportional to ωvac ∼ O(1) km−1, where ωvac =
∆m2

2E
is the vacuum oscil-

lation frequency. It usually occurs at a distance of 102− 103 km from the centre. In

comparison to this, the growth of fast modes is dependent on the neutrino-neutrino

interaction strength µ0 given by µ0 =
√
2GFnν which can be as large as ∼ 105 km−1

in the dense core 1. We now introduce the framework to study the slow and fast

oscillations.

Framework

In the following we use the framework used in the [119] to describe the quantum

kinetic equations for the ultra-relativistic neutrino streams. The equation of motion

given in equation 2.5 for flavor oscillations in absence of collisions can be written in

a compact form as

vβ∂βϱp = −i[Hp, ϱp] . (2.14)

Note that we have dropped the indices ‘x’ and ‘t’. The neutrino velocity four-vector

is defined as vβ = (1,v) with the three velocity vector, v = p̂ = p/ | p | for
every p mode, the usual summation convention over β = 0, 1, 2, 3 is implied. Thus

explicitly, vβ∂β is written as (∂t + v · ∇). The Hamiltonian matrix Hp includes the

three components from vacuum, matter and the neutrino-neutrino interactions and

takes the form (E =| p |)

Hp =
M2

2E
+
√
2 GF vβ(F

β
l + F β

ν ) (2.15)

For the vacuum oscillation term, in the initial conditions we take M2 to be diagonal.

This is because in the extreme densities near the core where the neutrino neutrino

interactions are important, the effective matter mixing angles become very small.

The mass and flavor eigenstates are identical. Thus, the mass squared matrix can

be considered as diagonal. In this way, we are ignoring the flavor mixing but not

the masses of neutrinos.

1Throughout the thesis, dense core usually refers to the distance near the neutrinosphere ∼
O(10) km unless otherwise stated.
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Hvacuum
p =

M2

2E
=

1

2E


m2

1 0 0

0 m2
2 0

0 0 m2
3

 . (2.16)

The matter contribution depends on the charged-current contribution of the charged

leptons. In the local four-Fermion current-current description in the weak interaction

basis the matter term is Hmatter
p =

√
2GF vβF

β
l , where

F β
l =

∫
2 dp


vβe (fe,p − f̄e,p) 0 0

0 vβµ(fµ,p − f̄µ,p) 0

0 0 vβτ (fτ,p − f̄τ,p)

 , (2.17)

where
∫
dp =

∫
d3p/(2π)3. The charged lepton four velocity with momentum p

is vβl = (1,vl) with vl = p/(p2 + m2
l )

1/2 and the occupation numbers are fl,p

(for the antiparticle f̄l,p), l = e, µ, τ . Similarly, the neutrino-neutrino interaction

contribution to the Hamiltonian Hνν
p =

√
2GFvβF

β
ν , where the neutrino flux matrix

is F β
ν =

∫
dp vβ(ϱp − ϱ̄p) and vβ = (1, p̂). Thus one may define the overall matter

effect caused by both charged leptons and neutrinos, Hmatter = vβλ
β, where λβ =

(λ0,λ) = Diagonal of
√
2GF (F β

l + F β
ν ) =

√
2GF

∫
dp
[
2 vβl (fl,p − f̄l,p ) + vβ (ϱllp −

ϱ̄llp )
]
with β = 0, .., 3.

Note that the temporal components F 0
l and F 0

ν represent the charged lepton and

neutrino densities, respectively. The spatial parts (β = 1, 2, 3) of F β
l and F β

ν are the

corresponding current terms for charged leptons and the neutrinos. However, the

usual dense neutrino systems under considerations are isotropic, hence the current

terms can be neglected for most of the examples. In the absence of the current

terms only the temporal components, i.e. the ordinary matter term or charged

lepton density (F 0
l ) and the neutrino density (F 0

ν ) are the major contributions from

the matter terms [119].

Focussing on the definition of the neutrino flux matrix F β
ν =

∫
dp vβ(ϱp − ϱ̄p),

the integral on p contains integration over neutrino energy and the angular variables.

In the case of slow oscillations, the energy spectrum of neutrino plays an important

role, i.e., crossing in the difference of νe and νx fluxes as a function of energy is a

requirement for occurrence of flavor conversions. On the other hand, the crossing in
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the difference of the angular spectrum of neutrinos and antineutrinos is crucial for

the fast flavor conversions to take place.

2.2.2.1 Slow oscillations

The non-linear partial differential equations of motion (7 dimensional) describing

the evolution of neutrinos (equation 2.5) are very complex as they are non-linear

in nature. Thus, various symmetries are imposed to reduce the degrees of freedom

of the problem and make it easier to solve. The evolution of the neutrinos has

been extensively studied considering the “bulb model” where it is assumed that

the neutrinos are emitted in a uniform and half-isotropic manner from the surface

of a neutrinosphere (assumed to be spherical). In addition to this, in some cases

azimuthal symmetry is also imposed and the neutrinos are assumed to evolve only

radially (stationary evolution). Under these assumptions, the partial differential

equations reduce to ordinary ones and become relatively easier to solve numerically

[108–112, 145]. In order to understand the problem better, an analogy with the

motion of a gyroscopic pendulum in flavor space has also been studied [111, 112, 145]

where an equal number of neutrinos and antineutrinos are shown to completely

convert from one flavor to another even for a small mixing angle. These oscillations

are termed as “Bipolar” where in the inverted mass ordering, the upright position

of the pendulum corresponds to the initial flavor and after conversion, the final

flavor is denoted by the inverted position and the lepton number is conserved. On

the other hand, there is no significant flavor conversion in the normal ordering.

The signature of these conversions can be seen in the presence of spectral splits

which arises because the ν̄e is completely converted to ν̄x whereas νe conversion

happens above a critical value of energy (E > Ec) [109, 145–147]. The reason for

this is that the initial energy of antineutrinos are smaller than that of neutrinos

and also the lepton number conservation has to hold true. Although for a long

time this absence of flavor conversions in normal ordering was considered to be the

standard case, the later studies [142, 148–150] showed that this is just a result of

the various symmetry assumptions. It has been shown in [150] that spectral splits

can be present in the case of normal ordering also when the asymmetry among the

fluxes of the different flavors of neutrinos is not very large. Moreover, it has been

found [151–154] that the multi-angle scenario can have an effect on the spectral

splits which can be smeared or completely removed. This would further lead to

complete decoherence. In addition to this, the various symmetries used as the

initial conditions like stationarity, azimuthal symmetry, spatial homogeneity have
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Figure 2.4: Growth of the off-diagonal element of ϱ in the two flavor scenario corresponding
to the crossing in gE . The left panel shows the crossing in gE which represents the difference in
the fluxes of νe and νx. The right panel corresponds to the growth of the off-diagonal element due
to the crossing. The growth has been plotted for energy E= 32 MeV and normal ordering. The
parameter values for the νe and νx spectra are same as used in [169]

.

also been shown to be spontaneously broken [155–168]. It has been found that as

a result of this, new instabilities arise which are generally suppressed in the case

of a dominating matter potential. But it has also been shown in [167, 168] that

a pulsating solution can be generated with a frequency which can compensate the

matter effect and lead to collective oscillations. The slow collective oscillations take

place at around few hundred kms (∼ 102) from the neutrinosphere. The left panel

of figure 2.4 shows the crossing in the difference spectra ‘gE’, i.e. the difference of

the fluxes of νe and νx. The crossing leads to the growth of the off-diagonal element

with distance which is shown in the right panel. The off-diagonal growth is shown

for energy E= 32 MeV and for normal ordering. It can be seen from the figure that

the non-linear regime starts at around 70 km. The onset of the slow oscillations has

been studied using the method of ‘Linear stability analysis’ which will be discussed

in the next chapter in detail.

2.2.2.2 Fast oscillations

All the studies mentioned above are based on the assumption that the angular distri-

bution is same for all the flavors. However, the actual scenario is different as we focus

on the regions deeper inside the star. The different flavors of neutrinos decouple at

different radii and thus have a very different angular distribution near the neutri-

nosphere. The interaction cross-sections of the non electron flavors (νµ, ντ ) with

the background nucleons are smaller than that of the electron flavors. As a result,

near the neutrinosphere, the angular distributions of νµ, ντ are more forward peaked
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followed by ν̄e and further by νe. Thus, on lifting this assumption of same angular

distributions, new instabilities can arise. These are called fast flavor conversions or

fast oscillations [116, 170, 171]. They occur deeper inside the star on extremely short

time scales. The growth rate is proportional to the neutrino-neutrino interaction

strength µ0 ∼ 105 km−1 and thus are faster than the slow oscillations. These conver-

sions can occur even in the absence of neutrino mixing, i.e. for massless neutrinos.

The vacuum oscillation frequency acts only as an initial seed for such oscillations to

develop. Thus, it is also independent of the mass ordering.

The main requirement for fast flavor conversions to occur is the presence of zero

crossing in the difference of the angular distribution of νe and ν̄e which means that

in some directions the flux of νe is greater than that of ν̄e and vice versa in the other

directions. This difference is termed as the electron lepton number (ELN) in the

literature. The studies [116–118, 120, 170–186] have shown that the zero crossing in

ELN is the necessary and sufficient condition for fast conversions to occur. Figure 2.5

shows the growth of the off-diagonal element of ϱ indicating fast flavor conversions

in two flavor scenario. The left panel shows the crossing in ELN and the right panel

shows the corresponding growth of the off-diagonal element. Note that the growth

occurs at the nanoseconds scale. The method of linear stability analysis has been

adopted in many works [119, 120, 172, 187, 188] to provide a detailed description

of fast oscillations. These studies [122, 174, 178] too assume spatial homogeneity

and azimuthal symmetry. The flavor pendulum analogy [122] also holds in this

case, but unlike slow conversions, here the real part of the pulsation of flavor wave

represents the spin of the pendulum and is a determining factor for the final amount

of conversion.

Focussing on the simulations, the angular distributions of the neutrino fluxes are

not usually provided by them. Rather the simulations provide the angular moments.

Based on this, a few methods have been proposed [134–136, 175, 189] which exploit

these moments to study the instabilities in the system through stability analysis.

Some of the first explorations [190, 191] of this topic did not result in any instabilities

because of certain limitations like they were 1D or restricted to specific locations

of supernova. However, recent studies have reported the locations of supernova

where crossings can be found. In addition to the presence of the crossings near

the neutrinosphere due to different cross-sections of the various flavors, another

possibility can be the presence of the asymmetric emission of lepton number (LESA)

[84, 192–194]. Moreover, it has been shown in [195–197] that the crossings can be

generated in the backward directions due to the coherent neutrino-nucleus scattering
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Figure 2.5: Growth of the angle averaged off-diagonal element of ϱ in the two flavor picture
showing fast conversions. The left panel shows the ELN crossing and the right panel shows the
growth of the off-diagonal element corresponding to it. The angular spectra of the νe and ν̄e are
taken from [118]

.

in the pre-shock as well as post shock region. The recent work [180] has shown

that the propagation of neutrinos in space and time can cancel the crossing which

was initially present and thus the instability also vanishes. The works [123, 126–

128, 181, 182] have aimed to study the final fate of the fast oscillations. They have

shown that during the evolution, the power of a fast instability is transferred from

large scales to small scales which further leads to the decoherence of the system. An

analytical formula has been derived in [182] to calculate this amount of decoherence.

Some other studies [198] show the dependence of the outcome of the fast conversions

on the size of the mass squared differences and on their ordering. Besides this, the

role of collisions in this context, dependence of fast flavor conversions on the number

of crossings and the effect of new physics such as non-standard interactions on fast

conversions have also been pointed out in [173, 183, 199].

Some of the initial studies [116, 118, 170, 171] concluded that the fast oscillations

lead to flavor equilibrium among all the flavors of neutrinos upto the conservation

of lepton number. This was found to hold for all energies of the neutrino as well

as for both mass orderings. But according to some recent studies [139, 200, 201],

this may not be the actual case. In addition to this, some implications of the fast

flavor oscillations on the neutrino driven winds and their nucleosynthesis have been

investigated in [202] under the assumption of fast flavor conversions leading to flavor

equilibration. It has been found that the total mass loss can be increased by around

order of 1.5 resulting in more proton rich conditions inside the star. Further, this

can lead to the increase in the production of 64Zn and light p-nuclei like 74Se, 78Kr

and 84Sr. Some effects on the abundances of the metal poor stars, galactic chemical
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evolution and isotopic anomalies in meteorites have also been discussed.

In this chapter, we looked into the mechanism of a supernova explosion and

the creation of neutrinos in it. These neutrinos, being weakly interacting act as

an essential probe of the dynamics of the inside of a star. As the neutrinos pass

through the dense supernova matter, in addition to the usual MSW resonance, they

also undergo self-interactions due to the large density of neutrinos. This results in a

phenomenon known as collective oscillations. We have discussed the development of

this topic over the years through the various studies which have been carried out to

solve the complex system of evolution of neutrinos in a supernova. In the subsequent

chapters, our main focus will be on the treatment of this problem in the six species

scenario in both the linear and nonlinear regimes.
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Linear stability analysis

The problem of neutrino evolution in a supernova is nonlinear in nature due to

the presence of the neutrino-neutrino interactions which makes it difficult to solve,

even numerically. Therefore, a semi-analytical approach has been adopted in the

literature known as the linearized stability analysis, where exponential growths of

the flavor off-diagonal elements in the linearized regime signify flavor instabilities. In

this chapter, we study the phenomena of self induced flavor conversions in supernova

using the method of linear stability analysis. Here we consider the evolution of the

system considering all the three flavors of the neutrinos.

3.1 Linearization

In compact astrophysical objects, the neutrino population are considered to be pro-

duced in flavor eigenstates making the ϱ matrices diagonal in the flavor basis. Thus

the flavor mixings are denoted by the growth of the off-diagonal elements. One of

the techniques used to understand the phenomena of collective oscillations is the

‘Linear Stability Analysis’ [155, 166, 203, 204], where exponential growths of the

flavor off-diagonal elements in the linearized regime signify flavor instabilities. In

this approach, the equations of motion are reduced to a linear set of equations (upto

the linear order of the off-diagonals of occupation number matrix ϱ). Here, the

off-diagonal terms are considered to remain small and any subsequent growth will

imply the presence of self-induced flavor conversion caused by neutrino-neutrino

interactions. In this regard, the focus is on the off-diagonal terms and they be-

ing small, it is reasonable to look into the linearized equations of motion of the

off-diagonal elements (l ̸= l′) for both the neutrinos (ϱll
′

p ) and antineutrinos (ϱ̄ll
′

p )

(equation 2.6). Many linear stability analysis studies have been carried out in the
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literature [119, 120, 122, 155, 166, 171, 172, 174, 187, 188, 203–206] in the context

of both slow and fast oscillations. However, combining the fast oscillations together

with the nonstationary (evolution in time) and inhomogeneous (evolution in space)

flavor evolution require different techniques. Since it involves both the time and spa-

tial evolution and the related Fourier modes, it is reasonable to use the dispersion

picture [119, 120, 126, 187, 188]. In the dispersion picture, the imaginary Fourier

modes of the disturbances in time and space signify the instabilities, giving the most

general description of the fast oscillations.

However, all these developments in the understanding of fast oscillations, non

stationarity and inhomogeneities are developed in the framework of a 2 flavor system

of neutrinos. This is indeed a reasonable approximation as per many SN simulations

showing an effective 2 flavor description i.e, ‘similar’ fluxes of the mu and tau neu-

trinos and anti-neutrinos. This similar flux is approximated to ‘same’ and denoted

as the ‘νx’. It has always remained an interesting aspect to check the validity of the

‘similar’ flux arguments, i.e. if the differences in the x flavors are not neglected re-

quiring a three flavor study [207]. Indeed, most of the three flavor studies [207, 208]

pointed out that the effective two flavor analysis is a reasonable approximation due

to the ‘similar’ flux argument. However, a three flavor study is needed to understand

topics like including inhomogeneities, non-stationarity and fast oscillation. In the

three flavor scenario, radiative corrections to the neutrino-neutrino interaction term

becomes important [209] which breaks the degeneracy between νµ and ντ . In [210],

it has been shown that these corrections are proportional to O(10−6). Due to weak

magnetism corrections, the cross-section for neutral current scattering with nucleons

is larger for neutrinos than antineutrinos [211]. As a result, there is already a small

difference (∼ 0.5%) between the number of neutrinos and antineutrinos of heavy

flavors (νµ and ντ ). However, as shown in [87], taking into account the presence

of muons in the accretion phase (till ∼ 0.6 s), the difference between νµ and ν̄µ

increases. In the accretion phase, the peak temperatures are very high (30 MeV)

and the thermal distribution of photons and neutrinos extends beyond 100 MeV and

thus the creation of muons becomes favourable. The difference between the maxi-

mum number of the muon neutrinos and antineutrinos become ∼ 5% after including

muons in the simulation. Motivated from this, in this chapter, we carry out the

analysis taking into account the deviation from the ‘similar flux’ argument. Here we

extend the techniques of the linear stability analysis and the dispersion picture of

fast oscillations to a three flavor analysis. We study the impact of adding one extra

flavour for both the slow and fast oscillations.
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For the slow oscillations the past three flavor analysis results [169, 208] were based

on numerically solving the non linear evolution. In our analysis we check if we can

reproduce the same from the linearized stability analysis picture. The main result

of the ‘slow’ three flavor nonlinear analysis is that the flavor conversions due to the

atmospheric and solar sector are not completely de-coupled. Thus the late onset of

the solar mass squared difference which governed the flavor conversion in otherwise

two flavor analysis can speed up when another extra flavor is added. Indeed, our

linearized study successfully reproduce these results from the past non-linear three

flavor analysis. In the following, we also analyze the ‘fast’ flavor conversion in both

time and space using the dispersion relation technique. In the linearized regime,

the three flavor evolution decouples into three, two flavor evolutions. These two

flavor evolutions are dependent on the fluxes and densities of the different species

of neutrinos. In the dispersion picture, we focus on a two beam case to realize

how the addition of the extra flavor may affect the evolution. We find that these

three effective two flavor evolutions are sensitive to the flux differences of the µ(τ)

neutrinos and anti-neutrinos. Thus the similar to same approximation for the x

flavor fluxes may not reveal the true picture of the fast conversions. These small

differences can still act as a seed to influence the growth of the flavor instabilities,

in turn ‘speeding up’ or ‘slowing down’ the fast flavor conversion in a non-linear

picture.

Expanding the equations of motion 2.14 upto the linear order of the off-diagonals

of ϱ, we obtain

i vβ∂βϱ
eµ
p =

[
m2

1 −m2
2

2E
+ vβ(λ

β
e − λβ

µ)

]
ϱeµp

−
√
2GF (ϱeep − ϱµµp )vβ

∫
dp′v′β (ϱ

eµ
p′ − ϱ̄eµp′ ) (3.1)

i vβ∂βϱ
eτ
p =

[
m2

1 −m2
3

2E
+ vβ(λ

β
e − λβ

τ )

]
ϱeτp

−
√
2GF (ϱeep − ϱττp )vβ

∫
dp′v′β (ϱ

eτ
p′ − ϱ̄eτp′ ) (3.2)
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i vβ∂βϱ
µτ
p =

[
m2

2 −m2
3

2E
+ vβ(λ

β
µ − λβ

τ )

]
ϱµτp

−
√
2GF (ϱµµp − ϱττp )vβ

∫
dp′v′β (ϱ

µτ
p′ − ϱ̄µτp′ ) (3.3)

Note that here the index β is being summed over. In this linearized picture,

the three flavor system corresponds to the three independent two flavor cases. The

off-diagonal elements evolve independent of one another. Note that in principle, the

evolution EOMs are also different as the vacuum and the matter terms are different

for the three off-diagonal elements. In the subsequent discussions, we will see if

these differences survive in a realistic stellar collapse and their possible effects into

the overall flavor evolution.

