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ABSTRACT

In this thesis, our work addresses the outcomes of the transport measurements in the pres-

ence of spin-orbit couplings and an external magnetic field in a two-dimensional (2D) semi-

Dirac system. Semi-Dirac systems are characterized by a parabolic band dispersion along

one direction in the Brillouin zone, and linear along the other direction. All the while, we

have compared our results with those for the Dirac materials, a well-known example being

graphene. Our results have exciting prospects for engineering tunable transport properties

for 2D materials in the presence of spin-orbit couplings and magnetic field. Thus, our work

mainly focuses on two novel phenomena, that is, the quantum spin Hall effect and the quan-

tum Hall effect in a semi-Dirac system. To begin with, in the presence of spin-orbit coupling,

we essentially study the quantum transport properties of a 2D semi-Dirac system modeled

by a Kane-Mele Hamiltonian. We have systematically explored the relative strengths of

the intrinsic (Haldane type, but with different fluxes for different spin degrees of freedom)

and Rashba spin-orbit couplings on the edge states of a nanoribbon both analytically and

numerically, and its band structures. Further, we have numerically studied the transport

properties, such as the charge conductance, local density of states, etc via Landauer-Büttiker

approach. We have observed significant deviations in the transport properties owing to the

anisotropic band dispersion of the semi-Dirac system as compared to the results known for

Dirac materials. In the next part, we have introduced a uniform magnetic field perpendicular

to the plane of the system and hence explored its effects on the transport characteristics using

Kubo formula. We looked into the features of the density of states, properties of the Lan-

dau levels, Hofstadter butterfly spectrum, and as well as the magneto-transport properties,

such as the longitudinal and the transverse (Hall) conductivities. In addition, we have also

explored the magneto-optical properties as a function of the incident photon energies in the

near ultraviolet-visible regime and studied the effects of electron filling, circular polarization,

Faraday rotation, etc.
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1.1 General perspectives

Since the discovery of the wave nature of electrons, the study of the transport phenomena in

mesoscopic systems has evolved as the heart of condensed matter physics. By mesoscopic

systems (also known as phase-coherent systems [1]), we usually mean the system dimension

is somewhere between the microscopic scale and the macroscopic scale [2]. More promi-

nently, they are characterized by the system dimension within the range of nanometer (nm)

and micrometer (µm). The wave nature of the electrons in the mesoscopic regime shows

1
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several important quantum effects (for example, quantized conductance) that are absent in

macroscopic devices. In a mesoscopic system, a few relevant length scales that character-

ize the different regimes of transport are the de Broglie wavelength ‘λ’ (ranges from a few

Angstrom in metals to the order of 50 nm in semiconductors), the mean free path ‘le’ (the dis-

tance that electrons travel before its initial momentum is completely replaced by a scattering

event) and the phase relaxation length ‘lφ’ (the distance over which the electrons lose their

initial phase). These length scales vary from one material to another and may be affected by

external agencies, such as temperature, magnetic field, etc. To understand the length scale

for the mesoscopic system, let us look at an example of a conductor of size L. It is ohmic

(classical) when its dimensions are much larger than the λ, le and lφ, and considered as meso-

scopic when L ≤ lφ. To make the discussion concrete, we take a planar sheet of the material

and connect leads, which could be at two ends of the material or on all four sides, depending

on the objective of the measurement. The leads are of the same material as our system, which

are connected to the bias voltage. In terms of the above length scales, two distinct regimes

can be categorized in an intuitive way for mesoscopic transport. They are,

(a) Ballistic regime: this regime is defined by, λ < L� lφ, le. There is no phase-breaking

or elastic scattering in the bulk when the electrons pass through the material that is, scattering

occurs only at the boundary between the leads and the conductor. Hence, no impurity scat-

tering is considered, and the transport properties are determined by the quantum interference

effects.

(b) Diffusive regime: In contrast to the ballistic one, this regime is defined by, λ� le� L.

The electrons are scattered by disorders or impurities, and the motion is diffusive in nature.

Over the last two decades, several modern material fabrication techniques have been de-

veloped, such as molecular beam epitaxy (MBE), lithography technique, scanning tunneling

microscope (STM), etc., to realize dimensions such that, L< lφ experimentally. GaAs/AlGaAs

is considered one such ideal semiconductor heterostructure that has characteristic dimen-

sions smaller than the mean free path (le). At the interface, a thin layer of charges called a

two-dimensional electron gas (2DEG) is formed. In this regime, the transport is governed

by the Landauer formula as, G = (e2/h)T [3] (where e denotes the charge of an electron,

h is Planck’s constant and T is the transmission coefficient). However, the conductance is

independent of the length of the object. It is worthy to mention that the transport of elec-

trons in nanoelectronic devices is investigated in the quantum regime based on the above

classification.

The above perspectives change dramatically in the presence of a magnetic field. In 1879,
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the first experiment to prove the existence of moving charges in metal was done by Edwin

Hall [4]. A century later, in 1980s, the discovery of integer quantum Hall effect by von

Klitzing [5] as well as fractional quantum Hall effect by Tsui, Störmer, and Gossard [6] gives

a boost in the field of transport study in the presence of a strong external magnetic field, of

the order of several teslas (T). The former can be understood without taking into account the

interactions between electrons, whereas for the latter, the interactions between the electrons

play a crucial role. Instead of linear dependence on the magnetic field, as is well-known

for the classical Hall effect, Klitzing [5] found that the Hall resistivity exhibits quantized

plateaus over a wide range of magnetic fields. This quantized Hall resistivity originates from

the discretization of the energies of the cyclotron orbits into macroscopically degenerate flat

bands known as the Landau levels (LLs).

Immediately afterward, researchers have found that the Hall quantization has topolog-

ical implications. For instance, the conductance is facilitated by the modes that reside at

the edges of the sample, while the bulk remains perfectly insulating. Such distinct behavior

of the ‘bulk’ and ‘edge’ modes has not been realized earlier and hence corresponds to the

first-ever ‘topological insulators’ (TIs). In 1982, the connection between the quantized Hall

conductance and the topology was explained by Thouless, Kohmoto, Nightingale, and den

Nijs, which can be characterized by a topological invariant, known as the Chern number (also

known as TKNN invariant [7]). The Chern number is equal to the quantized value of Hall

conductivity, σxy in units of e2/h. Moreover, these topological states can be understood by

the bulk-boundary correspondence, which means that the properties of the boundary modes

can be obtained from the behavior of the bulk states. It has important implications on the

transport features. According to the classical picture with cyclotron orbits, these orbits col-

lide with the boundary at the edges of the sample, which results in ‘skipping orbits’. This

propagates only in a single direction at the one-dimensional edge. In a quantum mechanical

situation, the potential due to the presence of edges of the sample and the vacuum is sharp

and leads to chiral edge modes that travel in opposite directions at opposite edges. The ex-

istence of the chiral modes comes from the topological nature of the two-dimensional (2D)

quantum Hall states, and the number of chiral edge modes corresponds necessarily to an

integer number, ν which also denotes the quantization Hall conductance.

Let us now talk about a second topological phase of matter which is distinct from the one

described above. A little more elaboration is needed here. Similar to the electron charge,

the spin of the electron plays a role in the field of spintronics, which has made a vast im-

pact on metal-based information storage devices. In 1971, Dyakonov and Perel [8] predicted
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the spin Hall effect theoretically, where they observed the accumulation of spins on the lat-

eral surfaces of a current-carrying sample with the opposite spins at opposite boundaries.

Unlike the classical case, the spin Hall effect is driven by spin-orbit coupling (SOC) which

occurs in the absence of a magnetic field. In 1988, the most successful discovery of the giant

magnetoresistive effect (GMR) [9] is considered as the starting point of this new spin-based

electronics. A. Fert and P. Grünberg [10] have been awarded the Physics Nobel Prize for the

discovery of the GMR effect in 2007. A large increase in resistance has been observed for a

ferromagnet/non-ferromagnetic/ferromagnet multilayer structure in GMR when the magne-

tization goes from being parallel to antiparallel. The spin-field effect transistor (spin-FET)

was first proposed by Datta and Das [11] in 1990 as a development to the GMR set-up.

Semiconductor-based spintronics has proven more challenging since it requires a magnetic

field by which the electron spin needs to be controlled. To overcome this obstacle, electric

fields can be used to manipulate electron spin via a spin-orbit interaction [12]. One can re-

late such that, as the magnetic field creates a charge separation, thereby producing a Hall

voltage in a 2DEG, analogously, in the case of spins, the SOC can do the same job. It seg-

regates opposite spins to move across the opposite edges of the sample, thereby producing

a spin current referred to as the spin Hall effect [8]. The GMR effect can be understood by

assuming that any spin current is carried by two kinds of carriers, spin-up and spin-down.

The spin-orbit interaction originates from the broken inversion symmetry along the growth

direction of the semiconductor heterostructure that hosts a 2DEG. This is called Rashba

spin-orbit coupling (RSOC). The Rashba SOC was first predicted in bulk semiconductors by

Rashba [13]. The Rashba SOC can be tuned externally by changing the shape of the con-

fining potential [14]. At the interface between the two semiconductors (differently doped), a

potential gradient E = ∇V may arise, which couples with the motion of the electrons via,

HRashba ∝ (E×p).s. (1.1.1)

The Rasbha Hamiltonian can be written, considering a quantum well along the z direction

E = Ezz as,

HRashba =
α

h̄
(s×p).z =

α

h̄
(pysx− pxsy), (1.1.2)

where s = (sx, sy, sz) is a vector of three component Pauli matrices and α depends on the

material. For a single layer graphene, Rashba SOC may have been interesting consequences,

has been predicted by Kane and Mele [15]. However, the coupling strength is very small
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in graphene due to the small atomic number of the carbon atoms. Several proposals have

been made for enhancing the strength of the interaction by coating the sample surface with

adatoms. Rotating magnetic fields can also produced large Rashba SOC [16]. In contrast

to the Eq. (1.1.2), the Hamiltonian for a single layer graphene, which depends only on the

pseudospin, can be described by approximating it to the lowest order as,

H =
λ

2
(s×σ)z, (1.1.3)

where s are the Pauli matrices describing the electron spin and σ denotes the pseudospin.

After the discovery of the quantum Hall (QH) effect, Haldane showed that the necessary

condition to observe the QH effect is not the presence of a magnetic field but the breaking

of a time-reversal symmetry (TRS) which leads to quantum anomalous Hall (QAH) effect.

He proposed that a QAH insulator has chiral edge states in a zero magnetic field which

lacks the TRS. The Haldane model describes the spinless electrons, where the TRS is broken

through dissipationless currents induced by adding fluxes, which cancel overall. Also, it

acquires a quantized Hall conductivity proportional to the Chern index, C as σH = Ce2/h.

Later, a combination of a QAH insulator with its time-reversed copy produces a time-reversal

invariant Z2 insulator that has spin-polarized chiral edge states, leads to the new topological

phases of matter known as quantum spin Hall (QSH) phase .

In the last few decades, TIs have been one of the most promising materials which can

lead to high-performance applications ranging from quantum computing [17] to spintronics

applications. Graphene and its derivatives are the first proposed TI candidate in history. With

the intrinsic SOC on graphene, one can open a topologically nontrivial band gap at the Dirac

cones, although the SOC of the carbon atoms is extremely small for topological insulation to

be observed experimentally. Furthermore, measuring these intrinsic SOCs through magne-

toconductance is challenging due to their relatively weak signatures in transport. This work

addresses the challenges in transport measurements from both analytical and numerical ap-

proaches on various graphene-based materials. After Kane and Mele, Bernevig et al. [18,19]

proposed the existence of QSH effect involving HgTe sandwiched between CdTe layers via

band inversion for a critical width of the intermediate layer, and their prediction was con-

firmed by König et al. [20] in an experiment. This leads to the discovery of new 2D TIs as

well as three-dimensional (3D) TIs. Later, Fu and Kane [21] carried out the new search for

3D TIs in their work which also opened a race for discovering new 3D TIs [22,23]. However,

in this thesis, we shall restrict ourselves to 2D systems.
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Motivated by the above discussion, we took a chance to explore these novel phenomena

in our 2D system. This thesis is essentially focused on the study of quantum transport phe-

nomena in the presence of spin-orbit couplings and the magnetic field. The band structures

of the Dirac and the semi-Dirac systems play a crucial role in transport properties that leads

to new insights. The newly developed approaches serve as a useful method of describing the

low energy impacts of new physics for a very large system.

Before going to the main content, we give a more elaborate introduction of two impor-

tant phenomena that we have explored in our systems. They are the quantum Hall effect

and quantum spin Hall effect. Later, we shall describe the Landauer approach and the Ker-

nel Polynomial Method based on Chebyshev expansion which we have used to solve our

problems numerically.

1.2 Topological phases of matter: quantum Hall and quan-

tum spin Hall phases

1980s were marked by the remarkable discovery of the integer quantum Hall effects, and

the first experiment was performed by von Klitzing, using the samples prepared by Dorda

and Pepper [5]. A similar experimental set-up has been used for the integer quantum Hall

effect to the classical case. Consider a 2DEG that can be formed from a semiconductor het-

erostructure, for example, a Gallium Arsenide (GaAs) structure is sandwiched between two

Aluminium Arsenide (AlAs) semiconductors. When this 2DEG is subjected to a large per-

pendicular magnetic field, the QH effect is observed. The magnetic field causes the electrons

to travel along circular cyclotron orbits, and the radii get smaller with the increasing value

of the magnetic field. In the case of larger magnetic fields, the electrons move in a closed

cyclotron orbit in the bulk of the sample and hence cannot conduct, whereas they can skip

along the edges of the sample forming open orbits.

At low temperatures, two important quantum effects happen. First, the electrons moving

in closed orbits in bulk become localized, and the bulk turns into an insulator. The second

is the formation of extended one-dimensional channels with a quantized conductance of

e2/h per channel from the skipping edge orbits. At low temperatures (T < 4K) and strong

magnetic fields (of the order of several Teslas), the longitudinal resistivity is zero whenever

the Hall resistivity, ρxy shows a sharp plateau over a range of magnetic fields, and spikes are

observed when ρxy jumps from one plateau to the next plateau. The experimental result is
TH-2574_166121018
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depicted in Fig. (1.1). The quantized value of ρxy is given by,

ρxy =
2πh̄
e2

1
ν

(1.2.1)

The integer, ν known as the filling factor, is measured to an extraordinary accuracy which is

of the order of 1 part in a billion. The Hall conductivity can be obtained from the inverse of

the Hall resistivity, namely σxy = e2

2πh̄ν.

Figure 1.1. (Color online) The longitudinal and the Hall resistivities (ρxx and ρxy) are shown as
a function of the magnetic field. The green line shows the longitudinal resistivity, ρxx and the red
line denotes the Hall resistivity, ρxy. The Hall resistivity shows quantized plateaus in multiples of
h/e2. This image is reproduced from Ref. [24].

Let us analyze deep into the phenomena that occur in the presence of large magnetic

fields [25, 26]. The energy levels lose direct dependence on the momentum vector, K. Con-

sequently, the energy levels which are still quantized are called Landau levels. In normal

metals and in 2DEGs, these levels are equally spaced due to their linear dependence on n

through En ∼ (n + 1/2)h̄ω, where ω denotes the cyclotron frequency that depends on the

magnetic field (ω = eB/m). However, in graphene, the velocity of the charge carrier is

independent of their energy which leads to the unequal spacing between the LL energies,

including a n = 0 LL zero-energy state. Experimentally, the discrete and non-equally spaced

energy level spectrum of LLs, including the hallmark zero-energy state of graphene, was

observed directly using the scanning tunneling spectroscopy of graphene grown on silicon

carbide [27].

The QH state indeed denotes a new state of matter where the bulk of the sample behaves

very distinctly compared to the edges. After the discovery of the QH effect, a new topolog-
TH-2574_166121018
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Figure 1.2. (Color online) In the upper left panel, for a thin quantum well (that is, when d < dc,
d being the width of HgTe layer), the energy of the lowest-energy conduction subband, denoted
by E1, is higher than that of the highest-energy valence band, denoted by H1. In the upper right
panel, for a thick quantum well (that is when d > dc), the band inversion occurs. In the lower two
panels, the energy spectra are shown for a HgTe quantum well for both cases, respectively. The
thin quantum well has an insulating energy gap (lower left panel), whereas the edge states are
shown by the red and the blue line for the thick quantum well (lower right panel). This image is
taken from Ref. [28].

ical state of matter was found in 2006, known as the QSH effect which holds the different

qualitative behavior to the QH effect and becomes the key element for the development of

an emerging field of spintronics. In 2007, the QSH effect was experimentally observed in

CdTe/HgTe/CdTe quantum wells [20] in the absence of zero external magnetic fields. The

SOC in CdTe/HgTe/CdTe quantum wells can be increased by increasing the thickness d of

the HgTe layer. Hence, for a thin quantum well, the CdTe has the dominant effect (s-like

conduction subband denoted as E1 is located above the p-like valence subband H1), whereas

in a thick quantum well, there is a critical thickness dc (around 6.5 nm) for which the band

inversion occurs as shown in Fig. (1.2). Consequently, one pair of edge states is observed

for d > dc in the inverted regime and no edge states in the d < dc regime. The crossing of the

dispersive bands is preserved by the TRS symmetry, which denotes the topological signa-

tures of a QSH insulator. Quite contrary to the QH effect, which is responsible for breaking

the TRS in the presence of an applied magnetic field, the QSH system respects the TRS. In

the QSH effect, instead of charge accumulation, accumulation of spin occurs at the edges of

a current-carrying conductor with opposite spins at the opposite edges. If an electric field

is applied in the y direction, the transverse spin current flows in the x direction. The SOC

played a role in the QSH effect as the role played by the magnetic field in the charge Hall
TH-2574_166121018



1.2 Topological phases of matter: quantum Hall and quantum spin Hall phases 9

effect. More specifically, the SOC acts as a “spin-dependent magnetic field” that leads to

the spin-dependent QH effect. The counterpropagating edge states at different edges of the

sample with opposite spins evolve from this SOC, which can perceive a topological invariant.

Let us now focus on the Kane-Mele (KM) model [15, 29] which is studied extensively

in this thesis. Kane and Mele proposed that two copies of the QH system with opposite

spins (one with Haldane flux π
2 , and the other with −π2 ) preserve the TRS. The main idea

was to achieve the topological insulation respecting the TRS. Before discussing the said

topic, it is convenient to explore the Haldane model, which is denoted as a Chern insulator

(owing to a non-zero Chern number) in the absence of a magnetic field. Haldane proposed a

model which breaks the TRS by introducing a magnetic phase φ to the next-nearest neighbor

hopping (complex hopping) amplitude. The Haldane Hamiltonian on a honeycomb lattice

can be written as,

H = −t
∑
〈i j〉

c†i c j + t2
∑
〈〈i j〉〉

e−iνi jφc†i c j + M
∑

i

εic
†

i c j, (1.2.2)

where t2 is the next-nearest neighbor hopping amplitude, M is an on-site mass term and the

parameter εi = ±1 depends on i = A or B sublattice. The t2 term breaks the TRS, whereas the

M term breaks the inversion symmetry. Both the terms open a bandgap in the spectrum, but

they correspond to be of different topological nature. In particular, the effect of M in lifting

a gap is trivial in nature (does not yield edge modes), while that of t2 is topological where

edge modes are observed. Now, there may arise a question of whether the breaking of TRS

is the only way to realize a topological phase. The answer was given by Kane and Mele by

introducing the intrinsic SOC whose low-energy expansion yields a term such as τzσzsz. The

main idea that leads to the realization of another topological state while preserving the TRS

is to add a spin degree of freedom (which is a natural choice anyway) by stacking two copies

of the Haldane model. The tight-binding Hamiltonian for a KM model reads,

H = −t
∑
〈i j〉

c†i c j + iλS O

∑
〈〈i j〉〉

eiνi jc†i szc j (1.2.3)

The second term in Eq. (1.2.3) is the intrinsic SOC term, which respects all of the symmetries

of graphene, and sz is also conserved. This new term can be written in the low energy limit

as,

HISOC = ∆SO

∫
k

c†k
[
τzσzsz

]
ck, ∆SO = 3

√
3λSO. (1.2.4)
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The term σz corresponds to the sublattice degree of freedom, τz denotes the valley degree

of freedom, and sz represents the real spin. The combined term ‘σzτz’ remains odd under

time-reversal. In this case, the corresponding bulk energy spectrum has a gap at the Dirac

points with a pair of counterpropagating edge modes on a graphene strip with open boundary

conditions. Another SOC term that may be relevant for 2D systems with broken inversion

symmetry leads to the spin mixing can be described as,

HR = λR

∫
k

c†k
[
σxτzsy−σysx

]
ck. (1.2.5)

This type of SOC can be realized and found in experiments [30–32]. It also respects the

TRS but breaks the structural inversion symmetry. The sz quantum number is no longer

conserved. Naturally, one can ask whether the topology still exists in the presence of Rashba

SOC. The Kane-Mele model with Rashba SOC gives a clear picture to this question. When

λS O , 0 and λR = 0, the system acquires a topologically nontrivial gap, but as we turn on λR,

the gap (topological) slowly decreases. Hence, the key ingredient of realizing the QSH effect

on graphene is SOC, especially the intrinsic SOC.

1.3 Two-dimensional (2D) systems

1.3.1 Dirac system (graphene)

Graphene is made of carbon atoms distributed at the edges of hexagons, as shown in Fig. (1.3).

Each carbon atom is joined by sigma covalent bonds with three neighbors. The honeycomb

lattice is not a Bravais lattice because the two neighboring sites are not equivalent. The elec-

tronic configuration of carbon is (1s)2 (2s)2 (2p)2, however, mixed states of these orbitals

exist due to the energy difference between the 2s and 2p orbitals. The 1s electrons become

more or less inert, whereas orbital hybridization occurs between the 2s and 2p electrons in a

solid-state condition. There is one possibility to form four sp3 orbitals which form a tetrahe-

dral bonding pattern in solid form of C, namely diamond, which is a well-known insulator.

Another possibility is to form three sp2 orbitals. The sp2 orbitals arrange themselves in a

plane at 120◦ angles and thus form the honeycomb lattice structure.

The structure can be seen as a triangular lattice with two inequivalent sublattices, here
TH-2574_166121018
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labelled as A and B as shown in Fig. (1.3). The primitive lattice vectors can be written as,

a1 =
a
2

(3,
√

3), a2 =
a
2

(3,−
√

3), (1.3.1)

where a ≈ 1.42 Å is the spacing between the nearest neighbor carbon atoms. The reciprocal

lattice vectors b1, b2 are defined by,

b1 =
2π
3a

(1,
√

3), b2 =
2π
3a

(1,−
√

3). (1.3.2)

The first Brillouin zone (BZ) of the reciprocal lattice is bounded by the planes bisecting the

Figure 1.3. (Color online) A schematic diagram of honeycomb lattice structure (left panel) and
its Brillouin zone (right panel) of graphene is shown. a1 and a2 are the lattice unit vectors, and
δi, (i = 1,2,3) are the three nearest neighbor vectors. k1 and k2 are the two non-equivalent Dirac
points. This image is reproduced from Ref. [33].

vectors to the nearest reciprocal lattice points. The six points are located at the corners of

the FBZ where only two are of importance, that is, k1 and k2. They are called Dirac points,

owing to the Dirac-like low energy dispersion of the electrons, and their positions in the

momentum space are given by,

k1 =

(
2π
3a
,

2π

3
√

3a

)
, k2 =

(
2π
3a
,−

2π

3
√

3a

)
. (1.3.3)

Also the three nearest neighbor vectors in real space are defined as, δ1 = a
2 (1,
√

3), δ2 =

a
2 (1,−

√
3), δ3 = −a(1,0).

The tight-binding Hamiltonian for electrons in graphene considering the nearest neighbor

hopping can be written as,

H = −t
∑
〈i, j〉,σ

(a†σ,ibσ, j + h.c.), (1.3.4)
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where a†σ,i (aσ,i) creates (annihilates) an electron with spin σ (σ =↑,↓) on site Ri and sublat-

tice A. b operators denote similar things for B sublattice. t (≈ 2.8 eV) is the nearest neighbor

hopping amplitude between different sublattices. The energy dispersion of Eq. (1.3.4) have

the form [34],

E±(k) = ±t
√

3 + f (k), (1.3.5)

where

f (k) = 2 cos
(√

3kya
)
+ 4 cos

( √3
2

kya
)

cos
(
3
2

kxa
)
. (1.3.6)

The ‘+’ (‘−’) sign refers to the upper (lower) band in Eq. (1.3.5). The electron-hole symmetry

is present, and the spectrum is symmetric around zero energy. The band structure has been

presented and discussed in Chapter 2.

Figure 1.4. (Color online) A schematic sketch of (a) zigzag graphene nanoribbon and (b) arm-
chair graphene nanoribbon is shown respectively. The direction of arrows denotes the zigzag and
armchair edges as mentioned. This image is reproduced from Ref. [35].

For some of our studies on conductivity, finite size systems are necessary. Graphene

sheets in the form of ribbons which are very large (practically infinite) in one spatial direction

and finite in the other, are ideal for our purpose and are called graphene nanoribbon (GNR).

These ribbons can be prepared by cutting a graphene sheet in a certain direction. Depend-

ing upon their edge orientation and termination type, there are different types of graphene,

namely zigzag graphene nanoribbon (ZGNR), armchair graphene nanoribbon (AGNR), or

random edge GNRs. Random edge GNRs can be characterized as a combination of zigzag

and armchair sites. Two out of them are mostly studied, namely, the ZGNR and the AGNR.

GNRs can be fabricated by lithography [36] and etching techniques of exfoliated graphene

flakes, chemical vapor deposition (CVD) technique [37] etc. In the left and right panel of

Fig. (1.4), the edge orientation types are shown by the arrow directions for zigzag and arm-

chair edges, respectively. The transport properties of GNRs greatly depend on the edge

termination and based on the different edge geometries and have gathered intense research
TH-2574_166121018
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interest. Also, the electronic properties depend strongly on the size and the geometry of the

GNRs theoretically [38,39]. In our thesis, we mainly deal with the zigzag orientation, which

is formed by atoms that belong to the same sublattice A or B. The partly flat band, first

analyzed by Fujita et al. [38] using tight-binding band calculations, is of great relevance to

study the properties of ZGNRs.

1.3.2 Semi-Dirac system

Since over a decade, graphene has been known for its linear dispersion at the Dirac points.

Subsequently, new features in the band structure have been discovered where the quasipar-

ticle dispersion is known as the semi-Dirac dispersion. Pardo et al. [40, 41] found that such

kind of dispersion in ultrathin (001) VO2 layers embedded in TiO2. This hybrid system is

a combination of linear (“massless”, Dirac-Weyl) in one of the directions and is quadratic

(“massive”, Dirac) in the other orthogonal direction [42,43]. Such a dispersion has also been

obtained by Volovik at the point node in the A-phase of superfluid He3 [44]. In a simple ap-

proximation, such dispersion can be obtained in a model that has an anisotropic Hamiltonian

where hopping to two of the nearest neighbors (say t) is the same, however to the third neigh-

bor (say t2) is different as shown in Fig. (2.1) (see Chapter 2). In this situation, the “Dirac

points” of graphene merge, which results in the semi-Dirac spectrum. The semi-Dirac point

t2 = 2t is special where one can observe a topological phase transition between a semimetal-

lic phase (for t2 < 2t) with a pair of Dirac cones and a band insulator (for t2 > 2t) [42,45,46].

Such hybrid semi-Dirac points that hold linear-parabolic dispersion relation are inaccessible

in graphene since it requires large strains [47]. However, such dispersion may found in other

physical systems such as cold atoms in optical lattices [48–51], the quasi-2D organic mate-

rial α-(BEDT-TTF)2I3 (where BEDT-TTF is bis ethylenedithio tetrathiafulvalene) [52, 53],

VO2/TiO2 heterostructures [43] etc. In the former example, the possibility of the moving

Dirac points by changing the intensity of the laser fields has been shown extensively [54].

More elaborate discussions can be found in Chapter 2.

1.4 Conductivity of 2D systems: formalism

The quantum transport phenomena represent the features of the orbital dynamics of electrons

in a confined system. Drude-Sommerfeld model of transport was one of the first models

for charge and energy transport by electrons in metals, proposed by Paul Drude in 1900
TH-2574_166121018
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[55]. Later on, there have been several proposals for different approaches such as semi-

classical Boltzmann transport [56], random matrix theory to study the quantum transport

properties. Transport is a dissipative phenomenon, where energy gets exchanged either with

the reservoirs at the ends of a sample or with the environment at the bulk of the sample.

Importantly, Landauer formalism, which is extensively used by us, is based on this principle

where one considers the system along with the presence of leads.

1.4.1 Landauer-Büttiker formalism

Landauer-Büttiker Formula has been very useful in describing the mesoscopic transport in

an elegant way using Green’s function formalism. For a 2D conductor, the conductance is

given by,

G = σW/L, (1.4.1)

where W and L are the width and length of the conductor, respectively. σ denotes the con-

ductivity, which is independent of the dimensions of the sample. According to this ohmic

law (Eq. (1.4.1)), the conductance will increase indefinitely with the decrease of the length

of the conductor. However, in the ballistic regime (that is when L� le), it was found exper-

imentally that the conductance has a limiting value. This way the corrected formula, known

as the Landauer formula, takes the form,

G =
2e2

h
MT, (1.4.2)

where M is the number of the transverse modes, and T represents the average probability of

an electron to be injected from one end and transmitted to the other end of the conductor.