The anti-neutrino matrices ϱ̄p have the same EOM (2.14) with a sign change of

the vacuum oscillation term. Thus the off-diagonals in the anti-neutrino sector will

have similar equations (3.1-3.3) with a sign change of the vacuum oscillation term.

Previous studies of the collective oscillations have been carried out for an effective

two flavor neutrino system. In this chapter, we focus on the evolution of the three

flavor system based on [212].

3.1.1 Three flavor neutrino system

According to the structure of the EOMs, the difference of the original neutrino

distributions decides the flavor oscillations. The diagonal entries of the matrices

drop out due to the commutation nature of the evolution equations and the off-

diagonals of the occupation number matrices carry the flavor changing information.
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We choose the following form of the neutrino matrices involving the spectral

difference,

ϱp =
fνe,p + fνµ,p + fντ ,p

3
1+

fνe,p − fνµ,p

3


sp S1p 0

S∗
1p −sp 0

0 0 0



+
fνe,p − fντ ,p

3


sp 0 S2p

0 0 0

S∗
2p 0 −sp

+
fνµ,p − fντ ,p

3


0 0 0

0 sp S3p

0 S∗
3p −sp

 (3.4)

where sp is a real number and sp = 1 in the linear order. Sjp are complex with

s2p + |Sjp|2 = 1, j = 1, 2, 3. Hence, the evolution of the off-diagonals (j = 1, 2, 3) in

the linearized regime becomes

i vβ∂βSjp =
(
ωj + vβλjβ

)
Sjp −

√
2GF vβ

∫
dp′v′β (Sjp′gjp′ − S̄jp′ ḡjp′ ). (3.5)

The vacuum oscillation frequencies are given by ω1 =
(m2

1−m2
2)

2E
, ω2 =

(m2
1−m2

3)

2E
, ω3 =

(m2
2−m2

3)

2E
. The spectrum for the neutrinos are taken as g1p = (fνe,p − fνµ,p), g2p =

(fνe,p − fντ ,p), g3p = (fνµ,p − fντ ,p) and for anti-neutrinos, the spectrums are given

as ḡ1p = (fν̄e,p − fν̄µ,p), ḡ2p = (fν̄e,p − fν̄τ ,p), ḡ3p = (fν̄µ,p − fν̄τ ,p).

The effective matter terms (λβ
j ) combining the effects of the charged and neutral

leptons contributions are defined as,

λβ
1 = (λβ

e − λβ
µ) =

√
2GF

∫
dp
[
2
(
vβe (fe,p − f̄e,p )− vβµ (fµ,p − f̄µ,p )

)
+ vβ

(
(fνe,p − f̄νe,p − fνµ,p + f̄νµ,p )

) ]

λβ
2 = (λβ

e − λβ
τ ) =

√
2GF

∫
dp
[
2
(
vβe (fe,p − f̄e,p )− vβτ (fτ,p − f̄τ,p )

)
+ vβ

(
(fνe,p − f̄νe,p − fντ ,p + f̄ντ ,p )

) ]
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λβ
3 = (λβ

µ − λβ
τ ) =

√
2GF

∫
dp
[
2
(
vβµ (fµ,p − f̄µ,p )− vβτ (fτ,p − f̄τ,p )

)
+ vβ

(
(fνµ,p − f̄νµ,p − fντ ,p + f̄ντ ,p )

) ]
(3.6)

To keep the description compact we follow the flavor isospin convention, i.e,

antiparticles as particles with negative energy and negative occupation numbers. In

this convention, the neutrino modes are described by −∞ < E < +∞ and the three

flavor spectrums are given by,

g1E,v =

fνe,p − fνµ,p for E > 0,

fν̄µ,p − fν̄e,p for E < 0,

g2E,v =

fνe,p − fντ ,p for E > 0,

fν̄τ ,p − fν̄e,p for E < 0,

g3E,v =

fνµ,p − fντ ,p for E > 0,

fν̄τ ,p − fν̄µ,p for E < 0.
(3.7)

This choice of the spectrum makes the EOMs more compact and the integration

term in equation 3.5 simplifies to give new form,

i vβ∂βSjE,v =
(
ωj + vβλjβ

)
SjE,v −

√
2GF vβ

∫
dΓ′ v′β gjE′,v′SjE′,v′ (3.8)

where j = 1, 2, 3 and the phase-space integration is
∫
dΓ =

∫ +∞
−∞

E2dE
2π2

∫
dv
4π
. Here,∫

dv is an integral over the unit surface, i.e., over all polar angles of p.

The vacuum oscillation frequency changes sign for antineutrinos, i.e, for negative

E. For the mass ordering we consider the usual convention from [166] and describe the

energy spectrum of the neutrinos by the ω spectrum. Here, ω1 and ω2 corresponds

to the solar and the atmospheric sector, respectively and the ω3 =
(m2

2−m2
3)

2E
≃ ω2

as ω2

ω1
≈ 102. Therefore, in the convention of [166], ω2, ω3 > 0 for inverted mass

ordering (IO) and ω2, ω3 < 0 for the normal ordering (NO). For the solar sector,

ω1 =
(m2

1−m2
2)

2E
< 0, thus only the solutions in the normal ordering are physical.

However, in our analysis to be consistent with the other two sectors, we consider

both the mass orderings even for the solar sector. The equations 3.8 denote the

evolution of the off-diagonal terms in the matrix of densities.
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Now we focus on 3.8 and study the only radial evolution (slow conversions) and

both space and time evolution (fast conversions) of the system.

3.2 Stability analysis

We carry out the usual stability analysis method which is employed in the literature

[166, 171, 203, 205, 206] to understand the flavor instabilities in these dense neutrino

systems. The linearized evolution equations of the off-diagonal elements obtained

above are checked for any substantial growths. One may begin with a small seed

for the off-diagonals and any exponential growth of these seeds denotes possibility

of flavor instability. Another more compact way of looking into the stability is the

dispersion picture. The stability picture becomes complicated if both the time-space

evolution is considered. However, the equations 3.8 show that the complete picture

requires simultaneous analysis in both space and time, hence the dispersion picture.

The idea is to look for imaginary Fourier modes of the disturbances in time (K0) and

space (K). The relation between these Fourier modes gives the dispersion relation

(D(K0,K) = 0).

In the remaining chapter, we first begin with a simpler picture of only spatial

evolution and look for flavor instabilities for the slow modes, i.e instabilities growing

slowly with ωi. Here we employ the method of stability analysis for three flavor

neutrino system. Later we look into the three flavor dispersion picture as well.

3.2.1 Slow modes

In this stability picture the problem is interpreted as an instability in propagating

flavor indicating the onset of the oscillations. Here, we consider the stationary

solutions, i.e., the evolution is independent of time. Since we want to focus on the

slow modes we ignore the angular distribution of the spectra (gi,E,v ≡ gi,E). The

reason to focus on such a simple scenario is that we want to compare our three

flavor results with the existing literature [169, 208]. The previous non-linear studies

in three flavor were simple in the sense of the multi-angular treatment but had some

very important realization. It showed that if the fluxes of the heavy lepton flavors

neutrinos (usually denoted as νx) were degenerate then the three flavor analysis can

be factorized in the two, two flavor sectors, i.e, the solar and atmospheric. The solar

sector grows much slowly compare to the atmospheric one due to the smaller ∆m2
ij

and the picture remains effectively a two flavored one. However, the absence of such
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a degeneracy will couple these two sectors and make the solar modes grow faster,

thus making the three flavor effects important. Here we try to see if the stability

analysis gives the same feature at least qualitatively.

Our aim is to compare the three flavor results with the existing non-linear results

presented in [169, 208]. In [169, 208], the dense neutrino systems considered are sta-

tionary and only radially evolving. Moreover, the systems are taken to be isotropic

and the charged lepton matter terms are neglected. So, in order to accommodate

these systems, we consider the linearized system in accordance with [149] but with

three flavors.

Radial evolution

To have an analogy to [149] we have to understand the effective matter terms as

in the present analysis the matter terms are more involved. The effective matter

terms λjβ = λl
jβ + λν

jβ, has contributions from both the charged leptons (l) and

neutrinos (ν). The assumption of isotropy allows us to drop the current terms, i.e.

λj1 = λj2 = λj3 = 0. The remaining λj0 terms denote the charged lepton and the

neutrino densities. The charged lepton densities are denoted by λl
j0 = λj and the

terms corresponding to the neutrino (λν
j0) leads to the neutrino density parameter

µ0 and the lepton asymmetry parameter ϵ. Note that in comparison to the [149],

there are three ϵ and λ in the present framework. Considering the stationary and

radial evolution of the system, i.e., taking β = 1 only, the equations 3.8 take the

form

i∂rSj,r,ωj ,u,ϕ =
[
ωj + u(λj + ϵjµ0)

]
Sj,r,ωj ,u,ϕ

− µ0

∫
dΓ′

j [u+ u′ − 2
√
uu′ cos (ϕ− ϕ′)] gj,ω′

j ,u
′,ϕ′Sj,r,ω′

j ,u
′,ϕ′ (3.9)

where
∫
dΓj =

∫ +∞
−∞ dωj

∫ 1

0
du
∫ 2π

0
dϕ and j = 1, 2, 3. Here, u = sin2 θR lies in the

range 0 ≤ u ≤ 1 where θR is the emission angle relative to the radial direction of the

neutrino sphere at radius R. The radial velocity at a radius r can be expressed as

v1 = vu,r = (1− R2

r2
u)1/2. Also note that the evolution equations have been written

under the assumption of large distance approximation, i.e., R
r
<< 1, (see [149] for

more detail).

In this analysis the main difference is the three flavors of charged leptons and

neutrinos, contrary to the usual two flavor analysis. Thus in principle there are
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three matter densities and three lepton asymmetry parameters,

λ1 =

√
2GFR

2

2r2
[
2((ne− n̄e)− (nµ− n̄µ))

]
, λ2 =

√
2GFR

2

2r2
[
2((ne− n̄e)− (nτ − n̄τ ))

]
,

λ3 =

√
2GFR

2

2r2
[
2((nµ − n̄µ)− (nτ − n̄τ ))

]
, (3.10)

where ne, nµ, nτ are the net electron, muon and tauon densities respectively. The

effective neutrino density is defined as ,

µ0 =
√
2GF

[
2(Nνe +Nν̄e)− (Nντ +Nν̄τ +Nνµ +Nν̄µ)

]
4πr2

R2

2r2
, (3.11)

here Nνe , Nν̄e are the total number of electron neutrinos and antineutrinos and sim-

ilarly for other flavors. Therefore lepton asymmetry parameters are

ϵ1 =

∫
dΓ1 (fνe − fνµ)

N
=

(Nνe −Nν̄e)− (Nνµ −Nν̄µ)

N
,

ϵ2 =

∫
dΓ2 (fνe − fντ )

N
=

(Nνe −Nν̄e)− (Nντ −Nν̄τ )

N
,

ϵ3 =

∫
dΓ3 (fνµ − fντ )

N
=

(Nνµ −Nν̄µ)− (Nντ −Nν̄τ )

N
, (3.12)

where N =
[
2(Nνe +Nν̄e)− (Nντ +Nν̄τ +Nνµ +Nν̄µ)

]
.

In order to find the unstable modes, we assume the solutions of the linearized equa-

tions to be of the form Sj,r,ωj ,u,ϕ = Qj,ωj ,u,ϕe
−iΩjr, leading to the eigenvalue equations

in Qjs.[
ωj+u(λj+ ϵjµ)−Ωj

]
Qj,ωj ,u,ϕ = µ0

∫
dΓ′

j [u+u′−2
√
uu′ cos (ϕ− ϕ′)] gj,ωj

Qj,ωj ,u,ϕ

(3.13)

The eigenvalues in principle are complex (Ωj = γj + iκj, j = 1, 2, 3). Any non-zero

imaginary part (κj ̸= 0) would signify unstable modes with the growth rates κj.

Notice that as we are focussing on slow collective modes the spectrum (gj,ω) is only

energy dependent. There is no angular dependence (u, ϕ) on spectrum as necessary

for finding fast flavor oscillation modes.

Here, we consider monochromatic neutrinos, i.e., delta functions with some fixed
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energy ωj = ±ωj′ ,

gj,ωj
=
(
1 +

ϵj
2

)
δ(ωj − ω′

j)−
(
1− ϵj

2

)
δ(ωj + ω′

j) , (3.14)

where ϵj is the spectral asymmetry.

Now the focus on a ‘realistic’ scenario of the usual SN environment. The usual

practice is to assume that all three heavy lepton flavor neutrinos (i.e., νµ, ν̄µ, ντ , ν̄τ )

have identical number density and spectra. However, our analysis shows that the

minimal requirement is that the number of mu and tau type neutrinos to be identical

to their corresponding antineutrinos, i.e., Nνµ = Nν̄µ and Nντ = Nν̄τ . Moreover,

the usual supernova scenario, muons and tauons are considered to be absent or

negligible. Recent SN simulations [87] show the possibility of presence of muons in

the late accretion phase. Thus, from equations 3.10 and 3.12,

λ1 = λ2 = λ ; λ3 = 0 and ϵ1 = ϵ2 = ϵ ; ϵ3 = 0 .

Now, the evolution equations 3.13 become,[
ω1+uλ̄−Ω1

]
Q1,ω1,u,ϕ = µ0

∫
dΓ′

1 [u+u′−2
√
uu′ cos (ϕ− ϕ′)] g1,ω1Q1,ω1,u,ϕ , (3.15)

[
ω2+uλ̄−Ω2

]
Q2,ω2,u,ϕ = µ0

∫
dΓ′

2 [u+u′−2
√
uu′ cos (ϕ− ϕ′)] g2,ω2Q2,ω2,u,ϕ , (3.16)

[
ω2 − Ω3

]
Q3,ω3,u,ϕ = µ0

∫
dΓ′

2 [u+ u′ − 2
√
uu′ cos (ϕ− ϕ′)] g3,ω3Q3,ω3,u,ϕ , (3.17)

where, λ̄ = λ+ ϵµ0. In order to solve the equations (3.15 - 3.17), we adopt a similar

mechanism as done in [149, 155, 166] for the two flavor case. We can reasonably

employ the 2 flavor method as the three flavor evolution is factorized into three

independent two flavor evolution. In the linearized picture this independent evo-

lution of the three off-diagonal elements makes the job simple and give qualitative

understanding of the onset of the evolution. In the nonlinear evolution all the three

modes will not be independent and onset in one sector will speed up the onset in

other sectors due to their coupled nature of evolution.
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Instability conditions

In particular, to make things simpler we consider the scenario where (λ̄ = 0). The

main impact of this matter term is to ‘suppress’ the growth of the instability. How-

ever, our focus is to understand the dynamics of the three off-diagonal elements in

this linear regime and to check if they qualitatively give the same picture obtained

in the simple nonlinear analysis [169]. Thus the instability conditions in each of the

2 flavor systems are [149, 155],

(Ij1 − 1)2 = Ij0Ij2 and Ij1 = −1 , (3.18)

where

I1n = µ0

∫
dω1 du

ung1,ω1

ω1 − Ω1

, (3.19)

I2n = µ0

∫
dω2 du

ung2,ω2

ω2 − Ω2

, (3.20)

and

I3n = µ0

∫
dω2 du

ung3,ω2

ω2 − Ω3

. (3.21)

Note that the equations (3.19 - 3.21) has a dependency on the asymmetry parameter

ϵ through the spectrum gj,ωj

Solving the equations 3.18 and using the spectrum of equation 3.14 leads to a

quartic equation for the first block and a quadratic equation for the second one in

the instability conditions whose general form are as follows,

−µ2
0

3

(
1 +

ϵj
2

ω′
j − Ωj

+
1− ϵj

2

ω′
j + Ωj

)2

+

[
− 1 +

µ0

2

(
1 +

ϵj
2

ω′
j − Ωj

+
1− ϵj

2

ω′
j + Ωj

)]2
= 0 (3.22)

1 +
µ0

2

(
1 +

ϵj
2

ω′
j − Ωj

+
1− ϵj

2

ω′
j + Ωj

)
= 0 (3.23)

where j = 1, 2, 3.

Given the values of ω′
j and ϵ, one may look for the imaginary solutions of these

equations. The presence of imaginary solutions for the equations 3.22 indicates the

presence of two kinds of instabilities, namely Bimodal (BM) and Multi Zenith Angle

(MZA) instability whereas, for equations 3.23, it shows the Multi Azimuthal Angle

(MAA) instability [166].
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Numerical solutions

To probe the solutions numerically, we estimate the values of ω′
j and ϵ similar to the

supernova case. Here, ω′
1, ω

′
2 and ω′

3 depends on the relevant mass square values.

We take
ω′
1

ω′
2
= 7.3×10−5 eV 2

2.4×10−3 eV 2 ≃ 3 × 10−2 [213]. We use ω′
2 = 0.5 and then ω′

1 becomes

0.015. For the asymmetry parameter we take ϵ = 0.5. Thus the evolution of the

first two off-diagonal elements (S1 and S2) are similar but driven by two different

scales due to the difference in solar and atmospheric mass square difference.

However, for the third off-diagonal element the evolution is trivial for the spectrum

g3,ω3 = 0 or ϵ3 = 0. In case the spectrum of the µ and τ neutrinos are same then

g3,ω3 = 0 thus the evolution effectively factorizes in 2 two flavor evolutions. The

solar and the atmospheric sector would decouple. This scenario is shown in the

upper two panels of figure 3.1.

From the solutions of equations 3.22 and 3.23, it is possible to understand

the variation of the maximum growth rate κmax and the corresponding interaction

strength µonset
0 with the chosen vacuum frequency ω′

j and the asymmetry parameter

ϵ. The relation between them comes out to be κmax =
√
(2/ϵ)2 − 1 [149], where κmax

is expressed in the units of vacuum frequency ω′
j. For our chosen numerical values

of ω′
j and ϵ we find µonset

0 (j = 2) > µonset
0 (j = 1) and correspondingly κmax

2 > κmax
1 .

In particular, κmax
1 = 0.06 and κmax

2 = 1.9 is in excellent agreement with the upper

two panels of figure 3.1.

For all the cases BM, MAA and MZA instabilities are present. The BM happens

for positive µ0, i.e, IO and the MAA and MZA happens for the negative µ0, i.e,

NO. From the figures it is clear that for S1 (solar sector) the instability happens at

much smaller µ0 in comparison to the S2 (atmospheric sector). Smaller µ0 would

mean larger radius. Thus the instabilities for the atmospheric sector happen at

a smaller radius, closer to the core. Due to the smaller mass squared difference

the instabilities slow down in the solar sector. In fact, the neutrino density µ0

with its 1/r4 dependence would be too small to sustain the solar instability to any

substantial flavor conversion. However, the realistic SN case might be different than

this idealistic situation, even a small νµ − ντ asymmetry would trigger the third

off-diagonal element S3. In that case, equations 3.22 and 3.23 would also hold for S3

and result in a similar evolution in the νµ − ντ sector as well. This has been shown

in the lower most panel in figure 3.1. We have used ω′
3 = ω′

2 = 0.5 and ϵ3 = 10−1.

Clearly, even for this small asymmetry S3 grows much faster than the other two

off-diagonals. Here, the maximum growth rate comes out to be κmax
3 = 9.987. Thus

the linear evolution is decoupled in these three two flavor evolutions. Hence, the non
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Figure 3.1: Growth rate κ versus interaction strength µ0 for the unstable modes in the homo-
geneous (k=0) case for the evolution of S1(First Panel), S2(Second Panel), S3(Third Panel). Here,
we take ϵ1 = ϵ2 = ϵ = 0.5, ϵ3 = 10−1, ω′

1 = 0.015, ω′
2 = 0.5, ω′

3 = 0.5. The first block in equation
3.18 yields the bimodal and MZA instability (black and red curves) and the second block yields
multi-azimuth-angle instability (blue curve).
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linear evolution will not decouple the solar and atmospheric sector as the νµ − ντ

sector will act as the coupling factor and speed up the conversion [169].

Thus the simple stability analysis in the linear regime for the three flavor system

helps in gaining analytic understanding of the system. We reproduce the existing

understanding of the three flavor system of collective neutrino evolution in SN en-

vironment. The system we considered is a simple one, without temporal evolution,

homogeneous and no angular distributions for the spectrum, i.e, no fast oscillations.

In the following, we discuss the three flavor fast conversion in the dispersion picture

for evolution in both time and space.

3.2.2 Fast modes

One common assumption in the discussions of dense neutrino systems was stationary

solutions for the flavor evolution. However, the breaking of stationarity came out

with surprising development of new instabilities, termed as ‘temporal instabilities’.

Around the same time it was also found that there is a complete different class of

instability connected to the angular distributions of different flavors. In particular,

the angular (u, ϕ) dependence of the spectrum (gj,ωj ,u,ϕ) is the origin to these new

instabilities. These new class of instabilities grow very fast, growth rates comparable

to the neutrino density (µ0), termed as fast instabilities resulting in fast conversions!

These instabilities are markedly different from the usual ‘slow conversions’ growing

at the rate of the vacuum frequencies (ωj). In this regard, it is necessary that both

the temporal and spatial instabilities are studied together to understand the true

nature of the fast oscillations. Hence, the approach of dispersion relation, i.e, the

relation between frequencies (K0
j ,) and the wave numbers (Kj) of the temporal and

spatial disturbances, respectively, indicates the presence of instability [120].

In particular, any imaginaryK0
j for realKj and vice versa will denote exponential

growth of the temporal and spatial disturbances. Here, it is worth noting that the

dispersion relation approach can also be used for slow conversion. Here, in order to

understand the fast flavor conversions for a three flavor system we keep it simple

and study the dispersion relation only for the fast instabilities without any coupling

to slow conversion.

Consider the space-time dependent solutions for the three (j = 1, 2, 3) off-diagonal

elements

Sj,Γ, r = Qj,Γ,K e−i(K0
j t−Kj ·r) , (3.24)

where Γ = (E,v), r = (t, r) and Kj = (K0
j ,Kj). Inserting the above ansatz in
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equations 3.8, we get[
vβ(K

β
j − λβ

j )− ωj

]
Qj,Γ,K = vβA

β
j,K , with Aβ

j,K = −
∫

dΓ
′
v

′β gj,Γ′ Qj,Γ′ ,K .

(3.25)

Provided the quantity vβ(K
β
j −λβ

j )−ωj ̸= 0 (j = 1, 2, 3), possible solutions for equa-

tions 3.25 will take the form Qj,Γ,K =
vβA

β
j, k

vβ(K
β
j −λβ

j )−ωj
. Thus the evolution equations

take the form

vβA
β
j, k = −vβAα

j,K

∫
dΓ′ gj,Γ′

v′βv
′
α

v′γ(K
γ
j − λγ

j )− ωj

. (3.26)

In the following the equations are written in a compact form with the help of the

‘polarization’ tensor Παβ
j,K . There are total three sets of equations one for each j,

vβ Π
αβ
1,KA1,K,α = 0 with Παβ

1,K = ηαβ +

∫
dΓ′ g1,Γ′

vαvβ

v′γ(K
γ
1 − λγ

1)− ω1

,

vβ Π
αβ
2,KA2,K,α = 0 with Παβ

2,K = ηαβ +

∫
dΓ′ g2,Γ′

vαvβ

v′γ(K
γ
2 − λγ

2)− ω2

, (3.27)

vβ Π
αβ
3,KA3,K,α = 0 with Παβ

3,K = ηαβ +

∫
dΓ′ g3,Γ′

vαvβ

v′γ(K
γ
3 − λγ

3)− ω3

,

where ηαβ = diag(+,-,-,-) is the metric tensor. The equations hold for any vβ lead-

ing to four independent equations Παβ
j,KAj,K,α = 0, where j=1,2,3 corresponding to

each evolution equation. Non-trivial solutions of these equations give the resultant

dispersion relation connecting the frequency (K0
j ) and the wave numbers (Kj),

detΠαβ
j,K = 0 (3.28)

In our simplified system, these dispersion relations depend on the neutrino flavor

spectrum gj,Γ and the vacuum oscillation frequency ωj. In the following, we focus

our analysis to the problem of fast flavor oscillations dominated by the neutrino

densities rather than the vacuum frequency ωj.

In the fast flavor limit, we consider M2 = 0, i.e., ωj → 0. In this case, the EOM

no longer depends on E and we deal with the angular modes only. Therefore, the

energy integrals in 3.27 can be performed on the distribution functions alone. So,
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we define

G1,v =

∫ +∞

−∞

E2dE

2π2
g1,E,v =

√
2GF

∫ ∞

0

E2dE

2π2

(
fνe,p − fν̄e,p − fνµ,p + fν̄µ,p

)
G2,v =

∫ +∞

−∞

E2dE

2π2
g2,E,v =

√
2GF

∫ ∞

0

E2dE

2π2

(
fνe,p − fν̄e,p − fντ ,p + fν̄τ ,p

)
G3,v =

∫ +∞

−∞

E2dE

2π2
g3,E,v =

√
2GF

∫ ∞

0

E2dE

2π2

(
fνµ,p − fν̄µ,p − fντ ,p + fν̄τ ,p

)
(3.29)

with p = Ev. For each j, the polarization tensors Παβ
j,K become,

Παβ
j,K = ηαβ +

∫
dv

4π
Gj,v

vαvβ

vγ(K
γ
j − λγ

j )
(3.30)

The denominator vγ(K
γ
j −λγ

j ) is takes the form (K0
j −λ0

j)−v · (Kj −λj) and solved

to form the dispersion relation D(K0
j ,Kj) = 0.

Two beam case

In the following, we use the widely used ‘simplest yet non-trivial’ example [120, 172]

of the two beam case. With two angle modes representing two zenith ranges, it

is termed as the ‘two beam’ neutrino model. In particular, we use the general

formalism of the classification of instabilities [172],

Gj,v = g′j
4π δ(v− v1)

1− v1 · v2

+ g′′j
4π δ(v− v2)

1− v1 · v2

(3.31)

The equations 3.5 govern the evaluation of the off-diagonal elements and in the fast

flavor limit they are written as,

i vβ∂βS1v =
(
vβλ1β

)
S1v − vβ

∫
dv

4π
v′β G1,v′S1v′ , (3.32)

i vβ∂βS2v =
(
vβλ2β

)
S2v − vβ

∫
dv

4π
v′β G2,v′S2v′ , (3.33)

i vβ∂βS3v =
(
vβλ3β

)
S3v − vβ

∫
dv

4π
v′β G3,v′S3v′ , (3.34)

where the angular distributions Gj,v is given above. For our system we assume

azimuthal symmetry with respect to the propagation direction (say z-direction) and

translational symmetry in the transverse directions, hence the relevant dynamics
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involves only one space coordinate z or its conjugate Kz (henceforth denoted as

K). In the formalism of [172], find the general dispersion relation for K0
j and Kj

(j = 1, 2, 3),

(K0
j − λ0

j − v1Kj + λj)(K
0
j − λ0

j − v2Kj + λj) = g′j g
′′
j . (3.35)

Here, v1, v2 and λj are the projections of the neutrino velocities and matter density

along the z direction, respectively. The dispersion relation from the equation 3.35

can be solved either in terms of K0
j or Kj and the solutions are:

K0
j =

1

2

[
2λ0

j + (v1 + v2)(Kj − λj)±
√

4g′jg
′′
j + (Kj − λj)2(v1 − v2)2

]
(3.36)

Kj =
1

2v1v2

[
2λjv1v2 + (v1 + v2)(K

0
j − λ0

j)±
√

4g′jg
′′
j v1v2 + (K0

j − λ0
j)

2(v1 − v2)2

]
(3.37)

Given the angular distribution (v1, v2, g
′
j g

′′
j ) and the density (λ) one may find the

dispersion relation D(K0
j ,Kj) = 0.

Numerical examples

To exhibit the 3 flavor dispersion relations we consider the following numerical exam-

ples. Usually the SN like examples are simplified with the argument that the fluxes

of νµ and ντ are almost equal to their corresponding antineutrino fluxes. In our case,

from the definition of the distribution functions in equations 3.29, this would result

in G3,v = 0 and G1,v = G2,v. Thus effectively there will be only one dispersion

relation, similar to that of two flavor evolution. Hence, the limit Fνµ = Fν̄µ and

Fντ = Fν̄τ would effectively reproduce the two flavor results. However, for our pur-

pose we consider the simplest two beam model where each beam consists of all the

three flavors of neutrino. Therefore, to separate the three flavor effects we consider

a slight difference in the fluxes, i.e, the g′j and g′′j fluxes are not same for different

j’s. Another interesting fact is that, the values of the matter terms in equations

3.10 are constant but can be different [87] for the three evolution equations as they

involve the densities of the charged leptons and neutrinos (see equation 3.6). Thus

the matter term can not be rotated away by redefining the K0
j and Kj, unlike the

previous studies [172]. Here, that would mean different rotations for the three dif-

ferent evolution equations as a result of which the new ‘homogeneous’ modes [119]
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will not be same for the three different off-diagonals. Hence we do not drop the

matter terms.

For our example, we consider the effects of the heavy charged leptons (nµ, nτ )

to be secondary compared to the order of the asymmetry in matter densities of

electrons-positrons. This is in analogy to a SN like situation. Even if there are

some muons present in the system, the presence of τ are considered to be extremely

negligible. Thus the asymmetry between the different charged leptons and their

antiparticles will have the hierarchy, ne − nē > nµ − n̄µ ≫ nτ − n̄τ and similarly

for neutrinos. In particular, we consider the following example, λγ
1 = 0.9λγ

2 and

λγ
3 = 0.1λγ

2 , where λγ
j = (λ0

j ,λj). We choose the numerical values analogous to the

early accretion phase [77, 214] where the neutrino densities are similar to the lepton

densities. Here, we also take into consideration the neutrino and lepton current

terms (spatial parts of λγ
j ) unlike the previous case of stability analysis where they

have been neglected. In particular, we consider λ0
2 = λ2 = 10 thus λ0

1 = λ1 = 9 and

λ0
3 = λ3 = 1.

Now that the densities are chosen, the angular densities (v1, v2, g
′
j g

′′
j ) have to be

fixed for our numerical example. In reference, [172] it is shown that the angular

distribution can create 4 different kind of instabilities namely the completely stable,

damped stable, convectively unstable and absolutely unstable. In the following, we

take the same angular distributions to generate the different kind of instabilities for

our three flavor example. To keep the example simple we consider the nature of the

instability to be the same for all the three off-diagonal elements, i.e, same for the

νe − νµ, νe − ντ and νµ − ντ sectors. The stability properties of the system can be

analyzed by studying the conditions which lead to imaginary parts for K0
j or Kj

in the dispersion relation in equations 3.35. The presence of instability indicates

the possibility of flavor conversion. We plot the real and imaginary parts of K0
j

vs real values of Kj and vice versa in the figures 3.2 and 3.3. The gap in K0
j (Kj)

corresponds to the presence of it’s complex values in that particular range of real

Kj(K
0
j ) indicating instability.

The 4 different kind of instabilities mentioned above arises by choosing different

numerical values of the parameters v1, v2 and g′j, g
′′
j . Based on these values, the

solutions of the dispersion relation are real or complex which in turn decides the

type of instability which will arise. This classification of instabilities is mainly

dependent on the relative sign of g′j and g′′j which results in two different situations.

The transition from stability to instability requires a change in sign (positive to

negative) of the R.H.S of equation 3.35. If g′jg
′′
j < 0 i.e. the two terms in equation
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3.31 have opposite sign, then the system becomes unstable and g′jg
′′
j > 0 leads to the

stable cases. The stable cases include the completely and damped stable ones while

the unstable ones can be convective and absolutely unstable. In addition to this, the

sign of the product of v1 and v2 is also an important factor for further classifying

these cases. v1v2 > 0 results in completely stable and convective unstable cases

whereas v1v2 < 0 are for damped stable and absolutely unstable scenarios. Taking

into account the above conditions, we choose the values of the parameters and plot

the solutions of the dispersion relation for the two unstable cases in figures 3.2 and

3.3.

The three sectors i.e., j = 1, 2, 3 show similar behaviour as in the 2 flavor case

[172] for all the four kinds of instabilities. The only difference is that the region

of instability is shifted due to the presence of non zero matter terms. However,

we are more interested in the unstable cases giving an insight to the possibility of

flavor conversions, so the two unstable cases, convectively unstable and absolutely

unstable, are explained in detail with plots. For the stable cases we do verify both

the completely stable ( v1v2 > 0 and g′3g
′′
3 > 0, v1 = 0.7, v2 = 0.2, g′3 = 0.04 and

g′′3 = 0.06) and the damped stable (v1v2 < 0 but g′3g
′′
3 > 0, v1 = 0.6, v2 = −0.3,

g′3 = 0.04 and g′′3 = 0.06) cases for j=3. They mimic the two flavor results with the

matter shifting. Assuming the same angular distribution for the other two (j = 1, 2)

modes for the stable cases, we find the same behaviour.

The convective instability is shown in figure 3.2 for all the j values, i.e., j = 1,

2 (lower two panels) and j = 3 (upper two panels), corresponding to all the three

sectors (e-µ, e-τ and µ − τ) respectively. It is called convective as in this case the

perturbation decays locally, but blows up elsewhere as it moves away. We can see

that there is a gap in both K0
j and Kj. Both K0

j and Kj develops imaginary part

for a particular range of real values of each other. Here, v1v2 > 0 and g′jg
′′
j < 0. In

particular, we take v1 = 0.7, v2 = 0.2, g′1 = −0.4, g′′1 = 0.6, g′2 = −0.44, g′′2 = 0.66,

g′3 = −0.04 and g′′3 = 0.06.

Similarly, the absolute instability case is shown in figure 3.3 for all the three

sectors. In this case, the perturbation grows “on site” and around and thus the

name absolutely unstable. Here, the imaginary part arises only in K0
j for real values

of Kj. There is a relative change in sign in both v1, v2 as well as g′j, g
′′
j . We take

the values as v1 = 0.6, v2 = −0.3, g′1 = −0.4, g′′1 = 0.6, g′2 = −0.44, g′′2 = 0.66,

g′3 = −0.04 and g′′3 = 0.06.

One interesting feature which is evident from the lower two panels of figures 3.2

and 3.3 is that the range of values of K0
j for which Kj is imaginary and vice versa
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for the two different sectors are shifted with respect to each other. This means that

instability gets shifted. This signifies that the modes unstable for one sector (say

νe− νµ) may turn out to be stable for the other (say νµ− ντ ). Moreover, some parts

of the two ranges are also overlapping, indicating modes which are unstable in both

the cases. Note that in our example, we choose λ’s to be of similar order and in

units of λ3 ∼ 1. Large values of λ’s will make this effect of different homogeneous

modes more pronounce. However, the fast growth of the instabilities may act against

these effects. It would be interesting to see in a nonlinear analysis if the presence of

matter will have any dominant effect or not. Also our assumption of all the three

sectors having same kind of instability may not hold in a realistic situation. Thus,

the effect of these different kind of instabilities on each other would be another

interesting aspect.

In particular, for the two flavor picture the fast conversions are only governed by

the ‘electron lepton number’ or ELN (νe− ν̄e sector). Thus, G1,v is solely dependent

on νe− ν̄e. The fast oscillations are connected to the ‘crossings’ in the ELN spectra.

The size of the crossings are also important. The impact of the fast conversions on

SN dynamics is one crucial factor [177]. Our analysis shows that in the three flavor

picture it is not only ELN but in principle all the three flavors are important. It

may lead to the curious scenario when the ELN crossing is small or absent, however

the MuLN or TauLN contribute to the effective lepton crossing. In the non-linear

evolution, the instability in one off-diagonal element will influence the growth of

instability in the other sectors. Thus the growth of S3 governed by crossings in

MuLN / TauLN can impact the instability growth in S1 which is otherwise only

dependent on ELN in the two flavor scenario. Given the recent SN simulations [87]

with muons being produced in the late accretion phase results in larger difference

of fluxes of different flavors than the previous results. It would be interesting to see

the sizes of the MuLN or TauLN in these SN simulations and their possible impact

on the fast conversions in a SN environment.
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Figure 3.2: Example of solutions of the dispersion relation 3.35 for a convectively un-
stable case. The upper two panels are for j=3 and lower two panels for j=1,2. Here
v1 = 0.7, v2 = 0.2. g′3 = −0.04, g′′3 = 0.06 and g′1 = −0.4, g′′1 = 0.6, g′2 = −0.44, g′′2 = 0.66.
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Figure 3.3: Example of solutions of the dispersion relation 3.35 for an absolutely unstable
case. The upper two panels are for j=3 and lower two panels for j=1,2. Here v1 = 0.6, v2 =
−0.3. g′3 = −0.04, g′′3 = 0.06 and g′1 = −0.4, g′′1 = 0.6, g′2 = −0.44, g′′2 = 0.66.
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3.3 Discussion

The phenomena of self induced flavor conversions in the regions of dense neutrinos

(stellar core) have been previously studied using the method of linear stability anal-

ysis in the 2 flavor scenario. In this chapter, we have discussed the evolution of the

system considering all the three flavors of the neutrinos based on [212]. Here, we

obtained three linearized equations of motion for ϱ, i.e two more compared to the

usual two flavor scenario and studied these equations for both the slow and the fast

instabilities. For the slow oscillations, assuming the system to be isotropic and tak-

ing into account only the homogeneous modes, we studied the stationary solutions,

i.e., only the spatial evolution. This simple system is similar to the previous three

flavor studies done for the dense neutrino problems. We found our linear analysis

results are in excellent qualitative agreement with these previous non linear three

flavor studies. Further, for the fast conversions we did a generalized analysis. We

adopted the dispersion relation approach to study both the temporal as well as spa-

tial evolution. The consideration of the three flavor effects on the fast oscillations

has been done for the first time in [212]. The addition of the third flavor shows

possibilities impacting the rate of growth of the instabilities when compared to the

two flavor case. Given the suitable conditions, addition of the third flavor may slow

or speed up the instabilities and in turn may affect the flavor conversions.

In the three flavor analysis, the assumption of different distributions for all the

three flavors of neutrinos lead to the non trivial effect of the third flavor. The three

linearized equations of motion found corresponds to the three off-diagonal elements

S1, S2 and S3 describing νe - νµ, νe - ντ and νµ - ντ sectors respectively. We found

that the minimum requirements to reduce the three flavor evolution to an effective

two flavor one are fνµ = fν̄µ and fντ = fν̄τ . This is clearly different than the present

assumptions on fluxes, i.e, fνµ = fντ and fν̄µ = fν̄τ to generate the effective two

flavor description. Moreover, for the three flavor case, we found instabilities for

both the mass orderings. This is similar to the two flavor studies except that here,

the instabilities may remain present corresponding to the νµ - ντ sector as well. We

obtained all the three different kinds of instabilities namely Bimodal (BM), Multi

Zenith Angle (MZA) and Multi Azimuthal Angle (MZA). The BM happens for

positive µ0, i.e., inverted mass ordering and the MZA and MAA for negative µ0,

i.e., normal mass ordering.