Later, Büttiker improved the formula following Eq. (1.4.2), where the current flow occurs in

the electrochemical potential between µ1 and µ2 at zero temperature, then the linear response

formula for two-terminal becomes,

I =
2e
h

T [µ1−µ2], (1.4.3)

where T involves the product of the transmission probability per mode T at the Fermi energy

and the number of modes M. Eq. (1.4.3) can be written by combining all the terminals as
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(considering all the probes on the same footing),

Ip =
2e
h

∑
q

[T q←pµp−T p←qµq]. (1.4.4)

These arrows tell us that there is a backward electron transfer from the second subscript to

the first one (we shall drop it afterwards). Let Vi = µi/e, and the Eq. (1.4.4) becomes

Ip =
∑

q
[GqpVp−GpqVq], (1.4.5)

where, Gqp = 2e2

h T q←p. To ensure that the current becomes zero when the values of the

chemical potential are equal [2], the transmission coefficient G satisfy the sum rules as fol-

lows, ∑
q

Gqp =
∑

q
Gpq. (1.4.6)

According to Eq. (1.4.6), Eq. (1.4.5) can be written as,

Ip =
∑

q
Gpq[Vp−Vq]. (1.4.7)

The above equation (Eq. (1.4.7)) is known as Landauer-Büttiker formula. If the coupling to

the leads is strong and the electrons in the system can be treated to be noninteracting (that

is, by a single particle Hamiltonian), the Landauer-Büttiker formalism turns out to be an

extremely successful tool in describing quantum transport.

1.4.1.a Transmission function, scattering matrix, and Green’s function

To find the relation between the scattering matrix (also called as the S -matrix) and the trans-

mission coefficient, we consider a device as shown in Fig. (1.5) for coherent conductor.

S -matrix relates the outgoing wave amplitudes (b) to the incoming wave amplitudes (a) at

different leads. A coherent conductor can be described by an S -matrix at each value of en-

ergy. We can write considering total of three modes in the leads in matrix notation as (which

can be shown schematically in Fig. (1.5)),


b1

b2

b3

 =


S 11 S 12 S 13

S 21 S 22 S 23

S 31 S 32 S 33



a1

a2

a3

 . (1.4.8)
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. We can write the above Eq. (1.4.8) as,

Coherent

contact

propagating mode

Lead with oneLead with two

propagating modes

Conductor

a1

b1

a2

b2

b3

a3

contact

Figure 1.5. (Color online) A coherent conductor is connected to two contacts on both sides
of the sample and can be characterized by a scattering matrix at each value of the propagating
energy mode. The scattering matrix relates the outgoing mode amplitudes b to the incoming
mode amplitudes a. This image is taken for illustration from Ref. [57].

{b} = [S ]{a} (1.4.9)

where the S -matrix must satisfy the following unitarity condition,

[S ]†[S ] = [S ][S ]† = I (1.4.10)

In general, the S -matrix can be calculated if the Hamiltonian is known. Thus one can define

and compute an S -matrix for a coherent conductor. To obtain the transmission probability

between two modes m (outgoing modes) and n (incoming modes), one needs the squared

magnitude of matrix elements of S -matrix is taken as,

Tm←n = |S m←n|
2. (1.4.11)

Thus, the transmission function T pq(E) at an energy E can be derived by summing the trans-

mission probability Tnm over all modes m in lead q and all modes n in lead p as follows,

T p←q =
∑
m∈q

∑
n∈p

Tn←m =
∑
m∈q

∑
n∈p
|S n←m|

2. (1.4.12)

In a simplified notation, we can write T p←q as Tpq. Next, we will see how the transmission

coefficient and Green’s function are related. In the Landauer-Büttiker formalism, a central

region is connected to leads on both sides. These transmission coefficients are related to the

Green’s function of the central device via [58, 59],

Tpq = Tr
[
ΓpGRΓqGA

]
. (1.4.13)
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GR(A) is the retarded (advanced) Green’s function of the central region. The coupling matri-

ces Γp and Γq are the imaginary parts representing the coupling between the central region

and the leads. Γp can be defined as [2],

Γp = i
[
Σp− (Σp)†

]
, (1.4.14)

where Σp represents the retarded self-energy associated with lead p. Also, the retarded

Green’s function can be written as [2],

GR =

(
E−H−

∑
p

Σp

)−1

, (1.4.15)

where E is the Fermi energy of electrons and H is the Hamiltonian for the central region.

The advanced Green’s function can be calculated in terms of the retarded Green’s function

via, GA = (GR)†.

1.4.2 The recursive Green’s function

The theoretical description of mesoscopic electronic transport has been developed within

the Landauer formalism [60]. This formalism states that there is a direct relation between

the conductance of a mesoscopic sample and the probability that an electron will trans-

mit through it. Among several numerical techniques, the recursive Green’s function (RGF)

method is one of the most efficient approaches to tackle the coherent ballistic electron trans-

port. In order to calculate the conductance through the sample and the local particle densities

within the nanodevices, the retarded Green’s function is needed to calculate. The main focus

of the recursive algorithm is to find either the diagonal blocks or the selected block columns

of an inverted block tridiagonal matrix [61]. Also, a parallel algorithm has been developed

for the computation of the electronic transmission probability within the framework of the

RGF approach. The parallelization aids to perform calculations on very large systems with

millions of degrees of freedom and will be particularly efficient to handle highly complex

modular scattering structures.

In this section, we shall describe the two-terminal RGF method [61] briefly. The retarded

Green’s function can be calculated using the RGF method after the discretized Hamiltonian

matrix has been properly partitioned.
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Figure 1.6. (Color online) A schematic diagram of a two-terminal system discretized on a grid.
The size of the mesh is denoted by a. The system has a central region denoted by the matrix AS

and two semi-infinite leads on both sides of the central region denoted by the matrices AL and AR.
A block tridiagonal matrix is formed by AS by grouping the discretized points into vertical slices.
Slice ’i’ is represented by the block Ai,i . ΣL and ΣR (denoted by red color) are the self-energies
of the semi-infinite leads. This image is taken from Ref. [61].

1.4.2.a Discretization of the system Hamiltonian

Here, we particularly focus on 2D systems though the method can be extended to 3D systems

as well. We consider a system with two-terminals as shown in Fig. (1.6). The retarded

Green’s function GR of a Hamiltonian H can be calculated from the inverse of

A = EI−H, (1.4.16)

where A is an infinite matrix (since the leads are semi-infinite) that describes the whole

system consisting the central region and the leads. The central scattering region being of our

main interest, we divide the Hamiltonian and the Green’s function for the whole system into

three major parts: the scattering region, denoted by AS and the left and right leads denoted

by AL and AR respectively as shown in Fig. (1.6). Hence we can write,


AL ALS 0

AS L AS AS R

0 ARS AR




GR
L GR

LS GR
LR

GR
S L GR

S GR
S R

GR
RL GR

RS GR
R

 =


IL 0 0

0 IS 0

0 0 IR

 . (1.4.17)

It is to be noted that the coupling between the left and right leads is zero, that is, ALR = 0

and ARL = 0. We have AS j = A†jS = −HS j = tI. This result from the discretization process

couples the scattering region to the left lead ( j = L) and right lead ( j = R) together. We can
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separately write a finite matrix equation for GR
S from Eq. (1.4.17) as,

(
AS −

∑
j

Σ j

)
GR

S = I, (1.4.18)

whose dimension is the number of spatial points in the scattering region. Here, the self-

energy contribution that comes from lead j is given by,

Σ j = AS jA−1
j A js. (1.4.19)

This procedure can be used for any lead connected to the device. Also, the leads are supposed

to be translationally invariant, which means that the self-energy matrix Σ j can be solved

analytically [2] and numerically using a convergent iteration method [62].

In our thesis, to perform numerical calculations on tight-binding models efficiently, we

have used the Kwant package [63]. We have used the two-terminal RGF method via Kwant.

However, this method is also applicable for multi-terminal systems. Kwant is an open-source

software based on Python language, and in particular, focused on studying the quantum

transport phenomena. It is easy to implement and very user-friendly. Kwant calculates the

transmission coefficients through the RGF technique as described. This package solves the

scattering problem in a robust and highly efficient way. Kwant takes as an input a finite-

dimensional matrix representing a tight-binding model, which can, for instance, originate

from an atomic description where each site corresponds to an atom. Kwant allows to compute

a variety of features of tight-binding systems, for instance, wave functions, the dispersion

relation, the current density, the local density of states (LDOS), the scattering matrix, the

conductance, and many more. The details are available in Ref. [63].

1.4.3 The kernel polynomial method

The computation of eigenvalues of large matrices in real space is expensive in condensed

matter physics. Recently, an efficient numerical method, known as the kernel polynomial

method (KPM) based on the Chebyshev expansion [64] has attracted attention due to its

powerful applications for solving the Hamiltonian in large Hilbert spaces. The Chebyshev

expansion has aroused deep interest in numerical quantum simulations due to the high per-

formance in parallelization since the matrix operation involves the product of sparse matrices

and vectors. Also, the advantage of this method relies on the parallelizability and the linear

scaling of the computational cost with the system size, which allows us to simulate very large
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systems (with dimensions larger than a million). The KPM is frequently used to calculate

spectral quantities in real-space basis [64–66]. In our thesis, we have used this method to

simulate very large systems in the presence of a magnetic field.

1.4.4 The Chebyshev polynomials

The Chebyshev polynomials are considered as two sets of orthogonal polynomials that are

solutions of ordinary differential equations [67]. There are two kinds of Chebyshev polyno-

mials, namely the first kind and the second kind of polynomials. The first kind polynomials

Tn(x) are bounded, whereas the second kind diverges at the boundaries. Hence the first kind

is commonly used for polynomial expansions, while the latter may lead to poor convergence

of the approximation. Hence, the methods in this thesis will be presented in terms of the first

kind of Chebyshev polynomials.

The Chebyshev polynomials of the first kind Tn(x) can be defined in terms of trigono-

metric functions as,

Tm(x) ≡ cos(m θ(x)) = cos(m arccos(x)), x ∈ [−1,1], (1.4.20)

where θ(x) ≡ arccos(x). A complete basis can be formed for continuous functions on the

interval [−1,1] and can be expressed through its closure relation,

δ(x− y) =
2

π
√

1− x2

(
1
2

+

∞∑
m=1

Tm(x)Tm(y)
)
. (1.4.21)

Hence, if f (x) is defined in this interval, it can be expressed in terms of Chebyshev expansion

using,

f (x) =
2

π
√

1− x2

(
µ0

2
+

∞∑
m=1

µmTm(x)
)
, (1.4.22)

where µm represents the expansion coefficients (also known as Chebyshev moments). The

orthogonality of the Chebyshev polynomials appear as,

∫ 1

−1
Tm(x)Tn(x)w(x)dx =


0 m , n

1 m = n , 0, w(x) ≡ 1√
1−x2

1
2 m = n = 0

. (1.4.23)

Then the moments of the Chebyshev polynomials, which are called as the Chebyshev mo-
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ments, can be calculated using,

µm =

∫ 1

−1

f (x)Tm(x)
√

1− x2
dx. (1.4.24)

The Chebyshev polynomials aid in very efficient numerical approximations and can be de-

scribed through recursive relation,

T0(x) = 1,

T1(x) = x,

Tm+1(x) = 2xTm(x)−Tm−1(x). (1.4.25)

Also, the truncation errors can be minimized by the usage of a kernel that is highly efficient

in eliminating the Gibbs oscillations.

1.4.5 Chebyshev expansion in terms of Green’s function

In this subsection, we shall address the Chebyshev expansion in terms of Green’s function. In

the case of non-interacting electrons, two kinds of Green’s function contribute: the retarded

G−(H,E) and advanced G+(H,E) Green’s functions. They are defined by the relation,

G±(H, ε) = lim
η→0

1
ε−H∓ iη

, (1.4.26)

where H is Hamiltonian of the system. Using Eq. (1.4.26), the Green’s function can be cal-

culated by performing an inversion of the Hamiltonian. The KPM helps to approximate the

Green’s functions for very large systems with reasonable accuracy and moderate computa-

tional cost.

At first, to approximate the Green’s function, we need to rescale the energy spectra into

the domain of the polynomials [−1,1]. To avoid the approximation near the edges of the

interval, the Hamiltonian is being rescaled within the interval [−α,α], where α ∈ (0,1) being

a positive parameter. The rescaled Hamiltonian and energy can be written as,

H̃ =
2α
∆E

(
H−

E+ + E−

2

)
, ε̃ =

2α
∆E

(
ε−

E+ + E−

2

)
, (1.4.27)

where ∆E ≡ E+ − E− and E+ and E− are the maximum and minimum eigenvalue of the

spectrum. α is chosen to be 0.9 for the transport calculation. The Green’s function can be
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written in terms of rescaled H̃ and ε̃ as,

G±(H̃, ε̃) =
2α
∆E

G̃±(H̃, ε̃), G̃±(H̃, ε̃) = lim
η→0

1
ε̃− H̃∓ iη

, (1.4.28)

where G̃±(H̃, ε̃) are the rescaled Green’s function. In the following we shall write the Green’s

function in terms of the Hamiltonian’s eigenvectors |Ek〉 and the Green’s functions eigenval-

ues G±(Ẽk, ε̃) using the spectral theorem as [68],

G̃±(H̃, ε̃) =
∑

k

G̃±(Ẽk, ε̃)
∣∣∣∣Ẽk

〉〈
Ẽk

∣∣∣∣. (1.4.29)

Now each of the eigenvalues can be expanded in terms of the Chebyshev polynomials as,

G̃±(Ẽk, ε̃) =

M∑
m=0

Γ±m(ε̃)gmTm(Ẽk), (1.4.30)

where,

Γ±m(ε̃) ≡
2

δm,0 + 1

∫ α

−α

G̃±(λ, ε̃)Tm(λ)

π
√

1−λ2
dλ. (1.4.31)

The total rescaled Green’s functions can be written as in the following,

G̃±(H̃, ε̃) =

M∑
m=0

∓2i(
δm,0 + 1

)√
1− ε̃2

gmΓ±m(ε̃)
∑

k

Tm
(
Ẽk

)∣∣∣∣Ẽk
〉〈

Ẽk

∣∣∣∣
G̃±(H̃, ε̃) =

M∑
m=0

∓2i(
δm,0 + 1

)√
1− ε̃2

gmΓ±m(ε̃)Tm
(
H̃

)
. (1.4.32)

The Sokhotsi-Plemelj [69] identity can be used to calculate Γ±m(ε̃),

G̃±
(
λ, ε̃

)
= ∓iπδ(λ− ε̃) +P

(
1

λ− ε̃

)
. (1.4.33)

From which one can write,

Γ±m(ε̃) =
2

δm,0 + 1

(
∓ i

Tm(ε̃)
√

1− ε̃2
+P

∫ α

−α

Tm(λ)

π(λ− ε̃)
√

1−λ2
dλ

)
, (1.4.34)

where P denotes the principal value of the integral. The last part of the integral can be

solved using the trigonometric definition of the Chebyshev functions as,

Γ±m(ε̃) = ∓
2ie∓im arccos(ε̃)(
δm,0 + 1

)√
1− ε̃2

. (1.4.35)
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The basic advantage of the Green’s function formalism is that a few matrix elements of the

Green’s functions are required for the calculation of a given observable. In the following we

shall see that one can calculate the matrix elements of Green’s functions independently using

Eq. (1.4.32).

In the real space basis, the eigenvectors of the position operator can be written as, R̂|Ri =

Ri|Ri〉. similarly, one can compute the matrix elements of the Green’s functions G±i, j(H, ε) as,

G±i, j(H, ε) = 〈Ri|G±(H, ε)|R j〉. (1.4.36)

Also the approximation can be obtained through the following expansion as,

G̃±i, j(H̃, ε̃) =

M∑
m=0

gmµ
i, j
m Γ±m(ε̃), µ

i, j
m = 〈Ri|Tm(H̃)|R j〉, (1.4.37)

where µi, j are the expansion moments of the series. Finally, the result is an expansion on

a basis defined by the Γ-functions and hence the Green’s function acquires the form of

Eq. (1.4.35).

It is not necessary to calculate the matrices Tm(H̃) for obtaining these moments. One can

define the vectors as,

|Φi
0〉 = |Ri〉, |Φi

1〉 = H̃|Ri〉, (1.4.38)

and obtain all the subsequent vectors using the recursive relation in Eq. (1.4.25) as,

Tm(H̃)|Ri〉 = |Φ
i
m〉 = 2H̃|Φi

m−1〉− |Φ
i
m−2〉. (1.4.39)

The Chebyshev moments can be calculated,

µ
i, j
m = 〈Ri|Φ

i
m〉. (1.4.40)

The diagonal elements of the Green’s functions are directly related to the LDOS which can

be considered as the number of available states for a given energy at a given lattice site. This

can be defined as,

ρi(ε) ≡ 〈Ri|δ(ε−H)|Ri〉 = ∓
1
π

Im[G∓i,i(ε)]. (1.4.41)
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In a Chebyshev series expansion, the LDOS can be expressed as,

ρ̃i(ε̃) =

M∑
m=0

gmµ
i,i
m Im

[
Γ±(ε̃)

]
(1.4.42)

ρ̃i(ε̃) =
2

π
√

1− ε̃2

(
g0

2
+

M∑
m=0

gmµ
i,i
mTm(ε̃)

)
(1.4.43)

Also the density of states (DOS) ρ(ε) at an energy can be defined as the trace of the imaginary

part of the Green’s function as,

ρ(ε) = Tr
[
Im[G(H, ε)]

]
. (1.4.44)

Using Eq. (1.4.39), one can find

ρ̃(ε̃) =
1

π
√

1− ε̃2

(
g0

2
+

M∑
m=1

gmTr
[
Tm(H̃)

])
. (1.4.45)

This is the expression for DOS in terms of Chebyshev expansion. The trace can be calculated

using a stochastic method.

1.4.6 The Kubo-Bastin formula

The linear response theory implies that the effective motion or velocity of the charge carriers

are proportional to the external perturbation, such as mechanical perturbations (perturba-

tion of Hamiltonian) or thermal perturbations (perturbation of boundary conditions), and the

transport behavior can be quantified by the proportionality constant. The linear response the-

ory is the most standard method to study the bulk Hall conductivities, which was developed

by R. Kubo [70]. This method was applied to the QH effect by Aoki and Ando [71] for

the first time. The standard Kubo’s formula for the conductivity tensor is a current-current

correlation function that can be written as [70, 72],

σαβ(µ,T ) =
1
Ω

∫ ∞

0
dt

∫ ∞

0
dλ〈 f (µ,T,H) jα jβ(t + ih̄λ)〉. (1.4.46)

where Ω is the volume of the system, jα is the current operator and f (µ,T,H) ≡ 1/(1 +

e−(µ−H)/kT ) is the Fermi-Dirac distribution function for a given temperature, T and the chem-

ical potential, µ. Eq. (1.4.46) can be rewritten in the non-interacting electron approximation
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as,

σαβ(µ,T ) =
ie2h̄

A

∫ E+

E−
dε f (ε)Tr

〈
vαδ(ε−H)vβ

dG+(ε)
dε

− vα
dG−(ε)

dε
vβδ(ε−H)

〉
. (1.4.47)

This is known as the Kubo-Bastin formula. H and vα denote the non-interacting Hamiltonian

and velocity operators respectively. Using the Heisenberg relation, the velocity operator v

can be expressed in terms of the eigenvalues of the position operator |Ri〉, i = 1, . . .D and the

Hamitonian’s matrix elements as,

v =
1
ih̄

[R,H] =
1
ih̄

D∑
i, j=1

(Ri−R j)Hi, j|Ri〉〈R j|. (1.4.48)

Now the Kubo-Bastin formula can be expressed in terms of a Chebyshev expansion as de-

scribed earlier. We can rescale the Hamiltonian’s spectrum into the interval [−α,α]. Hence

the rescaled conductivity in terms of rescaled Green’s function and δ-function becomes,

σαβ(µ,T ) =
4α2

∆E2 σ̃αβ(µ̃, T̃ ) (1.4.49)

σ̃αβ(µ̃, T̃ ) =
ie2h̄

A

∫ α

−α
dε f (ε)Tr

〈
vαδ̃(ε̃−H)vβ

dG̃+(ε̃)
dε̃

− vα
dG̃−(ε̃)

dε̃
vβδ(ε̃−H)

〉
. (1.4.50)

In terms of the Chebyshev polynomials the rescaled δ-function and the Green’s function can

be expressed as,

δ̃
(
ε̃− H̃

)
=

2

π
√

1− ε̃2

M∑
m=0

gm
Tm(ε̃)
δm,0 + 1

Tm
(
H̃

)
,

G̃±
(
ε̃, H̃

)
= ∓

2i
√

1− ε̃2

M∑
m=0

gm
e±im arccos(ε̃)

δm,0 + 1
Tm

(
H̃

)
,

dG̃±
(
ε̃, H̃

)
dε̃

= ∓2i
M∑

m=0

gm

δm,0 + 1
d
dε̃

(
e±im arccos(ε̃)
√

1− ε̃2

)
Tm(H̃) (1.4.51)

Using Eq. (1.4.51) in Eq. (1.4.50), the following expression can be found as,

σαβ(µ,T ) =
4e2h̄
πA

4
(∆E)2

∫ 1

−1
dε̃

f (ε̃)
(1− ε̃2)2

∑
m,n

Γnm(ε̃)µαβnm(H̃) (1.4.52)

where we have,

Γnm(ε̃) ≡ (ε̃− in
√

1− ε̃2)ein arccos(ε̃)Tm(ε̃) + (ε̃+ im
√

1− ε̃2)e−im arccos(ε̃)Tn(ε̃)
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µ
αβ
nm(H̃) ≡

gmgn

(1 +δn0)(1 +δm0)
Tr[vαTm(H̃)vβTn(H̃)]. (1.4.53)

Here Γmn(ε̃) are the expansion functions and µmn(H̃) are the expansion moments of the poly-

nomial expansion. It is to be noted that the numerical integration of spectral functions in

Eq. (1.4.52) can be efficiently computed in terms of convergence by performing the integra-

tion first and then expand the function in terms of the Chebyshev polynomials. The analytical

solution for the integration of Kubo-Bastin formula at temperature T = 0 is known as Kubo-

Streda formula. Two types of contributions comes from the Kubo-Streda formula,

σ̃I
α,β =

ie2h̄
2

Tr
〈
δ
(
ε f −H

)[
vαG+(ε f )vβ− vβG−(ε f )vα

]〉
(1.4.54)

σ̃II
α,β = −

e2

2
Tr

〈
δ
(
ε f −H

)(
rαvβ− rβvα

)〉
. (1.4.55)

The first one contributes to the longitudinal conductivity, while the second has a contribution

to the Hall conductivity.

In this thesis, we have used both these efficient techniques, as described above, to com-

pute the various quantum transport phenomena in semi-Dirac and Dirac systems. Mainly,

we have computed the Landauer conductance in the presence of SOCs and have used the

Kubo-Bastin formula for dealing with the transport features in the presence of a magnetic

field.

1.5 Outline of the thesis

The main goal of this thesis lies in studying the transport properties of a 2D semi-Dirac

system within the framework of a tight-binding model on a honeycomb lattice in the presence

of SOC and magnetic field, B (SOC→ no TRS breaking, B→ TRS breaking). We also took

a chance to compare systematically each of these results with those obtained for the Dirac

case. We have a total of seven chapters in the thesis. We organize the thesis as follows.

In the first chapter, we start with the basic introduction to mesoscopic physics and its

relevance to transport properties. We have introduced SOCs, such as the Rashba SOC, and

discussed the effects of an external magnetic field. We have discussed the two important

topological phases of matter elaborately mostly studied in our thesis, that is quantum Hall

and quantum spin Hall phases. We have introduced the 2D Dirac (graphene) and semi-Dirac

systems with examples of the experimental background of these systems and their applica-

tions in real materials. Further, we present the formalism for calculating transport properties
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relevant for the thesis, namely, the RGF implemented via Landauer-Büttiker formula [3, 73]

that we have used to study both charge and spin conductivities. The formalism employs the

usage of Kwant, for which we provide an overview. For the latter part of the thesis, we have

used the Kubo formula, which we discussed for computing transport based on the KPM via

KITE [74]. The rationale for using these methods is illustrated via the merits that lie therein.

In the second chapter, we compute the eigenvalue equations for the zero-energy edge

modes using a tight-binding Hamiltonian of 2D Dirac (such as single layer and bilayer

graphene) and semi-Dirac nanoribbons. We solved these equations numerically to observe

the nature of the edge states and the band structures of the zigzag nanoribbon. We have

numerically computed the LDOS results, which provide robust support of our results on the

edge states derived analytically. We also calculated the charge conductance for both these

cases and explored the transport properties.

In the third chapter, we compute the analytical expressions for the localized edge states

for a KM Hamiltonian corresponding to the Dirac and the semi-Dirac cases. We elaborately

study the zero-energy edge modes, band dispersion, and charge conductance for several dif-

ferent cases, such as in the presence of only intrinsic SOC, both the SOCs (that is, intrinsic

and Rashba), etc. Next, we have extended the above study for a bilayer graphene nanoribbon

using the KM model and observed the interplay of the Rashba and the intrinsic SOCs with

the edge states, band structures, charge and spin transport in detail. A study of spin trans-

port has been done in bilayer graphene by tuning the Rashba SOC that relates to spintronic

applications. To make a connection with experiments, we have computed the effective mass

and have shown that it can be tuned by the inclusion of Rashba SOC. The corresponding sce-

narios for a semi-Dirac nanoribbon have also been investigated, which provide the distinct

feature of the edge states, along with different transport characteristics as compared to the

Dirac case.

In the fourth chapter, we turn our attention to the effects of an external magnetic field,

where we study the different physical properties of a semi-Dirac nanoribbon in the presence

of a field within the framework of a tight-binding model of a honeycomb lattice. In order to

compare with a Dirac system, such as graphene, we present our results for both cases. We

have also focused on several physical properties that have ramifications in experiments, such

as the nature of the LLs, Fractal spectra observed in the Hofstadter butterfly, etc.

In the fifth chapter, we study the quantum Hall transport properties of a semi-Dirac

nanoribbon in the presence of an external magnetic field using the same tight-binding model

as described in the fourth chapter. For comparison, we also present our results for the Dirac
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case. We investigate the density of states in the absence and presence of a magnetic field.

We numerically explore the magneto-transport properties (such as the longitudinal and the

Hall conductivities) using the Kubo formula based on the KPM.

In the sixth chapter, we have investigated the magneto-optical (MO) transport properties

of a semi-Dirac system subjected to an external magnetic field and compared them to those

of the Dirac systems. Selection rules, various transitions, and their presence from the peaks

in the absorption spectra are investigated. Moreover, we have studied the effect of electron

filling on the absorption spectra by tuning the chemical potential between the consecutive

LLs. Also, to explore the interplay of the polarization of the incident radiation with MO

transport, we consider the light of different polarization, namely, a circularly polarized light.

Finally, to ascertain the MO activity of the semi-Dirac systems and to make a connection with

experiments, we study Faraday rotation for the semi-Dirac case, which should be possible to

be realized in the experiments.

We conclude in the seventh chapter by summarizing the important results obtained in

our thesis. We also include a brief outlook on the possible extension of the thesis work.
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Since the discovery of graphene [75], Dirac materials in two dimensions have gener-

ated intense research activities to study the electronic properties of these novel 2D elec-

tronic systems. The valence and the conduction bands of graphene touch each other at two

non-equivalent Dirac points, namely K1 and K2, which have opposite chiralities and form a

time-reversed pair. The band structure around those points has the form of massless Dirac

fermions, that is, E~k = h̄v|~k|, where v (' 106 ms−1) is the Fermi velocity. The Dirac nature

of the electrons [34] is responsible for many interesting properties of graphene [33], such

29
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as unconventional quantum Hall effect [75–77], half metallicity [78, 79], Klein tunneling

through a barrier [80], high carrier mobility [81, 82] and many more. Owing to these fea-

tures, graphene is recognized as one of the promising materials for realizing next-generation

electronic devices.

After the successful fabrication of graphene [75], it was observed that bilayer graphene

too shows a variety of striking phenomena [83, 84]. Many of the properties of bilayer

graphene are analogous to those of a monolayer, such as high thermal conductivity [85, 86],

high electrical conductivity [87], mechanical strength, and flexibility [88, 89]. However, bi-

layer graphene has some additional features that make it distinct from monolayer graphene.

Monolayer graphene has a linear dispersion near the Dirac points [34], whereas, in bilayer

graphene, the band shows parabolic dispersion with massive chiral quasiparticles [84, 90].

In the absence of an external electric field, the system comprises four bands, two of them

touch each other at zero energy and the other two are separated by an amount equal to the

magnitude of the interlayer tunneling, t⊥. Moreover, the bandgap in bilayer graphene can be

opened and tuned by applying a gate voltage externally [33,91]. In general, bilayer graphene

can be synthesized in two different configurations, one with carbon (C) atoms of the A sub-

lattice in one layer being stacked directly over that of A sublattice of the other layer (AA

stacking), or in another, C atoms of A sublattice is stacked over C atoms of B sublattice (AB

stacking).

Recently, a close variant of the 2D Dirac materials termed as the semi-Dirac materials

have been discovered. In a tight-binding model for a 2D Dirac system, such as graphene,

consider that one of the three nearest neighbors hopping energies is tuned (say, t2) with

respect to the other two (say, t), the two Dirac points with opposite chiralities move in the

BZ. Eventually, when t2 becomes equal to 2t, the two cones merge into one at the so-called

semi-Dirac point. Such materials possess unique band dispersion, which simultaneously

shows massless Dirac (linear) along one direction and massive fermionic (quadratic) features

in other directions. Such dispersion are found in phosphorene under pressure and doping

[92, 93], electric fields [94, 95], α-(BEDT-TTF)2I3 salt under pressure [96, 97], and many

more as described earlier in Chapter 1.

The existence of the edge states in a graphene sheet is one of the interesting features in

condensed matter physics. The properties of the edge states are different than those of the

bulk states and play important roles in transport. When the valence and the conduction bands

are separated by an energy gap, one either gets a semiconductor (when the energy gap is of

the order of an eV) or an insulator (for the gap to be around 4 to 6 eV). However, this does
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not guarantee that the system is a simple insulator (assuming a large gap) since conduction

may still be allowed via the edge modes. These new types of insulators are fundamentally

different from the trivial insulators due to their unique gapless edge states protected by the

time-reversal symmetry. They have been attributed the name topological insulators (TIs).

Thus TIs represent a new quantum state. The phenomena associated with the TIs are the well-

known QH effect and the QSH effect (see Chapter 1). It has been found that the gapless chiral

(for QH) or helical (for QSH) edge states are robust channels with quantized conductance

accompanied by non-vanishing values at zero-bias voltage [15,18,19,29,98–101]. Moreover,

the study of the edge states in graphene has ramifications in many aspects, such as magnetism

[102], superconductivity [103], spintronics [104], quantum topological phases [105], and

many more.