The overall matter effect defined in our framework includes the contributions of

both the charged leptons and the corresponding neutrinos. It consists of both the
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current as well as the normal matter term. So in general, the effects from both

would be important for the study of the three flavor evolution. We have assumed

isotropy for the linearized stability analysis of the slow conversions and the currents

have been neglected. However, both the contributions have been taken into account

for the dispersion picture of the fast conversions.

According to the previous effective two flavor studies, the onset of the growth

of the instability in the solar sector is found to be at a later radius compared to

that of the atmospheric sector, however the onset of the solar sector may get faster

in the three flavor analysis. Our 3 flavor linearized stability analysis showed that

the onset of the growth of the third off-diagonal term (νµ - ντ ) occurred at a larger

value of µ0 i.e., at a lower radius. In the non linear scenario the three evolution

equations are coupled to each other, thus the early growth of the third off-diagonal

can affect (speed up) the other off-diagonals and may speed up the solar sector

conversions. This is in perfect agreement with the previous three flavor nonlinear

studies. We performed the slow conversion stability analysis without considering the

ordinary matter effects. However, the consideration of non-zero matter could have

substantial effect on the evolution. The slow onset of the solar sector compared to

the atmospheric one has been discussed in [215] in the context of two simple models

of colliding and intersecting neutrino beams. Here, we identified all the different

instabilities involved and demonstrated that this slow onset is happening for all the

cases BM, MAA and MZA instabilities. Indeed, the speed up due to the νµ − ντ

sector would be true to all the three instabilities.

In the dispersion picture for the fast oscillations, we obtained three dispersion

relations for the three flavor scenario. Here also fνµ = fν̄µ and fντ = fν̄τ are

the conditions to get back the effective two flavor picture. For the three flavor

case we considered the simplest two beam model where each beam consists of all

the three flavors of neutrinos. Depending on the values of the angular densities

chosen, we obtained four kinds of instabilities, namely the completely stable, damped

stable, convectively unstable and absolutely unstable corresponding to each of the

off-diagonal element. For simplicity, we assumed same angular distributions for

all the three sectors resulting in the presence of similar kind of instabilities for

all of them. However, the different angular distributions may result in different

stability picture in different flavors. In the non-linear evolution this might result

in an interesting impact, as in the non linear picture the instability in one flavor

sector may have strong influence on the evolution of another flavor sectors. This

becomes interesting when fluxes for the three flavors of neutrinos and their respective
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antineutrinos are different [87]. It would be crucial to understand the influence of

these flux differences in the context of these ‘three flavor speed up (or slow down!)’

in the non-linear evolution.

In the earlier studies involving the dispersion relations, the matter term, being

a constant is often rotated away. Similarly, in case of three flavor analysis also, we

have constant matter terms but they are different for the three sectors. As a result,

they cannot be rotated away simultaneously. The presence of this term shows a

very interesting result. It indicates that the modes unstable for some λ may not be

the same for the others i.e, the effective ‘homogeneous’ mode for one sector may be

‘inhomogeneous’ for the other sectors. However, in the context of fast oscillations

these instabilities are growing at an enormous rate. Hence negligible ‘cascading’

between the modes [162] may reduce this effect. In particular, for our numerical

example the separation of these modes were reasonably small.

This discussion on linear analysis of three flavor case motivates us to see the

influence of these effects in non-linear simulations. Thus, we explore this idea of

presence of other flavor lepton numbers (MuLN and TauLN) in addition to the ELN

in the context of fast flavor oscillations in the next chapter. We discuss the role

played by the presence of third flavor in modifying the crossings in the angular

spectra in the usual two flavor scenario. Overall, we show the importance of the

study of the fast flavor conversions in complete three flavor scenario using some toy

examples in the next chapter.
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Chapter 4

Non-linear analysis of fast oscillations

In the previous chapter, we talked about the method of linear stability analysis for

studying slow as well as fast conversions. This method can predict whether flavor

conversions take place or not. However, it cannot provide any information about the

outcome. To understand the behaviour of the system, we need to solve the complete

non-linear equation of motion numerically. In addition, we expand our non-linear

analysis to system beyond ‘effective two flavor’. As the linear stability discussion in

the previous chapter signals substantial difference between effective two flavor and

complete three flavor analysis, in this chapter, we carry out the non-linear analysis

of the fast oscillations taking into account different toy examples. Note that our

main focus here will be the three flavor scenario.

4.1 Fast oscillations : Three flavor

The presence of the fast flavor conversions (FFCs) well inside a SN can lead to

paradigm changes in our understanding of the explosion dynamics, requiring a more

detailed analysis of the different approximations going into the studies. One of such

assumptions is the consideration of the effective two flavor scenario (e and x flavor,

where x = µ, τ or a linear combination of both) where ELN is considered to be

the only driving quantity inspite of the presence of neutrinos of other flavors in the

SN environment. The studies [116–118, 120, 170–183, 185] have suggested that a

necessary and sufficient condition for the existence of these fast instabilities is the

presence of a zero-crossing in the angular distribution of the neutrino electron lepton

number (ELN), i.e., the difference between the electron neutrino and the antineu-

trino angular emission spectra should go through a zero for some emission angle.

These crossings are naively expected to occur near the neutrino free-streaming zone
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and require a comprehensive study of the interplay of collisions and fast conversions,

thereby necessitating the use of quantum kinetic equations [199, 216–218]. This as-

sumption of effective two flavor is based on the fact that in the absence of muons

and taus in traditional SN simulations, the heavy lepton neutrinos have identical

microphysics and similar number density (nνµ = nντ = nν̄µ = nν̄τ = nνx) for all

emission angles. This set up has severe limitations as the νx and ν̄x flux would differ

naturally if nucleon recoil effects, implying different neutral-current scattering cross

sections, are taken into account. Moreover, it would be also natural to expect that

the high temperatures during the accretion phase would create muons in the nascent

neutron stars. In fact, [87] has shown that the addition of muons can enhance neu-

trino energy deposition to the stalled shockwave, leading to a successful explosion.

Muon production in a SN [87] can create differences in the heavy lepton flavor neu-

trino fluxes. In [87], it has been shown that due to the creation of muons in the

accretion phase, the difference in the νµ and ν̄µ increases (∼ 5%) as compared to the

already present difference (∼ 0.5%) between them due to different neutral current

scattering cross sections with nucleons. However, for ντ and ν̄τ , the difference is

only due to the different cross sections as the temperatures are not enough to create

tauons in that environment. Thus the inclusion of three-flavor effects is necessary.

The oscillation treatment of such a scenario was pointed out in [119] and in [212] we

have done a detailed analysis of fast conversions taking into account all the three

neutrino flavors. Using the linear stability analysis, we demonstrated the possibility

of altering the instability growth rates obtained in the standard two-flavor setup

which is explained in chapter 3.

Going a step forward with respect to current literature, we, for the first time,

perform a fully non-linear computation of FFCs in the presence of three neutrino

flavors in [219]. Motivated by the difference in the heavy lepton flavor neutrino fluxes

observed in [87], we propose some toy models and demonstrate that it is not only the

ELN, but also MuLN and TauLN that drives the onset of these rapid conversions.

In fact, it is the difference of any of the two-flavor lepton numbers that goes into

the evolution equations [212]. This emphasizes the incompleteness of a two-flavor

analysis, especially while analyzing the presence of FFC in the pre-shock region,

where tiny crossings in the ELN can get erased by the MuLN and/or TauLN. Our

results suggest the importance of such a fully non-linear three-flavor study of FFC

with detailed hydrodynamic SN simulations, including muon production, to gauge

its impact on SN dynamics. Furthermore, in [220] it has been pointed out that even

considering the same flavor content in the three and six neutrino species cases, the
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flavor conversion probabilities obtained as output of numerical simulations can have

appreciable differences. However, these conclusions have been obtained assuming

only the evolution in time, i.e. spatial homogeneity has been imposed. So, we

extend the studies performed in [212, 219, 220] by considering the dependence of

flavor evolution on the spatial dimension as well in [221]. In the subsequent sections,

we discuss our three flavor setup and present the results showing the effects of the

addition of the third flavor in contrast to the effective two flavor scenario.

4.2 Evolution equation

The spatial and temporal evolution of the neutrinos is governed by the equation 2.5

mentioned in chapter 2. In absence of collisions, the form of the equation becomes

:

i (∂t + vp · ∇x) ϱp,x,t = [Hp,x,t, ϱp,x,t] (4.1)

where, ϱp,x,t are the neutrino occupation number matrices, Hp,x,t is the Hamiltonian

of the system which consists of three parts, i.e., vacuum term, MSW potential and

the neutrino-neutrino interaction terms given by:

Hvacuum
p = ∆m2/2E (4.2)

Hmatter
p =

√
2GFnα (4.3)

Hνν
p = µ0

∫
d3q/(2π)3(1− vp · vq)(ϱq,x,t − ϱ̄q,x,t) (4.4)

Here, nα denotes the charged lepton density (α denotes the flavor), µ0 =
√
2GFnν ,

nν being the background neutrino density and GF is the Fermi constant.

In the fast flavor limit, the evolution of the system is mainly dependent on the

matter and the neutrino-neutrino interaction terms (Hmatter
p and Hνν

p ) as the only role

played by the vacuum term is to seed the fast oscillations. Further, while studying

space and time evolution, the matter term (Hmatter
p ) can be neglected [175, 222].

Thus the whole system is driven only by the neutrino-neutrino interaction term. We

also ignore the small radiative corrections in the nonlinear term (Hνν
p ) [210].

Now, we will discuss the significance of the angular distributions of different

flavors of neutrinos and antineutrinos in the mechanism of fast flavor conversions.
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4.2.1 Angular distributions

To study fast flavor conversions, the angular distribution of the neutrinos is an

important factor. The requirement is that different flavors of neutrinos should have

significantly different angular distributions. This is the cause of the creation of zero

crossing in the difference between the fluxes of neutrinos and their anti-neutrino

counterparts which is the necessary and sufficient condition for the occurrence of

fast oscillations. Since the interaction rates of different flavors of neutrinos are

different, they are decoupled from the matter at different radii. The non-electron

flavors, νµ, ντ , ν̄µ, ν̄τ are decoupled much earlier (deeper) as compared to ν̄e which

is further followed by νe. As a result, it is expected that near the SN core, the

zenith-angle distribution of the non-electron flavors of neutrinos and anti-neutrinos

would be more forward peaked than the electron anti-neutrino which is further more

forward peaked than the electron neutrino.

In the effective two flavor scenario where the fluxes of non-electron flavors of

neutrinos and anti-neutrinos are considered to be identical, a quantity known as

the electron lepton number (ELN) is defined which determines the possibility of

the existence of instabilities. The ELN is defined as the difference between the

occupation numbers of the electron neutrino and its anti-neutrino integrated over

energy which is given as :

Ge
v =

√
2GF

∫ ∞

0

dE E2

2π2
[ϱee(E,v)− ϱ̄ee(E,v)] . (4.5)

Now as described in the previous chapter if we relax this assumption of equal fluxes

of the non-electron flavors, then in addition to the ELN there will be two more flavor

lepton numbers which we term MuLN and TauLN.

Gµ
v =

√
2GF

∫ ∞

0

dE E2

2π2
[ϱµµ(E,v)− ϱ̄µµ(E,v)] , (4.6)

Gτ
v =

√
2GF

∫ ∞

0

dE E2

2π2
[ϱττ (E,v)− ϱ̄ττ (E,v)] . (4.7)

Unlike the effective two flavor case where we search for crossings in the ELN, now

the quantities of interest in case of three flavor scenario are the differences of these

flavor lepton numbers which are given as :
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Geµ
v = Ge

v −Gµ
v ,

Geτ
v = Ge

v −Gτ
v ,

Gµτ
v = Gµ

v −Gτ
v . (4.8)

where, Geµ
v , Geτ

v and Gµτ
v are the differences of the lepton numbers in the e−µ, e−τ

and µ− τ sectors respectively. So, equation 4.8 becomes :

Geµ
v =

√
2GF

∫ ∞

0

dEE2

2π2
[ϱee(E,v)− ϱ̄ee(E,v)− ϱµµ(E,v) + ϱ̄µµ(E,v)] ,

Geτ
v =

√
2GF

∫ ∞

0

dEE2

2π2
[ϱee(E,v)− ϱ̄ee(E,v)− ϱττ (E,v) + ϱ̄ττ (E,v)] ,

Gµτ
v =

√
2GF

∫ ∞

0

dEE2

2π2
[ϱµµ(E,v)− ϱ̄µµ(E,v)− ϱττ (E,v) + ϱ̄ττ (E,v)] , (4.9)

This is the same as equation 3.29 which is described in the previous chapter. The

presence of instability in any one of these sectors is indicated by the presence of the

zero crossing in the corresponding lepton number difference shown above. Note that

under the assumption of ϱµµ = ϱ̄µµ = ϱττ = ϱ̄ττ , equation 4.9 reduces to the usual

ELN.

Focussing on equation 4.9, it is clear that now the difference between the fluxes

of the non-electron flavors will influence the ELN. It can either enhance or erase

the crossing originally present in ELN. Also in case, there is no crossing in ELN

originally, the MuLN and TauLN can create one. As a result, the consideration of

three flavors can affect the crossings in the two flavor scenario and thus can affect

the fast flavor conversions. To investigate this point, we consider four toy examples

of angular distributions as mentioned in the following.

Numerical examples

To study the fast flavor oscillations in the three flavor scenario, we consider four

toy examples. The angular distributions as a function of v = cos θ are given by the

following expression:

ϱαα =
1

2π

[ 1 + ∆α

1− vαmin

H(cos θ − vmin) + hH(− cos θ + vmin)
]

(4.10)
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where, α = e, ē, µ, µ̄, τ, τ̄ and the parameters ∆α, v
α
min and h for four different

cases are mentioned in tables 4.1 and 4.2.

α vαmin ∆α h

e -1.00 0.80 0

ē -0.60 0.70 0

µ -0.80 0.10 0

µ̄ -0.70 0.45 0

τ -0.80 0.10 0

τ̄ -0.70 0.45 0

α vαmin ∆α h

e -1.00 0.80 0

ē -0.60 0.70 0

µ -0.80 0.30 0

µ̄ -0.70 0.15 0

τ -0.80 0.30 0

τ̄ -0.70 0.15 0

Table 4.1: Parameter values for case 1 (left) and case 2 (right).

α vαmin ∆α h

e -1.00 0.90 0

ē -0.60 0.30 0

µ -0.80 0.10 0

µ̄ -0.70 0.50 0

τ -0.80 -0.20 0

τ̄ -0.70 -0.10 0

α vαmin ∆α h

e -0.30 0.60 0.00

ē 0.00 0.29 0.00

µ -0.20 0.00 0.08

µ̄ -0.10 0.20 0.02

τ -0.20 0.10 0.08

τ̄ -0.10 0.17 0.00

Table 4.2: Parameter values for case 3 (left) and case 4 (right).

Figures 4.1 and 4.2 show the angular distributions of different flavors and the

differences between them given by equation 4.8 respectively for the four different

cases mentioned above. Note that in figure 4.2, the ELN for the two flavor case is

shown by blue dotted line.

The upper left panel of figures 4.1 and 4.2 represent the case 1. The parameter

values for them are given in the left panel of table 4.1. Here, all the three flavor

lepton number distributions (ELN, MuLN and TauLN) have crossings, whereas the

differences i.e., Geµ
v , Geτ

v and Gµτ
v (shown by the blue, green and red solid lines in

figure 4.2 respectively) do not have crossings.

The upper right panel of figures 4.1 and 4.2 show the case 2, whose angular
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Figure 4.1: The above panels show the angular distributions for different flavors of the
four toy examples mentioned in the text. The upper left panel corresponds to case 1 and
upper right panel is for case 2. The lower left and right panels represent the case 3 and
case 4 respectively.

distributions are given by the parameter values in the right panel of table 4.1. In

this case, ELN has a crossing but MuLN and TauLN do not have. However, in figure

4.2, there is a crossing in Geµ
v (blue solid line) and Geτ

v (green solid line) but there

is none in Gµτ
v (red solid line).

The case 3 is represented by the lower left panel of figures 4.1 and 4.2 and the

parameter values of its angular distributions are given by the left panel of TABLE

4.2 . In this scenario, there is no crossing in ELN but it is present in MuLN and

TauLN. Focussing on the differences in figure 4.2, Geµ
v (blue solid line) and Geτ

v

(green solid line) do not have a crossing whereas it is there in Gµτ
v (red solid line).

The last example, i.e., case 4 (lower right panel of figures 4.1 and 4.2) is given by

the angular distributions with parameter values in the right panel of table 4.2. Here,

there is a shallow crossing in the ELN in the forward direction and also there are

crossings in the MuLN and TauLN. Unlike the other three cases, here the differences

Geµ
v (blue solid line) and Geτ

v (green solid line) have shallow backward crossings as

shown in the lower right panel of figure 4.2. However, Gµτ
v (red solid line) does not

have any crossing.

Taking these angular distributions into account, in the rest of the chapter we
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Figure 4.2: The above panels show the effective lepton numbers for different flavors for
the angular distributions of the four toy examples mentioned in the text. The upper left
panel corresponds to case 1 and upper right panel is for case 2. The lower left and right
panels represent the case 3 and case 4 respectively.

study the fast flavor conversions by solving the non-linear equations of motion first

considering only time evolution and then both time and space (1+1 D). This study

is based on [219, 221]. Note that current state of the art SN simulations [87] can

only provide angular moments of the neutrino distribution, from which one can

construct realistic angle-dependence of the neutrino flavor intensity but only near

the neutrinosphere. However, these distributions are not very reliable at larger

radii [223].

4.3 Non-linear analysis : Time evolution

First, we aim to solve the evolution equation 4.1 by considering only the time deriva-

tive part for which we assume a spatially homogeneous flavor composition. We as-

sume that the initial neutrino angular distributions are axially symmetric around the

z−axis, i.e., they only depend on the zenith angle. Nevertheless, we do consider the

azimuthal angles in our calculations, so that also axially breaking instabilities are

allowed to develop [155]. We consider 100 zenith angles and 10 azimuthal angles in

our calculations. We take µ0 =
√
2GFnν = 4× 105 km−1, which is a typical value in
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the neutrino decoupling region. Concerning the vacuum term, we use as oscillation

frequencies ∆m2
31/(2E) = 0.5 km−1 and ∆m2

21/(2E) = 0.01 km−1, whereas we set

the mixing angles to be θ12 = θ13 = θ23 = 10−3. In this way, we mimic the suppres-

sion of θij induced by the large potentials. Moreover, as we focus only on the time

evolution we neglect the matter terms, λe = λµ = λτ = 0. We solve the evolution

equation and plot the angle averaged off-diagonal elements of ϱ in figures 4.3 and

4.4 for the two flavor and three flavor scenarios respectively which will be discussed

in detail below. The angle average of the elements of the occupation number matrix

is defined as:

|⟨ϱαβ⟩| =
∣∣∣∣∫ dvϱαβ(v)

∣∣∣∣ . (4.11)

where, α, β are the indices corresponding to the e, µ and τ flavors.

4.3.1 Two flavor

As mentioned earlier, the quantity of interest to study fast flavor oscillations in the

two flavor scenario (nνµ = nν̄µ) is the electron lepton number (ELN). The presence of

zero crossing in ELN indicates the occurrence of flavor conversion. The blue dotted

lines in figure 4.2 represent the ELN for the four toy examples considered. Figure

4.3 shows the time evolution of the angle averaged off-diagonal elements in the case

of two flavor.

The upper left and right panels correspond to the cases 1 and 2 respectively.

It is evident from figure 4.2 (blue dotted lines in upper left and right panels) that

there is a crossing in the ELN (Ge
v). So we expect growth in the off-diagonals and

the same is seen in figure 4.3. Note that the ELN is similar for both cases 1 and 2.

Case 3 does not have any crossings in the ELN (as shown in lower left panel of

figure 4.2) and thus there is no growth in |⟨ρeµ⟩|. The time evolution is shown in

the lower left panel of figure 4.3.

In case 4, there is a shallow crossing in forward direction in the two flavor scenario

in lower right panel of figure 4.2. However, it does not lead to a significant growth

(lower right panel of figure 4.3) in the off diagonal element.

4.3.2 Three flavor

In figure 4.4, the time evolution of the angle averaged off-diagonal elements of ϱαβ is

shown for the four toy examples. Firstly, we consider the scenario, where each of Ge
v,

Gτ
v and Gµ

v have crossings as can be interpreted from the angular distribution of the
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Figure 4.3: The panels show the evolution of the angle-averaged off-diagonal elements |⟨ϱαβ⟩|
of the occupation number matrix with time (in ns) for the case of two flavor. Upper left panel : It
shows case 1 where the effective two-flavor evolution, assuming νx = ν̄x, shows large exponential
growth due to crossing in Ge

v. Upper right panel : This is for case 2 where again due to crossing
in Ge

v substantial flavor conversions are seen. Lower left panel : It represents case 3. Here, the
two-flavor evolution shows no instability as there is no ELN crossing. Lower right panel : This is
for case 4 where due to very shallow crossing, the two-flavor evolution shows no instability.

fluxes (upper left panel in figure 4.1). Thus, in the two-flavor scenario (nνµ = nν̄µ),

there is an exponential growth in angle averaged ϱeµ (upper left panel in figure 4.3),

due to this crossing in Ge
v. However, there is no crossing in Geµ

v , Geτ
v or Gµτ

v , and thus

the time evolution of the off-diagonal elements |⟨ϱαβ⟩| does not show any exponential

growth (upper left panel in figure 4.4). This simple but crucial example clearly

demonstrates that some of the crossings found in [179, 195, 224] might disappear once

the corresponding hydrodynamical simulation include the full three-flavor neutrino

transport, including the production of muons.

As a second example, consider the case (figure 4.2 (upper right panel), where

the ELN (Ge
v) has a regular crossing (dashed line) and thus there is a growth in the

off-diagonal ϱeµ (upper right panel of figure 4.3), but there are none in the MuLN or

the TauLN. The spectra are designed such that the flavor lepton number difference

Geµ
v , Geτ

v exhibit deep crossings (solid lines in figure 4.2). On the other hand, there is

no crossing in Gµτ
v . The naive two-flavor intuition is that there should be exponential

growths in the e−µ and e−τ sector. However, the non-linear, coupled nature of the
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Figure 4.4: The panels show the evolution of the angle-averaged off-diagonal elements
|⟨ϱαβ⟩| of the occupation number matrix with time (in ns) in the three flavor scenario.
Upper left panel : It shows case 1 where the three-flavor evolution has no instability in
any of the sectors. Upper right panel : This is for case 2 where due to large crossings in
Geµ

v , Geτ
v , substantial flavor conversions are seen in all the sectors. Lower left panel : It

represents case 3. Here, crossing only in Gµτ
v causes an exponential growth in µ−τ sector.

Lower right panel : This is for case 4 where shallow crossings are present in Geµ
v , Geτ

v

in the backward direction, leading to exponential growths in |⟨ϱαβ⟩| for the three-flavor
setup.

problem intertwines the growths in all the sectors. This is borne by the upper right

panel of figure 4.4, where substantial flavor conversion is seen in all the sectors,

though with different growth rates. Note that the growth in ϱµτ is inherently a

non-linear effect, and will not be captured by a linear stability analysis. It can be

seen clearly from upper right panel of figure 4.3 that the two-flavor evolution is very

different, with a larger onset time and growth rate.

The third case, shown in lower left panel of figure 4.2, presents a crossing only

in Gµτ
v . There exists a reasonable asymmetry between νµ and ντ (and between

their antiparticles as well) to generate an exponential growth in the µ − τ sector.

This is what is seen in the lower left panel of figure 4.4, where the µ − τ sector

experiences a flavor instability, while the other two do not. Indeed, the two-flavor

analysis (lower left panel of figure 4.3) also does not exhibit any instability due

to the lack of a crossing in the ELN (Ge
v). This example advances the hypothesis

69

TH-2924_176121012



Chapter 4. Non-linear analysis of fast oscillations

that those regions where no ELN crossing was found in [179, 195, 224] might, in

reality, have fast instabilities once the differences between νµ and ν̄µ are taken into

account. Another comment is in order: the amplitude of the exponential growth in

our toy model is not enough to cause substantial flavor conversions. However, the

background conditions for these solutions may dynamically change in a realistic SN

environment, or if spatial evolution is taken into account, and may result in flavor

conversions.

As a final example, we consider a scenario in the lower right panel of figure 4.2

where shallow crossings are present in Geµ
v , Geτ

v in the backward direction, whereas

Gµτ
v does not show any crossing. To contrast with the two-flavor examples, the

setup is constructed such that the ELN (Ge
v) also has a shallow crossing in the

forward direction only but does not lead to the growth of the off-diagonal element

(lower right panel of figure 4.3). We find that such shallow crossings readily lead

to an instability in the three-flavor case (lower right panel of figure 4.4). This

example is motivated from [195], where it was pointed out that shallow crossings

in the backward directions can lead to a fast instability. In [195], such backward

crossings were associated with residual coherent scattering on heavy nuclei, which

is slightly enhanced for ν̄e with respect to νe, because of their larger average energy.

Our toy model advances the hypothesis that the existing differences between νµ and

ν̄µ could (at least in principle) be the real cause of these crossings. Similarly, the

non negligible muon lepton number can also erase a potential shallow (backward)

crossing in the ELN.

4.4 Non-linear analysis : Space and time evolution

In the previous section, we focussed on the non-linear analysis of fast oscillations

for a spatially homogeneous case, i.e., considering the evolution only in time. Now

we present a more general scenario in this section. Moving a step forward, now we

solve the evolution equation 4.1 considering one space and time dimension. Here,

we take into account the same four toy examples and study the evolution of the off-

diagonals. For the numerical analysis, we employ the d03pff routine from the NAG

library, which is built for solving a system of nonlinear convection-diffusion partial

differential equations in one space dimension. The method of lines is employed to

reduce the system of partial differential equations to a system of ordinary differen-

tial equations, and the resulting system is solved using a backward differentiation

formula method. We use this routine with 103 points in space and we discretize the
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angular variable v with 30 points. We fix µ0 = 4 × 105 km−1 and we consider a

spatial range z ∈ [0, 0.01] km. We set

We discuss our non-linear analysis for the complete three flavor scenario in one

space and time dimension (1+1 D). Since we, for the first time are doing the 1+1

non-linear analysis for the complete three flavor scenario and the results are not

well understood, we first perform the linear analysis by solving the dispersion rela-

tion. This provides us an idea about the results to be expected from the non-linear

analysis.

Linearized analysis : Dispersion

The onset of the fast flavor conversions is studied through the method of linear

stability analysis [119, 120, 172, 187, 188, 212]. We linearize equation 4.1 at first

order in the off-diagonal elements of the density matrices Sαβ
v , (α ̸= β), assuming

the diagonal elements to be O(1) which leads to the following equations.

i vγ∂γS
αβ
v =

(
vγ(Λαβ

γ + Φαβ
γ )
)
Sαβ
v − vγ

∫
dv′

4π
v′γ G

αβ
v′ S

αβ
v′ , (4.12)

where, αβ corresponds to the three sectors i.e., e− µ, e− τ and µ− τ respectively.

These are same as the equations (3.32 - 3.34) in chapter 3. Here, γ = 0, 1, 2, 3 and

Λαβ
γ is the charged lepton matter term and the corresponding current. Similarly,

Φαβ
γ is the neutral lepton matter term and the corresponding current. Since we are

neglecting the ordinary matter term, we take Λαβ
γ = 0 and Φαβ

γ =
∫

dv
4π

vγ G
αβ
v .

We then take the ansatz Sαβ
v = Qαβ

v e−i(Ωt−K·x). Note that Ω and K are the

frequency and wave vector and are same as K0 and K in equation 3.24 in chapter 3.

Substituting this back in equation 4.12, we obtain the following dispersion relation

for each choice of αβ.

det [Πγδ
αβ(Ω, K)] = 0 , (4.13)
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Figure 4.5: The above panels show the plots of the Im[Ω] vs K for the above mentioned
examples. Case 1 has no instability and thus there is no Im[Ω]. The upper left panel
shows Case 2 (eµ and eτ ) and the upper right panel shows Case 3 (µτ). Case 4 (eµ and
eτ) are represented by the lower left and lower right panels respectively .

where the rank 2 polarization tensor Πγδ
αβ is given by:

Πγδ
αβ = ηγδ +

∫
dv

4π
Gαβ

v

vγvδ

Ω− (K − Φαβ).v
(4.14)

where ηγδ is the metric tensor and it is equal to diag(+1, -1, -1, -1). Note that

the subscripts α, β of Π denote the flavor of neutrinos and γ, δ are the spacetime

indices. Here, there are three dispersion relations corresponding to the three sectors,

i.e., e−µ, e− τ and µ− τ . To investigate the presence of instabilities in the system,

for each sector we solve equation 4.13 numerically as a function of real values of K.

If, we find Im[Ω(K)] ̸= 0, then we have an instability.

In case1, since there are no crossings in the difference spectrum (Geµ
v , Geτ

v , Gµτ
v ),

there are no instabilities and thus no Im(Ω) for real values of K. Fig. 4.5 shows the

plots of Im(Ω) vs K for the cases 2, 3 and 4. The upper left panel represents the e-µ

and e-τ sector of case 2. Since the angular distributions of both sectors are similar,

the solutions to the dispersion relation are same. It can be seen that the instabilities
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are present for both positive and negative values of K for case 2. The upper right

panel is for the µτ sector of case 3. Here, we note that the instabilities are present

only for negative values of K. The e-µ and e-τ sectors of case 4 are represented by

the lower left and right panels respectively. Note that in case 4, the instabilities are

present only for the positive K.

We can define the wavevector ‘k’ in a co-rotating frame as k = K−Φ where Φ

is the current term. In [175], the presence of instabilities have been identified by

the method of moments. It is interesting to note from the plots of case 3 and case

4 that there are no instabilities for the K=Φ mode which is equivalent to saying

k=0. In case 3, the value of Φµτ= −0.00528 and for case 4, Φeµ= 0.00371 and

Φeτ= 0.0298 in units of µ0. This also agrees with the fact that when we calculate

the Im(Ω) following the formalism of [175] by finding the moments, we do not obtain

any instability. This is because of the fact that the moments formalism is based on

the calculation of Im(Ω) for the case of k=0.

Non-linear analysis

The results for the four cases, shown in figure 4.6, demonstrates the growth rates of

flavor instabilities in terms of the evolution of log10 |⟨ϱαβ⟩| in the z − t plane. The

leftmost panels depict the evolution in the e − µ sector, while the middle panels

show the same for the e− τ sector and the µ− τ sector respectively. Note that the

dispersion plots shown in figure 4.5 are also shown in the insets of the corresponding

plot in figure 4.6.

We find that, as expected, there is no flavor instabilities for Case 1 (top panel).

This is consistent with the fact that the angular distributions in Case 1 show no

crossing in three-flavors. In tandem with these results, we find null results for the

growth rates using a stability analysis shown in figure 4.5. For Case 2 (second panel

from top), there exists a crossing in the e−µ and the e−τ sector. Consequently, the

values of log10 |⟨ϱeµ⟩| and log10 |⟨ϱeτ ⟩| start growing in space and time, indicating a

flavor instability. The corresponding plots in figure 4.5 (upper left panel) show the

instabilities in the ImΩ−K plane in the linear regime. We also get a quantitative

agreement among the amplitudes of the growth rates in the linear as well as non-

linear regime. The growth-rate in the µ− τ sector is driven by a combination of the

couplings in the different sectors, and is purely driven by the non-linearity of the

problem. Hence, this growth rate is not captured by a stability analysis.

The toy spectra in Case 3 (third panel from top) shows a crossing only in the

µ − τ sector. As a result, we find a flavor instability in the µ − τ sector only. The
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Figure 4.6: Growth rate of flavor instability (log10 |⟨ϱαβ⟩|) in the three-flavor study for
the 4 different cases. The rows (from top to bottom) correspond to case 1,2,3, and 4
respectively. The left panel depicts the e − µ sector, while the middle and right panel
depicts the e− τ and the µ− τ sector respectively.

linear stability analysis also obtains imaginary values of Ω only in the µ− τ sector

and not in the other two (upper right panel of figure 4.5).

For Case 4 (bottom panel), we find that all three flavor sectors show a non-zero

growth of the off-diagonal components of the density matrix. The e−µ and the e−τ

sector show a spectral crossing, and hence have a faster growth rate. The growth in

the µ − τ sector is completely a three flavor artefact, and does not depend on any

spectral crossing in that sector. The same is captured in a linear stability analysis,

where there is an instability only in the e− µ and the e− τ sector, as shown in the
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lower panels of figure 4.5.

4.5 Discussion

The evolution of neutrino fast flavor conversions in a core-collapse supernova depends

on the occurrence of crossings in the angular distributions of flavor lepton number.

In this context it is usually assumed that the flavor content of νµ, ντ , ν̄µ and ν̄τ is

equal. Consequently only three neutrino species are used (νe, ν̄e and νx) in numerical

simulations, as well as linear stability analyses. Within this two-flavor formalism,

these ultra-rapid flavor conversions are believed to occur mainly when the ELN,

i.e., the difference between the νe and ν̄e angular spectra, exhibit a zero-crossing.

However, the first hydrodynamical simulations with six neutrino species performed

in [87] have motivated us to extend the study of fast conversions in complete three

flavor picture.

Based on [219, 221], it has been demonstrated in this chapter through toy ex-

amples that the differences expected between νµ and ν̄µ, which are induced by a

non-negligible population of negatively charged muons in the core, can introduce

some observable modifications of the angular distributions of lepton number. As a

result, those angular crossings that are expected to occur with three neutrino species

can be either erased or actually created. We find that the inclusion of three-flavors

can significantly alter our understanding of the conditions for fast conversions. Us-

ing toy spectra, we demonstrate that it is not the ELN, or correspondingly, the

MuLN, and TauLN, but rather their differences that govern these fast modes. The

examples studied clearly show that three-flavor evolution can result in instabilities

that are not captured by a two-flavor study; conversely, it can also wash out the

instabilities predicted by a two-flavor study. These results also show that the linear

stability analysis cannot capture all the instability signatures of the full non-linear

analysis, i.e the triggering of instabilities in otherwise stable sector ραβ, because of

the absence of a crossing at t = 0, can only be observed at the non linear level.

These conclusions have been obtained considering a spatially homogeneous neutrino

system as well as considering evolution in both space and time (1+1 D). Overall, we

find that the qualitative nature of the results obtained in only time evolution case

remain robust even when considering flavor evolution in both space and time.

Our findings further indicate caution against claiming the presence of fast conver-

sions for shallow crossings in the ELN, because such crossings can easily be nullified

by an opposite crossing in the MuLN. This is particularly relevant in the shock re-
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gion, where a significant population of νµ, ντ can be expected in the accretion phase.

This fast flavor mixing can have a drastic impact on the shockwave revival, as well

as nucleosynthesis. Hence, it is crucial to appreciate these flavor conversions, using

a complete three-flavor analysis. This motivates the necessity of including muons

in a dedicated analysis of fast-flavor conversions to gauge their impact on super-

nova dynamics. Moreover, our examples clearly establish the importance of detailed

three-flavor treatments to assess whether such possibilities are indeed realized in

nature. Future muon SN simulations will hold the key to the answer.

76

TH-2924_176121012



Chapter 5

Diffuse supernova neutrino

background

In the previous chapters, we discussed the phenomenon of collective oscillations in

the dense environment of a supernova core. We particularly focussed on the study

of slow and fast oscillations in a three flavor framework. In this chapter, we will

talk about the phenomenological implications of the SN neutrino oscillations on the

Diffuse Supernova Neutrino Background.

5.1 Introduction

The detection of SN neutrinos directly from a core-collapse supernova is a challeng-

ing task. Though the CCSN is accompanied by a huge number of neutrinos, the

weakly interacting nature of these neutrinos limits their detection. Even the present

super large neutrino detectors would not be able to probe much beyond our galaxy.

Moreover, the core collapse supernova rate in our galaxy being 1 ∼ 3 per century

[225] makes such detection rare. The only observations of supernova neutrinos avail-

able to us till date are that from SN1987A [226–228] in the Large Magellanic Cloud.

Although this observation provided good amount of information about SN dynamics

on a broader scale, the small number of events captured in the detector restricted

our detailed understanding.

Another opportunity to detect these neutrinos can be provided by the far away

supernovae in the form of the Diffuse Supernova Neutrino Background (DSNB) [229–

235]. It is the cummulative background formed by the neutrinos and antineutrinos

emitted during the past supernova explosions in the universe. These neutrinos

are also known as the supernova relic neutrinos. It is interesting to study DSNB
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as it explores the entire population of collapsing stars, taking into account both

the diverse nature and cosmological evolution of the stars. This background is

expected to be uniform and time independent to a great extent. Thus the possibility

of observing DSNB is extensively dependent on the advancements in the detector

technology.

The main factors governing the calculation of the DSNB flux are the rate of

core collapse supernova and the flavor dependent spectrum of the neutrinos and

antineutrinos from supernovae. The cosmic star formation rate can be measured by

studying how the stars are distributed according to their luminosities and masses on

which an analytical fit to the star formation rate can be obtained [235–238]. There

are many uncertainties associated with these methods [239]. The other ingredient,

i.e. the flux of neutrinos from a supernova is also not well known as the only

experimental information about CCSNe are the small number of events detected

from SN1987A. Thus, to determine the SN neutrino spectra, one has to rely on

the hydrodynamical simulations [240]. Although the fluxes predicted by different

simulation groups vary due to the different values of the input parameters, the

idea of representing the SN neutrino spectra by the pinched thermal spectra is well

accepted [91]. In addition to this, the neutrinos undergo flavor oscillations while

passing through the SN which further modify the spectra. Deep inside the SN,

collective oscillations [108, 111–142] take place which is then followed by the MSW

effect [24, 26] at larger distances from the core. The uncertainties in the prediction

of spectra by SN simulations together with different flavor conversion possibilities

are fundamental sources of the uncertainties in the diffuse neutrino flux.

The usual predictions of the diffuse supernova neutrino background were com-

monly done considering the collapse into a neutron star [241–255]. But then the

detailed studies have been done over the last decade taking into consideration the

rarer case of failed supernova i.e., the direct collapse into a black hole without explo-

sion [256–268]. In this case, the luminosities and the energy of the neutrino emitted

are found to be more than the neutron star forming collapse. This suggests that the

diffuse flux due to black hole forming collapses might dominate at the higher energy

part of the spectrum.

In this chapter, we will study two different oscillation scenarios, the motivation

being the fast oscillations and the impact of that on DSNB. The extreme effect of

fast oscillations would be to equilibrate the fluxes of the different flavors of neutrinos.

Further we focus on the uncertainties in the DSNB flux due to different black hole

fractions considering the uncertainty in the normalization of the supernova rate.
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We study the phenomenological prospect in the water Cherenkov and liquid Argon

detectors.