On the other hand, graphene nanoribbons (GNRs) have also drawn huge attention due

to their striking physical properties and practical applications in nano-devices [33,106,107].

There are mainly two kinds of GNRs, AGNRs and ZGNRs (see Fig. 1.4). The two edges have

30◦ difference in their cutting direction. The ZGNRs are always metallic with zero bandgaps,

while the AGNRs are metallic when the lateral width N = 3M − 1 (M is an integer), else

the AGNRs are semiconducting in nature [39] with a finite bandgap. The ZGNRs possess

localized edge states with energies close to the Fermi level, which are absent for AGNRs. It

was shown that a monolayer ZGNR supports zero-energy edge states and is dispersionless

(flat band) near the Fermi energy [38,39,108]. Later, it was also shown that a bilayer ZGNR

also supports edge states at zero Fermi energy [109].

In the following section, we discuss the method to calculate the transport properties of

GNRs with Dirac and semi-Dirac band structure based on the Landauer-Büttiker formalism

(details are given in Chapter 1 and the essential steps are outlined in the next section). We

compute the analytical expressions for the zero-energy edge modes using a tight-binding

honeycomb lattice of the 2D Dirac system (graphene), bilayer graphene, and semi-Dirac

system. We specifically show the band dispersion using the ribbon geometry that holds the

property of translational invariance along the longitudinal direction. To confirm the behavior

of the edge states, we have calculated the local density of states (LDOS) near the Fermi

energy. Further, the conductance properties are explored using Landauer-Büttiker formalism.

For our numerical calculation on the LDOS and conductance, we have used Kwant [63].
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2.1 Landauer formula used for computing transport

To study the electron conductance, we investigate the transport characteristics using Landauer-

Büttiker formula [3, 73] that relates the scattering matrix to the conductance via,

G =
e2

h
T (E), (2.1.1)

where e is the electronic charge, h is the Planck’s constant and T (E) is the transmission

coefficient at a given value of the biasing energy, E. The transmission coefficient is defined

as [58, 59],

T = Tr
[
ΓRGRΓLGA

]
. (2.1.2)

GR(A) is the retarded(advanced) Green’s function of the scattering region. The coupling

matrices ΓL(R) are the imaginary parts representing the coupling between the scattering region

and the left(right) lead (see Fig. 1.5 in Chapter 1). They are defined by [2],

ΓL(R) = i
[
ΣL(R)− (ΣL(R))†

]
. (2.1.3)

Here ΣL(R) is the retarded self-energy associated with the left(right) lead. The self-energy

contribution is computed by modelling each terminal as a semi-infinite perfect wire [110].

From Green’s function, the LDOS can be found using [2],

ρ(E) = −
1
π

Im
[
GR(E)

]
. (2.1.4)

To compute the LDOS maps, the retarded Green’s function can be used for the system is

written as [2],

GR =
1

EI−H + iη
, (2.1.5)

where H is the Hamiltonian for the system and η is a small positive number.

2.2 Dirac and semi-Dirac systems

In this section, we describe the tight-binding model on the honeycomb lattice with anisotropic

hopping that leads to semi-Dirac electronic spectra at low energies. More precisely, the hop-

ping energy to one of the nearest neighbors (t2) is different than the other two (t) as shown in

Fig. (2.1). It is also instructive to look at the full dispersion with the following three nearest
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neighbor vectors in real space, ~δ1 =
(
0,a

)
; ~δ2 =

( √
3a
2 ,−a

2

)
and ~δ3 =

(
−

√
3a
2 ,−a

2

)
, where a

is the distance between two nearest neighbor carbon atoms. The dispersion relation for a

semi-Dirac system can be written as,

E(k) = ±

√
2t2 + t22 + 2t2 cos

√
3kxa + 4t2t cos(3kya/2)cos(

√
3kxa/2). (2.2.1)

The above expression can be used for both Dirac and semi-Dirac depending upon the choice

Figure 2.1. (color online) A schematic sketch of lattice geometry of a semi-Dirac system with
different hopping parameters, t ( denoted by blue) and t2 (denoted by pink) is shown. Two sub-
lattices are denoted by two different colors, that is, red and green. ~δ1, ~δ2, ~δ3 are the real space
nearest neighbor vectors mentioned in the text.

of t2 value as shown in Eq. (2.2.1). When t2 = t or 2t, we have the 3D tight-binding band-

structure for the Dirac or semi-Dirac as shown in Fig. (2.2a) and Fig. (2.2b) respectively. The

band dispersion within the BZ along the high-symmetry points is also shown in Fig. (2.2c)

and Fig. (2.2d) for both cases. For the Dirac case (that is, t2 = t), the dispersion shows that

the Dirac points touch at the K1 and K2 points at the BZ corners as shown in Fig. (2.2c).

With increasing the strength of the parameter t2, the two Dirac points originally located at

K1 ( 2π
3
√

3a
,2π
3a ) and K2 (− 2π

3
√

3a
,2π
3a ) move closer till they merge at the M point resulting in a

semi-Dirac spectrum (see Fig. (2.2d)). As mentioned earlier, such manipulation of the Dirac

points and their eventual merger have been achieved in honeycomb optical lattices [51]. Thus

by fixing t2 = 2t and focusing on the M point (0,2π
3a ), the low-energy effective Hamiltonian

based on the tight-binding model for a semi-Dirac system, apart from a constant term, can

be written as [111–113],

H0 =
p2

xσx

2m∗
+ vF pyσy, (2.2.2)
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(a) (b)

Γ K1 M K2 Γ
k-space

-10

-5

0

5

10

E
 (e

V)

t2= t

(c)

Γ K1 M K2 Γ
k-space

-15

-10

-5

0

5

10

15

E
 (e

V)

t2=2t

(d)

Figure 2.2. (Color online) Energy band dispersion of a (a) Dirac system and (b) semi-Dirac
system is shown. The anisotropic band dispersion is observed for the semi-Dirac case. In the
side panel of (b), we zoom the region near the M point along the ky and the kx directions. The
dispersion is linear along the y-direction and quadratic along the x-direction. Here a is set to be
unity. The dispersion along the high symmetry points Γ → K1 → M → K2 → Γ for different
strength of hopping parameters (c) t2 = t (Dirac) and (d) t2 = 2t (semi-Dirac) respectively. Here
we taken t = 2.8eV.

where px and py are the momenta along the x and the y directions respectively. σx and σy are

the Pauli spin matrices in the pseudospin space. The velocity along the py direction, vF , and

the effective mass, m∗ corresponding to the parabolic dispersion along px are expressed as

vF = 3ta/h̄ and m∗ = 2h̄/3ta2. Henceforth we set a = 1. The dispersion relation corresponding

to Eq. (2.2.2) ignoring a constant shift in energy can be written as,

E = ±

√
(h̄vFky)2 +

( h̄2k2
x

2m∗

)2
, (2.2.3)

where ‘+’ denotes for the conduction band and ‘−’ stands for the valence band. Eq. (2.2.3)

shows that the dispersion is linear (Dirac-like) along y-direction, whereas the dispersion

along the x-direction is quadratic (non-relativistic), the combination of which results in the

semi-Dirac dispersion. In the following, we shall work with a semi-infinte Dirac and semi-

Dirac nanoribbon for our purpose as described earlier.
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2.3 Tight-binding model of Dirac nanoribbon

To begin our discussion of a Dirac material, such as graphene, we consider a 2D semi-

infinite graphene sheet which consists of two sublattices A and B connected to the three

nearest neighbors vectors in real space via,

~δ1 =
(
0,a

)
; ~δ2 =

( √3a
2

,−
a
2

)
; ~δ3 =

(
−

√
3a
2

,−
a
2

)
, (2.3.1)

where a ≈ 1.42Å is the distance between two consecutive carbon atoms . In order to study

the nature of the edge states and transport properties of graphene, we consider the following

tight-binding Hamiltonian written as,

H = −t
∑
〈i j〉σ

(
c†iσc jσ+ h.c.

)
. (2.3.2)

Here c†iσ and c jσ are creation and annihilation operators for π-electron with spin σ on site i

and j. The 〈i j〉 term describes the hopping between nearest neighbors i and j on a honeycomb

lattice and the hopping amplitude is t ' 2.8 eV. h.c. denotes the hermitian conjugate. Though

we used the spin index σ, however, the results are identical for both σ =↑ and ↓ (except that

it includes the degeneracy factor), and hence not shown them separately in this chapter. In

the following, we shall derive the edge modes for a ZGNR and compute the corresponding

band structure.

2.3.1 Edge states and band structure

In this subsection, in order to study the properties of the band structure and the edge states,

we consider a ribbon geometry with zigzag edges which are infinite along the x-axis (lon-

gitudinal direction), and all the atoms of the zigzag edges belong to the same sublattice as

shown in Fig. (2.3). Keeping in mind that all the dangling bonds at graphene edges are ter-

minated by hydrogen atoms, we do not consider any contribution to the electronic states near

the Fermi energy. The ribbon width is such that it has N unit cells in the y-axis (transverse

direction). We rewrite the equation (2.3.2) in terms of m, n which labels the unit cell (see

Fig. (2.3)), is given by [33],

H = −t
∑
〈mn〉σ

[
a†σ(m,n)bσ(m,n) + a†σ(m,n)bσ(m,n−1) + a†σ(m,n)bσ(m−1,n) + h.c.

]
, (2.3.3)
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Figure 2.3. (Color online) Graphene nanoribbon geometry with zigzag edges. The blue and the
red circles represent A and B sublattices of the ribbon. ~a1 and ~a2 are the primitive vectors. (m, n)
labels the unit cell. m increases along the positive x-direction, whereas n increases along the
negative y-direction.

where 〈 〉 denotes nearest neighbors and σ represents the ↑,↓ spin for both sublattices A and

B. The translational symmetry exists along the x-axis, but there is no translational symmetry

along the y-direction due to the existence of a boundary. Hence, only the momentum along

x, namely kx is a good quantum number. Now we can use a momentum representation of the

electron operator due to the periodicity in the x-direction, which is,

ci =
1
√

N

∑
kx

eikxXick, (2.3.4)

where Xi represents the coordinate of the site A in the unit cell (m, n) and N denotes the num-

ber of unit cells. Using Schrödinger equation H|ψ〉 = E|ψ〉, we get the following eigenvalue

equations for sites in A and B sublattices as,

Eα (kx,n) = −t
2cos

 √3kx

2

β (kx,n) +β (kx,n−1)


Eβ (kx,n) = −t
2cos

 √3kx

2

α (kx,n) +α (kx,n + 1)
 , (2.3.5)

where we have chosen the basis as,

|ψk〉 =
∑
n,σ

α(k,n,σ)|a,k,n,σ〉+β(k,n,σ)|b,k,n,σ〉, (2.3.6)
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where α, β are the coefficients corresponding to A and the B sublattices respectively. Since

we have taken zigzag edges and the ribbon exists only between 0 to N − 1 (the edges are

passivated), and thus the boundary condition can be written as,

α(kx,N) = β(kx,−1) = 0. (2.3.7)

Applying this boundary condition to Eq. (2.3.5), we get

Eα (kx,0) = −t
2cos

 √3kx

2

β (kx,0)


Eβ (kx,N −1) = −t
2cos

 √3kx

2

α (kx,N −1)
 . (2.3.8)

Now we consider the zero-energy modes (close to the Fermi energy), namely E = 0 and put

it in Eqs. (2.3.5) and (2.3.8) to get the solutions for the edge states. Thus, we obtain the

following equations,

0 =

2cos
 √3kx

2

β (kx,n) +β (kx,n−1)
 (2.3.9)

0 =

2cos
 √3kx

2

α (kx,n) +α (kx,n + 1)
 (2.3.10)

0 = β (kx,0) (2.3.11)

0 = α (kx,N −1) . (2.3.12)

Solving Eqs. (2.3.9) and (2.3.10), we finally get,

Eα (kx,n) =

−2cos
 √3kx

2

n

α (kx,0) (2.3.13)

Eβ (kx,n) =

−2cos
 √3kx

2

(N−1−n)

β (kx,N −1) . (2.3.14)

These are the solutions that we have used to capture the behavior of the wave functions along

both edges. It can be seen that the charge density shows an exponential decay as one deviates

from the edges [38], implying the presence of localized edge states.

In our calculation, we have made kx to be a dimensionless quantity by absorbing the

lattice spacing a into the definition of kx. Also, we have taken N = 100 unit cells in the

y-direction (see Fig. (2.3)). To see how the states at the edges look like, we have plotted the

probability density, |ψ|2 as a function of site index, n by solving Eqs. (2.3.13) and (2.3.14)
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in Fig. (2.4a). It shows that the wave function has maximum amplitude at the edges and

gradually decays as one moves inwards into the bulk. Moreover, it is completely localized

at the edge, when kx = 2π/3
√

3 and penetrate into the bulk as kx deviates from this value.

Afterwards, they become extended between kx = 2π/3
√

3 and 4π/3
√

3. The lack of a gap

in the spectrum in graphene turns the E = 0 state whose amplitude is maximum at the two

edges and decays as one moves inward [114]. We have to set a convergence condition which

is
∣∣∣−2cos

( √
3kx
2

) ∣∣∣ 6 1, in order to solve Eq. (2.3.13) and Eq. (2.3.14) iteratively. Without this

condition, the wave function will not be square-integrable in the semi-infinite graphene sheet.

This convergence condition defines the region in the momentum space given by, 2π/3
√

3 6

kx 6 4π/3
√

3 where the E = 0 band is dispersionless.

To calculate the band structure we use Eq. (2.3.3) and the tight-binding parameter t is set

to be 1. Also, we have considered the lattice spacing, a = 1. All the energies are measured in

units of t. The computed band structure is presented in Fig. (2.4b). It can be easily observed

that the flat band exists at exactly zero energy lying between the values kx = −4π/3
√

3 and

−2π/3
√

3 and between kx = 2π/3
√

3 and 4π/3
√

3 [115]. These bands represent that the

states are completely localized at the edges of the ribbon for these special kx values. These

states which correspond to dispersionless band are the peculiar edge states which eventually

contribute to the transport properties. We shall see interesting phenomena in the conductance

owing to the presence of edge states in the following subsection.

0 25 50 75 100

n

0

0.05

0.1

|ψ
|2

(a)

-
2 π

3
-

4 π

3 3
-

2 π

3 3

0
2 π

3 3

4 π

3 3

2 π

3

-3

-2

-1

0

1

2

3

kx

E

(b)

Figure 2.4. (color online) (a) Probability density of the wavefunction, |ψ|2 as a function of site
index, n at kx = 2.15π

3
√

3
and (b) the Band structure is shown for N = 100 for a Dirac system (zigzag

graphene ribbon).
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Figure 2.5. (color online) (a) The LDOS is plotted near Fermi energy and (b) the charge con-
ductance, G (in units of e2/h) is plotted as a function of Fermi energy, E (in units of t) of zigzag
nanoribbon for a Dirac system. The value of the quantized conductance is shown by the pink
dashed line.

2.3.2 LDOS and conductivity

In this subsection, we numerically compute the LDOS and the charge conductance using

the tight-binding model to compare with the analytical expressions (see Eqs. (2.3.13) and

(2.3.14)). The size of the ribbon in our numeric computation is taken as 201Z-94A (Lx ∼ 25

nm and Ly ∼ 20 nm) [116] with zigzag edges. All the energies are measured in units of t.

We have plotted the LDOS for energy value close to zero in Fig. (2.5a). The color bar on

the right-hand side suggests that the LDOS is largest at the edges and falls off gradually

into the bulk. Thus these edge states are conducting in nature, whereas deep inside the

bulk, they remain insulating owing to their decaying amplitude. To ascertain the effects of

the edge modes on the conductance properties of a ZGNR, we have further computed the

conductance of zigzag graphene as shown in Fig. (2.5b). We can see that the conductance

follows a step-like behavior as one goes away from zero of the Fermi energy.

It is well-known that the conductance quantization in graphene ribbon has a strong de-

pendency on the edge termination. Since the geometry of our ribbon holds the zigzag edge

termination, the conductance quantization becomes even multiples (2, 6, 10, 14, . . .) in units

of e2/h, where the spin and valley degeneracies both are considered. The conductance be-

havior also confirms that a 2e2/h (e is the electronic charge, h is the Planck’s constant, and

the factor ‘2’ comes due to the spin degeneracy) plateau exists around the zero of the Fermi

energy (zero-bias), which is shown by the pink dashed line. This is because of the presence

of the two conducting zero-energy modes, which contribute to the zero bias conductivity.
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The value of the conductance depends on the number of transverse modes present in the

system. This special feature of conductance holds as long as the electron-hole symmetry is

present in the system. However, this plateau is fragile owing to the absence of ‘protected’

edge states.

2.3.3 Bilayer graphene

We consider a AB-stacked bilayer graphene sheet with zigzag edges which consists of two

coupled monolayers of carbon (C) atoms and hence involves four sublattices labelled by Ai

and Bi (where i = 1 and 2 denote top and bottom layer respectively). The three nearest neigh-

bors vectors in real space are defined by, ~δ1 =
(
0,a

)
; ~δ2 =

( √
3a
2 ,−a

2

)
and ~δ3 =

(
−

√
3a
2 ,−a

2

)
,

where a represent the vectors from sublattice sites A to its three nearest sublattice sites B.

The tight-binding model of a bilayer graphene can be written as,

H =HT + HB + HT−B

=HT + HB− t⊥
∑

i∈(T,A), j∈(B,B),σ

(
c†iσc jσ+ h.c.

)
, (2.3.15)

where HT and HB refer to the Hamiltonians for the top and the bottom graphene layers

respectively. HT−B includes coupling between the top and bottom layers. Since the form of

the Hamiltonian depends on the stacking geometry of the layers, we have considered only the

hopping between the A site of the top layer and the nearest B site of the bottom layer which

is represented by the third term. The subscripts i, j label the lattice sites and σ denotes the

spin index. The interlayer hopping amplitude is denoted by t⊥, where t⊥ ' 0.4 eV (t⊥ � t).

We can write HT (B) as,

HT (B) = −t
∑
〈i j〉σ

c†iσc jσ. (2.3.16)

The term HT (B) describes the hopping between nearest neighbors with hopping energy t. The

other quantities have been already described in the previous section.

2.3.3.a Edge states and band structure

Here, we first study the edge state properties of a AB-stacked zigzag bilayer graphene nanorib-

bon. We focus on the bilayer graphene ribbon geometry with zigzag edges where the

translational invariance exists along the x-axis (horizontal direction). Similar to monolayer

graphene, we have also considered that the ribbon has N unit cells along the y-axis (where

n ∈ 0 to N −1). We begin with the tight-binding model where Eq. (2.3.15) can be written in
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Figure 2.6. (Color online) Bilayer graphene nanoribbon geometry with zigzag edges. The white
and the blue circles represent A and B sublattices of the ribbon respectively. a1 and a2 are the
primitive vectors. (m,n) labels the unit cell along the x and the y direction.

terms of m and n that label the unit cell as shown in Fig. (2.6) as [109],

H =− t
2∑

i=1

∑
mnσ

[
a†σi(m,n)

{
bσi(m,n) + bσi(m,n−1) + bσi(m−1,n)

}
+ h.c.

]
− t⊥

∑
mnσ

[
a†
σ1(m,n)bσ2(m,n) + h.c.

]
. (2.3.17)

We use periodic boundary conditions along the x-direction. Using the momentum repre-

sentation of the electron operators and solving the time-independent Schrödinger equation

Hψ = Eψ, we get the following set of four eigenvalue equations corresponding to the A and

the B sublattices as,

Eα1
(
kx,n

)
= −t

[
Dkβ1(kx,n) +β1(kx,n−1)

]
− t⊥β2(kx,n)

Eα2
(
kx,n

)
= −t

[
Dkβ2(kx,n) +β2(kx,n−1)

]
Eβ1(kx,n

)
= −t

[
Dkα1(kx,n) +α1(kx,n + 1)

]
Eβ2(kx,n

)
= −t

[
Dkα2(kx,n) +α2(kx,n + 1)

]
− t⊥α1(kx,n), (2.3.18)

where Dk = −2cos
( √

3kx
2

)
. We have chosen the basis as,

|ψk〉 =
∑
n,σ

2∑
i=1

[
αi(k,n,σ)|ai,k,n,σ〉+βi(k,n,σ)|bi,k,n,σ〉

]
, (2.3.19)

TH-2574_166121018



42 Transport properties of 2D Dirac and semi-Dirac nanoribbons: Role of edge states

where αi, βi refer to the amplitudes corresponding to the A and B sublattices. Since we

are interested to see the edge modes which is close to zero energy, we further put E = 0 in

Eq. (2.3.18) and simply get,

0 = −t
[
Dkβ1(kx,n) +β1(kx,n−1)

]
− t⊥β2(kx,n) (2.3.20)

0 = −t
[
Dkβ2(kx,n) +β2(kx,n−1)

]
(2.3.21)

0 = −t
[
Dkα1(kx,n) +α1(kx,n + 1)

]
(2.3.22)

0 = −t
[
Dkα2(kx,n) +α2(kx,n + 1)

]
− t⊥α1(kx,n). (2.3.23)

From Eq. (2.3.20)-(2.3.23), we get the following matrix forms,

α1(kx,n + 1)

α2(kx,n + 1)

 =

 Dk 0

−
t⊥
t Dk


α1(kx,n)

α2(kx,n)

 (2.3.24)

and β2(kx,n−1)

β1(kx,n−1)

 =

 Dk 0

−
t⊥
t Dk


β2(kx,n)

β1(kx,n)

 . (2.3.25)

Since we choose to solve the above equations (Eq. (2.3.24) and (2.3.25)) in an iterative way,

we need the 2×2 matrix multiplication. For that, we use the following property which is in

general,

Dk 0

uk Dk


n

=

 Dn
k 0

uknDn−1
k Dn

k

 . (2.3.26)

In our case, we have

 Dk 0

−
t⊥
t Dk


n

=

 Dn
k 0

−n t⊥
t Dn−1

k Dn
k

 . (2.3.27)

In case of a bilayer nanoribbon, the boundary condition is,

α1(kx,N) = α2(kx,N) = β1(kx,−1) = β2(kx,−1) = 0. (2.3.28)

To make kx a dimensionless quantity, again we have absorbed the lattice spacing a into the

definition of kx. Using the above boundary condition mentioned in Eq. (2.3.28)) and applying
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the induction method, we finally obtain the following matrix equations for the amplitudes of

the wavefunction at A and B sublattices as,

α1(kx,n)

α2(kx,n)

 =

 Dn
k 0

−nDn−1
k

t⊥
t Dn

k


α1(kx,0)

α2(kx,0)

 (2.3.29)

and β2(kx,N −n−1)

β1(kx,N −n−1)

 =

 Dn
k 0

−nDn−1
k

t⊥
t Dn

k


β2(kx,N −1)

β1(kx,N −1)

 . (2.3.30)

Similar to the monolayer graphene, the convergence conditions remain the same in the case

of bilayer graphene. Hence, the range of momentum for the edge states is analogous to

monolayer, which we will see in the following sections. The number of edge modes will

differ due to the presence of an extra layer compared to a single one. To see this, we choose

two linearly independent initial vectors [α1(kx,0), 0] and [0, α2(kx,0)] to compute the edge

states. Using this in Eq. (2.3.29), we get two equations for α,

α1(kx,n)

α2(kx,n)

 =

 Dn
k 0

−nDn−1
k

t⊥
t Dn

k


α1(kx,0)

0

 (2.3.31)

and α1(kx,n)

α2(kx,n)

 =

 Dn
k 0

−nDn−1
k

t⊥
t Dn

k


 0

α2(kx,0)

 , (2.3.32)

which implies

α1(kx,n) =Dn
kα1(kx,0) (2.3.33)

α2(kx,n) =−nDn−1
k

t⊥
t
α1(kx,0) (2.3.34)

and

α1(kx,n) = 0 (2.3.35)

α2(kx,n) = Dn
kα2(kx,0). (2.3.36)
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Similarly, we can have the solutions for β as well which follows as,

β2(kx,N −n−1) =Dn
kβ2(kx,N −1) (2.3.37)

β1(kx,N −n−1) =−nDn−1
k

t⊥
t
β2(kx,N −1) (2.3.38)

and

β2(kx,N −n−1) = 0 (2.3.39)

β1(kx,N −n−1) = Dn
kβ1(kx,N −1). (2.3.40)

These equations (Eq. (2.3.34) and Eq. (2.3.36) for A sublattice) are the possible edges states

but not orthogonal to each other (except at kx = π). Hence we use the Gram-Schmidt orthog-

onalization process (taking N→∞), we finally obtain for the amplitudes at A as,

α1(kx,n) = 0

α2(kx,n) = Dn
kα2(kx,0) (2.3.41)

and

α1(kx,n) = α1(kx,0)Dn
k

α2(kx,n) = −α1(kx,0)Dn−1
k

t⊥
t

n− D2
k

1−D2
k

 , (2.3.42)

and for B sublattice,

β2(kx,N −n−1) = 0

β1(kx,N −n−1) = Dn
kβ1(kx,N −1) (2.3.43)

and

β2(kx,N −n−1) =β2(kx,N −1)Dn
k

β1(kx,N −n−1) =−β2(kx,N −1)Dn−1
k

t⊥
t

n− D2
k

1−D2
k

 , (2.3.44)

which represent the orthonormalized zero-energy edge states for a bilayer graphene. From

Eq. (2.3.41), we can see that the amplitudes corresponding to the sites belonging to the A
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sublattices of layer 1 vanish and that of layer 2 are finite. This implies that the correspond-

ing equations and hence their solutions are applicable for a monolayer graphene, whereas

Eq. (2.3.42) refers to the respective solutions for a bilayer graphene. Here, the sites for both

the layers are found to have non-vanishing amplitudes and that the amplitudes in layer 2 are

connected to those in layer 1 via t⊥. Similarly, the same applies for the B sublattice through

Eq. (2.3.43) and (2.3.44) (in case if we increase the sheet from the other side of the ribbon).

 0
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Figure 2.7. (color online) (a) Charge density is plotted as a function of site index, n at kx = 2.15π
3
√

3
and (b) the band dispersion is shown for N = 3 for a zigzag bilayer graphene nanoribbon. Here,
we set t⊥ = 0.2.

To study the surface (or edge) state properties for different sublattices, we have plotted

the charge densities as a function of n (n being the site index) for different cases in Fig. (2.7)

using Eq. (2.3.42) and Eq. (2.3.44) for the top and the bottom layers. It yields that the edge

states exist at the zigzag edges at zero energy and they are strictly localized at the edges.

The amplitude at the sublattices α1 and β2 fall off gradually at both the edges of the ribbon,

whereas α2 and β1 show different nature than these two, namely, α1 and β2. It can also be

seen that the penetration depth of the amplitudes into the bulk gets enhanced because of the

linear dependence of α2 on n.

We have also computed the electronic energy dispersion to provide support to the corre-

sponding results for the edge states for a few orbitals, that is, corresponding to small values

of N. In Fig. (2.7b), we have plotted the band structure for N = 3 by solving the tight-binding

Hamiltonian shown in Eq. (2.3.17). Although the flat band is observed at E = 0 at the momen-

tum intervals given by − 4π
3
√

3
6 kx 6 −

2π
3
√

3
and 2π

3
√

3
6 kx 6

4π
3
√

3
, in contrast to a monolayer,

there are four flat bands in the above mentioned range of kx which correspond to the four

edge states for the bilayer and they remain dispersionless. The particle-hole symmetry is

conserved and the energy spectrum remains spin-degenerate.
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Next we present our numerical results for the charge conductances and the LDOS using

Eq. ((2.1.1) and (2.1.4)). We have taken Lx = 15 and Ly = 10 for zigzag bilayer ribbon to

calculate both the LDOS and charge conductances. The LDOS behavior is depicted in

(a) (b)

Figure 2.8. (color online) The LDOS for a bilayer graphene nanoribbon is plotted for (a) bottom
layer and (b) top layer respectively. Here, we set t⊥ = 0.2.
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Figure 2.9. (color online) The charge conductance, G (in units of e2/h) is plotted as a function
of Fermi energy E (in units of t) for a bilayer graphene nanoribbon. The value of the quantized
conductance is shown by the pink dashed line. Here, we set t⊥ = 0.2.

Fig. (2.8a) and (2.8b) for the bottom layer and the top layer respectively. It can be seen that

the probability density for the bottom layer decays more quickly than that of the top layer

near the Fermi energy corresponding to one edge of the ribbon. The reverse happens for the

other edge.

We have computed the charge conductance of a bilayer graphene as shown in Fig. (2.9). It

can be easily observed that for a bilayer nanoribbon, though the conductance plot shows step-

like behavior emphasizing the basic features of quantum transport phenomena at discrete
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energy values, the plateau in the vicinity of zero Fermi energy now acquires a new value

4e2/h (shown by a pink dashed line in Fig. (2.9)) instead of 2e2/h as observed in monolayer

graphene. The presence of the edge states is confirmed by the existence of this plateau. The

conductance steps are not equidistant along the Fermi energy axis as seen from Fig. (2.9).

The width of these steps depends on the ribbon width and the energy intervals [117].

2.4 Tight-binding model of semi-Dirac nanoribbon

In this section, we consider a semi-Dirac nanoribbon with zigzag edges, which consists of

two sublattices A and B (similar to Dirac one) and the three nearest neighbors vectors in

real space remain analogous to graphene (see Eq. (2.3.1)). The only difference is that we

have tuned one of the nearest neighbors hopping parameters, say t2 which denotes hopping

along the y-direction in the case of semi-Dirac systems as shown in Fig. (2.1) (denoted by

the solid pink line). The modified parameter t2 can take any value t 6 t2 6 2t. In our case

we have considered two values of t2, that is t2 = 1.5t and 2t (semi-Dirac). The tight-binding

Figure 2.10. (color online) Zigzag nanoribbon of a honeycomb lattice for a semi-Dirac system
is shown. The magenta and blue circles represent the A and B sublattices respectively. a1 and a2
are the primitive vectors. (m,n) labels the positions of the unit cells along x and y directions. The
ribbon is infinite along the x-direction shown by the arrow on both side.

Hamiltonian for the semi-Dirac nanoribbon can be written as,

H = −t
∑
〈i j〉σ

(
c†iσc jσ+ h.c.