5.2 Calculation of the DSNB flux

The total differential flux of diffuse supernova neutrino background (DSNB) is de-

fined as the number of neutrinos of a particular flavor arriving at the detector on

Earth per unit area per unit time per unit energy due to all the supernovae in the

Universe. This background is calculated upto the maximum redshift. The expression

for the differential DSNB flux for να (α = e, µ, τ) flavor is given by

φνα(E) =
c

H0

∫ 125M⊙

10M⊙

∫ zmax

0

RSN(z,M)Fνα(E
′,M)

dz√
ΩM(1 + z)3 + ΩΛ

dM (5.1)

where α denotes the neutrino flavor, c is the speed of light, zmax is the maximum

redshift, ΩM = 0.3, ΩΛ = 0.7 are the matter and dark energy cosmic energy densities

respectively, and the Hubble parameter H0 = 67.36 km s−1 Mpc−1 [45]. As it is

evident from the above equation, the differential flux depends on the supernova rate

RSN and the oscillated time integrated spectrum of the neutrinos Fν for a progenitor

mass M. E ′ represents the neutrino energy at the site of production at redshift z and

is related to the energy at the Earth (E) by E ′ = E(1 + z). The integration on M

in equation 5.1 includes both the contribution of the neutron star forming collapses

as well as the ones forming black holes.

The comoving supernova rate (RSN) is defined as the rate at which the core

collapse supernova occurs in the universe. This RSN is considered to be proportional

to the star formation rate (RSF ) and is given by

RSN(z,M) = RSF (z)
ϕ(M)∫ 125M⊙

0.5M⊙
M ϕ(M) dM

(5.2)

where M⊙ is the mass of Sun and ϕ(M) is the Initial Mass Function. The initial

mass function represents the mass distribution of stars at birth. Here, we use the

Salpeter IMF [269] i.e. ϕ(M) ∝ M−2.35. The star formation rate RSF is fitted by

the following functional form [270] which is also adopted in [262].
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RSF (z) = RSF (0)


(1 + z)γ 0 < z < 1,

2γ−β (1 + z)β 1 < z < 4.5,

2γ−β 5.5β−δ (1 + z)δ 4.5 < z < 5,

(5.3)

where, β = −0.26, γ = 3.28, δ = −7.8. The total normalization of the supernova

rate is taken to be Rcc(0) =
∫ 125M⊙
8M⊙

RSN(0,M) dM = (1.25±0.5)×10−4 yr−1Mpc−3

[258]. Note that in our calculations, we have used the fiducial value of Rcc(0) i.e.

1.25 ×10−4 yr−1Mpc−3.

Now, for the spectra (Fνα) of SN neutrinos as mentioned earlier (chapter 2),

the average energies and luminosities may change within the duration of emission.

However, this is of minimal interest for DSNB as we take into consideration the time

integrated spectra from each supernova. The spectrum of the neutrinos emitted from

a supernova is parametrized in the form of a pinched thermal spectrum [91] as

F 0
να(E) =

Lνα

⟨E⟩2να
(1 + sνα)

(1+sνα )

Γ(1 + sνα)

( Eνα

⟨E⟩να

)sνα
e−(1+sνα )E/⟨E⟩να (5.4)

where, the spectral parameter s is given in terms of average energies and the average

of the energy squared as

sνα =
⟨E2⟩να − 2⟨E⟩2να
⟨E⟩2να − ⟨E2⟩να

(5.5)

and α = e, x, i.e., different flavors of the neutrinos.

Now we wish to calculate the DSNB flux in the above framework by taking into

consideration the different model uncertainties contributing in the DSNB flux. The

uncertainties in DSNB can arise from two factors, i.e. RSN and Fνα as these are the

two main ingredients in the calculation of DSNB flux. The supernova RSN depends

on the fraction of the core-collapse supernovae occurring in the universe which in

turn depends on the distribution of the masses of the stars at the time of their

birth (IMF). The second factor, Fνα is dependent on the simulations as well as the

oscillation scenario considered. In the next section, we discuss the impact of these

uncertainties in the calculation of the DSNB flux.

5.3 Model uncertainties

The diffuse supernova neutrino background has not been detected yet. However,

there are upper bounds from the Super Kamiokande experiment [271–273]. One of
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the goals of the ongoing and future neutrino experiments is to measure this back-

ground. The main challenge is the presence of various other backgrounds which

hinders the detection of this smaller DSNB flux. We will discuss about these back-

grounds in detail later (section 5.4). In this chapter, we focus on the detection of

the ν̄e and νe flux in the gadolinium doped Super Kamiokande and the upcoming

Hyper Kamiokande and DUNE detectors respectively.

When a core collapse supernova occurs, there are two possibilties about the final

outcome, i.e. either it will be successful or failed, latter being a rarer event. The

successful explosion is accompanied by the formation of a neutron star whereas in

case of failed supernova, direct collapse occurs without explosion which results in the

black hole formation [274–279]. Thus, the diffuse supernova neutrino background

can have contribution from both neutron star forming collapses (NSFC) as well as

black hole forming collapses (BHFC). Many studies [256–268] have been carried

out taking into account the contribution of failed supernova in the calculation of

the diffused flux. The black hole forming collapses are expected to have a harder

neutrino spectra than NSFCs, i.e. the neutrino flux will be greater at the higher

energies [274–279]. This is because of the rapid contraction of the protoneutron star

which is formed before the black hole formation. As a result, their contribution to

the total diffused flux in the higher energy range can be significant. However, the

exact fraction of the stars resulting in the formation of black holes is not known.

In this study, we consider the contribution from both the NSFCs and BHFCs to

compute the total DSNB flux. Motivated from [268], we take into consideration three

scenarios (shown in figure 5.1) which differ in the fraction of the black hole forming

progenitors. Moreover, focussing on equation 5.2, we can see that the supernova

rate is dependent on the initial mass function ϕ(M). The power law dependence of

ϕ on M indicates that the lower mass stars contribute more than the higher ones.

If we take larger number of progenitors in the lower mass range, a good estimate

of the diffused flux can be made. This would make the calculation relatively easier

than the detailed study done in [268], where around 200 different progenitor models

have been taken into account. Here, our aim is to compute the DSNB flux for νe and

ν̄e and study the effect of different black hole fractions and the different oscillation

scenarios. In order to do so, we use the parameter values of the progenitor models

(listed in table 5.1) from the Garching simulations [35, 280, 281]. We consider two

neutron star forming progenitors (11.2 M⊙ and 27 M⊙) and three black hole forming

progenitors (15 M⊙ , 25 M⊙ and 40 M⊙). Table 5.1 gives the values of the time

integrated luminosities, average energies and the second moment of energy for all the
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Mass Lνe Lν̄e Lνx ⟨Eνe⟩ ⟨Eν̄e⟩ ⟨Eνx⟩ ⟨E2
νe⟩ ⟨E2

ν̄e⟩ ⟨E2
νx⟩

(M⊙) (1052 ergs) (MeV) (MeV2)

11.2 3.56 3.09 3.02 10.43 12.89 12.93 137.52 213.18 220.86

15 2.83 2.31 1.25 13.19 16.91 15.84 230.95 370.47 341.84

25 7.08 6.51 3.7 15.32 18.2 17.62 318.92 437.57 427.22

27 5.87 5.43 5.1 11.3 13.89 13.85 164.68 249.97 255.38

40 9.38 8.6 4.8 15.72 18.72 17.63 343.65 470.76 440.71

Table 5.1: Time integrated parameter values of the progenitor masses taken from Garch-
ing simulation [35, 280, 281].

flavors of neutrinos. Here, the parameters for the non-electron type of neutrinos are

taken to be identical (νx = ν̄x). The progenitors used are of solar metallicity from

Woosley et al. [282] and the equation of state is LS220, i.e. Lattimer and Swesty

Equation of State [283]. It can be seen from table 5.1 that the average energies for

the black hole forming progenitors are larger than the neutron star forming ones.

Moreover, νe and ν̄e have higher values of luminosities than νx in the case of BHFC

as the rate of electron and positron capture on the nuclei in the hot accreted matter

is very high. Also note that the luminosities of the neutrino flavors increase with

the mass. However, the values of the parameters are dependent on the simulation

details.

5.3.1 Black hole fractions

We calculate the diffuse flux for the three fractions of the black hole forming collapses

as shown in Figure 5.1. The fraction of black hole forming collapses is defined as

the number of stars resulting in the formation of black holes divided by the total

number of stars undergoing core collapse. It is given by

f =

∫
ϕ(M) dM∫ 125M⊙

10M⊙
ϕ(M) dM

(5.6)

where the integration in the numerator is on the mass range for which black holes

are formed.

Figure 5.1 represents the three cases with different fractions of black hole forming

stars. The markings on the horizontal axis represent the masses of the progenitors in
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Figure 5.1: Range of progenitor masses forming black hole for three different cases. The
topmost panel represents case 1 (f = 44%), middle panel shows case 2 (f = 36.3%) and
lowermost panel refers to case 3 (f = 28%). The black regions indicates the range which
undergo black hole forming collapse.

units of solar masses. The topmost panel of figure 5.1 corresponds to case 1 where

44% of the stars form black hole. The middle panel represents the case 2 where

the fraction of the black hole forming collapses is 36.3% and case 3 is shown in the

lowermost panel having the fraction as 28%. The region enclosed by the black bars

in figure 5.1 shows the mass range in which the black hole forming collapses occur

and the white regions correspond to the neutron star forming mass ranges. Note that

the possibility of a star collapsing to a failed supernovae does not depend directly

on M. Rather, a lot of other factors also come into play [73, 284, 285]. Table 5.2

provide the mass intervals and their corresponding representative masses considered

for the calculation of flux for the three cases.

5.3.2 Oscillation scenarios

To estimate the diffuse flux at the detector, we need to take into account the fla-

vor conversions that is undergone by the neutrinos while travelling through the

supernova envelope. The neutrinos can undergo collective oscillations at distances

of O(102) km and MSW effects at larger distances of around 104 − 105 km. The

slow collective oscillations are usually suppressed by the multi-angle effects of the

83

TH-2924_176121012



Chapter 5. Diffuse supernova neutrino background

Representative
(M⊙)

Case 1
intervals

Case 2
intervals

Case 3
intervals

NSFC
11.2 10-15, 18-21 10-15, 16-18, 19-

22
10-22

27 25-27 25-28

BHFC

15 15-18 15-16, 18-19

25 21-25 22-25 22-25

40 27-125 28-125 28-125

Table 5.2: Masses of progenitors taken as representative for the intervals of NSFCs and
BHFCs in Figure 5.1.

ordinary matter during the accretion phase [286]. Although they can be present

in the cooling phase, very negligible (less than 10 %) effect has been found on the

time-integrated neutrino spectra [287]. Here we neglect the oscillation effects due to

the passage of neutrinos through Earth before reaching the detector as they have a

very small impact on the pattern of oscillation [288]. The fluxes of νe and ν̄e at the

detector after considering oscillations can be written as :

Fν̄e = P̄eeF
0
ν̄e + (1− P̄ee)F

0
νx (5.7)

Fνe = PeeF
0
νe + (1− Pee)F

0
νx (5.8)

where, Pee and P̄ee are the survival probabilities for the electron neutrinos and

electron antineutrinos respectively. F 0
να and F 0

ν̄α are the initial fluxes of neutrino

and antineutrino at the source for the flavor ‘α’. We focus on the following two

scenarios here.

(1) Only MSW oscillations : This is the case where we assume that the neutrino

flux has an oscillation effect only due to the Mikheyev-Smirnov-Wolfenstein

resonance occuring at lower density [24, 25]. The higher density oscillation

effects, i.e. slow collective oscillations are neglected. We consider the scenario

where the slow collective oscillations are suppressed due to matter multian-

gle effect [288]. The MSW effect being adiabatic, the values of the survival

probabilities are taken to be P̄ee = cos2 θ12, Pee = 0 for normal ordering and

P̄ee = 0, Pee = sin2 θ12 for inverted ordering [88].

(2) Flavor equilibration : This is the case which arises when the fast oscillations
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come into picture deep inside SN. In the extreme scenario, these fast flavor

conversions may equalize the fluxes of all the different flavors, thus the term

‘flavor equilibration’. Although in principle flavor equalization cannot happen

in both the sectors (neutrino and antineutrino) simultaneously keeping in mind

the lepton number conservation [111], here to keep it simple, we consider the

survival probability of the electron antineutrino to be also 1/3 [138]. In this

extreme flavor equilibration scenario, SN flux are not affected by matter effect

[138].

5.3.3 Dependence on SN simulations

The calculation of the DSNB flux depends on the various input parameters like

the average energy, luminosity and the spectral parameter of the different flavors of

neutrinos. These parameters are dependent on the simulation. Here, we study the

difference in the diffuse flux that arises due to the variation in the input parameters.

We compare the fluxes for progenitor models from two simulation groups which we

denote here as Garching [35, 280] and Nakazato [289, 290].

The time integrated input parameters of the progenitors by the Garching group

are shown in table 5.1. These are obtained from spherical symmetric simulations

and the equation of state used is the Lattimer equation of state [283]. The pro-

cesses which are considered for the neutrino transport are neutrino pair conversions

between different flavors, transfer of energy in the interactions of neutrinos with nu-

cleons and the nucleon correlations in the dense medium [280]. Also the convection

effects are considered through the mixing length treatment [35, 280]. The simulation

continues till around 10s for the neutron star forming collapses and around 1s for

the black hole forming collapses.

For the Nakazato group, the time integrated data for eight simulations in the

mass range of 13-50 M⊙ are considered. The metallicity of the progenitors are Z

= 0.02 and Z = 0.004. There is only one black hole model of mass 30 M⊙ with

metallicity 0.004. The equation of state considered is from Shen et. al. [291, 292]

whereas for the black hole forming progenitor, we consider the data for the LS220

equation of state [283]. The time of the simulations extend to about 20 s. Two

different methods of simulations are used. For the early phase general relativistic

neutrino-radiation hydrodynamic (νRHD) simulations are used. The other one is

the general relativistic quasi-static evolutionary calculations of neutrino diffusion in

a nascent neutron star which is used for the late phase. In addition to this, a new

85

TH-2924_176121012



Chapter 5. Diffuse supernova neutrino background

parameter known as the shock revival time is considered so as to connect the early

and later phases as the νRHD simulations do not result in a successful supernova

explosion.

5.4 Detector configurations

The detection of the diffuse supernova neutrino background is a challenging task as

the value of its flux is very small. In addition to this, another difficulty is the presence

of other backgrounds [232, 293] in that particular energy range which will hinder

the detection of DSNB. So, in order to detect it, either of the two requirements

needs to be fulfilled : (1) we need very large detectors, (2) we need normal size

detectors with large exposure time. The next generation of detectors are expected

to be large enough to be able to differentiate the signal from background and detect

DSNB in the next five to ten years [294, 295]. The current neutrino detector which

is capable of detecting the DSNB is the 50 kton water Cherenkov detector Super-

Kamiokande [293] in Japan. SK has provided upper bounds on the DSNB flux but

only above neutrino energy greater than 17.3 MeV as below that energy range several

backgrounds are prevalent. Recently, the SK has been doped with Gadolinium which

is expected to increase its sensitivity by efficient neutrino tagging. Besides this, the

other future neutrino detectors Hyper-Kamiokande [296], Jiangmen Underground

Neutrino Observatory [297], Deep Underground Neutrino Experiment [298], Theia

[299] are also expected to measure some of the properties of DSNB. The DSNB flux

extends around the neutrino energies of order tens of MeV. In this energy range,

there are many other background sources. The main neutrino sources which can

mimic the DSNB signal and thus cause obstruction in its detection are the ν̄e from

nuclear reactors, νe from Sun, atmospheric νe and ν̄e, spallation products induced

by cosmic ray muons and neutrinos coming from the invisible muons produced by

atmospheric νµ and ν̄µ.

In the following discussion, we consider three types of detector out of which two

are for observing ν̄e and one for νe :

(1) Water Cherenkov detectors

(2) Gadolinium loaded water Cherenkov detectors

(3) Liquid argon detectors
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5.4.1 Water Cherenkov detectors

Water Cherenkov detectors are mainly composed of large volumes of water which

is surrounded by photomultipliers tubes (PMTs). These PMTs are sensitive to the

charged particles which are produced by the interactions of the incoming neutrinos

whose energy range is from few MeV to few tens of MeV. Thus, they can be used

to study neutrinos from Sun, atmosphere and core collapse supernovae and thus

can be useful to observe the diffuse supernova neutrino background. For the typical

energies of the DSNB neutrinos, the main detection channel is the inverse beta

decay reaction of electron antineutrinos with the free protons in water because of

its greater cross-section compared to other species. It is of the form :

ν̄e + p → n+ e+ (5.9)

The detection of the positron emitted in IBD reaction is based on the principle of

production of Cherenkov radiation when charged particles pass through a medium

faster than the speed of light. The famous water Cherenkov detectors which ob-

served the electron antineutrinos (around 20 events in total) from SN1987A are the

IMB [226] and Kamiokande-II [227] detectors. The ongoing large water Cherenkov

detector is the Super-Kamiokande (SK) [293] in Japan with a fiducial mass of 22.5

kton. It has provided the most stringent upper bound on the DSNB flux, i.e. the

diffused flux is constrained to be ≲ (2.8-3.1) cm−2 s−1 for neutrino energy > 17.3

MeV [272]. The upcoming water Cherenkov detector is the Hyper-Kamiokande (HK)

[296] in Japan which will be around 10 times larger than SK with a fiducial volume

of 187 kton. It is expected to record around hundreds of DSNB events in a decade.

The major backgrounds experienced in the water Cherenkov detectors are the

reactor ν̄e in the lower enrgy range below 10 MeV and the “invisible muons” pro-

duced in the higher energy range above 30 MeV by atmospheric νµ, ν̄µ. These muons

are produced with a kinetic energy below the threshold for emitting Cherenkov pho-

tons and thus they pass without getting detected. Later, the electrons or positrons

produced by the decay of these photons are finally recorded at the detector. Below

30 MeV, the events due to the atmospheric νe and ν̄e are expected to be below the

DSNB flux and thus does not cause much difficulty in the analysis of DSNB. So,

taking into account all the backgrounds, the detectable neutrino energy window of

DSNB in a water Cherenkov detector is limited to 19.3 MeV - 30 MeV.
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5.4.2 Gadolinium doped water Cherenkov detectors

The production of positron in reaction 5.9 is accompanied with the emission of

neutron. In water, these neutrons are absorbed by hydrogen which emits a 2.2 MeV

photon. This is the usual way in which neutron tagging is done in SK and thus along

with other backgrounds, the detectable range is restricted to Eν = (19.3−30) MeV.

However, in comparison to this, the cross-section for neutron capture is larger in

gadolinium. This results in the emission of 8 MeV photons. Therefore, the neutron

tagging with gadolinium increases the detectable energy range to (10-30) MeV by

further reducing the backgrounds (particularly the muon spallation background)

[295]. So, to increase the sensitivity to DSNB, SK has been doped with gadolinium

in summer of 2020. Also in future, HK is expected to be doped with gadolinium.