)
. (2.4.1)

Now, as mentioned earlier we have modified one of the parameter t by t2 for a pair of C

atoms as shown in Fig. (2.1) and thus, we can write the above Hamiltonian in terms of m and
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n as from Fig. (2.10),

H =−
∑
〈mn〉σ

[
ta†σ(m,n)bσ(m,n) + t2a†σ(m,n)bσ(m,n−1)

+ ta†σ(m,n)bσ(m−1,n) + h.c.
]
, (2.4.2)

where 〈 〉 denotes nearest neighbors and σ denotes the spin index with ↑ and ↓ spin for both

sublattices A and B. Keeping in mind that the translational symmetry exists along the x-axis,

we are allowed to use the momentum kx as a good quantum number. Due to the periodicity

in the x-direction and using Schrödinger equation H|ψ〉 = E|ψ〉, we arrive at the following

eigenvalue equations for sites in A and B sublattices using the same basis as mentioned in

Eq. (2.3.6),

Eα (kx,n) = −

2t cos
 √3kx

2

β (kx,n) + t2β (kx,n−1)


Eβ (kx,n) = −

2t cos
 √3kx

2

α (kx,n) + t2α (kx,n + 1)
 . (2.4.3)

Now, we may apply the same boundary condition (Eq. (2.3.7)) to Eq. (2.4.3), thus we get

Eα (kx,0) = −

2t cos
 √3kx

2

β (kx,0)


Eβ (kx,N −1) = −

2t cos
 √3kx

2

α (kx,N −1)
 . (2.4.4)

To obtain the zero-energy modes, we again apply E = 0 in Eqs. (2.4.3) and (2.4.4). Thus, we

obtain the following equations,

0 = −

2t cos
 √3kx

2

β (kx,n) + t2β (kx,n−1)
 (2.4.5)

0 = −

2t cos
 √3kx

2

α (kx,n) + t2α (kx,n + 1)
 (2.4.6)

0 = β (kx,0) (2.4.7)

0 = α (kx,N −1) . (2.4.8)
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Now we solved the above equations (Eq. (2.4.5) and Eq. (2.4.6)) iteratively and finally get as

the following,

Eα (kx,n) =

− t
t2

2cos
 √3kx

2

n

α (kx,0) (2.4.9)

Eβ (kx,n) =

− t
t2

2cos
 √3kx

2

(N−1−n)

β (kx,N −1) . (2.4.10)

These equations represent the edge state solutions for the zigzag semi-Dirac nanoribbons

when t2 has been set to 2t. In the following, we numerically solve these equations to see how

the evolution of the edge states and the band dispersion occurs when one goes from t to 2t

via 1.5t. Since we have already shown the results for t2 = t, that is, when all the three nearest

neighbor hopping amplitudes are the same in the Sec. (2.3), we only described the other two

cases in this section.

2.4.1 Edge states and band structure

We first plotted the charge density, |ψ|2 as a function of site index, n at kx = 2.15π
3
√

3
for two

different values of t2, say t2 = 1.5t and 2t (semi-Dirac case) as shown in Fig. (2.11a) and

(2.11b). It can be seen that the charge density depends on the t
t2

ratio for these cases, which

somewhat differs from the Dirac one. As compared to the Dirac case, we assert that the wave

functions now decay faster from both sides of the edges due to the ratio of t/t2, which is

always less than 1 and in particular, for the semi-Dirac case, it is equal to 1/2. Moreover, the

amplitude of the wave function get increases for both cases with the increasing values of t2.

This indicates that the zero energy states are more localized at the edges for the semi-Dirac

case.

To have the essence of the edge state on the band dispersion, we have also plotted the

band structure for N = 100 in fig. (2.11) using the Hamiltonian as shown in Eq. (2.4.2).

For Dirac case (t2 = t), we observed that the flat band exists in the momentum intervals

± 2π
3
√

3
6 kx 6 ±

4π
3
√

3
. With the increase of t2 (that is when t2 = 1.5t), the momentum interval

of the flat band gets enhanced at zero energy, which can be easily seen from Fig. (2.11c) and

these bands also correspond to two edge modes. Eventually, the flat bands get more enhanced

beyond the kx range (shown by the grey dashed line), and the edge modes are completely

separated from the bulk in the case of semi-Dirac (t2 = 2t) as shown in Fig. (2.11d). The

contribution from these zero-energy edge modes affects the conductance properties of semi-

Dirac nanoribbon at zero-bias, which we will see in the next subsection.
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Figure 2.11. (color online) Charge density as a function of site index, n at kx = 2.15π
3
√

3
and (b) the

band structure for N = 100 for a semi-Dirac nanoribbon with zigzag edges. Here, we set t2 = 2t.
The vertical line (grey dashed) indicates that the flat band gets enhanced in case of semi-Dirac
nanoribbon.

2.4.2 LDOS and conductivity

To confirm the edge state behavior, we have plotted the LDOS considering the same size of

the ribbon as mentioned earlier in sec. (2.3.2). The LDOS behavior is depicted in Figs. (2.12a)

and (2.12b) for t2 = 1.5t and 2t respectively. When t2 = 2t, we can see that the electron prob-

ability density vanishes faster than the situation when t2 = 1.5t as one move from edge to the

bulk from Figs. (2.12a) and (2.12b). Hence, we can argue that our analytical results match

with the numerical ones for both cases. Finally, to explore the transport properties we cal-

culated the charge conductance, G as a function of Fermi energy, E for the corresponding

values of t2 as shown in Figs. (2.12c) and (2.12d). For the intermediate value of t2 (that is,

when t2 = 1.5t), the charge conductance still acquires the same value (2e2/h) near the Fermi

energy but the magnitude decreased as seen from Fig. (2.12c). For the semi-Dirac case, We

also observed a well-known conductance plateau at 2e2/h near zero Fermi energy, similar to
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Figure 2.12. (color online) (a) The local density of states (LDOS) is plotted near Fermi energy
and (b) the charge conductance, G (in units of e2/h) is plotted as a function of Fermi energy, E (in
units of t) of zigzag nanoribbon for a semi-Dirac system. The value of the quantized conductance
is shown by the pink dashed line.

the Dirac case where t2 = t. The width of the plateau now decreased. In the case of semi-

Dirac (t2 = 2t), the conductance corresponding to the edge modes is separated from the bulk

conductance, which confirms the complete isolation of the edge modes from the bulk as seen

from the band dispersion (Fig. (2.11d)).

2.5 Summary

In this chapter, we have computed the analytical expressions for the edge modes using a

tight-binding Hamiltonian for 2D Dirac (graphene) and semi-Dirac systems. We solved these

equations numerically to observe the nature of the edge states of the ribbon. For the Dirac

case (graphene), we see the exponentially decaying amplitude of the wave functions which

indicates that the edge states are localized at the edges and decay into the bulk. We also
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compute the band structure, where we observe the flat bands between a finite range of mo-

mentum that corresponds to the two edge modes and are gapless in bulk. The transport prop-

erties are explored by calculating the charge conductance. The conductance spectra show a

plateau at a non-zero value 2e2/h near the zero of the Fermi energy due to the presence of

the edge modes. To continue the study in graphene, we have also looked into the bilayer

graphene nanoribbon. The analytic results show that the behavior of the edge states of a

bilayer graphene is quite different than that of a monolayer graphene. For the band structure,

the four bands correspond to four edge states which implies that there exist two edge modes

per edge. Moreover, the charge conductance spectrum shows plateaus at 4e2/h for bilayer

graphene near the zero of the Fermi energy. For the semi-Dirac case, the edge states are

more localized at both edges and decay faster inside the ribbon than the Dirac one. It can

also be seen from the band dispersion that the edge modes are completely separated from the

bulk ones. Also, the flat band gets enhanced in the case of semi-Dirac one. The conductance

plateau is quantized with the same value (2e2/h) as observed for the Dirac case, but the width

of the plateau has diminished. For all the cases, we have shown LDOS results that support

well our edge states derived analytically.
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Recently, the study of the effects of spin-orbit coupling (SOC) has become one of the

most important topics, especially in systems that do not have surface or bulk inversion

symmetry. Some of these systems assumably have exciting prospects of spintronic appli-

cations [118–120] where spin current can be used to transmit dissipationless information.
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On the other hand, it has been realized that SOC can lead to a new quantum state of matter

that supports gapless edge (or surface) states protected by the TRS, while the bulk remains

insulating. It is named as a topological insulator (TI) [22, 23] or more specifically, as the

QSH insulator. There may be different kinds of SOC present in the system due to different

physical origins. Mainly, two kinds of SOCs are thought to be relevant in the context of

graphene, namely the intrinsic SOC and the Rashba SOC [15, 29]. Kane and Mele [15, 29]

predicted that a QSH state could be observed in the presence of a complex next-nearest

neighbor hopping, the so-called intrinsic SOC, which triggered an enormous study on topo-

logically nontrivial electronic materials [18, 22, 23, 121]. Unfortunately, the QSH phase in

pristine graphene is still not observed experimentally owing to its vanishingly small intrinsic

SOC strength (typically ∼ 0.01− 0.05 meV) [122, 123], whereas, in strong SOC materials,

such as CdTe/HgTe quantum wells, the QSH phase has been observed [20]. From differ-

ent first-principles studies [122, 123], the strength of the intrinsic SOC emerges that is of

the order of 10−3 meV. This value is much weaker than the value predicted by Kane-Mele

compared to what is needed to realize the topological phase. Nevertheless, owing to its vast

and potential applications as spintronic devices, several experimental studies could yield en-

hanced SOC values which are realized by doping with heavy adatoms, such as Indium or

Thallium [124], using the proximity to a three-dimensional topological insulator, such as

Bi2Se3 [125,126], by functionalization with methyl [127] etc. Recently, many other 2D ma-

terials have been found with prospects of a tunable SOC, such as silicene, germanene, and

stanene [128–132] etc. From the first-principles calculation, it is reported that Rashba SOC

can be enhanced via doping with 3d or 5d transition-metal atoms [133, 134]. Recent obser-

vations showed that the strength of the Rashba SOC can also be enhanced up to 100 meV

from Gold (Au) intercalation at the graphene-Ni interface [135]. A Rashba splitting of about

225 meV in epitaxial graphene layers grown on the surface of Ni [136] and a giant Rashba

SOC (∼ 600 meV) from Pb intercalation at the graphene-Ir surface [137] are also observed

in experiments.

There are only very few studies on the effects of SOC in a bilayer graphene so far. In-

trinsically, the magnitude of the SOC in a bilayer graphene is about one order of magnitude

larger than that in monolayer graphene due to mixing of the π and σ bands via interlayer

hoppings (typically ∼ 0.01−0.1 meV) [138]. A bulk energy gap can be opened by breaking

the inversion symmetry via the staggered sublattice potential term, and it plays a similar role

in a monolayer graphene as that played by the gate bias in a bilayer graphene [139, 140].

It has also been studied that the bias voltage may reduce the bulk energy gap induced by
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the intrinsic SOC [141]. The topological phases of a bilayer Kane-Mele model have been

studied in detail in the presence of both the SOCs [142, 143]. The main findings are that a

Z2-metallic phase can be achieved with nontrivial Z2 invariant, which gives rise to spin heli-

cal edge states in the presence of the TRS, whereas a Chern metallic phase can be achieved

with nontrivial Chern invariant. The latter gives rise to chiral edge states due to breaking

of the TRS by a Zeeman-like coupling term [143]. A stable topological insulator phase can

be achieved in gated bilayer graphene in the presence of large Rashba SOC [144]. Further,

the study of the band structure reveals that a Mexican-hat feature appears in the vicinity of

the Dirac points in the presence of SOC and without any bias voltage [145]. Moreover, the

conventional charge transport in bilayer graphene has been studied earlier [146], but a sys-

tematic study of charge and spin transport in a spin-orbit coupled bilayer graphene is still

new and hence needs to be explored.

In this chapter, we explore the roles of different SOCs in a Kane-Mele Dirac and semi-

Dirac nanoribbon and emphasize its various physical properties. We show the effects of

SOC on the edge states and the band structure. To see the interplay between these two types

of SOC on the band structure and the edge states with a view to understand the data on

charge conductances, we consider a Kane-Mele model. We write the Kane-Mele model for

a nanoribbon and perform an analytical investigation of the edge states for a few choices of

intrinsic SOC and Rashba SOC. We derive the fundamental eigenvalue equations that form

the backbone of our results for the discussion on the edge states and the band structure.

On the other hand, the transport properties are investigated in order to understand charge

conductance. For our numerical calculation on the LDOS and conductance, we have used

Kwant [63].

3.1 Kane-Mele model in a Dirac system

We consider a graphene sheet consisting of two sublattices A and B and the nearest neighbor

vectors in real space are given by, ~δ1 =
(
0,a

)
; ~δ2 =

( √
3a
2 ,−a

2

)
and ~δ3 =

(
−

√
3a
2 ,−a

2

)
, where

a ≈ 1.42Å is the distance between two consecutive carbon atoms. In presence of the SOC

term, the Kane-Mele (KM) [15, 29] Hamiltonian can be written as,

H = −t
∑
〈i j〉 σ

c†iσc jσ+ iλS O

∑
〈〈i j〉〉 σσ′

νi jc
†

iσsz
σσ′c jσ′ + iλR

∑
〈i j〉 σσ′

c†iσ
(
sσσ′ × d̂i j

)
z
c jσ′ . (3.1.1)
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The first term describes the electron hopping between the nearest neighbors sites i and j on a

honeycomb lattice with a hopping strength t. The operators c†iσ = (c†i↑,c
†

i↓) and ciσ = (ci↑,ci↓)T

are the creation and the annihilation operators for site i of the lattice. The second term is the

mirror-symmetric intrinsic SOC which involves spin-dependent second neighbor hopping

between the same sublattices with a coupling strength λS O. sz is the z-component of the

Pauli spin matrix, and it is conserved here. The parameter νi j = +1(−1) if the electron makes

a left(right) turn to go from site j to i through their common nearest neighbor. The third term

is the nearest neighbor Rashba term with coupling strength λR, which arises due to the broken

surface inversion symmetry. This term preserves TRS, but sz is no longer conserved due to

broken inversion symmetry. The unit vector d̂i j points from site i to site j and corresponds

to the nearest neighbor vectors. The SOC term λS O breaks the S U(2) symmetry down to

U(1) symmetry, the Rashba term λR breaks the U(1) symmetry down to Z2 [147]. Due to the

small atomic number of carbon, the intrinsic SOC is usually weak [122, 148]. However, the

Rashba coupling strength can be tuned by applying an external gate voltage.

3.1.1 Edge states: Analytical expressions

In this section, we analytically derive the solutions for the edge states considering the tight-

binding KM Hamiltonian in the presence of both SOCs that is the intrinsic SOC and the

Rashba SOC. We focus on a graphene nanoribbon (GNR) geometry with zigzag edges via

the KM model, which is infinite along the x-direction and finite along the y-direction. We

prefer to call the GNR in the presence of SOCs as Kane-Mele nanoribbon (KMNR), and

we shall deal with the zigzag variant. All the atoms of the zigzag edges belong to the same

sublattice as shown in Fig. (2.3) (see Chapter 2). The ribbon width is such that it has N

unit cells in the y-direction. We rewrite the Eq. (3.1.1) in presence of only intrinsic SOC

term (with t = λR = 0) in terms of (m,n) as shown in Fig. (2.3) considering the hopping only

between A to A sublattices (hopping between B to B sublattices not shown here),

HISOC =iλS O

[ ∑
〈〈mn〉〉

(
a†
↑
(m,n)a↑(m,n−1)−a†

↓
(m,n)a↓(m,n−1)

)
−

(
a†
↑
(m,n)a↑(m + 1,n−1)−a†

↓
(m,n)a↓(m + 1,n−1)

)
−

(
a†
↑
(m,n)a↑(m−1,n)−a†

↓
(m,n)a↓(m−1,n)

)
+

(
a†
↑
(m,n)a↑(m + 1,n)−a†

↓
(m,n)a↓(m + 1,n)

)
+

(
a†
↑
(m,n)a↑(m−1,n + 1)−a†

↓
(m,n)a↓(m−1,n + 1)

)
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−
(
a†
↑
(m,n)a↑(m,n + 1)−a†

↓
(m,n)a↓(m,n + 1)

)]
+ h.c. . (3.1.2)

Similarly, the Hamiltonian in Eq. (3.1.1), in presence of only nearest neighbor Rashba SOC

term (with t = λS O = 0), can be written in terms of (m,n) as,

HRSOC =iλR

[∑
〈mn〉

{
a†
↑
(m,n)

(
−

a
2

+
i
√

3a
2

)
b↓(m,n) + a†

↓
(m,n)

(
−

a
2
−

i
√

3a
2

)
b↑(m,n)

+ a†
↑
(m,n) a b↓(m,n−1) + a†

↓
(m,n) a b↑(m,n−1)

+ a†
↑
(m,n)

(
−

a
2
−

i
√

3a
2

)
b↓(m−1,n) + a†

↓
(m,n)

(
−

a
2

+
i
√

3a
2

)
b↑(m−1,n)

}]
+ h.c. .

(3.1.3)

Since the translational symmetry exists along the x-direction, we can consider the momentum

kx to be a good quantum number. Similar to the tight-binding model, we can use a momentum

representation of the electron operator as given in Eq. (2.3.4). We have chosen the basis as,

|ψk〉 =
∑
n,σ

α(k,n,σ)|a,k,n,σ〉+β(k,n,σ)|b,k,n,σ〉, (3.1.4)

where α, β are the coefficients for the A and B sublattices. Using the Schrödinger equation,

H|ψ〉 = E|ψ〉 and including the spin degrees of freedom we get four eigenvalue equations for

spins up and down in presence of intrinsic SOC and for A and B sublattice points which are

written as [149],

Eα↑ (kx,n) =− t
2cos

 √3kx

2

β↑(kx,n) +β↑(kx,n−1)


−2λS O

[
sin

(√
3kx

)
α↑(kx,n)− sin

 √3kx

2

(α↑(kx,n−1) +α↑(kx,n + 1)
)]
,

Eα↓ (kx,n) =− t
2cos

 √3kx

2

β↓(kx,n) +β↓(kx,n−1)


+ 2λS O

[
sin

(√
3kx

)
α↓(kx,n)− sin

 √3kx

2

(α↓(kx,n−1) +α↓(kx,n + 1)
)]
,

Eβ↑ (kx,n) =− t
2cos

 √3kx

2

α↑(kx,n) +α↑(kx,n + 1)


+ 2λS O

[
sin

(√
3kx

)
β↑(kx,n)− sin

 √3kx

2

(β↑(kx,n−1) +β↑(kx,n + 1)
)]
,

Eβ↓ (kx,n) =− t
2cos

 √3kx

2

α↓(kx,n) +α↓(kx,n + 1)


TH-2574_166121018



58 Transport properties of a Kane-Mele Dirac and semi-Dirac nanoribbon

−2λS O

[
sin

(√
3kx

)
β↓(kx,n)− sin

 √3kx

2

(β↓(kx,n−1) +β↓(kx,n + 1)
)]
,

(3.1.5)

where α↑,↓ and β↑,↓ correspond to the spin resolved eigenstates for the A and B sublattices

respectively.

Next, we turn on the other SOC, namely the Rashba SOC. This yields the new set of

equations given by [150],

Eα↑ (kx,n) = − t
2cos

 √3kx

2

β↑(kx,n) +β↑(kx,n−1)


− 2λS O

[
sin

(√
3kx

)
α↑(kx,n)− sin

 √3kx

2

(α↑(kx,n−1) +α↑(kx,n + 1)
)]

+ iλR

cos
 √3kx

2

+
√

3sin
 √3kx

2

β↓(kx,n)−β↓(kx,n−1)
 ,

Eα↓ (kx,n) = − t
2cos

 √3kx

2

β↓(kx,n) +β↓(kx,n−1)


+ 2λS O

[
sin

(√
3kx

)
α↓(kx,n)− sin

 √3kx

2

(α↓(kx,n−1) +α↓(kx,n + 1)
)]

+ iλR

cos
 √3kx

2

− √3sin
 √3kx

2

β↑(kx,n)−β↑(kx,n−1)
 ,

Eβ↑ (kx,n) = − t
2cos

 √3kx

2

α↑(kx,n) +α↑(kx,n + 1)


+ 2λS O

[
sin

(√
3kx

)
β↑(kx,n)− sin

 √3kx

2

(β↑(kx,n−1) +β↑(kx,n + 1)
)]

− iλR

cos
 √3kx

2

− √3sin
 √3kx

2

α↓(kx,n)−α↓(kx,n + 1)
 ,

Eβ↓ (kx,n) = − t
2cos

 √3kx

2

α↓(kx,n) +α↓(kx,n + 1)


− 2λS O

[
sin

(√
3kx

)
β↓(kx,n)− sin

 √3kx

2

(β↓(kx,n−1) +β↓(kx,n + 1)
)]

− iλR

cos
 √3kx

2

+
√

3sin
 √3kx

2

α↑(kx,n)−α↑(kx,n + 1)
 . (3.1.6)

It can be checked that for λR = 0, we retrieve Eq. (3.1.5). It is clear from the above equations

that sz is not conserved and the spin of the edges can be rotated [151]. We define the total

probability as,

|ψ|2 =
∑
σ

|ψAσ|
2 + |ψBσ|

2. (3.1.7)
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The probability of finding an electron in the spin-up state that is, |ψA↑|
2 + |ψB↑|

2 is equal to the

probability of finding an electron in the spin-down state that is, |ψA↓|
2 + |ψB↓|

2. This provides

an evidence that the Rashba SOC does not break TRS [152].

Since we have taken zigzag edges and the ribbon exists only between 0 to N−1, and thus

the boundary condition is,

α(kx,n) = β(kx,−1) = 0 (3.1.8)

and we impose E = 0 here as the plateau in the conductance spectrum is observed at E ' 0.

We have made kx as a dimensionless quantity by absorbing the lattice spacing a into the

definition of kx. For a comprehensible solution, we turn to a numerical computation of

the above set of equations. Here we have used kx = π√
3

which particularly renders simple

forms for the equations. Solving the above set of equations (Eq. (3.1.5) and Eq. (3.1.6))

numerically (with t = 1) and following the boundary conditions (as given in Eq. (3.1.8)),

we shall see how the probability densities of the wavefunctions decay, thereby ascertaining

whether edge states exist in our system.

3.1.2 Results and discussion

To begin with, let us discuss the values of the SOCs used in our work. Ideally, the strengths

of both kinds of SOC are too weak to observe perceptible effects. For example, gold (Au)

and Thallium (Tl) decorated GNRs yield the following values for the SOC, namely λS O =

0.007, λR = 0.0165 and λS O = 0.02, λR = 0 respectively (all quoted in units of hopping, t).

However, in our work, without much trepidation, we take λR and λS O as parameters. Here

we have taken λS O = 0.1 and 0.5 and considered different values of λR in the range [0.01 :

0.5]. We have also examined other values of λS O and λR, however, they do not produce any

qualitatively new results than the ones already presented in this work.

Our focus is to understand the nature of the edge states via both analytic and numeric

computations and their effects on the conductance spectra of a KMNR. To distinguish be-

tween the various cases, we have considered (a) KMNR with only intrinsic SOC, that is,

λS O , 0 and λR = 0 (as is the case for Tl decorated GNR, albeit with an overestimated λS O),

(b) KMNR with only Rashba SOC, λS O = 0, λR , 0, and (c) KMNR with λS O , 0, λR , 0.

Further, to have a lucid visualization of the existence of edge states and compare them with

the results obtained above, we plot the band structure in each of these cases.

A bit of detail on our numeric computation can be given as follows. We have taken

N = 100 unit cells in the y-direction and thus the Hamiltonian in Eq. (3.1.1) is a 400× 400
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matrix owing to both spin and sublattice degrees of freedom. We have set the tight-binding

parameter, t = 1 and the lattice spacing, a = 1. All the energies are measured in units of t. The

size of the KMNR in numeric computation is taken as 201Z-94A (Lx ∼ 25 nm and Ly ∼ 20

nm) with zigzag edges.

3.1.3 Intrinsic SOC

In this subsection, we shall discuss the results for an intrinsic SOC added to a pristine

graphene. Fig. (3.1) shows the band structure for two different intrinsic SOC strengths,

namely λS O = 0.1 and 0.5. In Fig. (3.1a) when λS O = 0.1, we see a bulk gap has opened at

the Dirac points, which gives rise to non-trivial edge states with a finite value for the slope.

Instead of flat bands (as observed in the tight-binding model), there is a crossing of two edge

modes which indicates that the system is in a QSH phase [153]. As we increase the value

of λS O (say, λS O = 0.5), a larger bulk gap than the previous case is observed as shown in

Fig. (3.1b). To confirm the existence of edge modes, we have also plotted the probability

density as a function of site index, n and the LDOS as shown in Fig. (3.2).
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Figure 3.1. (color online) Band structure of a zigzag graphene nanoribbon is shown for different
values of intrinsic spin-orbit coupling parameter (a) λS O = 0.1 and (b) λS O = 0.5. Here we put
λR = 0.

We have plotted the probability density for the edge states with the strength of the intrin-

sic coupling, λS O = 0.1 as shown in Fig. (3.2a). We see that the edge states fall off sharply

at both edges of the sample. We have also plotted the LDOS for a comparison. The corre-

sponding Fig. (3.2b) implies that the electronic states are highly localized at the edges and

vanish immediately inside the ribbon. However, with the inclusion of the intrinsic SOC,

which respects the TRS of the KM Hamiltonian, these edge states should be protected by

topological invariance. We have also plotted the probability density in Fig. (3.2c) and the

LDOS in Fig. (3.2d) for a large value of intrinsic SOC, namely λS O = 0.5. The probability
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Figure 3.2. (Color online) Probability density of the wave-function, |ψ|2 is plotted as a function
of site index, n for (a) λS O = 0.1 and (c) λS O = 0.5. The LDOS is plotted for (b) λS O = 0.1 and (d)
λS O = 0.5. Here we put λR = 0.

amplitude now does not decay sharply as that for λS O = 0.1 and also, this result is in agree-

ment with the LDOS plot where the states are not localized at the edges of the sample rather

show an oscillating nature. The localized edge states as seen from Fig. (3.2a) and Fig. (3.2b)

conduct and should yield a non-zero conductance value at the zero bias condition.

To explore further, we have plotted the charge conductance, G as a function of Fermi

energy, E in presence of the intrinsic SOC as shown in Fig. (3.3). Although the step-like

behavior is absent, unlike that of pristine graphene, a 2e2/h plateau is still observed for the

case of λS O = 0.1 shown by the pink dotted line in Fig. (3.3a). However, for λS O = 0.5 as

shown in Fig. (3.3b), there is no sharp 2e2/h plateau near the zero of the Fermi energy. It

is also important to note that the maximum value of the conductance, that is at |E| ' 0.3 is

higher for a larger value of the intrinsic SOC (see Fig. (3.3b)).
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Figure 3.3. (color online) The charge conductance, G (in units of e2/h) is plotted as a function of
energy, E (in units of t) for (a) λS O = 0.1 and (b) λS O = 0.5. Here we have considered λR = 0.

3.1.4 Rashba SOC

Next, we add a Rashba SOC to a pristine graphene. Thus we have λS O = 0, but λR , 0

here. For a small value of λR (λR = 0.1), the flat band is observed in Fig. (3.4a) as we

have already seen for the pristine graphene case. However, if we enhance λR, the flat band

reduces as shown in Fig. (3.4b) for a large value of λR, namely λR = 0.5, where the flat

bands have almost vanished and in the |kx| range of
[

2π
3
√

3
: 4π

3
√

3

]
. The above features are
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Figure 3.4. (color online) Band structure of a zigzag graphene nanoribbon for different values of
Rashba spin-orbit coupling strength (a) λR = 0.1 and (b) λR = 0.5. Here we put λS O = 0.

appropriately justified by the analytic behavior (obtained by solving Eq. (3.1.6) by putting

λS O = 0) as shown in Fig. (3.5). For small values of λR (say, λR = 0.1), there is no oscillation,

and the probability density decay quickly as one move inward as shown in Fig. (3.5a). The

corresponding LDOS plot in Fig. (3.5b) shows the same behavior. For large values of λR,

the probability densities show damped oscillations as one moves inside the bulk and remain

finite till quite a few lattice spacings inside the sample (see Fig. (3.5c)). The LDOS plots
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Figure 3.5. (Color online) Probability density of the wave-function, |ψ|2 is plotted as a function
of site index, n for (a) λR = 0.1 and (c) λR = 0.5. The LDOS is shown for (b) λR = 0.1 and (d)
λR = 0.5. The oscillatory pattern is seen in Fig. (c) and (d). Here we put λS O = 0.

in Fig. (3.5d) provide ample support for this oscillatory behavior and non-vanishing weights

inside the bulk.

Finally, we have plotted the charge conductance as shown in Fig. (3.6). For λR = 0.1,

there is a 2e2/h plateau near the zero of the Fermi energy as shown in Fig. (3.6a). However,

this 2e2/h value is not associated with a topological phase, as is evident from Fig. (3.5). For

λR = 0.5, the conductance plot shows the absence of plateau at a 2e2/h and closing of gaps

is observed near the zero of the Fermi energy as shown in Fig. (3.6b). These results signify

the absence of edge modes and, subsequently, any topologically non-trivial behavior in the

conductance data.

3.1.5 Intrinsic and Rashba SOC

In this section, we include both the intrinsic and the Rashba SOC in the graphene nanoribbon

call this as Kane-Mele nanoribbon (KMNR) with zigzag edges. It is sensible to ask what

happens to the edge state when both of these are present. The KM Hamiltonian is P-T
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Figure 3.6. (color online) The charge conductance, G (in units of e2/h) is plotted as a function of
energy, E (in units of t) for (a) λR = 0.1 and (b) λR = 0.5. Here we put λS O = 0.

symmetric and hence the Kramer’s doublet must enjoy topological protection. However, the

existence of edge states still needs to be ascertained and the implications on the conductance

spectra thereof.
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Figure 3.7. (color online) The band structure of zigzag Kane-Mele nanoribbon with (a) λS O = 0.1,
λR = 0.01 and (b) λS O = 0.1, λR = 0.2.

We keep λS O = 0.1 and explore two different values of Rashba SOC, namely λR = 0.01

and λR = 0.2. The former corresponds to λR < λS O (< t) and the latter denotes λR > λS O (< t).

The band structures for the corresponding cases are shown in Fig. (3.7). When the strength

of the Rashba SOC is weak, the band structure for λS O = 0.1 is almost similar (shown in

Fig. (3.7a)) to the band structure for the same value of the intrinsic SOC in the absence of

Rashba SOC (Fig. (3.1a)). However, for a larger value of λR (Fig. (3.7b)), the band gap

in bulk gets smaller than the previous case. The results corresponding to these two cases

are not much different with regard to the existence of the edge states. The behavior of the

edge states is depicted in Fig. (3.8a) and Fig. (3.8c). The only (minor) difference is that the

analytic form yields a non-zero value for n = 2 corresponding to the larger value of λR, that
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Figure 3.8. (color online) Probability density of the wave-function, |ψ|2 as a function of site
index, n for (a) λS O = 0.1, λR = 0.01 and (c) λS O = 0.1 and λR = 0.2. The corresponding LDOS is
plotted for (b) λS O = 0.1, λR = 0.01 and (d) λS O = 0.1, λR = 0.2.

is, λR = 0.2. The LDOS maps corroborate the existence of the edge modes (see Fig. (3.8b)

and Fig. (3.8d)) as is evident for Fig. (3.8a) and Fig. (3.8c). The conductance spectra is

0

5

10

15

20

25

−0.3 −0.2 −0.1 0 0.1 0.2 0.3

λSO = 0.1

λR = 0.01

G
(e

2 /
h)

E

(a)

0

5

10

15

−0.3 −0.2 −0.1 0 0.1 0.2 0.3

λSO = 0.1
λR = 0.2

G
(e

2 /
h)

E

(b)

Figure 3.9. (color online) The charge conductance, G (in units of e2/h) is plotted as a function of
energy E (in units of t) for different values of λR (a) λR = 0.01 and (b) λR = 0.2. Here, we have
fixed λS O = 0.1.

plotted as a function of the Fermi energy for different values of λR, keeping the λS O = 0.1

as shown in Fig. (3.9a) and Fig. (3.9b). Fig. (3.9a) shows the existence of a 2e2/h plateau,
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which is topologically protected and corresponds to a QSH insulating phase. However, when

λS O < λR (Fig. (3.9b)), the topological gap tends to vanish, destroying the existence of the

2e2/h plateau. It may be noted that we have presented plots only for two sets of parameter

values, namely (λS O, λR) = (0.1, 0.01) and (0.1, 0.2). However, the same inferences can be

drawn for other sets, such as larger values of λS O and λR, which we have explicitly checked

but have not shown the data for brevity.

3.1.6 Bilayer system

3.1.6.a Model Hamiltonian

We consider the same AB-stacked bilayer graphene sheet with zigzag edges, which consists

of two coupled monolayers of C atoms as shown in Fig. (2.6). The KM model of a bilayer

graphene in the presence of a biasing voltage V can be written as,

H =HT + HB + HT−B + V
( ∑

i∈T,σ

c†iσciσ−
∑

i∈B,σ

c†iσciσ

)

=HT + HB− t⊥
∑

i∈(T,A), j∈(B,B),σ

(
c†iσc jσ+ h.c.

)
− iλ⊥R

∑
i∈(T,A), j∈(B,B),σσ′

(
c†iσ

(
sσσ′ × d̂i j

)
z
c jσ′ + h.c.

)

+ V
( ∑

i∈T,σ

c†iσciσ−
∑

i∈B,σ

c†iσciσ

)
, (3.1.9)

where HT and HB refer to the Hamiltonians for the top and the bottom layers, respectively.

HT−B includes coupling between the top and bottom layers. Since the form of the Hamilto-

nian depends on the stacking geometry of the layers, we have considered only the hopping

between the A site of the top layer and the nearest B site of the bottom layer, which is repre-

sented by the third term. The subscripts i, j label the lattice sites and σ denotes the spin index.

The interlayer hopping amplitude is denoted by t⊥, where t⊥ ' 0.4 eV. The fourth term rep-

resents the interlayer Rashba coupling arising in the presence of a tilted electric field [145].

The negative sign in the fourth term indicates that the A site of the top layer and nearest B

site of the bottom layer are connected by a unit vector -ẑ. The last term is the interlayer bias

potential with strength V . The KM [15, 29] Hamiltonian contains the following terms for

each of the single layers, namely,

HT (B) = Hhop + HISOC + HRSOC, (3.1.10)
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where

Hhop = −t
∑
〈i j〉σ

c†iσc jσ

HISOC = iλS O

∑
〈〈i j〉〉σσ′

νi jc
†

iσsz
σσ′c jσ′

HRSOC = iλR

∑
〈i j〉σσ′

c†iσ
(
sσσ′ × d̂i j

)
z
c jσ′ .

The first term Hhop describes the hopping between nearest neighbors with hopping energy

t (t ' 2.7 eV). The second term HISOC is the mirror-symmetric intrinsic SOC term with a

coupling strength λS O. νi j = +1(−1) if the electron makes a left (right) move to go from

site j to a next neighbor i through their common nearest neighbor. The vector d̂ points from

site i to site j and corresponds to the nearest neighbor vectors. sz is the z-component of the

Pauli spin matrix. The third term is the nearest neighbor Rashba term which arises due to the

perpendicular electric field or interaction with a substrate with a coupling strength λR.

3.1.6.b Edge states and band structure

In the following, we show the edge states and the band structure plots for several choices of

parameters both in the absence and the presence of a bias voltage [154]. Initially, we study

the model by switching off the biasing term (V = 0).

3.1.6.c Zero bias (V = 0)

In this section, we study the edge state properties of a bilayer graphene in the presence of

SOCs. We focus on the bilayer graphene ribbon geometry with zigzag edges where the trans-

lational invariance exists along the x-axis as shown in Fig. (2.6). The ribbon width is such

that it has N unit cells along the y-axis (where n ∈ 0 to N−1). We use periodic boundary con-

ditions along the x-direction. Since intrinsic SOC involves next to nearest neighbor coupling

in a plane, it does not affect the interlayer Hamiltonian. Using the momentum representa-

tion of the electron operators and solving the time-independent Schrödinger equation, we get

eight eigenvalue equations corresponding to the spin up and spin down states for Ai and Bi

(i = 1,2). They are,

Eα1±
(
kx,n

)
=− t

[
Dkβ1±(kx,n) +β1±(kx,n−1)

]
− t⊥β2±(kx,n)

∓2λS O
[
Pkα1±(kx,n)−Mk

{
α1±(kx,n−1) +α1±(kx,n + 1)

}]
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Eα2±
(
kx,n

)
=− t

[
Dkβ2±(kx,n) +β2±(kx,n−1)

]
∓2λS O

[
Pkα2±(kx,n)−Mk

{
α2±(kx,n−1) +α2±(kx,n + 1)

}]
Eβ1±

(
kx,n

)
=− t

[
Dkα1±(kx,n) +α1±(kx,n + 1)

]
±2λS O

[
Pkβ1±(kx,n)−Mk

{
β1±(kx,n−1) +β1±(kx,n + 1)

}]
Eβ2±

(
kx,n

)
=− t

[
Dkα2±(kx,n) +α2±(kx,n + 1)

]
− t⊥α1±(kx,n)

±2λS O
[
Pkβ2±(kx,n)−Mk

{
β2±(kx,n−1) +β2±(kx,n + 1)

}]
, (3.1.11)

where the ‘±’ sign in the subscripts denote the up and down spins for both the sublattices

in each layer and Dk = 2cos
( √

3kx
2

)
; Pk = sin

(√
3kx

)
; Mk = sin

( √
3kx
2

)
. Here αi, βi refer to the

amplitudes corresponding to the A and B sublattices. We have chosen the basis as,

|ψk〉 =
∑
n,σ

2∑
i=1

[
αi(k,n,σ)|ai,k,n,σ〉+βi(k,n,σ)|bi,k,n,σ〉

]
. (3.1.12)

Next, we consider the Rashba SOC, which leads to spin mixing in the presence of a tilted

electric field. The intralayer and the interlayer Rashba couplings can now be included, and

hence the amplitudes, αi± and βi± are obtained from the following sets of equations.

Eα1±
(
kx,n

)
=− t

[
Dkβ1±(kx,n) +β1±(kx,n−1)

]
− t⊥β2±(kx,n)

∓2λS O
[
Pkα1±(kx,n)−Mk

{
α1±(kx,n−1) +α1±(kx,n + 1)

}]
+ iλR

[
N±β1∓(kx,n)−β1∓(kx,n−1)

]
∓λ⊥Rβ2∓(kx,n)

Eα2±
(
kx,n

)
=− t

[
Dkβ2±(kx,n) +β2±(kx,n−1)

]
∓2λS O

[
Pkα2±(kx,n)−Mk

{
α2±(kx,n−1) +α2±(kx,n + 1)

}]
+ iλR

[
N±β2∓(kx,n)−β2∓(kx,n−1)

]
Eβ1±

(
kx,n

)
=− t

[
Dkα1±(kx,n) +α1±(kx,n + 1)

]
±2λS O

[
Pkβ1±(kx,n)−Mk

{
β1±(kx,n−1) +β1±(kx,n + 1)

}]
− iλR

[
N∓α1∓(kx,n)−α1∓(kx,n + 1)

]
Eβ2±

(
kx,n

)
=− t

[
Dkα2±(kx,n) +α2±(kx,n + 1)

]
− t⊥α1±(kx,n)

±2λS O
[
Pkβ2±(kx,n)−Mk

{
β2±(kx,n−1) +β2±(kx,n + 1)

}]
− iλR

[
N∓α2∓(kx,n)−α2∓(kx,n + 1)

]
±λ⊥Rα1∓(kx,n), (3.1.13)

where N± =

[
cos(

√
3kx
2 )±

√
3sin(

√
3kx
2 )

]
. We have solved these equations (namely, Eq. (3.1.11)

and Eq. (3.1.13)) numerically using the boundary condition given in Eq. (2.3.28) (see Chap-
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ter 1) for our purpose. These equations become particularly simple corresponding to kx = π√
3

where Dk and Pk (see their definition above) vanish.

Next we discuss the results obtained via solving the eigenvalue equations, namely (3.1.11)

and (3.1.13). All the energies are measured in units of inplane hopping t. We have fixed our

interlayer tight binding coupling parameter, t⊥ = 0.2 and have considered different parameter

values for the intralayer intrinsic SOC, λS O and the inplane and interlayer Rashba couplings,

namely λR and λ⊥R respectively. Nevertheless, the SOC parameters considered by us are in-

deed higher (usually one or two order) compared to the actual values. But then, as we said

earlier, these SOC values can be enhanced by using heavily adatoms [155], we proceed with

the values without trepidation.

To study the surface (or edge) state properties for different sublattices, we have plotted the

charge densities as a function of n (n being the site index) for different values of SOCs. We

have also computed the electronic energy dispersion to provide support to the corresponding

results for the edge states for a few orbitals, that is, corresponding to small values of N.
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n

|α1(k,n)|2
|α2(k,n)|2
|β2(k,n)|2
|β1(k,n)|2

Figure 3.10. (color online) Charge density as a function of site index, n at kx = π√
3
. Here, we set

t⊥ = 0.2 and λS O = 0.2.

We have considered only the intralayer intrinsic SOC as given in Eq. (3.1.9). Fig. (3.10)

shows the charge density plot at the Dirac point for intrinsic SOC strength λS O = 0.2 at an

energy close to zero. As compared to a pristine bilayer, the amplitudes for the A sublattice in

layer 1 and the B sublattice in layer 2 fall off sharply at the two opposite edges of the ribbon,

while the amplitudes for the A sublattice in layer 2 and the B sublattice in layer 1 fall off

more gradually as is shown in the inset plot. However, these edge states are topologically

protected by the TRS.

Fig. (3.11) shows the band structure for different values of N, namely an even N (N = 4)

and an odd N (N = 5) for λS O = 0.2. It can be seen that there is an odd-even asymmetry in
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Figure 3.11. (color online) The band structure for different values of N (a) N = 4, (b) zoomed
view of the region encircled by blue as shown in (a) and (c) N = 5. Here, we set t⊥ = 0.2 and
λS O = 0.2.

presence of the intrinsic SOC. Fig. (3.11a) shows that there is an opening of the band gap

of small magnitude at the two Dirac points for N = 4. It is well-known that backscattering

is forbidden between the time-reversed pairs in a QSH state. Due to the finite-size effects,

backscattering still may be possible, which demonstrates that though the TRS is trying to

keep a gapless edge state, a small gap may open up. However, for N = 5 (Fig. (3.11c)), one

sees the closing of the gap for the same values of the intrinsic coupling constant. The above

odd-even scenario depends on the ribbon width. For larger values of N, such discrepancies

will cease to exist. This asymmetry occurs only for a ZGNR may be attributed due to its con-

figuration in the sense that the even ZGNRs (N = even) are in "zigzag/zigzag" configuration,

while the odd ZGNRs (N = odd) are in "zigzag/antizigzag" configuration [156] where the

gap in the former case appears owing to a lack of sublattice translational invariance which

renders an effective interedge tunneling.

Next we have considered intralayer intrinsic SOC and Rashba SOC in and between the

layers. Here we have all non-zero values of the coupling parameters, namely, λS O , 0, λR , 0
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Figure 3.12. (color online) Charge density as a function of site index, n at kx = π√
3

for different
values of λ⊥R (a) λ⊥R = 0.05 (b) λ⊥R = 0.3. Here, we set t⊥ = 0.2, λS O = 0.2 and λR = 0.1.

and λ⊥R , 0. To see the effects of interlayer Rashba coupling, we have fixed the intralayer

intrinsic SOC (λS O = 0.2) and intralayer Rashba SOC (λR = 0.1). We have plotted the charge

density as shown in Fig. (3.12) for two different values of the interlayer Rashba SOC, namely

λ⊥R = 0.05 and 0.3. It can be seen from Fig. (3.12a) that for a small value of λ⊥R , the amplitudes

of the A and B sublattices penetrate somewhat gradually into the bulk for a fixed value of

intralayer intrinsic SOC and Rashba SOC, while for large values of λ⊥R the penetration depth

is enhanced where the fall off of the amplitudes become even more gradual (see Fig. (3.12b)).

The amplitudes in either of the cases do not exhibit any sharp fall off.

We have also plotted the band structure for the above mentioned values of parameter for

N = 5 (Fig. (3.13a) and Fig. (3.13b)). It can be seen that for a small value of λ⊥R , there exists

a band gap which is vanishingly small (shown in Fig. (3.13a)), and the spin degeneracy is

lifted. However, for large values of λ⊥R , the band gap increases, and it varies almost linearly

with the interlayer Rashba SOC (Fig. (3.13b)). This indicates that the topological properties

of the QSH phase are destroyed in the presence of both intralayer and interlayer Rashba

coupling along with intralayer intrinsic SOC. For both the above cases, we have fixed the

other parameters t⊥ = 0.2, λS O = 0.2 and λR = 0.1. It is interesting to note that the edge

modes can be seen in the presence of intrinsic SOC only, while the inclusion of the interlayer

Rashba coupling along with the intralayer Rashba SOC destroys the edge modes.

To distinguish between the effects of intralayer and interlayer Rashba SOC on the energy

spectrum, we have also plotted Fig. (3.13c) and Fig. (3.13d). For λR = 0.1 and λ⊥R = 0, the

crossing of the bands in the kx range as observed before in the presence of only intrinsic SOC
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Figure 3.13. (color online) The band structure for (a) λR = 0.1 and λ⊥R = 0.05 (b) λR = 0.1 and
λ⊥R = 0.3 (c) λR = 0.1 and λ⊥R = 0 (d) λR = 0 and λ⊥R = 0.3. Here, we set t⊥ = 0.2, λS O = 0.2 and
N = 5.
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Figure 3.14. (color online) Energy gap, Eg as a function of interlayer Rashba SOC parameter, λ⊥R
for (a) two different values of λR, namely λR = 0 and 0.1 with fixed λS O (namely λS O = 0.2) (b)
different values of λS O with fixed λR (namely λR = 0.1). Here, we set t⊥ = 0.2.
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remains as it is (as shown in Fig. (3.13c)), while for λR = 0 and λ⊥R = 0.3, band gap opens up,

thereby altering the scenario of having crossed edge modes (see Fig. (3.13d)). For a lucid

visualization, we have plotted the band gap, Eg as a function of interlayer Rashba coupling,

λ⊥R for two different cases. Fig. (3.14a) shows that although the band gap, Eg varies linearly

for the λR = 0 and λR = 0.1 for a fixed λS O, the gap increases more sharply for λR = 0 than

the other one, while Fig. (3.14b) shows the same plot for different values of λS O. Thus the

energy gap at the Dirac points is affected by the interlayer Rashba SOC in a roughly linear

fashion predominantly.
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Figure 3.15. (color online) The band structure for different values of bias voltage V = 0.03,0.1,0.3
for N = odd (a-c) and N = even (d-f) respectively. Here, we set t⊥ = 0.2 and λS O = 0.1. We also
put λR = λ⊥R = 0.

3.1.6.d Turning on the bias voltage (V , 0)

In this section, we include a biasing term V (such that a constant potential difference 2V

exists between the layers) and study the effect of this bias voltage in the presence of spin-

orbit interactions. It is well-known that if we add a bias voltage to bilayer graphene, it

will open a gap and a Mexican-hat like feature can be observed in the lowest energy band

around the Dirac points [91]. In our previous study, we have seen that there is an odd-even

asymmetry in the energy spectrum in the presence of an intrinsic SOC for very small values

of N with no bias voltage (V = 0). For V , 0, the odd-even asymmetry still can be observed

in the energy spectrum as the bias voltage is tuned. In particular, we have considered three
TH-2574_166121018



74 Transport properties of a Kane-Mele Dirac and semi-Dirac nanoribbon

-
2 π

3

-
4 π

3 3

-
2 π

3 3

0 2 π

3 3

4 π

3 3

2 π

3

-3

-2

-1

0

1

2

3

kx

E

(a)

-
2 π

3

-
4 π

3 3

-
2 π

3 3

0 2 π

3 3

4 π

3 3

2 π

3

-3

-2

-1

0

1

2

3

kx

E

(b)

Figure 3.16. (color online) The band structure for two different values of bias voltage, V (a)
V = 0.1 and (b) V = 0.3. Here, we set t⊥ = 0.2, λS O = 0.1 and λR = 0.1. We put λ⊥R = 0.

different values of V , namely V = 0.03, 0.1 and 0.3 (in units of t). For N = odd, the energy

gap in the spectrum increases with increasing bias voltage and the spin degeneracy is lifted

only around kx = π√
3

(as shown in Fig. (3.15a-3.15c)). The intrinsic SOC alone cannot result

in a spin-lifting spectrum which is observed from Fig. (3.11). The evolution of the Mexican-

hat feature is also observed with increasing bias voltage. The scenario is very different for

even values of N, for which, when V is small, an energy gap is noted with a small magnitude

(see Fig. (3.15d)). The value of this energy gap is, however, less than that for V = 0. With

a large value of V , namely, V = 0.1, the Mexican-hat type of feature starts developing with

the closing of the gap, which eventually becomes more prominent at V = 0.3 with an energy

gap opening at the Dirac points (see Fig. (3.15e) and Fig. (3.15f)). It can be seen that the

band transforms from a parabolic nature to a Mexican-hat like nature with increasing the

bias voltage.

We also investigate the effect of a non-zero bias voltage of V , that is, V , 0 with finite

λS O and λR. Here we keep λ⊥R = 0. Without any bias voltage, the intrinsic SOC tends to open

a gap in the bulk, whereas the Rashba SOC tends to close it. If we add a bias voltage, the gap

increases with increasing of the bias voltage for a fixed λS O and λR (as shown in Fig. (3.16)).

The particle-hole symmetry no longer exists and the spin degeneracy is lifted except at kx = 0

and kx = π/
√

3 due to the Rashba SOC. Intrinsic SOC destroys the Mexican-hat like feature

and turns it into a parabolic one (not shown in fig), while the Mexican-hat feature resurfaces

with the increasing bias voltage (as shown in Fig. (3.16)). We have checked the results with

finite λ⊥R along with λS O and λR. However, no significant change is observed.
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3.1.6.e Transport properties

The transport properties of a bilayer KM model can be affected by the presence of their edge

states. The electron conductance can be calculated using Landauer-Büttiker formula [3, 73]

as mentioned in Sec. (2.1). Also the spin polarized conductance is defined as [157],

Gs
γ =

e2

h
Tr

[
σ̂γΓRGRΓLGA

]
, (3.1.14)

where γ = x,y,z and σ denote the Pauli matrices.

Figure 3.17. (color online) A schematic view of zigzag bilayer graphene sheet which consists
of a central region, left and right semi-infinite leads (denoted by the red at the both end of the
sample). In the central region, blue and yellow circles denote the A2 and B2 sublattices in the top
layer, whereas red and green denotes A1 and B1 sublattices in the bottom layer.

We present our numerical results for the charge and the spin conductances using Eqs. (2.1.1)

and (3.1.14). We have taken Lx = 15 and Ly = 10 for zigzag bilayer ribbon to calculate

both the charge and spin conductances. We have computed the charge conductance of a

-0.4 -0.2 0 0.2 0.4

E

0

5

10

15

20

25

30

G
 (

e
2
/ 

h
)

λ
SO

= 0

λ
SO

 = 0.1

Figure 3.18. (color online) The charge conductance, G (in units of e2/h) as a function of Fermi
energy, E (in units of t) without intralayer intrinsic SOC (denoted the blue curve) and with in-
tralayer intrinsic SOC for λS O = 0.1 (denoted the red curve). Here, we set t⊥ = 0.2.

bilayer graphene with and without intrinsic SOC as shown in Fig. (3.18). As compared to
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the λS O = 0 (pristine bilayer graphene), we see that the conductance spectra record lesser

magnitude at E = 0.5 for λS O = 0.1 (shown by the red curve). Although a plateau is roughly

observed at 4e2/h (shown by the pink dashed curve), there is an interruption by the presence

of dips around the zero of the Fermi energy in the presence of intrinsic SOC. We have also
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Figure 3.19. (color online) The charge conductance, G (in units of e2/h) as a function of Fermi
energy E (in units of t) for (a) λ⊥R = 0 (b) λ⊥R = 0.3. Here, we set t⊥ = 0.2, λS O = 0.1 and λR = 0.05.

computed the charge conductance in the presence of intralayer Rashba coupling and both

intra and interlayer Rashba coupling as shown in Fig. (3.19a) and Fig. (3.19b) respectively.

Fig. (3.19a) confirms the existence of the edge modes (as shown by the pink dashed line),

whereas Fig. (3.19b) shows that the dip is quite sharp around zero Fermi energy and confirms

the absence of the edge modes, thereby making the zero-bias conductance to vanish.
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Figure 3.20. (color online) The charge conductance, G (in units of e2/h) as a function of Fermi
energy E (in units of t) for λS O = 0 (blue curve) and λS O = 0.1 (red curve). Here we set t⊥ = 0.2,
V = 0.1.

To see the effect of a bias voltage on the conductance properties, we have included a
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potential +V on the top layer and −V on the bottom layer as given in Eq. (3.1.9). Fig. (3.20)

shows the behavior of the charge conductance as a function of the Fermi energy for a biased

bilayer system where we have used V = 0.1. The blue and the red curves correspond to

biased bilayer graphene in the absence and the presence of the intrinsic SOC, respectively.

As compared to Fig. (3.18), the 4e2/h plateau near the zero of the Fermi energy turns out to

be zero for both the cases. The conductance steps still remain unaltered, but the width of the

plateau becomes smaller (as shown in Fig. (3.20) by the blue and red curve). The value of

the conductance becomes zero due to the opening of the gap between the valence band and

conduction band.

We further investigated the spin-polarized transport in zigzag bilayer graphene. Spin-

polarized conductance results due to the presence of Rashba SOC. It was also shown by

Zhang et al. [158,159] that the spin polarization components for x and z are zero for an ideal

graphene nanoribbon because of the longitudinal mirror symmetry of an infinite system. The

spin polarization component corresponding to the y-direction is finite and is found to be

around 40% polarized for both the armchair and the zigzag nanoribbon [158]. However, for

a bilayer graphene, we get finite values for all the components of spin polarization. This

ensures larger net spin-polarized conductance than that of a single layer, and hence a bilayer

graphene should be a more efficient candidate for spintronic applications.

All the three components of the spin polarization, namely, Gs
x, Gs

y and Gs
z are plotted as

a function of the Fermi energy in Fig. (3.21a), (3.21b) and (3.21c) for three different val-

ues of λR, namely, 0.05, 0.08 and 0.1 with λS O = λ⊥R = 0. The magnitudes of the x and z

components are one order smaller than that of the y component. It can be seen that the spin

polarization vanishes in the low energy range and is anti-symmetric in nature around the zero

of the Fermi energy for all the three components due to the electron-hole symmetry present

in the Hamiltonian. The nature of the spin polarization for different values of λR qualita-

tively remains the same, but the magnitude gets larger as we increase the strength of the

intralayer Rashba parameter, λR. In addition, we have included both the intralayer intrinsic

SOC and the interlayer Rashba SOC in our model and have plotted the three components

of the spin polarization for three different values of λR as a function of energy as shown in

Fig. (3.21d), (3.21e) and (3.21f) corresponding to fixed values of the other SOC parameters,

namely, λS O = 0.1, λ⊥R = 0.3. Though the magnitude of y component of the spin polariza-

tion gets smaller (as shown in Fig. (3.21e)), the magnitudes for the x and the z components

grow larger (as shown in Fig. (3.21d) and Fig. (3.21f)) compared to a scenario where only

intralayer Rashba SOC (λR) exists (Fig. (3.21a)-(3.21c)). Importantly, the spin polarization
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Figure 3.21. (color online) The spin polarized conductance, Gs
γ (γ = x,y,z) (in units of e2/h) as

a function of Fermi energy E (in units of t) for (a-c) λR = 0.05, 0.08 and 0.1 (Other parameters
t⊥ = 0.2, λS O = 0 and λ⊥R = 0) and (d-f) λR = 0.05, 0.08 and 0.1 (Other parameters t⊥ = 0.2,
λS O = 0.1 and λ⊥R = 0.3).

is finite for E ' 0. The y component is anti-symmetric as a function of Fermi energy E, while

the same does not hold for the x and the z components.

3.1.6.f Connection with experiments

In order to connect with the experimental data, we have computed the effective mass, m∗

and investigated its variation with the intralayer Rashba SOC parameter, λR for a bilayer

graphene. The definition of the effective mass and the group velocity can be given as, m∗ =

h̄2k/[dE(k)/dk] and vg = 1
h̄

dE
dk (where k is the crystal momentum). Thus m∗ = h̄k/vg and

hence depends upon the slope of the dispersion near the Dirac points. The measurement of

effective mass m∗ for a large range of carrier densities in a bilayer graphene was performed

using Shubnikov-de Haas (SdH) oscillations [160]. From the first principles study, it was

reported that the effective mass in bilayer graphene is approaximately 0.022me (me being

the bare mass) and also the value increases with the increase in number of layers [161].

Alternatively, the carrier transport properties in a bilayer graphene can also be tuned by the

presence of Rashba SOC which could be enhanced by metal-atom adsorption or using an

external gate voltage.
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Figure 3.22. (color online) Effective mass, m∗ as a function of intralayer Rashba SOC parameter,
λR for zigzag bilayer graphene. Here, we set t⊥ = 0.2, λS O and λ⊥R both are zero.

In Fig. (3.22), we have calculated the effective mass as a function of the intralayer Rashba

SOC parameter, λR for the lowest-lying energy band (closest to the Fermi level E = 0 and

N = 10) in the vicinity of a Dirac point. We have considered the inplane hopping, t = 2.7 eV

and the lattice constant, a0 = 2.46Å. The energies are measured in units of t. We have not

incorporated any intrinsic SOC and interlayer Rashba coupling here. The effective mass is

seen to decrease with the increase of the Rashba SOC. For λR = 0, we have obtained some

overestimated value of effective mass (0.043me) which may be due to the artifact of the

behavior of the band structure of bilayer graphene. Consequently, the electrons will have a

larger group velocity for the corresponding band. As a result, the mobility of the electrons,

which varies inversely with m∗ (µ ∼ |m∗|−3/2), increases [162].

3.2 Kane-Mele model in semi-Dirac system

To study the KM model in a semi-Dirac system, we consider a semi-Dirac sheet with zigzag

edges consisting of two sublattices A and B and the nearest neighbors vectors in real space are

chosen as, ~δ1 =
(
0,a

)
; ~δ2 =

( √
3a
2 ,−a

2

)
and ~δ3 =

(
−

√
3a
2 ,−a

2

)
, where a ≈ 1.42Å is the distance

between two consequtive carbon atoms. The KM Hamiltonian can be written as [15, 29],

H = −t
∑
〈i j〉σ

c†iσc jσ+ iλS O

∑
〈〈i j〉〉σσ′

νi jc
†

iσsz
σσ′c jσ′ + iλR

∑
〈i j〉σσ′

c†iσ
(
sσσ′ × d̂i j

)
z
c jσ′ (3.2.1)

Here the nearest neighbor hopping amplitude in the first term, t may take t or t2 value de-

pending upon the direction of the hoppings between the A and B sublattices. The individual

terms in the above Eq. (3.2.1) have already been mentioned earlier.
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3.2.1 Edge states: Analytical expressions

Here we compute the analytical solutions for the edge states considering the tight-binding

KM Hamiltonian as given in Eq. (3.2.1) in presence of intrinsic SOC and Rashba SOC. We

consider a ribbon geometry with zigzag edges which is infinite along the x-direction and it

has finite width along the y-direction as shown in Fig. (2.10) (see Chapter 2). Considering

the hopping only between A to A sublattices for the next nearest neighbor, Eq. (3.2.1) in

terms of (m, n) becomes (with λR = 0),

HTB + HISOC =−
∑
〈mn〉

[
ta†
↑
(m,n)b↑(m,n) + t2a†

↑
(m,n)b↑(m,n−1) + ta†

↑
(m,n)b↑(m−1,n)

+ ta†
↓
(m,n)b↓(m,n) + t2a†

↓
(m,n)b↓(m,n−1) + ta†

↓
(m,n)b↓(m−1,n)

]
+ h.c.