5.4.3 Liquid argon detectors

Another type of detectors which are capable of detecting the DSNB signal are the

liquid argon detectors. Due to low cost, high availability and outstanding scintil-

lation properties, liquid argon is one of the most extensively used scintillators for

detecting particles. A lot of research is going on currently in developing these kind

of detectors. The ICARUS T600 detector [300] in Italy with 600 tons of purified

liquid argon is the largest LAr TPC built so far. These detectors can be used in

a wide range of energy from MeV to multi GeV and also have a high event recon-

struction efficiency. Moreover, due to high granularity, low thresholds for particle

identification are also possible. One of the speciality of liquid argon Time Projection

Chambers (TPCs) is that they can detect the electron neutrinos and thus can be

useful in detecting DSNB νe flux. The main detection channel is the absorption of

νe in liquid argon given as follows :

νe +
40 Ar →40 K∗ + e− (5.10)

This is followed by the de-excitation of potassium nucleus which releases a cascade

of photons. In this case, the major backgrounds are the atmospheric νe flux above

40 MeV and the solar νe below 16 MeV. Thus, (20-40) MeV can be the detectable

energy window. DUNE [301] and MicroBooNE [302] are the upcoming liquid argon

detectors. The DUNE far detector with fiducial volume of 40 kton is expected to be

ready within 10 years.
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5.5 Results

5.5.1 Black hole fractions

The diffuse fluxes vs neutrino energy for the above three mentioned black hole

fractions using the parameters given in table 5.1 are plotted in Figure 5.2. Here, the

oscillation scenario is considered to be only MSW resonance. The mass ordering is

denoted by NO (normal) and IO (inverted) in the figure. The left and right panels

correspond to ν̄e and νe respectively. The solid lines (blue : case 1, red : case 2,

black : case 3) in the upper four panels of Figure 5.2 represent the fluxes of the

fraction of neutron star forming collapses (NSFCs) and the corresponding dotted

lines refer to the black hole forming collapses (BHFCs). Clearly, the fluxes due to

the BHFCs are dominant in the higher energy range and that due to NSFCs are

dominant in the lower energies. Focussing on the individual cases of the BHFCs,

one can identify that the case having larger black hole fraction has larger diffuse

flux at higher energies. On the other hand, the opposite is true for the neutron star

fraction, i.e. the larger black hole fraction case has lower flux at lower energies. In

particular, it is clear from figure 5.2 that the blue solid line which represents the

case 1 (maximum f) is lower than the solid black line indicating case 3 (minimum f).

Contrary to it, for BHFCs the blue dotted line is higher than black dotted line. As

a result, when we calculate the total flux, there is not much difference between the

two cases. The energy at which the diffuse flux curve due to BHFC crosses that of

NSFC is determined by the several input parameters like average energy, luminosity

of different species etc. and are dependent on simulations.

The lower four panels of Figure 5.2 show the total diffuse flux considering the

contribution of both NSFC and BHFC. In this figure, the solid blue, red and black

lines correspond to the total DSNB flux for cases 1, 2 and 3 respectively. Here, it

can be seen that in normal ordering, the total flux for the higher energy range is

largest for case 1 and case 3 is largest in lower energy range. This is expected as

the contribution of the BHFC is the largest in this case 1 and thus it is more in

higher energy range. More precisely, if we focus on the detectability window of our

interest say neutrino energy range of 10 - 30 MeV, it is difficult to identify clearly

which flux is largest. Thus, from the detection point of view, it may not be possible

to distinguish between the different scenarios with different fractions of black hole

formation. This result is true for our choice of the simulation models and it would

be interesting to see if this changes for other simulations.
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Figure 5.2: DSNB fluxes for the three different cases of black hole fractions. The left
panels are for ν̄e flux and right panels are for νe. The top four panels represents the
DSNB flux for both NSFCs and BHFCs. The lower four panels refer to the DSNB flux
by summing up the contributions from the NSFCs and BHFCs for the three cases. Here,
NO and IO denotes normal and inverted ordering respectively.
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5.5.2 Oscillation scenarios

Now, we wish to see the effect of the two oscillation scenarios on the flux. So, we

fix the fraction of black hole forming collapses f = 44%. With this consideration

we compute the total diffuse fluxes of ν̄e and νe. This is shown in Figure 5.3 where

the left panel corresponds to flux of ν̄e and right panel is for νe. The solid blue and

red lines represents the only MSW oscillation with normal and inverted ordering

respectively. The solid black lines refer to the scenario of flavor equilibration. Note

that as expected the DSNB flux in the scenario of flavor equilibrium is between that

of the two extreme cases of normal and inverted ordering.

Figure 5.3: DSNB flux for the case 1 (f=44%) taking into consideration two oscillation
scenarios. NO refers to normal ordering, IO is inverted ordering and FE represents the
flavor equilibration scenario. The left panel shows the ν̄e flux and right one is for νe.

5.5.3 Dependence on SN simulations

Further, we present a comparison between the diffused fluxes calculated with pa-

rameter values from two different simulations in Figure 5.4. Fixing f = 44% and

the oscillation scenario to be only MSW (normal ordering), we calculate DSNB flux

taking into consideration progenitors from the Garching and Nakazato simulations.

We consider the Nakazato models [289, 290], where we take into account three neu-

tron star forming progenitors of masses 13M⊙, 20M⊙ and 50M⊙ and one progenitor

mass of 30M⊙ for the black hole forming collapse. In Figure 5.4, the blue solid

line corresponds to the diffuse flux by considering Garching models and red one is

for Nakazato models. The difference in the fluxes in both scenarios is due to the

differences in the average energies and the luminosities of different neutrino flavors.

To summarize the results, we consider the DSNB flux corresponding to the high-

est and lowest value of f. The DSNB flux vs neutrino energy for both the mass
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Figure 5.4: DSNB flux for the parameter values taken from two different simulations
(Garching [35, 280, 281] and Nakazato [289, 290]) for case 1 (f = 44%). The mass ordering
is considered to be normal. The left panel shows the ν̄e flux and right one is for νe.

Figure 5.5: DSNB flux for the two extreme cases of black hole forming fraction, i.e.
case 1 (f = 44%) and case 3 (f = 28%). The red band represents the uncertainty in the
the DSNB flux due to the uncertainty in the black hole fractions (f) for our three cases
considered. The upper curve of the red band is for case 1 taking into account Rcc(0) =
(1.25+0.5) ×10−4 yr−1Mpc−3 and the lower curve is for case 3 with Rcc(0) = (1.25-0.5)
×10−4 yr−1Mpc−3. The left panels are for ν̄e and right panels are for νe. NO and IO
refers to normal and inverted ordering respectively.

orderings is shown in figure 5.5. The upper panels depict the normal ordering and

the lower ones are for inverted ordering. The left and right panels represent the

fluxes for ν̄e and νe respectively. For each of the mass ordering, we choose the case

having maximum and minimum flux. This flux is calculated taking into account
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the fiducial value of the local supernova rate. The blue line corresponds to the flux

for case 1, i.e. one having highest black hole fraction (f = 44%) and the case 3

with lowest black hole fraction (f = 28%) is represented by the green line. The red

band depicts the range within which the DSNB flux can vary due to the uncertainty

in the fraction of black hole forming collapses for our three considered scenarios

taking into account the uncertainty in the local supernova rate. The upper line of

the red band corresponds to the DSNB flux calculated for case 1 with Rcc(0) =

(1.25+0.5) ×10−4 yr−1Mpc−3 and the lower line is for case 3 with Rcc(0) = (1.25-

0.5) ×10−4 yr−1Mpc−3. This shows that the largest uncertainty in the DSNB flux

arises due to the uncertainty in the normalization of the supernova rate. It is not

possible to distinguish or detect any effects on DSNB which falls within this band.

5.6 Number of events

Taking into consideration all the above scenarios, we calculate the number of events

which are expected to be recorded in a time period of 10 years. We use the public

package SNOwGLoBES which makes use of the GLoBES front-end software to cal-

culate the number of events [303]. The events are calculated for 22.5 kton Gd doped

Super-Kamiokande, 187 kton Hyper-Kamiokande and 40 kton DUNE. We consider

both the oscillation scenarios for our analysis. The event number is plotted with the

detected energy (e+ for GdSK, HK and e− for DUNE) in figure 5.6. Here, we show

only the scenario where only MSW resonance is taken into account. The left pan-

els correspond to the case of normal ordering (NO) and right ones are for inverted

ordering (IO). The topmost panel shows the events for the gadolinium doped SK,

middle panel represents the HK events and the lowest panel is for DUNE. The blue

and orange lines refer to the case 1 (f = 44%) and case 3 (f = 28%) respectively.

The events are plotted in energy bins of 5 MeV.

The number of events corresponding to the detectable neutrino energy window

for the three detectors are listed in Tables 5.3 and 5.4. Here, both the oscillation

scenarios have been shown. Table 5.3 corresponds to the case 1 (f = 44%) and

case 3 (f = 28%) is shown in table 5.4. Focussing on the number of events, it

is clear that neither of the three detectors taken into consideration will be able to

distinguish between the two oscillation scenarios. However, for higher black hole

forming fraction case, i.e. case 1, we see that HK might be able to distinguish

between the mass ordering at 1 σ.
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Oscillation
Scenario

Gd SK
(10-30) MeV

HK
(19.3-30)
MeV

DUNE
(20-40) MeV

Only MSW
(NO)

18.97 63.27 6.53

Only MSW
(IO)

14.20 46.33 6.72

FE 16.52 54.55 7.03

Table 5.3: Number of expected events in 10 years in 22.5 kton of GdSK, 187 kton of HK
and 40 kton of DUNE for case 1 (f = 44%). The neutrino energy ranges for which events
are calculated are shown in paranthesis. Here events for both the oscillation scenarios
have been shown.

Oscillation
Scenario

Gd SK
(10-30) MeV

HK
(19.3-30)
MeV

DUNE
(20-40) MeV

Only MSW
(NO)

18.28 58.84 6.26

Only MSW
(IO)

14.45 45.27 6.28

FE 16.31 51.85 6.68

Table 5.4: Number of expected events in 10 years in 22.5 kton of GdSK, 187 kton of HK
and 40 kton of DUNE for case 3 (f = 28%). The neutrino energy ranges for which events
are calculated are shown in paranthesis. Here events for both the oscillation scenarios
have been shown.

5.7 Discussion

Various studies have been carried out in the literature to probe the detection prospects

of DSNB flux in the current and upcoming neutrino detectors. Earlier studies were

based on the contribution of only the neutron star forming collapses in the diffuse

flux. However, the significance of the contribution of the black hole forming col-

lapses has also been investigated in the later studies. In this chapter, we calculate

the DSNB flux taking into account three different fractions of the black hole forming

collapses motivated from [268]. Our main aim is to explore the various uncertainties

in the DSNB flux and the detection prospect of that in Gadolinium doped Super

94

TH-2924_176121012



5.7 Discussion

Figure 5.6: Expected number of events per bin vs the detected energy in 10 years. The
bin size is taken to be 5 MeV. The topmost panels shows the ν̄e events in 22.5 kton GdSK,
middle panels represent the ν̄e events in 187 kton HK and lowermost panels show the
νe events in 40 kton of DUNE. Here, NO and IO denote normal and inverted ordering
respectively.

Kamiokande, Hyper Kamiokande and DUNE detectors.

We first analyze the diffuse flux for the three cases of black hole fractions con-

sidered. As expected, we find that the DSNB flux at higher energies is dominated

by BHFCs whereas NSFCs dominate at lower energies. Moreover, for the BHFCs,

the flux for the case with highest fraction is more whereas it is opposite for that of

NSFCs. So if we focus on the total diffuse flux which is the sum of the contribution
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due to NSFCs and BHFCs, we see an interesting feature. At lower energy values

where the diffuse flux due to the NSFCs is more compared to that of BHFCs, the

total diffuse flux has the highest value for case 3 (f = 28%). On the other hand,

the total diffuse flux is largest for case 1 (f = 44%) for higher energies as the BH-

FCs contribution to the flux dominates over that of NSFCs in that energy range.

However, when we probe the total flux these effects compensate each other and the

fluxes are very similar. Infact, distinguishing them at the detection level is difficult.

Taking into consideration the case having largest black hole fraction (f = 28%),

we investigate the two different oscillation scenarios. Firstly, we assume that there

are only MSW conversions at large distances from the core and the collective oscil-

lations are matter suppressed. Under this scenario, we study the effect in both the

mass orderings. Secondly, we take into account the fast flavor conversions deep in-

side the SN which are believed to result in eqilibrium among all the neutrino flavors.

We calculate the diffuse flux and find that the flux for the case of flavor equilibration

lies in between the two extreme cases of normal and inverted ordering.

The value of the diffuse flux depends strongly on the input parameters in its

calculation, i.e. average energy, luminosities etc. These input parameters are ob-

tained from the simulations and thus vary with the different simulations. So we also

calculate the diffuse flux for input parameters from two different simulation groups

(Garching and Nakazato) and observe that there are differences between them.

We find that above all the uncertainties, the largest is due to the uncertainty in

the local supernova rate. Taking this into account, we determine the range of DSNB

flux for our considered cases of highest and lowest black hole fractions. Finally we

calculate the number of events for 10 years in the detectable energy window for

ν̄e flux in two water Cherenkov detectors (Gd doped SK and HK) and νe flux in

the liquid Argon detector (DUNE). We find that the distinction between the two

oscillation scenarios is not possible in any of the detectors.

In the Garching simulation, the average energies of the different flavors for the

time integrated spectra are very similar. This might be due to the largest cooling

phase of the emission where the fluences for different flavors are expected to be same.

This in turn makes the phenomenology of oscillation scenarios difficult as the fluxes

of different flavors are very similar.

However, the analysis with the Nakazato simulation shows departure from this

behaviour. This is also due to the difference of neutrino spectra between the sim-

ulations. Hence it would be interesting to see if future simulations show closer or

separable average energies for different flavors.
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5.8 Observable effects

In addition to DSNB, there can be some potential observable signatures of neu-

trino flavor conversions for a galactic supernova. One of the implications of the

self-induced flavor conversions is the spectral swap between the νe, ν̄e and νx, ν̄x for

specific energy ranges which further lead to the spectral splits. The modification in

the neutrino signal due to these spectral splits can be observed in the large under-

ground detectors [304]. The detection of the neutronization burst signal can be one

of the interesting probes of the flavor conversions in supernova as it has been found

to be almost independent of the mass of the progenitor and the nuclear equation

of state [305]. The oscillation effects on the neutronization burst signal is only due

to MSW resonance as the self induced flavor conversions will be suppressed during

this phase. Moreover, this signal is sensitive to the mass ordering. While the Water

Cherenkov detectors can detect the neutronization burst through the elastic scat-

tering of νe on e−, liquid argon detectors are more sensitive to the signal through

charged current interactions of νe. Various nonstandard effects like neutrino decay

[306], active to light sterile neutrino oscillations [307], Lorentz invariance violation

[308] and neutrino-antineutrino oscillations mediated by a neutrino magnetic mo-

ment [309] can also be constrained through the neutronization burst signal detection.

Another way of identifying the neutrino mass ordering is through the analysis of the

rise time of the ν̄e light curve of a galactic SN observable in large underground de-

tectors like IceCube [310]. This is based on the fact that the νe flux at Earth is

dependent on the original ν̄x for inverted ordering and original ν̄e for the normal

one [88, 311–313]. From simulations, it has been seen that there is a significant

difference in the temporal profiles of the original ν̄e and ν̄x in the accretion phase.

This allows us to differentiate between the two mass orderings. In [314], a method

has been shown for determining the mass ordering using the time information of

the early supernova neutrino events at the future detectors like DUNE, JUNO and

Hyper-Kamiokande. The Earth matter effects on the neutrino oscillations can cause

modulations in the SN neutrino signal which has been studied in [88, 315, 316].

These effects are also sensitive to the mass ordering.

In addition to this, studies have been carried out regarding the effect of oscilla-

tions on the shock-wave propagation [97, 317–319] and turbulence [320–322] in the

density of the stellar envelope. In [138], method have been shown to distinguish

the flavor equalization due to fast flavor conversions from the scenario of MSW

resonance during the accretion phase in a model independent way.

97

TH-2924_176121012



98

TH-2924_176121012



Chapter 6

Conclusion

The study of neutrino oscillations is one of the important aspects of the physics

beyond Standard Model. While the Standard Model predicts the neutrino to be a

massless particle, the discovery of the phenomenon of neutrino oscillations provides a

proof contrary to it. The different neutrino experiments investigating the neutrinos

from the Sun, atmosphere, reactors and accelerators provide an evidence for the ex-

istence of neutrino oscillations indicating that neutrinos are not massless. The flavor

and mass eigenstates of the neutrinos are different and thus they can change their

flavor from one to another through the quantum mechanical phenomenon known as

the neutrino oscillation. In addition to the vacuum oscillations, neutrinos undergo

flavor conversions while passing through a medium. The constituents of the medium

create an effective potential for the neutrinos. This leads to the enhancement of the

flavor oscillations which is known as the Mikheyev-Smirnov-Wolfenstein (MSW) res-

onance. The knowledge of the oscillation parameters governing the framework of

the three flavor oscillations is crucial to have a complete understanding of the neu-

trino oscillation phenomenon. The main motive of the various neutrino oscillation

experiments is to determine these parameters precisely. Currently, five out of the

six oscillation parameters are known with great precision. The mass ordering and

the CP violating phase still need to be determined. In chapter 1, we have presented

an introduction to the phenomenon of neutrino oscillations. We have discussed the

vacuum oscillations and the MSW resonance. Finally we have presented an overview

of the current status of the understanding of the three flavor oscillations.

Another source of neutrino other than the Sun, reactors, atmosphere etc. is a

core-collapse supernova. A Type II supernova explosion also known as the core-

collapse supernova is accompanied by the emission of a large number of MeV energy

neutrinos. These neutrinos carry away almost 99 % of the total gravitational energy
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released in the explosion. The exact explosion mechanism of a star into a supernova

is still not known. However the hydrodynamical simulations over the years suggest

that the neutrinos might be the driving factor. Thus, the neutrinos released as a

result of a supernova explosion can act as an indirect probe of the nuclear processes

at the core. In the initial half of chapter 2, we have provided a detailed explaination

of the explosion mechanism of the core-collapse supernova and the emisssion of

neutrinos. The later part of chapter 2 focusses on the oscillations of the neutrinos

in a dense environment like supernova.

The evolution of neutrinos through the medium of a core-collapse supernova is

a complex problem. This is due to the non-linear nature of the equations of motion

governing the system. The non-linearity arises due to the neutrino-neutrino interac-

tions which become significant inside a dense medium like supernova. Therefore, in

addition to the MSW resonance phenomenon which occurs due to the interaction of

neutrinos with the ordinary background matter, flavor conversions known as collec-

tive oscillations also take place. In this phenomenon, the neutrinos having different

energies undergo flavor conversions in a coherent manner. Both the presence and

outcome of these collective oscillations have been extensively studied in more than

last two decades. Due to the numerical complexities involved in solving the full evo-

lution equation of the neutrinos in a dense medium, a semi-analytical method has

been adopted. This method is known as the ‘Linear Stability Analysis’. The onset of

the collective flavor conversions can be predicted by this method. It has been found

from the studies that these self-induced flavor conversions grow in two different time

scales. The one depending on the vacuum oscillation frequency ωvac is termed as the

slow oscillation while the other one depending on the neutrino-neutrino strength µ0

is called fast oscillations. The slow modes usually develop with a rate proportional

to ωvac ∼ O(1) km−1 at a distance of around few hundred kms from the neutri-

nosphere. On the other hand, the growth rate of the fast modes is proportional to

µ0 ∼ 105 km −1 and takes place deeper inside close to neutrinosphere. There are

three possible regions inside the supernova where the fast conversions can occur.