+ iλS O

[ ∑
〈〈mn〉〉

(
a†
↑
(m,n)a↑(m,n−1)−a†

↓
(m,n)a↓(m,n−1)

)
−

(
a†
↑
(m,n)a↑(m + 1,n−1)−a†

↓
(m,n)a↓(m + 1,n−1)

)
−

(
a†
↑
(m,n)a↑(m−1,n)−a†

↓
(m,n)a↓(m−1,n)

)
+

(
a†
↑
(m,n)a↑(m + 1,n)−a†

↓
(m,n)a↓(m + 1,n)

)
+

(
a†
↑
(m,n)a↑(m−1,n + 1)−a†

↓
(m,n)a↓(m−1,n + 1)

)
−

(
a†
↑
(m,n)a↑(m,n + 1)−a†

↓
(m,n)a↓(m,n + 1)

)]
+ h.c. . (3.2.2)

Using the same method (as described in Sec. (3.1)), we get four eigenvalue equations for

spin up and spin down corresponding to A and B sublattice points which are written as,

Eα↑ (kx,n) =−

2t cos
 √3kx

2

β↑(kx,n) + t2β↑(kx,n−1)


−2λS O

[
sin

(√
3kx

)
α↑(kx,n)− sin

 √3kx

2

(α↑(kx,n−1) +α↑(kx,n + 1)
)]
,

Eα↓ (kx,n) =−

2t cos
 √3kx

2

β↓(kx,n) + t2β↓(kx,n−1)


+ 2λS O

[
sin

(√
3kx

)
α↓(kx,n)− sin

 √3kx

2

(α↓(kx,n−1) +α↓(kx,n + 1)
)]
,

Eβ↑ (kx,n) =−

2t cos
 √3kx

2

α↑(kx,n) + t2α↑(kx,n + 1)


+ 2λS O

[
sin

(√
3kx

)
β↑(kx,n)− sin

 √3kx

2

(β↑(kx,n−1) +β↑(kx,n + 1)
)]
,

Eβ↓ (kx,n) =−

2t cos
 √3kx

2

α↓(kx,n) + t2α↓(kx,n + 1)
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−2λS O

[
sin

(√
3kx

)
β↓(kx,n)− sin

 √3kx

2

(β↓(kx,n−1) +β↓(kx,n + 1)
)]
,

(3.2.3)

where α↑,↓ and β↑,↓ are the spin resolved coefficients for the A and B sublattices respectively.

Next, we calculate the eigenvalue equations for the edge states considering the Rashba

SOC along with the intrinsic SOC. These equations which lead to the spin mixing are,

Eα↑ (kx,n) = −

2t cos
 √3kx

2

β↑(kx,n) + t2β↑(kx,n−1)


− 2λS O

[
sin

(√
3kx

)
α↑(kx,n)− sin

 √3kx

2

(α↑(kx,n−1) +α↑(kx,n + 1)
)]

+ iλR

cos
 √3kx

2

+
√

3sin
 √3kx

2

β↓(kx,n)−β↓(kx,n−1)
 ,

Eα↓ (kx,n) = −

2t cos
 √3kx

2

β↓(kx,n) + t2β↓(kx,n−1)


+ 2λS O

[
sin

(√
3kx

)
α↓(kx,n)− sin

 √3kx

2

(α↓(kx,n−1) +α↓(kx,n + 1)
)]

+ iλR

cos
 √3kx

2

− √3sin
 √3kx

2

β↑(kx,n)−β↑(kx,n−1)
 ,

Eβ↑ (kx,n) = −

2t cos
 √3kx

2

α↑(kx,n) + t2α↑(kx,n + 1)


+ 2λS O

[
sin

(√
3kx

)
β↑(kx,n)− sin

 √3kx

2

(β↑(kx,n−1) +β↑(kx,n + 1)
)]

− iλR

cos
 √3kx

2

− √3sin
 √3kx

2

α↓(kx,n)−α↓(kx,n + 1)
 ,

Eβ↓ (kx,n) = −

2t cos
 √3kx

2

α↓(kx,n) + t2α↓(kx,n + 1)


− 2λS O

[
sin

(√
3kx

)
β↓(kx,n)− sin

 √3kx

2

(β↓(kx,n−1) +β↓(kx,n + 1)
)]

− iλR

cos
 √3kx

2

+
√

3sin
 √3kx

2

α↑(kx,n)−α↑(kx,n + 1)
 . (3.2.4)

Similar to the Dirac one, we have used kx = π√
3

for the numerical solutions. Also the bound-

ary condition remains same, that is, α(kx,n) = β(kx,−1) = 0 and again we consider E = 0.
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3.2.2 Results and discussion

To solve the above equations (Eq. (3.2.3) and Eq. (3.2.4)), we have taken N = 100 unit cells

in the y-direction. We have considered the intrinsic SOC and Rashba SOC parameter values

as discussed in the sec. (3.1.2). We have set the tight-binding parameter, t = 1 and the lattice

spacing, a = 1. All the energies are measured in units of t. The size of the semi-Dirac

nanoribbon in numeric computation is taken as 201Z-94A (Lx ∼ 25 nm and Ly ∼ 20 nm) with

zigzag edges.
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Figure 3.23. (color online) (a) Probability density, |ψ|2 is plotted as a function of site index, n at
kx = π√

3
(b) the LDOS is plotted for a semi-Dirac nanoribbon. Here we put λS O = 0.1 and λR = 0 .
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Figure 3.24. (color online) The band structure for a semi-Dirac nanoribbon in presence of intrin-
sic SOC with coupling strength, λS O (a) λS O = 0.01 and (b) λS O = 0.1. Here we put λR = 0.

3.2.3 Intrinsic SOC

We start with the case where the intrinsic SOC is considered in our model (Eq. (3.2.1)) and

the Rashba SOC is initially turned off. Fig. (3.23a) shows the probability density, |ψ|2 as a
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function of site index, n in presence of an intrinsic SOC with coupling strength λS O = 0.1

for the semi-Dirac case (t2 = 2t). The probability density has its maximum amplitude at the

edges and it becomes immediately zero inwards the ribbon. To compare with the numerical

one, we have also plotted the LDOS for the same coupling strength in Fig. (3.23b). The

LDOS plot also shows the maximum electron density at the edges of the sample confirming

the presence of edge states.

Next, we have plotted the electronic dispersion as a function of kx for two different val-

ues of λS O = 0.01 and 0.1 in Figs. (3.24a) and (3.24b) respectively. The flat bands, as was

observed in the tight binding band structure (Fig. (2.11d)), now become dispersive and there

are crossing of two edge modes between the kx value
[
0 : ± 2π√

3

]
which becomes more promi-

nent in Fig. (3.24b). Also a finite gap is observed at kx = 0 for the both cases. These edge

modes are completely separated from the bulk.
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Figure 3.25. (color online) The charge conductance, G (in units of e2/h) as a function of Fermi
energy, E (in units of t) for (a) λS O = 0.01 and λS O = 0.1. Here we put λR = 0.

To see the conductance property, we have also plotted the charge conductance as a func-

tion of Fermi energy for λS O = 0.01 and 0.1 in Fig. (3.25a) and Fig. (3.25b). Although there

is a change in the step behavior, the charge conductance shows a narrow 2e2/h plateau for

both the cases (as shown by the pink dashed line). The behavior of the plateau confirms that

it is separated from the bulk even in the presence of intrinsic SOC.

3.2.4 Intrinsic and Rashba SOC

Next, we have considered the Rashba SOC in our model along with the intrinsic SOC. In

Figs. (3.26a) and (3.26c), we have plotted the probability density as a function of site index
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Figure 3.26. (color online) Probability density, |ψ|2 is plotted as a function of site index, n at
kx = π√

3
for (a) λR = 0.01 and (c) λR = 0.2. The LDOS is plotted for (b) λR = 0.01 and (d) λR = 0.2

for a semi-Dirac nanoribbon. Here we fixed λS O = 0.1.

for two different values of Rashba SOC. For both the cases, we have considered a fixed

intrinsic SOC, namely λS O = 0.1 and tuned the other SOC, that is, Rashba SOC, namely

λR = 0.01 and 0.1. For a small value of λR (λR = 0.01), the probability density shows the

same behavior as observed from Fig. (3.23a). For a larger value of Rashba SOC (λR = 0.2),

the penetration depth enhances upto sites with index n = 2. To confirm the presence of edge

states, we have also shown the LDOS plot in Fig. (3.26b) and (3.26d). In Fig. (3.27a) and

(3.27b), we have plotted the band structure in presence of both the SOCs. For a small value

of λR (λR = 0.01), the band dispersion shows the crossing of the two edge modes per egde in

the vicinity of
[
0 : ± 2π√

3

]
and a finite bulk gap is present at kx = 0 as seen from Fig. (3.27a).

Now, as we increase the Rashba SOC (say, λR = 0.2), there is crossing of the edge modes

even in the vicinity of kx = 0 instead of a bulk gap (see Fig. (3.27b)). In addition, we have
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observed the band splitting due to the presence of the Rashba SOC.
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Figure 3.27. (color online) The band structure for a semi-Dirac nanoribbon in the presence of
intrinsic and Rashba SOC with coupling strength (a) λS O = 0.1, λR = 0.01 and (b) λS O = 0.1,
λR = 0.2.
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Figure 3.28. (color online) The charge conductance, G (in units of e2/h) as a function of Fermi
energy, E (in units of t) for (a) λR = 0.01, (b) λR = 0.1 and (c) λR = 0.2. Here we have fixed
λS O = 0.1.

The conductance property is also observed via calculating the charge conductance. In

Figs. (3.28a), (3.28b) and (3.28c), we have plotted the charge conductance, G as a function

of Fermi energy, E for three different values of Rashba SOC, namely λR = 0.01, 0.1 and 0.2.

When λS O = 0.1 and λR = 0.01, the charge conductance shows similar behavior as observed

from Fig. (3.25b). As we increase the value of λR, the quantized (2e2/h) plateau vanishes and

the charge conductance becomes zero for λS O = λR = 0.1 as seen from Fig. (3.28b). It is to be

noted that the bulk mode is still separated from the edge modes. When we further increase

the Rashba SOC (say, λR = 0.2), the conductance still remains zero with the vanishing plateau

(see Fig. (3.28c)). This is owing to closing of the gap between the bulk and the edge modes

or in other words, the edge modes disappear into the bulk.
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3.3 Summary

In this chapter, we have analytically computed the expressions for the localized edge states

in the presence of two kinds of SOCs via the KM model for the Dirac and the semi-Dirac

nanoribbons. The analytic results are supported by LDOS obtained using Kwant. We con-

sider the intrinsic SOC as well as the Rashba SOC and study the zero-energy edge modes,

the band dispersion, and the charge conductance for each of these cases. For the Dirac case,

the probability density of the wave function falls off sharply at both edges of the sample and

becomes zero inside the bulk in the presence of intrinsic SOC, which also can be seen from

the LDOS plots. The band structure plots show that bulk gaps open up at the Dirac points,

and the edge modes cross each other. The charge conductance still acquires a quantized

value same as that of pristine graphene with a vanishing step-like behavior. In presence of

both the SOCs, we observed that crossing of the edge modes still exists in the system but

depends on the strength of the coupling parameter. We show the existence of topologically

protected edge states owing to the presence of parity and TRS of the Hamiltonian. Further,

we derive analytical expressions for the edge modes for a bilayer KM model in the presence

of intralayer intrinsic, intralayer and interlayer Rashba SOCs. We have solved the analytical

expressions to capture the nature of the surface states in presence of both the SOCs for a

bilayer Dirac system. An asymmetry in a finite-size ribbon is also observed in presence of

intrinsic SOC, which is otherwise absent for pure tight-binding dispersion. This asymmetry

is present both in the presence and the absence of a bias voltage that may be included in ad-

dition between the layers. With the inclusion of Rashba SOC, the band structure plots reveal

that the QSH phase is destroyed in the presence of an interlayer Rashba SOC. Moreover, the

charge conductance spectra show the emergence of a dip near the zero of the Fermi energy

in presence of intralayer intrinsic, intra and interlayer Rashba SOCs. The interlayer Rashba

SOC, along with the intralayer intrinsic SOC and intralayer Rashba SOC, seem to destroy

the QSH phase. The QSH phase is identified by the presence of a conductance plateau in the

vicinity of zero Fermi energy. The plateau is sensitive to the values of the SOC parameters.

Studies on spin transport reveal bilayer graphene should be a positive input for spintronic

applications. We have also computed the effective mass and have shown that it can be tuned

by the inclusion of Rashba SOC. For the semi-Dirac case, we have shown the analytic ex-

pressions for the edge modes in presence of both the SOCs. We find that the edge modes are

completely separated from the bulk modes in the presence of intrinsic SOC, similar to the

tight-binding case. This feature is also provided by the charge conductance plot. With the
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inclusion of Rashba SOC, the 2e2/h plateau vanishes at some critical value when both the

parameter values become equal, and the charge conductance eventually becomes zero. The

same was also found to be true for higher values of Rashba SOC.
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Over the years, the two-dimensional electron gas (2DEG) has promoted intense research

interest owing to a completely new area of physics which includes the quantum Hall effect,

the Hofstadter butterfly, etc. When a 2DEG is subjected to a magnetic field at very low

temperatures, it shows quantized plateaus of Hall resistance [5]. Consequently, the energy

spectrum of electrons changes from a continuous spectrum to discrete energy levels. The

presence of a periodic potential has added excitement to the ongoing research. The 2D

electron system shows a fractal structure when the flux passing per unit cell is plotted with

respect to the single-particle energy spectrum in the presence of a magnetic field and periodic

potential.

The Hamiltonian in presence of a magnetic field for free electrons can be written as,

Ĥ =
(P̂− eA)2

2m
(4.0.1)

where P̂ is the momentum operator, e denotes the electronic charge, m being the mass of the

electron and A is the vector potential. Now the Schrödinger equation for this Hamiltonian can

89
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be solved and the energy levels (called as Landau Levels (LLs)) of those electrons get quan-

tized with a relevant length scale, known as the magnetic length, lB =

√
h̄

eB ≈ 25.7nm/
√

B,

where h̄ is the Planck’s constant divided by 2π, e is the charge of electrons and B is the

magnetic field (of the order of Tesla). The energy of the nth LLs is En = (n+1/2)h̄ωc, where

ωc is the cyclotron frequency. On the other hand, the Hamiltonian in a periodic potential for

electrons can be written as,

Ĥ =
P̂2

2m
+ Û(r), (4.0.2)

where U(r) = U(r+a) is the periodic potential with lattice periodicity a. Hence, in a periodic

lattice geometry, the electrons are described by Bloch wavefunctions and the relevant length

scale is expressed in terms of a lattice constant, a. In presence of magnetic field, the Bloch

electrons obey the Hamiltonian,

Ĥ =
(p̂− eA)2

2m
+ Û(r). (4.0.3)

Each Bloch band divides further into subbands gives rise to fractal spectra exactly when these

two length scales, that is, a and lB, become commensurate. This complex energy spectrum

known as Hofstadter butterfly [163] arises from the delicate interplay between these two

length scales associated with the two quantizing fields [7, 164] and this particular regime is

called the Hofstadter regime.

This phenomenon was first predicted by D. Hofstadter in 1976, where he solved the

Harper’s equation [165]. Hofstadter showed that the single-particle Bloch bands split into q

subbands (which are p-fold degenerate) for the commensurate field, corresponding to ratio-

nal values of φ/φ0 = p/q (φ and φ0 being the magnetic flux and the magnetic flux quantum,

respectively) in a two-dimensional square lattice. p and q are co-prime integers. Conse-

quently, one can observe a quasi-continuous distribution of incommensurate quantum states

that form a self-similar recursive structure (butterfly-like). Schlösser et al., have observed the

existence of the Hofstadter spectrum in an artificial semiconductor superlattice [166] for the

first time. Later on, many researchers took the initiative to realize the spectra in supercells

such that the lattice constant is enlarged and becomes comparable with the magnetic length.

Afterward, there are a few highlighted works that present the signature of the butterfly in

such supercells [167, 168]. On the other hand, the cold atom systems offer different lattice

geometries consisting of various types of particles and controllable interactions. Laser as-

sisted tunneling [169, 170] was the first technique with cold atoms where one can generate
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an artificial effective magnetic field controlling the phase of the Fourier decomposed Bloch

waves. The second one was developed by the Zurich group [171, 172]. An optical lattice

was created such that it can adiabatically change its geometry (for example, from triangle to

dimer, dimer to honeycomb, and other lattice geometries).

As we have emphasized, in recent years, graphene has attracted more attention owing

to the peculiar low energy electronic dispersion. The dispersion shows linear behavior at

the two special points K1 and K2 in the BZ. The density of states also varies linearly near

these points [34]. The presence of a magnetic field [75] in graphene and the study of trans-

port properties have boosted further progress in research. In a conventional 2DEG (non-

relativistic), the quantized LLs denote equidistant energy levels due to a simple harmonic

oscillator like spectrum for the free electrons. In graphene, the electrons follow the rela-

tivistic dispersion law at low energies, which modifies the Landau quantization of the energy

and the spacing between the levels. The largest energy gap is between the zero and the first

LL, which allows one to observe the QH effect in graphene, even at room temperature. The

LLs in graphene have been observed experimentally by measuring cyclotron resonances in

infrared spectroscopy [173] and tunneling current in scanning tunneling spectroscopy [174].

The LLs follow a square root dependence on the magnetic field in graphene, which affects

the Hofstadter butterfly of graphene. The deviation from the square-root dependencies in the

LL spectrum for the semi-Dirac system has a consequence on the Hofstadter spectrum.

Topology also plays a role where the quantization of the Hall conductance σxy = Ce2/h

in Hofstadter butterfly is determined by a topological quantum number C (also called as

Chern number), computed as an integral of Bloch states over the BZ. In the presence of

a magnetic field, 2D electron systems support topologically ordered states, in which the

coexistence of an insulating bulk with conducting one-dimensional chiral edge states gives

rise to the QH effect. The presence of the edge states contributes to the transport properties of

a two-dimensional system where these localized states provide the current-carrying channels

despite having a bulk gap. For a two-dimensional electron gas, the Hall conductance can

be affected by the presence of edge states at the Fermi level [98]. Monolayer graphene

with zigzag edges supports the dispersionless zero-energy edge states as described in earlier

chapters, which is also true in the presence of a magnetic field. The peculiar dispersion is

responsible for the appearance of the n = 0 LL around energy E = 0 in a magnetic field.

In graphene QH effect has an edge mode at E = 0 that resides exactly at the n = 0 LL as

protected by the chiral symmetry. The charge accumulation along zigzag edges only occurs

for the E = 0 edge mode in the n = 0 LL.
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In this chapter, we have explored the influence of a perpendicular magnetic field on the

physical properties of a semi-Dirac system using a tight-binding Hamiltonian on a honey-

comb lattice. We have studied the Hofstadter butterfly spectra and characteristics of the LL

spectra for semi-Dirac and Dirac nanoribbons in the presence of an external magnetic field

in order to show that the semi-Dirac system has quite distinct properties as compared to the

Dirac systems.

It may be noted that the Dirac systems were discussed ahead of the semi-Dirac cases in

the preceding chapters. From this chapter onwards (and also for the remaining), we shall

give emphasis to the semi-Dirac system which is the main focus of our thesis.

4.1 Magnetic field: Peierls coupling

To include a magnetic field, we shall work with a semi-Dirac nanoribbon which is infinitely

long along the x direction but has a finite width along the y direction. We apply a uniform

magnetic field, B = Bẑ perpendicular to the plane of the ribbon. Owing to the presence of the

vector potential ~A, each tight-binding wavefunction picks up an extra phase term. We have

chosen the Landau gauge as ~A = (−By,0,0) such that the translational invariance along the

x-direction remains unaltered under the choice of the gauge. Hence, the momentum along

the x-direction is conserved and can be taken as a good quantum number. We make kx a

dimensionless quantity by absorbing the lattice spacing a into the definition of kx. The ribbon

width is such that it has N unit cells along the y-axis (where the index n for the unit cells

takes ∈ 0.....N−1) as shown in Fig. (2.10) (see Chapter 2). The tight-binding Hamiltonian in

the presence of magnetic field thus has the form,

H = −
∑
〈i j〉

(ti ja
†

i b j + h.c.) (4.1.1)

where a†i (b j) creates (annihilates) an electron on sublattice A (B). ti j is the hopping ampli-

tude between nearest neighbor sites, which obtain a phase due to the magnetic field by the

Peierls substitution, namely, ti j = t→ te2iπφi j (here t denotes both t or t2). φi j is the mag-

netic flux and is given by the line integral of the vector potential from a site i to a site j,

namely, φi j = e
h

∫ j
i
~A.d~l. The flux is usually denoted in terms of the flux quantum φ0 = h/e (h

is Planck′s constant and e is the magnitude of the electron charge). In the case of electrons

on a lattice, the Peierls substitution, remains valid as long as the lattice spacing, a0 is much

smaller than the magnetic length lB.
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Thus the tight-binding Hamiltonian in presence of the perpendicular magnetic field can

be written in terms of m and n (where m increases along the x-direction and n increases along

the negative y-direction) (see Fig. (2.10)) [91],

H =−
∑
〈mn〉

[
teiπ(φ/φ0)n[(1+α)/2]a†(m,n)b(m,n) + te−iπ(φ/φ0)na†(m,n)b(m−1,n− (1−α)/2)

+ t2 eiπ(φ/φ0)n[(α−1)/2]a†(m,n)b(m,n−α) + h.c.
]

(4.1.2)

where the summation 〈mn〉 is over the nearest neighbors. a†(m,n) and b(m,n) denote the

creation and annihilation operators at the (m,n) site, respectively. Eq. (4.1.2) for a zigzag

semi-Dirac ribbon (α = 1) reduces to

H =−
∑
〈mn〉

[
teiπ(φ/φ0)na†(m,n)b(m,n) + te−iπ(φ/φ0)na†(m,n)b(m−1,n)

+ t2 a†(m,n)b(m,n−1) + h.c.
]
. (4.1.3)

In the following, we solve the above equation (Eq. (4.1.3)) to observe the influence of the

magnetic field on the fractal spectrum as well as the LL spectrum. The consequences of the

different LLs properties for the Dirac and the semi-Dirac systems are described below.

4.2 Hofstadter butterfly spectra in semi-Dirac and Dirac

system

We have numerically calculated the Hofstadter butterfly [175] for the number of unit cells

to be N = 100. The butterfly is plotted for different values of the parameter, φ/φ0 ranging

from 0 to 1. In Fig. (4.1), we have shown the evolution of the fractal spectra in a zigzag

ribbon geometry by tuning the parameter t2 from 2t to t. We have taken two intermediate

values of t2 (namely t2 = 1.8t and 1.5t) between 2t and t to study the evolution of the fractal

structure as we move from the semi-Dirac to the Dirac limit. Fig. (4.1a) shows the fractal

spectra plotted as a function of magnetic flux, φ/φ0 for a semi-Dirac nanoribbon (t2 = 2t).

It can be seen clearly that there occurs opening of a central gap around the zero energy.

Also, a flat band is observed exactly at zero energy. This butterfly pattern originates from the

splitting of LL energies into many minibands. The energy gap gets smaller along with the

two identical spectra that emerge from the conduction and the valence bands as t2 is tuned.

These are as well true corresponding to t2 = 1.8t and t2 = 1.5t as shown in Figs. (4.1b) and
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Figure 4.1. (Color online) Evolution of the Hofstadter butterfly spectrum is shown as a function
of φ/φ0 for (a) t2 = 2t (semi-Dirac), (b) t2 = 1.8t, (c) t2 = 1.5t and (d) t2 = t (Dirac).

(4.1c) respectively. The zero-energy flat band still exists for both cases.

The same is also plotted for the Dirac system (t2 = t) as shown in Fig. (4.1d). We can see

that the gap completely closes around the zero energy with the flat band persisting for t2 = t.

The central LLs (around zero energy) have the characteristic of square-root behavior as a

function of the magnetic field in graphene, whereas the upper and lower LLs at low values

of the field, linearly vary with the magnetic field. The reason is obvious that the electrons

far away from the zero energy no longer remain Dirac fermions. The Hall conductivity

can be determined using the Hofstadter spectrum via the well-known Diophantine equation.

However, we have not taken that route, and in the next chapter, we have calculated the Hall
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conductivity using the Kubo formula.
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Figure 4.2. (Color online) Evolution of Landau levels for a finite strip with N = 100 unit cells in
the presence of a magnetic flux (a and b) φ =

φ0
100 , (c and d) φ0

200 , (e and f) φ0
500 and (g and h) φ0

1600 is
shown for t2 = 2t (semi-Dirac) in left panel and t2 = t (Dirac) in right panel.
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4.3 Landau levels

Next, we have plotted the LLs spectra using a ribbon geometry in the presence of a magnetic

field. Fig. (4.2) shows the LL spectra for different values of the magnetic flux (such as

φ/φ0 = 1/100,1/200,1/500,1/1600) for the semi-Dirac and the Dirac systems with regard

to the size of the ribbon, here we have chosen N = 100. Fig. (4.2a), (4.2c), (4.2e) and (4.2g)

show the dispersion of the energy levels in presence of the magnetic field for a semi-Dirac

nanoribbon (t2 = 2t) as a function of the momentum in the x direction, namely kx. For

comparison, we have also plotted the LL spectrum for the Dirac case (t2 = t) using the same

values of the magnetic flux as shown in Fig. (4.2b), (4.2d), (4.2f) and (4.2h). It is to be noted

that in a semi-Dirac system, there is no zero energy bulk state, which implies that the zero

energy state in Fig. (4.2) is an edge state. On the other hand, zero energy bulk states exist

in a Dirac system. Further, for t2 = 2t, the LLs are not equidistant, since their energies vary

as (n+ 1
2 )2/3 (n being the LL index) [43] which lies intermediate to the behavior of the Dirac

system and the conventional 2DEG. As a consequence, the gaps between the consecutive LLs

shrink as one considers a larger value of n. In the case of a Dirac system, since the energies

of the LLs vary as
√

n, its non-equidistant Landau spectra can have different quantitative

behavior from that of a semi-Dirac system. For a large value of the flux, φ such as φ= φ0/100,

the flatness of the energy bands is observed for both the semi-Dirac and the Dirac systems

owing to the shrinking of the cyclotron radius as shown in Figs. (4.2a) and (4.2b) respectively.

For a different value of the magnetic flux φ = φ0/200, the energy bands become parabolic as

seen from Fig. (4.2c) for the semi-Dirac case. The flatness of the Landau spectrum in bulk

completely vanishes in the semi-Dirac system as compared to a Dirac one (see Fig. (4.2d)).

With lower values of φ/φ0, the LLs demonstrate a dispersive behavior and start getting flatter

for large values of n for t2 = 2t (see Fig. (4.2e)). In the case of a Dirac system (t2 = t),

the LLs show quite a distinct behavior, where the flat bands become dispersive in the bulk

corresponding to larger values of n and lower values of φ/φ0 (see Fig. (4.2f)). For a small

value of the magnetic field, such that the flux is given by, φ = φ0/1600, the energy bands

eventually become flat in bulk for the semi-Dirac case as shown in Fig. (4.2g). This is not

the case for a Dirac system (see Fig. (4.2h)). For all values of φ/φ0, the zero-energy mode is

completely separated from the bulk bands for a semi-Dirac system as compared to the Dirac

case (see any of Fig. (4.2)).
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4.4 Summary

In this work, we have studied the influence of a perpendicular magnetic field with a semi-

Dirac dispersion within the framework of a tight-binding model of a honeycomb lattice. In

order to compare and contrast with a prototype Dirac material, such as graphene, we have

presented our results for both cases. We consider a semi-Dirac nanoribbon with finite width

and study the Hofstadter butterfly and properties of the LL spectra. We have observed two

identical gapped spectra symmetrically placed above and below E = 0 and along with a zero-

energy mode in the Hofstadter butterfly spectrum in contrast to what is observed for a Dirac

system. For the intermediate values, the gapped spectra are still observed with a flat band.

For a semi-Dirac system, the absence of a zero-energy bulk state implies that the zero energy

state is an edge state. On the other hand, zero energy bulk states exist in a Dirac system.

The non-equidistant LLs are observed for both cases. The LL becomes fully dispersive in

bulk for moderate values of the magnetic flux, which is not true for the Dirac case. For all

values of the flux φ
φ0

, the zero-energy mode is completely separated from the bulk bands for

a semi-Dirac system as compared to the Dirac case.
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Graphene has attracted huge attention in the scientific community since its discovery,

owing to its several unique properties. The behavior of electrons in graphene, exposed to a

strong perpendicular magnetic field, played an important role not only for the discovery of

room-temperature half-integer quantum Hall effect [76,77,176–178] but also for supporting

the existence of massless Dirac particles [179]. The unconventional Hall conductivity was

found to be quantized as σxy = 4(n+1/2)e2/h [76,179], where both the spin (2 for spin) and

the valley (2 for valley) degeneracies are taken into account. Experimental measurements

confirm that the LLs of a monolayer graphene obey the relation, En = sgn(n)
√

2h̄v2
Fe|n|B,

where vF=106 m/s is the Fermi velocity, B is the magnetic field and n denote LL indices

[180, 181]. In contrast to the observed LLs obtained in conventional 2DEGs where En =

h̄ωc(n + 1/2), there is a distinctive new energy LL at E = 0, which is a consequence of the

electron-hole symmetry in graphene. The zero energy LL, which is formed due to equal

99
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contributions from the electron and the hole states, leads to a half-integer shift in the number

of flux quanta needed to fill an integer number of LLs. Thus the well-known integer quantum

Hall effect [5] observed in conventional 2D electron systems transforms into a relativistic

half-integer (anomalous) quantum Hall effect in graphene.

The distinct LL behavior for the semi-Dirac dispersion leads to different quantization

than a Dirac-like case. As told earlier, semi-Dirac dispersion has been observed in a few-

layer black phosphorene by means of the in situ deposition of potassium atoms in experi-

ments [182]. Recently, quite a few studies on LLs and transport properties in the presence

of a magnetic field in phosphorene have been reported [183,184]. More precisely, they have

found that the anisotropic band structure that leads to Hall quantization in the presence of a

perpendicular magnetic field is similar to that of a conventional 2DEG. Since phosphorene

may be considered as a realistic material that possesses semi-Dirac properties, it is necessary

to pursue QH studies on the semi-Dirac systems. As discussed above, the energy dispersion

of phosphorene is similar to that of the semi-Dirac systems, and it is thus likely that other

properties too show similar characteristics.

In this chapter, we have explored the transport properties in the presence of a magnetic

field for a semi-Dirac system using a tight-binding Hamiltonian on a honeycomb lattice. We

calculate the DOS via the tight-binding propagation method [185, 186], which is a sophis-

ticated numerical tool used in large-scale calculations for any real system. We have imple-

mented the recently developed real-space order-N quantum transport approach to calculate

the Kubo conductivities as a function of the Fermi energy for moderate as well as very high

values of the magnetic field [66]. The Hall conductivity in a semi-Dirac system shows the

standard quantization, namely, σxy ∝ n as compared to the previously observed anomalous

quantization, that is, σxy ∝ 2(n + 1/2) for a Dirac system. The degeneracy factor ‘2’ can be

accounted for a spin. The longitudinal conductivities show highly anisotropic behavior in

one direction compared to the other, which is obviously absent for Dirac systems.

5.1 Transport properties

To study the transport properties in the presence of a perpendicular magnetic field, we con-

sider a large sample of a lattice model of the semi-Dirac system consisting of millions of

atoms. The contribution in transport comes from both the off-diagonal and the diagonal

terms as appear in the Kubo formula [70]. The former contributes to the Hall conductivity

(σxy), whereas the latter leads to individual longitudinal conductivity in different directions
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(σxx and σyy).

5.1.1 Methodology

In this section, we shall describe the numerical approach, developed by Garcia and his co-

workers [66] which is based on a real-space implementation of the Kubo formalism, where

both the diagonal and the off-diagonal conductivities are treated on the same footing. It is

known that in the momentum space, the Hall conductivity can be easily obtained in terms of

the Berry curvature associated with the bands [7]. The Kubo formalism can be implemented

in real space for obtaining the Hall conductivity [66] which uses Chebyshev expansions to

compute the conductivities. The components of the dc conductivity tensor (ω→ 0 limit of

the ac conductivity) for the non-interacting electrons are given by the Kubo-Bastin formula

[70, 187] which can be written as [66, 188, 189],

σαβ(µ,T ) =
ie2h̄

A

∫ ∞

−∞

dε f (ε)Tr
〈
vαδ(ε−H)vβ

dG+(ε)
dε

− vα
dG−(ε)

dε
vβδ(ε−H)

〉
(5.1.1)

where T is the temperature, µ is the chemical potential, vα is the α component of the velocity

operator, A is the area of the sample, f (ε) is the Fermi-Dirac distribution and G±(ε,H) =

1
ε−H±iη are the advanced (+) and retarded (-) Green’s functions. Using the KPM [64], the

rescaled delta and Green’s function can be expanded in terms of the Chebyshev polynomials,

whence Eq. (5.1.1) becomes,

σαβ(µ,T ) =
4e2h̄
πA

4
(∆E)2

∫ 1

−1
dε̃

f (ε̃)
(1− ε̃2)2

∑
m,n

Γnm(ε̃)µαβnm(H̃) (5.1.2)

where ∆E is the range of the energy spectrum, ε̃ is the rescaled energy whose upper and

lower bounds are +1 and −1 respectively and H̃ is the rescaled Hamiltonian (see Chapter 1

for details). Γnm(ε̃) and µ
αβ
nm(H̃) are the functions of the rescaled energy and the rescaled

Hamiltonian respectively. The energy dependent scalar function, Γnm(ε̃) can be written as,

Γnm(ε̃) ≡(ε̃− in
√

1− ε̃2) ein arccos(ε̃)Tm(ε̃) + (ε̃+ im
√

1− ε̃2) e−im arccos(ε̃)Tn(ε̃) (5.1.3)

and the Hamiltonian-dependent term which involves products of polynomial expansions can

be written as,

µ
αβ
nm(H̃) =

gmgn

(1 +δn0)(1 +δm0)
Tr[vαTm(H̃)vβTn(H̃)] (5.1.4)
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where the Chebyshev polynomials, Tm(x) obey the recurrence relation (see Chapter 1 for a

detailed discussion),

Tm(x) = 2xTm−1(x)−Tm−2(x) (5.1.5)

The Jackson kernel, gm is used to smoothen out the Gibbs oscillations which arise due to the

truncation of the expansion in Eq. (5.1.2) [64].

The DOS can be calculated using an efficient algorithm based on the evolution of the

time-dependent Schrödinger equation. We use a random superposition of all basis states as

an initial state |φ(0)〉,

|φ(0)〉 =
∑

i

ai|i〉 (5.1.6)

where |i〉 denote the basis states and ai are the normalized random complex numbers. Apply-

ing the Fourier transformation to the correlation function, 〈φ(0)|e−iHt|φ(0)〉 we get the DOS

as [185],

DOS =
1

2π

∫ ∞

−∞

eiεt〈φ(0)|e−iHt|φ(0)〉dt (5.1.7)

where t denotes time.

5.1.2 Numerical details

Using the above mentioned efficient numerical approach, we calculate the DOS in the ab-

sence and the presence of a magnetic field, the longitudinal conductivity in both x (σxx) and y

(σyy) directions and the Hall conductivity (σxy) for the semi-Dirac system (t2 = 2t). To com-

pare between the Dirac and the semi-Dirac systems, we have also shown results for the Dirac

(t2 = t) case simultaneously. In our simulation, we consider a lattice of 5120 unit cells in each

of the x and y directions (that is, a sample size denoted by (Lx,Ly) to be (5120,5120)). We

apply periodic boundary conditions for all our numerical results. We set the nearest-neighbor

hopping parameter t = 2.8eV. We adopt a large number of Chebyshev moments, M, since the

energy resolution of the KPM and the convergence of the peaks of σxx depend on M. We

have used M = 6144 here [66]. The system size and the truncation order can be enhanced to

reduce the fluctuations.

5.1.3 Density of states

To get a feel for the evolution of the single-particle properties between the Dirac and the

semi-Dirac limits, we have plotted the DOS in the absence of a magnetic field for different
TH-2574_166121018
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Figure 5.1. (Color online) Density of states (in units of 1/eV) is plotted as a function of energy,
E (in units of eV) for (a) t2 = 2t (semi-Dirac), (b) t2 = 1.8t, (c) t2 = 1.3t and (d) t2 = t (Dirac). We
put t = 2.8eV in the calculation.

values of t2 in Fig. (5.1). In the case of a semi-Dirac system (t2 = 2t), the DOS is proportional

to
√
|E| near E ' 0 (see Fig. (5.1a)), while for the Dirac case (t2 = t), again near the zero

energy the DOS varies as |E| as shown in Fig. (5.1d). The energy range for the semi-Dirac

case gets enhanced as we go from Dirac to semi-Dirac. Thus apart from broadening the

energy range in the semi-Dirac case, the low energy behavior is different in the Dirac and the

semi-Dirac systems. It is well-known that a saddle point in the electronic band structure leads

to a divergence in the density of states which is known as a Van Hove singularity (VHS). In

the two intermediate values of t2, namely, t2 = 1.8t and t2 = 1.3t (as shown in Fig. (5.1b)

and Fig. (5.1c)), a kink related to VHS is visible near E = 0 which disappears for both the
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semi-Dirac and the Dirac cases.
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Figure 5.2. (Color online) Hall conductivity, σxy (in units of 2e2/h) is plotted as a function of
Fermi energy, E (in units of eV) for (a) t2 = 2t (semi-Dirac) and (b) t2 = t (Dirac) for a very high
field (400T) and two moderate fields namely, 30T and 50T. Here t is taken as 2.8eV.

5.1.4 Hall conductivity

In this subsection, we have shown the results for Hall conductivity (σxy) for moderate values

of the magnetic field as well as extremely high fields in Fig. (5.2). Generally, higher values

of the magnetic field require smaller system sizes, and hence a fewer number of Chebyshev

moments are sufficient to be computed for realistic results. This yields faster convergence

of the Hall conductivity in the limit of large magnetic fields. For t2 = 2t (semi-Dirac), the

Hall conductivity (σxy) is plotted as a function of Fermi energy, E for the large value of

the field B = 400T (as shown in the main frame of Fig. (5.2a)). To relate this result to the

recent experiments [87, 190, 191] performed for realistic values of magnetic field on a Dirac

system, we have also plotted the Hall conductivity for moderate values of the field, namely

30T (green curve) and 50T (pink curve) as shown in the inset of Fig. (5.2a). The quantization

of the plateaus is similar to that of a conventional 2DEG with a parabolic band dispersion

in a sense that the conductance quantization happens at σxy = ne2/h where n takes integer

values 0, ±1, ±2, ±3, ±4. . . in units of e2/h. The plot in the inset shows that the plateau

step can be obtained with good accuracy, even in the case of realistic values of the magnetic

field. The difference between the semi-Dirac and the Dirac cases lies in the fact that the

fluctuations in the plateau step become prominent with lowering the strength of the field,

especially at higher values of the Fermi energy. Further lowering of the magnetic field will
TH-2574_166121018
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Figure 5.3. (Color online) Hall conductivity, σxy (in units of 2e2/h) and the DOS (in units of
1/eV) is plotted as a function of Fermi energy, E (in units of eV) for different cases (a) t2 = 2t,
B = 50T (b) t2 = t, B = 50T (c) t2 = 2t, B = 400T and (d) t2 = t, B = 400T.

reduce the sharpness of the plateaus due to the effect of finite energy resolution and the finite

size of the sample. These are the artifacts of the method used here. In the Dirac system

(t2 = t), the well-known Hall quantization at σxy = (2n + 1)e2/h is observed for very high

magnetic field, namely B = 400T as shown in the main frame of Fig. (5.2b). The degeneracy

factor ‘2’ can be accounted for a spin. The inset shows the same for realistic values of the

magnetic field. The Hall conductivity plot ensures that there is a transition from a half-

integer to an integer quantum Hall effect as we go from a Dirac to a semi-Dirac system by

tuning t2 (Fig. (5.2a) and (5.2b)). The reason can be drawn from the fact that although the

band dispersion in a semi-Dirac system is linear in one direction, the quadratic behavior

in the other direction seemingly dominates over the linear term, which results in a similar

characteristic of conductance quantization of a 2DEG.

In Fig. (5.3), we have shown the Hall conductivity, σxy and the DOS for B = 50T and
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Figure 5.4. (Color online) Longitudinal conductivities, σxx and σyy (in units of 2e2/h) are plotted
as a function of Fermi energy, E (in units of eV) for different cases (a) t2 = 2t, B = 50T (b) t2 = t,
B = 50T (c) t2 = 2t, B = 400T (d) t2 = t, B = 400T (e) t2 = 2t, B = 0T and (f) t2 = t, B = 0T.

400T in the same frame. In the presence of the magnetic field, the DOS consists of peaks of

discrete energy levels (LLs) as shown in Fig. (5.3). The DOS vanishes in the plateau region

and shows a sharp peak corresponding to a LL when the Hall conductivity goes through a
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transition from one plateau to another. However, we get broad DOS peaks at lower values of

the magnetic field (B = 50T) which is particularly visible for the semi-Dirac case owing to

the small energy separation between the LLs (less than 3 meV). Sharper peaks will require

the computation of a very large number of Chebyshev moments. Fig. (5.3a) shows that

there is no LL peak at zero energy for t2 = 2t which is also characteristic of a conventional

2DEG in contrast to t2 = t case, where the zero-energy peak is well-observed (see Fig. 5.3b).

The presence of a zero-energy peak for the Dirac case is related to the chiral anomaly present

there. Figs. (5.3c) and (5.3d) show that several LLs can be observed with the same qualitative

behavior for a very high magnetic field B = 400T for both the semi-Dirac and the Dirac

systems. The Hall conductance is quantized due to the quantized LL. It is interesting to note

that although the energy does not depend linearly on the LL index, n and magnetic field,

B in the case of a semi-Dirac system, as said earlier, the quantized value of σxy of a semi-

Dirac material is analogous to that of a 2DEG. It is once again pertinent to mention that

the LL spectra in phosphorene in a perpendicular magnetic field depending on the index,

n (an additional factor of ‘2’ will appear for spin degeneracy) have connections with the

semi-Dirac physics [157, 184].

5.1.5 Longitudinal conductivity

To investigate the magneto-transport, we further calculate the longitudinal conductivities,

that is σxx and σyy along the x and y directions. Figs. (5.4a) and (5.4b) show the longitudinal

conductivity, σxx (green curve) and σyy (magenta curve) as a function of the Fermi energy, E

for moderate values of the B field B=50T for a semi-Dirac and a Dirac system respectively.

The longitudinal conductivity reveals largely anisotropic behavior owing to the presence of

anisotropy in the dispersion for t2 = 2t. The component of σ in the x (σxx) and y (σyy)

directions are quantitatively different in nature. The magnitude of σyy is larger than that of

σxx. This is definitely a contrasting feature compared to the case of a Dirac system where

the magnitudes of σxx and σyy are the same as shown in Fig. (5.4b). Moreover, the absence

of a zero-energy peak also supports our discussion on the LL results (see Fig. (5.3c)) for the

semi-Dirac material. Figures (5.4c) and (5.4d) show similar results for very high values of

the magnetic field, namely, B = 400T with the well-observed sharp peaks at larger values of

energy. The amplitudes increase at large values of the Fermi energy owing to the increase

in the scattering rate of the LLs as one goes to higher values of n for both the semi-Dirac

and the Dirac systems. Since the LLs are not equidistant for both of these cases, the interval
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between the peaks is not spaced equally. It can be seen that the longitudinal conductivity is

non-vanishing only when the Fermi energy is within a Landau band where the backscattering

processes are present.

To compare and contrast further between the two cases, we plot the longitudinal conduc-

tivities (σxx and σyy) in the absence of any magnetic field (B = 0) in Figs. (5.4e) and (5.4f)

for the semi-Dirac and the Dirac systems respectively. Apart from the suppression of the

conductivities by one order of magnitude by the magnetic field, one can take a note of the

linear dependence of the conductivity on the Fermi energy, E for the Dirac case [179, 192],

while they appear with different exponents for the semi-Dirac one. The feature is qualita-

tively the same as that observed for B , 0. However, the peaks in the conductance spectra

vanish at B = 0 owing to the absence of LLs.

5.2 Summary

In this chapter, we have studied the magneto-transport properties for a semi-Dirac nanorib-

bon in the presence of a perpendicular magnetic field within the framework of a tight-binding

model of a honeycomb lattice. For comparison, we have also discussed the result for a Dirac

system, such as graphene. We have used the recently developed real space calculation based

on the KPM method. We observed that the Hall conductivity shows standard quantization

similar to that of a conventional semiconductor 2DEG with a parabolic band, which is highly

contrasted with respect to a Dirac system. The zero LL peak is absent in the case of a semi-

Dirac system. The longitudinal conductivities, σxx and σyy, show anisotropic behavior due

to the distinct dispersion in two longitudinal directions. The linear dependence of the con-

ductivity on the Fermi energy, E for the Dirac case turns into different exponents for the

semi-Dirac one.
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Over the past few years, the discovery of graphene [33, 193] as well as other 2D mate-

rials, such as silicene [194], phosphorene [81, 195], MoS2 [196–198], 8-pmmn borophene

[199] etc. have enriched our knowledge on many of the experimental and theoretical as-

pects [83, 200, 201] of these materials owing to their low-energy physics being governed by

massless Dirac particles. Also, a close variant of the 2D Dirac materials termed as the semi-

Dirac materials that hold the unique band dispersion gives rise to many exciting phenom-

ena. Several properties of the semi-Dirac system have been discussed in literature [43, 202]

including the effect of the merging Dirac points on the emergence of a Chern insulating

state [111], the presence of Chern insulating state including spin-orbit coupling [203], the

109
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topological phase transition driven by disorder [204], the Floquet topological transition in

graphene by an ac electric field [205], and the orbital susceptibility in dice lattice [206] etc.

Further, the behavior of the Dirac fermions in graphene has been studied in the presence

of an external magnetic field, which facilitated the realization of half-integer quantum Hall

effect at room temperature [75,77]. When an external magnetic field B is applied perpendic-

ularly to the plane of the sample, the energy spectrum transforms into discrete LLs and the

level energies, En takes the form, En ∝
√
|n|B, where B is the magnetic field and n denotes

LL indices [180, 181]. The dependence of the LL energy deviates from
√

B for semi-Dirac

systems [43] and it varies as
(
(|n + 1

2 |)B
)2/3. Very recently, the study of LLs has been done

extensively where the quantization of the conductance plateaus shows the integer quantum

Hall effect for semi-Dirac system [207].

Usage of an optical probe for the Dirac materials has gathered momentum on a parallel

ground in recent years. The vector potential of the incident photons couple to the band elec-

trons via Peierls’ coupling. The situation becomes more complicated in the presence of an

external magnetic field where the kinetic energy of the carriers transforms into macroscopi-

cally degenerate LLs. The magneto-optical (MO) transport properties of these materials are

gradually studied in the linear regime using the Kubo formula. However, evaluating the ef-

fects of deformation of the band structure on the transitions induced by optical means for the

carriers from one LL to another is a harder task. In the following, we present a systematic

exploration of the MO transport for a semi-Dirac system in the visible frequency range.

In the context of MO transitions, near ultraviolet-visible (UV-VIS) (energy of the or-

der of a few eV) frequencies are extensively used in emerging fields such as spectroscopy,

communication, and imaging [208, 209]. Many interesting MO phenomena, such as giant

Faraday rotation [210], gate-tunable magneto-plasmons [211], non-linear transport driven

by the light radiation [212] have been discovered with graphene exposed to radiation at the

UV-VIS frequencies. At these particular frequencies, graphene supports the propagation of

plasmon-polaritons [213–215] that can be tuned by the external gate voltage. Parallelly, it

helps for the basic studies of the interaction of radiation with the matter at nanoscale di-

mensions [216]. Here, we show the emergence of strong magneto-absorption in the UV-VIS

regime where the absorption peaks are well-observed. Also, optical conductivity has always

yielded very useful information on the electronic transitions in presence of a time-varying

driving field. This facilitates observing frequency-dependent (ac) conductivity. The real part

of the longitudinal MO conductivity gives information on the absorption properties as a func-

tion of photon energy, while the imaginary part contains the information about the transmis-
TH-2574_166121018



111

sion. In the case of the optical conductivity, a photon can induce a transition between these

LLs, and the optical frequency matches with the energy level difference of the LLs [217]

resulting in the absorption peaks. The characteristics of the band dispersion and the energy

gap can be found from these absorption lines in the experiments [180, 218, 219]. In the

presence of an external magnetic field, similar information emerges for the system, except

that now the energy spectrum comprises LLs, as opposed to single-particle energies. MO

properties of graphene have been studied both theoretically and experimentally and the re-

sult shows good agreement between the theoretical findings and the experiments [220, 221].

Also, MO properties of topological insulators [222] and other two-dimensional materials,

such as MoS2 [223] and silicene [224], phosphorene [225] have been studied. A recent

study on the MO conductivity in three-dimensional materials has provided valuable infor-

mation on quasicrystals, as well as on Dirac [132] and Weyl semimetals [226–228]. It is

well known that the LL spacings are proportional to the magnetic field, B when a quadratic

term in Hamiltonian is alone there (for example, a 2DEG), while the linear term alone yields

spacings as the square root of B (for example, graphene) which are quite different. This has

important implications for the optical absorption in a situation when both terms are present.

Very few studies on optical conductivity in semi-Dirac materials have been done and hence

the anisotropy in the spectra corresponding to the different planar directions (x and y) remain

largely unexplored [229–231]. Very recently, the MO properties of a semi-Dirac system have

been studied [232]. A detailed and systematic study is indeed needed on the MO transport

properties of the semi-Dirac materials to enhance our understanding of these systems.

In this chapter, we study the MO conductivity in a perpendicular magnetic field of a

semi-Dirac system using a tight-binding Hamiltonian on a honeycomb lattice. We use a

numerical tool based on the Keldysh formalism for large-scale calculations for any realistic

system [74]. First, we study the optical conductivity in the absence of a magnetic field of a

semi-Dirac nanoribbon. To include a magnetic field, we shall apply a perpendicular magnetic

field and look for the possible optical transitions that occur between the LLs by absorption of

photons. We further calculate the longitudinal MO as well as the (MO) Hall conductivities

as a function of the photon energy for moderate as well as very high values of the magnetic

field in the UV-VIS regime [233]. We also explore the effects of the carrier concentration

of the LLs on the optical spectra by varying the chemical potential. Further, we report the

MO conductivity for a different polarization of the incident light, such as circularly polarized

radiation. Moreover, we study the effects of Faraday rotation for the semi-Dirac as well as

the Dirac systems. The Faraday rotation occurs in an active MO medium where the plane
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of polarization of the transmitted radiation is rotated with respect to that of the incident

radiation. The effect is characterized by the angle by which the plane of polarization is

rotated and is called the Faraday angle [210,234,235] which we compute for the semi-Dirac

and the Dirac cases.

Figure 6.1. (Color online) A schematic diagram of hexagonal ribbon geometry of a semi-Dirac
system irradiated by light is shown. The incident photon energies are of the order of a few eV.

6.1 Keldysh formalism

To obtain the MO conductivity we use a general perturbation method, known as the Keldysh

formalism [236], which describes the quantum mechanical time evolution of non-equilibrium

and even interacting systems at finite temperatures. A few relevant quantities that we needed

are the time-ordered (T ), anti-time-ordered (T̃ ), lesser (G<) and greater (G>) Green’s func-

tions which are defined as,

iGT
ab(t, t′) =

〈
T
[
ca(t)c†b(t′)

]〉

iG<
ab(t, t′) = −

〈
c†b(t′)ca(t)

〉

iG>
ab(t, t′) =

〈
ca(t)c†b(t′)

〉

iGT̃
ab(t, t′) =

〈
T̃
[
ca(t)c†b(t′)

]〉
. (6.1.1)

The time-ordering operator and the anti-time-ordering operator are denoted by T and T̃ . The

creation and the annihilation operators are in the Heisenberg picture and the labels a and

b denote the indices for the single-particle states. The retarded and the advanced Green’s

functions can be written with the combination of the Green’s functions in Eq. (6.1.1) as,

GR = GT −G< (6.1.2)
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GA = −GT̃ +G<. (6.1.3)

The tight-binding Hamiltonian can be expressed as,

H0 =
∑

Ri,R j

∑
σ1,σ2

tσ1σ2(Ri,R j)c
†
σ1(Ri)cσ2(R j), (6.1.4)

where the operator c†σ1(Ri) creates an electron in the carbon atoms at lattice site Ri, whereas

cσ2(R j) annihilates an electron at lattice site R j with t as connecting the nearest neighbors.

We have performed all our numerical calculations by using t = 2.8 eV which corresponds to

electron hopping in graphene. In a 2D Dirac system, this value may be different. The σ1 and

σ2 are the orbitals degrees of freedom. The electromagnetic field can be introduced through

Peierls’ substitution as,

tσ1σ2(Ri,R j)→ e
−ie
h̄

∫ Ri
R j

A(r′,t).dr′
tσ1σ2(Ri,R j). (6.1.5)

The following vector potential can be used to introduce both a static magnetic field and a

uniform electric field,

A(r, t) = A1(r) + A2(t). (6.1.6)

The electric and magnetic fields are obtained via E(t) = −∂t A2(t) and B(r) = ∇× A1(r).

Accordingly, tσ1σ2(Ri,R j) gets modified by the introduction of the magnetic field only. The

many-particle time-dependent Hamiltonian can be described by

H(t) = H0 + Hext(t), (6.1.7)

where H0 is an unperturbed Hamiltonian and Hext(t) is the time-dependent external pertur-

bation. The exponential in Eq. (6.1.5) can be expanded, which results in an infinite series of

operators for the full Hamiltonian, H(t) as,

H(t) = H0 + eAα(t)ĥα+
1
2!

e2Aα(t)Aβ(t)ĥαβ+ · · · . (6.1.8)

From the above equation, we can write the Hext(t) as,

Hext(t) = eAα(t)ĥα+
1
2!

e2Aα(t)Aβĥαβ+ · · · . (6.1.9)
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Now, we are defining V(t) = (ih̄)−1Hext and A(t) =
∫ ∞
−∞

dω
2π Ã(ω)e−iωt. After a Fourier trans-

form we get (dropping the spatial dependence),

Ṽ(ω) =
e
ih̄

ĥαÃα(ω) +
e2

ih̄
ĥαβ

2!

∫
dω′

2π

∫
dω′′

2π
× Ãα(ω′)Ãβ(ω′′)2πδ(ω′+ω′′−ω) + · · · ,

(6.1.10)

where ĥα = 1
ih̄ [rα,H] and ĥαβ = 1

(ih̄)2 [rα, [rβ,H]]. Now we define in a general sense,

ĥα1···αn =
1

(ih̄)n [r̂α1 , · · · [r̂αn ,H]], (6.1.11)

where ĥα is the single-particle velocity operator at the first-order, and r̂ is the position op-

erator. In the presence of periodic boundary conditions, the position operator is ill-defined,

but its commutator with the Hamiltonian continues to be a well-defined quantity. In the real

space, this commutator yields the matrix element of the Hamiltonian connecting the two sites

i and j multiplied by the distance vector, di j between them. di j will be a well defined quantity

in case of a periodic boundary condition if we define this quantity as the distance between

the neighbors, instead of the difference between the two positions. Hence, ĥ operators can be

defined in position space by multiplying the Hamiltonian matrix elements with the required

product of the difference vectors. The current operator can be calculated from the Hamilto-

nian, via Ĵα = − 1
Ω

(
∂H
∂Aα

)
(where Ω denotes the volume of the sample). Ĵα also follows a series

expansion due to the presence of an infinite number of A(t) terms in presence of an external

perturbation, namely,

Ĵα(t) = −
e
Ω

(
ĥα+ eĥαβAβ(t) +

e2

2!
ĥαβγAβ(t)Aγ(t) + · · ·

)
, (6.1.12)

and the first-order optical conductivity is found to be [74],

σαβ(ω) =
ie2

Ωω

∫ ∞

−∞

dε f (ε)Tr
[
ĥαβδ(ε −H0) +

1
h̄

ĥα

gR(ε/h̄ +ω)ĥβδ(ε −H0) +
1
h̄

ĥαδ(ε −H0)ĥβgA(ε/h̄−ω)
]
. (6.1.13)

The retarded and the advanced Green’s functions, Dirac deltas and the generalized veloc-

ity operators are written in the position basis which are expanded in a truncated series of

Chebyshev polynomials [237] (See appendix A).
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6.2 Results

We have taken a ribbon of size 6144 × 6144, that is, the number of unit cells in each of the

x and y directions is 6144. We further use periodic boundary conditions in our calculations.

The modified hopping parameter t2 may take values t and 2t. The convergence of the peaks

depends on the number of Chebyshev moments, M. For reasonable accuracy, we choose a

large number of Chebyshev moments, M = 4096 [66]. The value of the magnetic field B

is taken 400T for all the purposes. It may be noted that the value of B chosen here is very

high, however, computations with a lower B demands a larger size of the nanoribbon. Thus

a compromise is made between the system size and value of B for keeping our computations

numerically feasible. Nevertheless, in some situations, we have used more moderate values

of B, namely B = 100T. We have also checked that the value of M used by us serves our

purpose. However, the system size and the number of the Chebyshev moments can further

be enhanced in order to minimize the fluctuations and to achieve greater accuracy.

6.2.1 Zero magnetic field

In this subsection, we study the optical conductivity of a semi-Dirac material (t2 = 2t) in the

absence of a magnetic field for a fixed value of the chemical potential. Here, we have taken

µ = 0.4 eV. However, we also vary the chemical potential and see its effect later. To compare

the results with that of the Dirac systems, we simultaneously show results corresponding to

t2 = t.

Let us look at the longitudinal conductivities, namely, σxx and σyy. In Fig. (6.2a)-(6.2d),

we have shown the real and imaginary part of σxx and σyy as a function of the incident

photon energy for the semi-Dirac (t2 = 2t) systems (denoted by the green dotted line). The

corresponding scenario for the Dirac system is included for comparisons with a solid line

(denoted by the dark-pink color). Both the real and the imaginary parts contain the zero-

frequency Drude peak at µ = 0.4 eV. The real part of σxx shows a sharp absorption peak at

ω = 2t2 (where t2 = t = 2.8eV for Dirac) for the Dirac system, whereas a peak with lesser

magnitude at ω = 2t2 (where t2 = 2t = 5.6eV for semi-Dirac) over a broad frequency range

is observed for the semi-Dirac one. The Dirac case (t2 = t) of course fails to distinguish

between the real part of σxx and σyy as shown in Fig. (6.2a) and (6.2b) (this is also true for

the imaginary part of σxx and σyy). Since the symmetry of the Dirac cone changes when the

particle hopping is different along one direction of the lattice (here it is t2 = 2t), the absorption
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Figure 6.2. (Color online) The real and imaginary part of the optical conductivity (in units of
e2/h) as a function of photon energy h̄ω (in units of eV) is shown for Dirac (t2 = t) and semi-
Dirac (t2 = 2t) systems. The dark-pink (solid curve) corresponds to Dirac system whereas green
one (dotted curve) corresponds to semi-Dirac. µ is set to be 0.4 eV.

spectrum yield different results for xx and yy. The real and the imaginary parts of σyy both

show extra peaks near zero-frequency (along with the Drude peak) as seen from fig. (6.2b)

and (6.2d). These peaks are associated with the splitting of the van Hove singularities in

the density of states. These splits van Hove singularities move apart from each other as the

hopping anisotropy becomes larger [229].