Studies have shown that due to strong convective activity in the proto-neutron star,

the fast flavor conversions can occur inside the neutrinosphere (10 km ≲ r ≲ 20 km)

[132]. One possible location of the occurrence of fast conversions is the neutrino de-

coupling region [196, 224]. The angular crossings develop in the neutrino decoupling

region (r ∼ 30-100 km) due to the difference in the interaction cross section of νe

and ν̄e with the nucleons. Recent studies [195] have also shown the occurrence of

fast oscillations in the pre-shock region at r ∼ O(200) km as a result of backward
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scattering of neutrinos from the heavy nuclei. Moreover these fast oscillations are

found to occur even in the absence of neutrino mixing. Since these fast oscillations

occur deep inside, near the neutrinospheres, they can have a drastic impact on the

shockwave revival and nucleosynthesis.

All the previous studies in the context of slow and fast oscillations have been

carried out in the effective two flavor case. In this scenario, the non electron flavors

of neutrino and antineutrino are assumed to have similar fluxes. This assumption is

based on the fact that in the absence of muons and taus in the supernova environ-

ment, the non electron flavors of neutrinos are produced only through the thermal

pair processes and thus are expected to have similar fluxes. However, the 2D sim-

ulations with the presence of muons in the accretion phase leads to the softening

of neutron star equation of state and its faster contraction. As a result, the lumi-

nosities and the average energies of the emitted neutrinos are found to be higher

which further helps in successful neutrino driven explosions. So, now the presence

of muons would lead to an asymmetry in the fluxes of the muon and tau neutrinos

and antineutrinos. Motivated by this, we carry out the investigation of the slow and

fast oscillations in the complete three flavor scenario.

In chapter 3, we present our analysis of the slow and fast instabilities in the

linearized regime for the complete three flavor scenario based on [212]. We have

considered the system to be isotropic and have studied only the spatial evolution for

the slow oscillations. In case of fast oscillations, we performed a generalized anal-

ysis. In contrast to the effective two flavor studies, we obtained three independent

linearized equations of motion. Each of the equations can be considered as a two

flavor system corresponding to the e-µ, e-τ and µ− τ sectors. The instabilities are

found to be present for both the mass orderings, similar to the two flavor case. We

find Bimodal instability for the inverted ordering and Multi Azimuthal Angle and

Multi Zenith Angle for the normal ordering. Here, we also obtain the instabilities

for the µ − τ sector additionally. The onset of the growth of the instability in the

solar sector is found to be at a lower radius as compared to the atmospheric sec-

tor. However, with the inclusion of the third flavor, the growth in the solar sector

may get faster. In this way, our linearized slow oscillation results are in excellent

qualitative agreement with the previous non-linear three flavor studies. We also a

obtain a similar effect of the third flavor in the case of fast oscillations. Here we

obtain three dispersion relations corresponding to the three sectors. In contrast to

only one flavor lepton number, i.e. ELN, now there are two more corresponding to

the other two flavors which we term as MuLN and TauLN. The crossings in MuLN
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Chapter 6. Conclusion

and TauLN would also be important now to study the fast oscillations. Depending

on the values of the angular densities chosen, we obtain four kinds of instabilities,

namely completely stable, damped stable, convective and absolute corresponding to

each of the off-diagonal element. The presence of similar kinds of instabilities in all

the sectors is a result of our assumption of same angular distributions. However,

the different angular distributions may lead to different stability picture in different

flavors. In contrast to the previous studies, here the matter terms cannot be rotated

away simultaneously as they are different for the different sectors. This indicates

that the modes unstable for some λ may be stable for the other. However, due to

the larger growth rate in the scenario of fast conversions, this effect may be reduced

due to negligible cascading between the modes. All our results are based on the

linear analysis. The non-linear analysis will provide a better picture of the influence

of the three flavor analysis on the collective oscillations.

In chapter 4, we discuss the non-linear analysis of particularly the fast oscillations

in the complete three flavor scenario. This provides us a better understanding of

the effects obtained in the linear analysis. Here, we consider four toy examples of

the angular distributions of the neutrinos of different flavors. We solve the complete

non-linear equation of motion considering only time evolution in [219] and then

both space and time evolution (1+1 D) in [221]. The differences which are expected

between νµ and ν̄µ due to the presence of the muons in the core can create observable

changes in the angular distributions of the lepton number. In addition to the usually

considered ELN, there is also MuLN and TauLN. Since the quantity of interest

in studying fast oscillations is the difference between the flavor lepton numbers,

the combined effect of the ELN, MuLN and TauLN are found to be crucial. The

consideration of the six neutrino species instead of three can modify the angular

crossings originally present. To be precise, they can be either erased or created

in the six species scenario which is shown in our examples. Moreover, one should

be cautious especially in the case of shallow crossings in the ELN. This is because

there is a possibility of such crossings being nullified by an opposite crossing in the

MuLN. This would make an otherwise stable system in two flavor case unstable in

the three flavor scenario. This particular case is relevant in the shock region where

there can be an appreciable number of νµ and ντ . From the point of view of linear

stability analysis, we find that the linear picture cannot capture all the instability

signatures of the full non-linear analysis. The role of the third sector (µ − τ) in

triggering the instabilities in the otherwise stable sector can only be realized at

the non-linear level. The qualitative nature of the results obtained in the case of
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spatially homogeneous system (only time evolution) remain robust even for the both

space and time evolution. Our non-linear results clearly explain the significance of

detailed three-flavor treatments to find out whether these scenarios are actually

realized in nature. The future muon SN simulations can provide a better insight in

this direction.

In chapter 5, we discuss the phenomenological implication of the fast oscillations

on the diffuse supernova neutrino background. We investigate the possibility of

detecting the extreme effect of fast oscillations, i.e. flavor equilibration of the fluxes

of different neutrino flavors in the upcoming water Cherenkov and liquid Argon

detectors. Our analysis of the DSNB flux for three different fractions of black hole

forming stars shows that as expected the contribution of the BHFCs is more at

higher energy as compared to the lower energies. Moreover, when we compare

the highest and lowest BH fraction (f) case, we find that for highest f, the flux

is larger at the higher energies and smaller at lower energies. As a result, the

total flux in both the cases are very similar. We also studied the dependence of

the DSNB flux on the SN simulations. This is because the calculation of DSNB

is based on the input parameters like average energy, luminosity etc. which vary

with the different simulations. In the Garching simulations, from which we have

used the input parameters, the average energies of the different flavors for the time

integrated spectra are very similar. As a result, the DSNB fluxes we obtain are very

similar. Thus, it is difficult to distinguish or detect the impact of the oscillation

scenario in the detectors for the cases considered in our study. We find that the

largest uncertainty in our DSNB fluxes correspond to the uncertainty in the local

supernova rate and all other scenarios fall within it. It would be interesting to

see if the future simulations show separable average energies for different flavors.

This might make the study of impact of the oscillation scenarios on the DSNB flux

possible from the detection point of view.

Thus, summarizing the thesis, it is focussed on the complete three flavor study

of the collective oscillations in a core-collapse supernova. It broadly consists of two

analyses. The first one focusses on the linear analysis of the three flavor treatment

in the context of slow and fast collective oscillations. The second one investigates

the non-linear aspect of that to have a better understanding of the linear results,

particularly for the fast oscillation scenario. Finally the phenomenological impli-

cation of fast oscillations on DSNB is being discussed. We hope that the topics

discussed in this thesis can be useful to have a better understanding of the neutrino

flavor evolution in a core-collapse supernova.
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Chapter 6. Conclusion

6.1 Future outlook

The discussions presented in this thesis provide an explaination to some of the un-

solved issues in the context of collective oscillations in supernova. However, this

leads to many more ideas which can be explored further to enhance our understand-

ing of the system. We present three of such ideas below.

In the method of linear stability analysis, the usual idea is to expand the evolution

equation upto linear order of the off-diagonal elements of the matrix of densities ϱ

[203]. Then the ϱ matrices are expressed in terms of the Hermitian matrix ‘S’ whose

off-diagonals are taken upto linear order. Now instead of this, if we consider these

off-diagonals of ‘S’ beyond linear order, the equations of motion will change. In

that case, the usual way of considering an exponential ansatz may not be enough to

solve the equations of motion. It would be interesting to look into this scenario and

find out a way to solve the equations. It might be possible that this method would

provide us some more information than just predicting the onset of the growth of

the flavor instabilities.

One interesting aspect in the study of fast oscillations can be to look into the

effect of the presence of sterile neutrinos in the supernova environment. The various

studies in the literature [323–327] have shown that depending on the mass squared

difference of the active and sterile species, two types of MSW resonances are pos-

sible. The inner resonance takes place at around few tens of km whereas the outer

resonance occurs at around hundreds of km. We have performed some preliminary

analysis to investigate the effect of the creation of the sterile neutrinos through MSW

resonance on the fast oscillations. We have considered a 2+1 scenario, i.e. two active

and one sterile species. We have found that these sterile neutrinos can modify the

crossings present in ELN. One interesting thing we note is that although it is not

possible to generate new crossings in the presence of sterile species, it can nullify the

originally present crossing. As a result, in either of the cases, fast oscillations can

be suppressed. It would be interesting to study the effect in a 3+1 flavor scenario.

The study of the diffuse supernova neutrino background can be useful in probing

various new physics scenarios. One such scenario is the resonant absorption of

these neutrinos while they pass through the intergalactic matter before reaching the

detector on Earth. This topic has been investigated in the previous studies [328]

and it has been found that such interactions can lead to a dip in the spectrum of the

supernova relic neutrinos. The idea is that there is a scalar or fermion dark matter

(DM) with the mass in the range of MeV or lower and has Yukawa couplings to
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6.1 Future outlook

neutrinos and a new fermion or scalar, the mass being in the range of MeV or lower.

In such a case, the resonant interaction of the DSNB with DM can result in a dip

in the spectrum. This study has been done in the literature by taking into account

only the contribution of the neutron stars in the calculation of DSNB spectrum. It

would be interesting to see if in the framework of our analysis where we take both the

BHFCs and NSFCs in calculating DSNB flux, similar or some new signature of this

new physics interaction show up. Another point can be to probe this new physics

signature in DSNB under the consideration of the flavor equilibration scenario.
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M. Spinelli et al., Cosmological constraints on the neutrino mass including systematic

uncertainties, Astron. Astrophys. 606 (2017) A104 [1703.10829].

[59] A. Loureiro et al., On The Upper Bound of Neutrino Masses from Combined

Cosmological Observations and Particle Physics Experiments, Phys. Rev. Lett. 123

(2019) 081301 [1811.02578].

[60] G. G. Raffelt, Stars as laboratories for fundamental physics: The astrophysics of

neutrinos, axions, and other weakly interacting particles. 5, 1996.

[61] A. Mezzacappa, Ascertaining the core collapse supernova mechanism: The state of the

art and the road ahead, Annual Review of Nuclear and Particle Science 55 (2005) 467

[https://doi.org/10.1146/annurev.nucl.55.090704.151608].

[62] K. Kotake, K. Sato and K. Takahashi, Explosion mechanism, neutrino burst, and

gravitational wave in core-collapse supernovae, Rept. Prog. Phys. 69 (2006) 971

[astro-ph/0509456].

[63] S. Woosley and T. Janka, The physics of core-collapse supernovae, Nature Phys. 1 (2005)

147 [astro-ph/0601261].

[64] H.-T. Janka, K. Langanke, A. Marek, G. Martinez-Pinedo and B. Mueller, Theory of

Core-Collapse Supernovae, Phys. Rept. 442 (2007) 38 [astro-ph/0612072].

[65] H.-T. Janka, Explosion Mechanisms of Core-Collapse Supernovae, Ann. Rev. Nucl. Part.

Sci. 62 (2012) 407 [1206.2503].

[66] G. E. Brown, The fate of massive stars - Collapse, bounce and shock formation, in

Supernovae: A Survey of Current Research, M. J. Rees and R. J. Stoneham, eds., vol. 90

of NATO Advanced Study Institute (ASI) Series C, pp. 13–33, Nov., 1982.

[67] W. Baade and F. Zwicky, On super-novae, Proceedings of the National Academy of

Sciences 20 (1934) 254 [https://www.pnas.org/doi/pdf/10.1073/pnas.20.5.254].

[68] S. A. Colgate and R. H. White, The Hydrodynamic Behavior of Supernovae Explosions,

Astrophys. J. 143 (1966) 626.

[69] H. A. Bethe and J. R. Wilson, Revival of a stalled supernova shock by neutrino heating,

Astrophys. J. 295 (1985) 14.

[70] O. Just, R. Bollig, H.-T. Janka, M. Obergaulinger, R. Glas and S. Nagataki,

110

TH-2924_176121012

https://doi.org/10.1103/PhysRevLett.124.161802
https://arxiv.org/abs/1911.07283
https://doi.org/10.1103/PhysRevLett.123.151803
https://arxiv.org/abs/1906.04907
https://doi.org/10.1016/S0920-5632(02)01901-1
https://arxiv.org/abs/hep-ph/0211332
https://doi.org/10.1142/S0218301321300083
https://doi.org/10.1142/S0218301316300071
https://arxiv.org/abs/1612.02924
https://doi.org/10.1051/0004-6361/201730927
https://arxiv.org/abs/1703.10829
https://doi.org/10.1103/PhysRevLett.123.081301
https://doi.org/10.1103/PhysRevLett.123.081301
https://arxiv.org/abs/1811.02578
https://doi.org/10.1146/annurev.nucl.55.090704.151608
https://arxiv.org/abs/https://doi.org/10.1146/annurev.nucl.55.090704.151608
https://doi.org/10.1088/0034-4885/69/4/R03
https://arxiv.org/abs/astro-ph/0509456
https://doi.org/10.1038/nphys172
https://doi.org/10.1038/nphys172
https://arxiv.org/abs/astro-ph/0601261
https://doi.org/10.1016/j.physrep.2007.02.002
https://arxiv.org/abs/astro-ph/0612072
https://doi.org/10.1146/annurev-nucl-102711-094901
https://doi.org/10.1146/annurev-nucl-102711-094901
https://arxiv.org/abs/1206.2503
https://doi.org/10.1073/pnas.20.5.254
https://doi.org/10.1073/pnas.20.5.254
https://arxiv.org/abs/https://www.pnas.org/doi/pdf/10.1073/pnas.20.5.254
https://doi.org/10.1086/148549
https://doi.org/10.1086/163343


BIBLIOGRAPHY

Core-collapse supernova simulations in one and two dimensions: comparison of codes

and approximations, Mon. Not. Roy. Astron. Soc. 481 (2018) 4786 [1805.03953].

[71] B. Müller, The Status of Multi-Dimensional Core-Collapse Supernova Models, 33 (2016)

e048 [1608.03274].

[72] J. R. Wilson and R. W. Mayle, Convection in core collapse supernovae, Physics Reports

163 (1988) 63.

[73] E. O'Connor and C. D. Ott, THE PROGENITOR DEPENDENCE OF THE

PRE-EXPLOSION NEUTRINO EMISSION IN CORE-COLLAPSE SUPERNOVAE,

The Astrophysical Journal 762 (2012) 126.

[74] E. P. O’Connor and S. M. Couch, Two Dimensional Core-Collapse Supernova Explosions

Aided by General Relativity with Multidimensional Neutrino Transport, Astrophys. J.

854 (2018) 63 [1511.07443].

[75] T. Fischer, S. C. Whitehouse, A. Mezzacappa, F.-K. Thielemann and M. Liebendörfer,

Protoneutron star evolution and the neutrino-driven wind in general relativistic neutrino

radiation hydrodynamics simulations, Astronomy and Astrophysics 517 (2010) A80.

[76] A. Bandyopadhyay, P. Bhattacharjee, S. Chakraborty, K. Kar and S. Saha, Detecting

supernova neutrinos with iron and lead detectors, Phys. Rev. D 95 (2017) 065022

[1607.05591].

[77] S. Chakraborty, T. Fischer, A. Mirizzi, N. Saviano and R. Tomas, Analysis of matter

suppression in collective neutrino oscillations during the supernova accretion phase,

Phys. Rev. D 84 (2011) 025002 [1105.1130].

[78] F. S. Kitaura, H.-T. Janka and W. Hillebrandt, Explosions of O-Ne-Mg cores, the Crab

supernova, and subluminous type II-P supernovae, Astron. Astrophys. 450 (2006) 345

[astro-ph/0512065].

[79] L. Dessart, A. Burrows, C. Ott, E. Livne, S.-C. Yoon and N. Langer, Multi-dimensional

simulations of the accretion-induced collapse of white dwarfs to neutron stars, Astrophys.

J. 644 (2006) 1063 [astro-ph/0601603].

[80] T. Fischer, S. C. Whitehouse, A. Mezzacappa, F. K. Thielemann and M. Liebendorfer,

Protoneutron star evolution and the neutrino driven wind in general relativistic neutrino

radiation hydrodynamics simulations, Astron. Astrophys. 517 (2010) A80 [0908.1871].

[81] T. Melson, H.-T. Janka and A. Marek, Neutrino-driven supernova of a low-mass

iron-core progenitor boosted by three-dimensional turbulent convection, Astrophys. J.

Lett. 801 (2015) L24 [1501.01961].

[82] H. T. Janka, F. Hanke, L. Huedepohl, A. Marek, B. Mueller and M. Obergaulinger,

Core-collapse supernovae: Reflections and directions, 2012. 10.48550/ARXIV.1211.1378.

[83] D. Vartanyan, A. Burrows, D. Radice, M. A. Skinner and J. Dolence, Revival of the

Fittest: Exploding Core-Collapse Supernovae from 12 to 25 M⊙, Mon. Not. Roy. Astron.

Soc. 477 (2018) 3091 [1801.08148].

[84] I. Tamborra, F. Hanke, H.-T. Janka, B. Müller, G. G. Raffelt and A. Marek,

Self-sustained asymmetry of lepton-number emission: A new phenomenon during the

111

TH-2924_176121012

https://doi.org/10.1093/mnras/sty2578
https://arxiv.org/abs/1805.03953
https://doi.org/10.1017/pasa.2016.40
https://doi.org/10.1017/pasa.2016.40
https://arxiv.org/abs/1608.03274
https://doi.org/https://doi.org/10.1016/0370-1573(88)90036-1
https://doi.org/https://doi.org/10.1016/0370-1573(88)90036-1
https://doi.org/10.1088/0004-637x/762/2/126
https://doi.org/10.3847/1538-4357/aaa893
https://doi.org/10.3847/1538-4357/aaa893
https://arxiv.org/abs/1511.07443
https://doi.org/10.1051/0004-6361/200913106
https://doi.org/10.1103/PhysRevD.95.065022
https://arxiv.org/abs/1607.05591
https://doi.org/10.1103/PhysRevD.84.025002
https://arxiv.org/abs/1105.1130
https://doi.org/10.1051/0004-6361:20054703
https://arxiv.org/abs/astro-ph/0512065
https://doi.org/10.1086/503626
https://doi.org/10.1086/503626
https://arxiv.org/abs/astro-ph/0601603
https://doi.org/10.1051/0004-6361/200913106
https://arxiv.org/abs/0908.1871
https://doi.org/10.1088/2041-8205/801/2/L24
https://doi.org/10.1088/2041-8205/801/2/L24
https://arxiv.org/abs/1501.01961
https://doi.org/10.1093/mnras/sty809
https://doi.org/10.1093/mnras/sty809
https://arxiv.org/abs/1801.08148


BIBLIOGRAPHY

supernova shock-accretion phase in three dimensions, Astrophys. J. 792 (2014) 96

[1402.5418].

[85] J. M. Blondin, A. Mezzacappa and C. DeMarino, Stability of Standing Accretion Shocks,

with an Eye toward Core-Collapse Supernovae, 584 (2003) 971 [astro-ph/0210634].

[86] T. Foglizzo, R. Kazeroni, J. Guilet, F. Masset, M. González, B. Krueger et al., The
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