Since the chemical potential is tunable in experiments by application of a gate voltage

[75, 238], we have shown the real part of optical conductivity for three different values of

the chemical potential for these cases, namely, t2 = 2t and t2 = t. Fig. (6.3a) and (6.3b) show

that peaks near the low frequency region for the real part of σxx shifts towards the high

frequency region with the increasing chemical potential for the Dirac (t2 = t) and the semi-

Dirac (t2 = 2t) systems. The inset in the right frame is zoomed in, close to zero frequency,
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Figure 6.3. (Color online) The real part of the optical conductivity, σxx (in units of e2/h) as
a function of photon energy, h̄ω (in units of eV) is shown with the variation of the chemical
potential µ namely, µ = 0.4,0.6,0.8eV for (a) Dirac (t2 = t) and (b) semi-Dirac (t2 = 2t) systems.
(b) The inset in the right frame is zoomed in, close to zero frequency.

which clearly depicts the frequency region where the changes in the chemical potential are

important for the semi-Dirac case.

6.2.2 Magneto-transport

To study the optical transport properties in the presence of a perpendicular magnetic field, we

consider a semi-Dirac nanoribbon that consists of approximately 106 number of atoms. In

presence of a magnetic field, the off-diagonal terms in the xy and yx directions (σxy and σyx)

and the diagonal terms in xx and yy directions (σxx and σyy) both contribute to the optical

transport as seen from Eq. (6.1.13).

In the following, we wish to discuss the effect of a magnetic field on a semi-Dirac

nanoribbon. Results for a Dirac ribbon are included for comparison all the while. In

Figs. (6.4a) and (6.4b) we have shown the LLs, En (both above and below the zero en-

ergy) for different LL indices, n (n = 0, 1, 2, 3, 4 · · · ) as a function of the magnetic field,

B (in Tesla) for t2 = 2t (semi-Dirac) and t2 = t (Dirac) cases. It is known that the LLs for a

semi-Dirac system [43] depend on the index, n and the magnetic field, B via
(
(|n + 1

2 |)B
)2/3,

while the corresponding dependence for a Dirac system [181] are more well-known, namely,

(|n|B)1/2. Thus these analytic forms can be used to compare with the numerical values ob-

tained by us. In the upper panel of Fig. (6.4), we show these analytic forms via solid lines,

while the numerical results are demonstrated via dotted lines. It is seen that the agreement

is fairly good in both cases, which essentially becomes perfect for large values of n for the
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Figure 6.4. (Color online) The two upper panels give the Landau level energies, E (in units of eV)
as a function of the magnetic field, B (in units of Tesla) for various values of Landau level indices
n (labelled as 0, 1, 2 , 3, 4, · · · ) for (a) t2 = 2t (semi-Dirac) and (b) t2 = t (Dirac). The solid and
the dotted lines are obtained from theoretical scaling (E goes as B2/3 for semi-Dirac case and

√
B

for Dirac case) and simulation respectively. In the two middle panels ((c) and (d)), a few allowed
optical transitions are indicated by the vertical (dark-green) arrows and the chemical potential
(µ = 0.4 eV) is shown by the horizontal black dashed line. The left and right panels correspond
to t2 = 2t and t2 = t at B = 400T respectively. In the two lower panels energy levels, E (in units of
eV) versus density of states (DOS) (in units of 1/eV) are shown for (e) t2 = 2t (semi-Dirac) and
(f) t2 = t (Dirac) at B = 400T.
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semi-Dirac case (for the Dirac case, we have a fairly good agreement for all values of n).

Let us look at the plots more closely. For the semi-Dirac case, the solid pink curve and

the dashed black curve that correspond to the lowest LL (n = 0) are slightly shifted from

E = 0 for all values of the magnetic field as seen from Fig. (6.4a). This is in contrast to

the Dirac case, where the energy scales as
√

B and the solid lines coincide with the dotted

ones for positive as well as negative energy levels, with the n = 0 LL occurring exactly at

zero energy as shown in Fig. (6.4b). A particle-hole symmetry with respect to E = 0 is

preserved for both the Dirac (t2 = t) and the semi-Dirac cases (t2 = 2t). In the middle panel

of Fig. (6.4) (Fig. (6.4c) and Fig. (6.4d)), we show possible optical transitions at a particular

value of the magnetic field, namely, B = 400T for two different systems at a fixed value of

the chemical potential, µ = 0.4 eV. The solid lines denote the positive branches, whereas the

negative branches are denoted by dotted lines. Apart from that, the arrows in the middle

panel depict the transition from the occupied to the unoccupied levels through the absorption

of a photon. The value of the chemical potential used in our computations is shown by a

horizontal black dashed line, which falls between the two consecutive LLs. The effects of

varying the chemical potential will be discussed later.

In Fig. (6.5) we have shown the real parts of the longitudinal MO conductivities, Re(σxx)

and Re(σyy) as well as the MO Hall conductivity, Re(σxy) as a function of photon energy

(h̄ω) for the semi-Dirac (t2 = 2t) and the Dirac (t2 = t) systems corresponding to a fixed

chemical potential µ = 0.4 eV at B = 400T (shown by the red curve) in the main frame.

Plots with a more moderate value of the magnetic field (say, 100T) are shown in the inset of

Fig. (6.5) (shown by the blue curve). The real parts are related to the optical absorption of

the nanoribbon and hence characterize the MO properties.

The non-equidistant Landau levels in the semi-Dirac case mentioned above has a con-

sequence on the transport properties presented below. Particularly, the peaks for the real

as well as the imaginary parts of the MO conductivity are modified compared to the Dirac

case. This is depicted in Fig. (6.5) and Fig. (6.6). For the real parts of σxx and σyy, a series

of asymmetric absorption resonance peaks are observed for both the semi-Dirac (t2 = 2t)

and the Dirac (t2 = t) cases, which result from the optical transitions between different LLs.

Since in optical transitions, the selection rules allow the value of n to change only by 1, the

transition from n = 0 to n = 1, indicated by the shortest green arrow in Figs. (6.4c) and (6.4d)

gives the first peak (denoted by dark-violet arrow) in Re(σxx) for both t2 = 2t and t2 = t as

shown in the top panels of Fig. (6.5) (Figs. (6.5a) and (6.5b)). The only difference that can

be seen is that the peak has shifted slightly to lower energy with reduced intensity for the
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Figure 6.5. (Color online) The real parts of the longitudinal MO conductivities, σxx and σyy and
the MO Hall conductivity, σxy (in units of e2/h) are shown as a function of photon energy, h̄ω
(in units of eV) for (a) t2 = 2t (semi-Dirac) and (b) t2 = t (Dirac) at B = 400T in the main frame
(denoted by red curve). The inset plots show the same for more moderate values of magnetic
field, say 100T (denoted by blue curve) for t2 = 2t and t2 = t. µ is set to be 0.4 eV.

semi-Dirac case (t2 = 2t).

Next, we observe that the two arrows, that is, from n = 1 (negative energy) to n = 2

(positive energy) and from n = 2 (negative energy) to n = 1 (positive energy) contribute to the

formation of the second peak (denoted by a black arrow). For the Dirac case (t2 = t), these

two arrows have exactly the same length, and consequently, there is only one peak in the

conductivity spectrum. In contrast to the Dirac case, these two arrows have slightly different

lengths for the semi-Dirac case (t2 = 2t) since the symmetry between the positive and the

negative spectra ceases to exist. Still we have observed a single peak (denoted by black
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arrow) in Re(σxx) because the energy difference between a transition from n = 1 (negative

energy) to n = 2 (positive energy) and that from n = 2 (negative energy) to n = 1 (positive

energy) is small, and hence not resolved in our studies. The rest of the peaks (third, fourth,

and so on) are similar to the second peak; they come from a pair of transitions from −n to

n + 1 and −(n + 1) to n as shown in Fig. (6.4). For example, the fourth peak (denoted by

yellow arrow) observed in upper panel of Fig. (6.5a) is due to the combined transitions from

n = 4 (negative) to n = 3 (positive) and n = 3 (negative) to n = 4 (positive). For the Dirac

case (t2 = t), the real part of σyy gives the same result as that of σxx due to the isotropic

nature of the system. Nevertheless, we show that both σxx and σyy in the same plot (as

shown in the upper panel of Fig. (6.5b)). Whereas for the semi-Dirac case (t2 = 2t), we

have σxx , σyy owing to the anisotropic band dispersion along the kx and the ky directions

(see the middle panel of Fig. (6.5a). In this case, the intensity of the absorption peak for

Re(σyy) is much larger (roughly one order of magnitude) than those of Re(σxx). Also, the

height of the second peak (indicated by black arrow) in the Re(σyy) is too small compared to

other peaks as shown in the inset plot, whereas the third one (denoted by green arrow) splits

due to the energy difference as mentioned earlier. The peak positions and the intensities of

the transport phenomena are functions of both the velocities of the electrons in the LLs and

electron filling. For a given LL, the carriers in the semi-Dirac case have lesser velocity. This

causes a lower peak height than the Dirac case. As mentioned earlier, the electron density

plays a role as well in shaping the peaks observed in the real parts of σxx and σyy for both

the semi-Dirac and Dirac cases. This can be seen via the density of states (DOS) plotted in

the lowest panels of Fig. (6.4), namely Figs. (6.4e) and (6.4f). The magnitude of the DOS

plotted along the x-axis corresponding to the semi-Dirac case is at least small by a factor of

two than those for the Dirac case.

So far, we have discussed the MO conductivity considering the diagonal term, namely

σxx and σyy. It is also of interest to see the effects of the off-diagonal component, namely

σxy, which we shall discuss here. In the bottom panel of Fig. (6.5), we have plotted the

real part of the MO Hall conductivity, Re(σxy) as a function of the photon energy for both

the semi-Dirac (t2 = 2t) and the Dirac (t2 = t) cases at B = 400T (shown by the red curve)

as shown in the main frame. The main features of the real part of the Hall response are its

antisymmetric behavior about its zero value and the presence of a single peak on either side

of zero intensity. The peak in the spectrum results from a single transition (that is, n = 0 to

n = 1) that contributes to the MO Hall conductivity σxy. In the lower panel of Fig. (6.5a)

for the semi-Dirac case (t2 = 2t), the first peak (in the positive direction) with maximum
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Figure 6.6. (Color online) The imaginary parts of the MO Hall conductivity, σxy (in units of e2/h)
are shown as a function of photon energy, h̄ω (in units of eV) for (a) t2 = 2t (semi-Dirac) and (b)
t2 = t (Dirac) at B = 400T in the main frame (shown by the red curve). The inset plots show the
same for moderate values of magnetic field, (for example, B = 100T) for t2 = 2t and t2 = t. µ is
set to be 0.4 eV.

intensity occurs at 0.29 eV, and the first peak (in the negative direction) with a minimum

intensity occurs at 0.35 eV, both of which are shifted to lower energies as compared to the

Dirac case. Also, two pairs of positive and negative peaks are observed in the vicinity of 0.72

eV (denoted by black arrow) and 0.95 eV for the semi-Dirac case, respectively. For the Dirac

case (t2 = t), Re(σxy) first shows a positive peak with maximum intensity occurring at 0.63

eV and hence a negative peak with minimum intensity occurring at 0.67 eV as shown in the

lower panel of Fig. (6.5b). The similarity that exists between the semi-Dirac and the Dirac

cases is that the MO Hall conductivity remains flat for low energies and tends to vanish for

higher energies in both cases.

Next, we have shown the imaginary part of the MO Hall conductivity, namely Im(σxy) as

a function of the photon energy, h̄ω in Fig. (6.6). For the semi-Dirac case (t2 = 2t), the imag-

inary part of σxy only shows positive peaks (see Fig. (6.6a)) exactly where the real part of the

MO Hall conductivity, that is, Re(σxy) shows the absorption peaks as seen from lower panel

of Fig. (6.5a). In the case of the Dirac system (t2 = t), Im(σxy) shows a sharp single positive

peak at the same energy that corresponds to the peak of the Re(σxy) as shown in Fig. (6.5b).

The peak positions for the real and the imaginary parts of the MO Hall conductivity, σxy

have a correspondence with the absorption peaks of the longitudinal MO conductivities for

both the semi-Dirac and the Dirac cases as shown in Figs. (6.5) and (6.6). For example, the

second peak of the real and imaginary part of the MO Hall conductivity, Re(σxy) and Im(σxy)

occurs at energy very close to 0.72 eV that corresponds to the second peak (denoted by black
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arrow) for the Re(σxx) for the semi-Dirac case as shown in Fig. (6.5a). This is expected as

the absorption, and the transmission both correspond to the transition of the carriers from

one LL to another.

In the following, we observe the effects of a few key quantities that characterize the MO

phenomena and also aid in distinguishing the semi-Dirac and the Dirac cases. Specifically,

we explore the effects of the electron filling via tuning the chemical potential, µ, and the

polarization of the incident light. Further, we study another quantity that characterizes the

MO property, namely the Faraday rotation angle.
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Figure 6.7. (Color online) In the upper two panels, a few allowed optical transitions are shown
indicated by arrows for various values of the chemical potential for (a) t2 = 2t (semi-Dirac) and
(b) t2 = t (Dirac) at B = 400T. Those µ values are marked with the horizontal black dashed lines.
In the lower two panels, the real parts of the longitudinal MO conductivity, σxx in units of e2/h are
shown as a function of photon energy, h̄ω in units of eV for various values of chemical potential
µ for (c) t2 = 2t (semi-Dirac) and (d) t2 = t (Dirac) at B = 400T.
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6.2.3 Electron filling

In this section, we shall see how the electron concentration affects the MO conductivities.

The electron densities can be controlled by varying the chemical potential, µ, which can fur-

ther be tuned using external means, for example, a gate voltage. The values of µ considered

here are different for the Dirac and the semi-Dirac cases. However, care is taken so that the

corresponding values lie between the same pairs of the LL in both cases. As µ is varied, it

moves through the successive LLs. In Figs. (6.7a) and (6.7b), we have shown the allowed

transitions for different values of the chemical potentials by arrows of different colors at

B = 400T for the semi-Dirac (t2 = 2t) and the Dirac (t2 = t) cases respectively. According to

the transition rules, when µ falls between the nth and (n+1)th LLs, the transitions from values

lower n are blocked. So only the transitions passing through the µ value are allowed. For

example, when µ lies between the LLs n = 1 and n = 2, the transition is shown by the shortest

dark-red arrow in Fig. (6.7b) is allowed, whereas the transitions originating from LLs lower

than n = 1 is blocked. For example, transition from n = 0 to n = 1 is forbidden. These values

of the chemical potential are demonstrated in the upper panel of Fig. (6.7) via black dashed

lines. In our case, we have chosen three different values of µ = 0.4 eV, 0.6 eV, and 0.8 eV,

which fall between the zeroth and the first (where the transitions are shown by dark-green

arrow), the first and the second (where the transitions are shown by dark-red arrow), and the

second and the third (where the transitions are shown by dark-blue arrow) LLs respectively.

For example, in Fig. (6.7c), we have shown the Re(σxx) for the three different values of µ

=0.4 eV (falls between the zeroth and the first LL), 0.6 eV (falls between the first and the

second LL) and 0.8 eV (falls between the second and the third LL) for the semi-Dirac case

(t2 = 2t). When µ = 0.4 eV, the transition from n = 0 to n = 1 (shortest dark-green arrow

in Fig. (6.7a)) yields the first peak (denoted by dark-violet arrow) at lower energies. As we

increase µ to 0.6 eV (shown by the green dotted curve), only the first (denoted by grey ar-

row) and the second (denoted by the blue arrow) peaks shift to lower energies, which occur

at 0.22 eV and 0.56 eV. Whereas the third (denoted by black arrow) and the fourth (denoted

by red arrow) peaks coincide with the second and the third peaks that correspond to those

for µ = 0.4 eV (solid red curve). When µ is increased further, that is, to 0.8 eV, though the

first peak (dashed blue curve denoted by the orange arrow) shifts to lower frequencies, the

second peak (denoted by the pink arrow) splits, in addition to getting shifted towards lower

frequencies. Further, the third peak at an energy value of 0.72 eV remains intact, whereas

the fourth one (at an energy value of 0.96 eV) vanishes.
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It is worth mentioning that some of the transitions are strong, whereas some of them

are weak. The relative strengths are determined by the height of the absorption peaks (see

Fig. 6.7c). The transition probabilities are proportional to the height of the absorption peaks.

The larger the transition probability, the absorption peaks are larger.

To compare with the Dirac case [220] (t2 = t), we show that Re(σxx) as a function of the

photon energy, h̄ω for increasing values of the chemical potential µ = 0.4 eV (falls between

the zeroth and the first LL), 0.8 eV (falls between the first and the second LL) and 1 eV

(falls between the second and the third LL) in Fig. (6.7d). Here, the effects of µ shown by

the solid red curve for µ = 0.4 eV (which falls between the zeroth and the first LL) and

the corresponding results are already discussed in the previous section. If we increase µ

from 0.4 eV to 0.8 eV, the first peak (dotted green curve denoted by grey arrow) that results

from transition between the n = 1 to n = 2 levels (shown by the shortest dark-red arrow in

Fig. (6.7a)) shifts to lower frequencies. Compared to the first peak, the second one (denoted

by red arrow) does not shift, however, the intensity becomes half for the peak at an energy

of 1.57 eV. The reason is obvious since the transition from n = 1 (negative energy) to n = 2

(positive energy) is allowed, whereas n = 2 (negative energy) to n = 1 (positive energy) (n =

1 level falls below the LL) is Pauli blocked. When µ is further increased to 1 eV (which falls

between the second and the third LLs), the peak disappears since both the transitions (n = 1

(negative energy) to n = 2 (positive energy) and n = 2 (negative energy) to n = 1 (positive

energy)) are forbidden. Further, there is a reduction in the height of the peak at about 1.57

eV.

6.2.4 Circular polarization

Here, we probe the effects of changing the polarization of the incident light as usually done

in experiments. Instead of a linearly polarized light, we can take a circularly polarized one,

whose effects can be simply incorporated by superposing the quantities obtained in our MO

transport studies. For example, we can define σ±=σxx ± iσxy, where σ+ denotes light with

right-handed polarization and σ− denotes that with left-handed polarization. The real (ab-

sorptive) part of σ± can be written as,

Re(σ±(ω)) = Re(σxx(ω))∓ Im(σxy(ω)), (6.2.1)

where the upper(lower) sign corresponds to MO conductivities with the right(left) circular

polarization. In Fig. (6.8), we show the Re(σ) as a function of the photon energy, h̄ω for
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Figure 6.8. (Color online) In the upper two panels, the real parts of the right-handed polarized
MO conductivity σ+ and that of the left-handed polarized one σ− (in units of e2/h) are shown as
a function of photon energy, h̄ω (in units of eV) for a fixed value of chemical potential µ = 0.4eV
for (a) t2 = 2t (semi-Dirac) and (b) t2 = t (Dirac) at B = 400T. The lower two panels ((c) and (d))
depict the same scenario by varying the chemical potential which falls between the n = 1 and n = 2
Landau levels.

t2 = 2t and t2 = t at B = 400T. The dotted green curve is for σ−, and the solid red curve

is for σ+. In the upper panels, µ is taken to be 0.4 eV which lies between the zeroth and

the first LLs. For the semi-Dirac case (t2 = 2t), the lowest frequency peaks in Re(σ−) differ

significantly than in Re(σ+). It can be noted from Fig. (6.8a) that only the peaks with the

first (denoted by the orange arrow), second (denoted by red arrow), and third (denoted by

black arrow) lowest frequencies become positive for σ−, whereas they are negative for σ+.

Moreover, the magnitude of those three peaks is lesser for σ+ than those for σ−. The rest

of the peaks have almost the same magnitude. However, when t2 = t, Re(σ−) has only

one peak at a low frequency which is absent in Re(σ+) due to the cancellation between the

longitudinal MO and the MO Hall conductivities with each other [224, 226, 239]. For the
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semi-Dirac case (t2 = 2t), the anisotropy of the Dirac cone in the band structure leads to

non-cancellation between the longitudinal MO and the MO Hall conductivities. This low-

frequency peak in Re(σ−) is followed by a series of interband peaks that are identical to

those in Re(σ+) as shown in Fig. (6.8b). When the chemical potential is increased such that

it lies between the first and the second LLs, the fourth (denoted by the pink arrow) and fifth

(denoted by yellow arrow) peak for σ+ becomes negative with increased intensity for t2 = 2t

as shown in Fig. (6.8c). For the Dirac case (t2 = t), the first peak at an energy value 1.57

eV in σ+ vanishes as seen from Fig. (6.8d). Thus our studies imply that the polarization of

the incident light brings in significant changes to the MO transport that can be easily probed

in experiments. Other polarizations, such as elliptical polarization, etc., may have similar

observable changes.

6.2.5 Faraday rotation

Finally, we shall discuss Faraday rotation in a semi-Dirac system and compare it to the

Dirac case. It is interesting to mention that the real part of transverse MO conductivity (that

is, σxy) calculated here can be directly used in Faraday rotation experiments [210]. The

Faraday-rotation angle θF , which is proportional to σxy can be written as,

θF =
2π
c

Re(σxy(ω)), (6.2.2)

where c is the velocity of light in vacuum and Re(σxy) is the real part of MO Hall conduc-

tivity. Figs. (6.9a) and (6.9b) show the Faraday angle, θF as a function of the photon energy,

h̄ω in the UV-VIS range for different values of the magnetic field at a particular value of the

chemical potential which falls between the zeroth and the first LL for the semi-Dirac (t2 = 2t)

and the Dirac (t2 = t) cases respectively. The corresponding values of µ at given values of

B are quoted in the plots. The spectra show an edge-like structure with a positive rotation

at low energies and a negative rotation at higher energies for both the semi-Dirac and the

Dirac cases. For the semi-Dirac case, the maximum peak of the Faraday rotation shifts to-

wards lower energies, and the value of the maximum Faraday rotation is 1.8◦ (≈ 0.03 rad)

at B = 400T which is small compared to the Dirac case as shown in Fig. (6.9a). It is to be

noted that a discernible Faraday rotation is also observed at 0.93 eV with a maximum value

of 0.17◦ (≈ 0.003 rad) at B = 400T which is absent for the Dirac case. For smaller values of

magnetic field (say, for 200T and 100T), the plot shows qualitatively similar behavior. For

the Dirac case, the maximum Faraday rotation is 3.9◦ (≈ 0.06 rad) at B = 400T, which is
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larger than the other two magnetic fields, namely, B = 200T (shown by green dotted curve)

and 100T (shown by red dashed curve) as shown in Fig. (6.9b). For both cases, the spec-

tra depend on the value of the magnetic field used. To further endorse the correspondence,

we plot the maximum Faraday angle as a function of B for both the semi-Dirac and Dirac

cases as shown in the inset of Fig. (6.9). There is a steady growth of θmax (corresponding to

the peak value of Re(σxy)) and a decline in θmin (corresponding to the peak in the negative

direction) for both the cases. The behavior observed for the Faraday rotation angle and its

dependence on the value of the magnetic field for the maximum and the minimum rotation

angles in graphene [210], namely, θmax and θmin match well with the Dirac case presented

here.
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Figure 6.9. (Color online) The Faraday rotation angle, θF (in units of deg) is plotted as a function
of photon energy, h̄ω (in units of eV) for different values of magnetic field and chemical potential
for (a) t2 = 2t (semi-Dirac) and (b) t2 = t (Dirac). The insets show the maximum (θmax) and the
minimum (θmin) Faraday angle, θF (in units of deg) versus magnetic field, B (in units of Tesla).

.

6.3 Summary

We have investigated MO transport properties of a semi-Dirac system subjected to an exter-

nal magnetic field and compared them to those for the Dirac systems. Owing to the different

properties of the LLs, the MO conductivities show several distinct features for the semi-Dirac

case as compared to the Dirac one. The real parts of the longitudinal MO conductivities

(Re(σxx) and Re(σyy)) in either of the cases acquire a series of absorption peaks owing to

the transition between the LLs with the semi-Dirac case having additional features owing to

an asymmetric distribution of the LLs and their densities of states. Also, the peak intensity
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for Re(σyy) is one order of magnitude larger than that of Re(σxx) as the semi-Dirac case has

relativistic dispersion in the y-direction (non-relativistic in the x-direction) and hence entails

a larger velocity than that in the x-direction. Further, in the case of MO Hall conductivity,

the semi-Dirac case shows extra absorption peaks for the real, as well as the imaginary parts,

owing to the optical transitions. Moreover, we have studied the effect of electron filling on

the absorption spectra by tuning chemical potential between the consecutive LLs. Also, to

explore the interplay of the polarization of the incident radiation with MO transport, we con-

sider the light of different polarization, namely, a circularly polarized light. Particularly, the

right circularly polarized beam yields distinct features for the semi-Dirac case compared to

the Dirac one. Finally, to ascertain the MO activity of the semi-Dirac systems, we study Fara-

day rotation, where we obtained two discernible Faraday rotation angles for the semi-Dirac

case. It should be possible that this feature may be realized in the experiments.
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7 Conclusions and outlooks

7.1 Summary of the work done

In this chapter, we conclude with the main outcome of this thesis and give a brief idea

that could be the possible extension of the work done by us. In our thesis, we have largely

explored the transport properties of 2D semi-Dirac materials within the framework of a tight-

binding model on a honeycomb lattice in the presence of spin-orbit couplings and magnetic

fields. The results are compared and contrasted with those for the Dirac systems. Magnetic

field plays a significant role in studying the quantum Hall effect, whereas the spin-orbit

coupling, which does not violate the time-reversal symmetry, helps us to understand the

spin transport and hence should be applicable to spintronic systems. Also, the topological

phases of matter of these systems open up new directions for better understanding and reveal

many possible applications. We found several exotic quantum phenomena shown by the 2D

semi-Dirac systems due to their anisotropic behavior as compared to the Dirac ones.

As a starting point, we have presented the band structure of a 2D Dirac and a semi-

Dirac system using the tight-binding Hamiltonian. The anisotropic behavior of the band

structure reveals that 2D semi-Dirac system is Dirac-like in one direction, whereas in the

other direction it is like that of normal metals. We have shown the evolution of the edge

states as we tune the band structure from being Dirac to semi-Dirac systems. To study the

edge state properties, we derive the eigenvalue equations for the zero-energy edge modes of

Dirac and semi-Dirac systems using nanoribbons. For the Dirac case (such as graphene), we

see that the amplitude of the wave functions decays exponentially indicating the edge states

are highly localized at the edges of the ribbon and there is an exponential decay as one moves

into the bulk. We compute the band structure where the flat bands exist within a certain finite

momentum range that corresponds to the two edge modes. We observe a quantized plateau at

2e2/h around zero of the Fermi energy in the conductance spectra due to the presence of the

edge modes. In the case of bilayer nanoribbon, the behavior of the edge states of a bilayer

131
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graphene is different than that of a monolayer graphene as seen from the probability density

plot. We calculated the band structure and found that there are four flat bands corresponding

to four edge states. This implies that there exist two edge modes per edge. Instead of a

2e2/h plateau, we observe a plateau at 4e2/h for bilayer graphene near the zero of the Fermi

energy as compared to a single layer. For the semi-Dirac nanoribbon, the edge states are

more localized at both the edges of the ribbon and decay faster inside the ribbon than its

Dirac counterpart. The band dispersion shows that the edge modes are completely separated

from the bulk one. Also, the flat bands exist and are much more extended in the case of semi-

Dirac ribbons. The conductance plateaus are quantized with the same value, namely 2e2/h,

as observed for the Dirac case. However, the width of the plateau diminishes as compared to

the Dirac case. The LDOS results provide robust support for our results on the edge states

derived analytically for all these cases.

In the third chapter, we have computed analytical expressions for the zero-energy edge

modes for a Dirac and a semi-Dirac nanoribbon in presence of the intrinsic and the Rashba

SOC within the framework of the Kane-Mele model. We have calculated the band struc-

ture and the conductance for graphene with intrinsic SOC, graphene with Rashba SOC, and

graphene with both SOCs. We re-establish the existence of topologically protected edge

states owing to the presence of parity and time-reversal symmetry of the Hamiltonian. The

system acquires edge states in presence of spin-orbit couplings as observed from band struc-

ture and both analytic and numeric calculation of electron probability densities. The conduc-

tance spectra further show a plateau at a non-zero value (= 2e2/h) near the zero of the Fermi

energy. In addition, we derive analytical expressions for the edge modes for a bilayer Kane-

Mele model in presence of both SOCs. An asymmetry in the finite-size ribbon is observed in

presence of intrinsic SOC, which otherwise is absent for a tight-binding model in the band

structure. Moreover, the band structure plots show that the QSH phase can be destroyed

with the inclusion of interlayer RSOC. Further, we observe a plateau at = 4e2/h for pristine

bilayer graphene near the zero of the Fermi energy in the charge conductance spectra, while

it decreases in presence of both intrinsic and Rashba SOCs. Studies on spin transport re-

veal that bilayer graphene should be an appropriate material for spintronic applications. To

make a connection with experiments, we have computed the effective mass and have shown

that it can be tuned by the inclusion of Rashba SOC. Next, we have explored the similar

characteristics for a semi-Dirac nanoribbon as described earlier. We have shown the analytic

expressions for the zero-energy edge modes for a semi-Dirac nanoribbon in presence of both

the SOCs. With the inclusion of intrinsic SOC (Rashba SOC is turned off), we find that the
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edge modes are completely separated from the bulk modes, similar to the tight-binding case.

The charge conductance shows the same feature as observed from the band structure. When

we turn on the Rashba SOC, the 2e2/h plateau vanishes at some critical value when both the

parameter values become equal, and the charge conductance becomes zero eventually, which

is also true for higher values of Rashba SOC.

In the fourth chapter, we include a magnetic field and study the different physical prop-

erties of a semi-Dirac nanoribbon within the framework of a tight-binding model of a hon-

eycomb lattice. We also present our results for the Dirac cases. We consider a semi-infinite

semi-Dirac nanoribbon and study the Hofstadter butterfly and the properties of the Landau

level spectra. We observe two identical gapped spectra in the Hofstadter butterfly spectrum

for the semi-Dirac case, which is absent for the Dirac case. A zero-energy mode is seen in

the spectrum in contrast to a Dirac system. The Landau levels become fully dispersive in

bulk for moderate values of the magnetic flux, which is not true for the Dirac case.

In the fifth chapter, we have explored the quantum Hall properties of a semi-Dirac

nanoribbon in presence of an external magnetic field using a tight-binding model on a hon-

eycomb lattice and compared it with the Dirac case. We numerically explore the magneto-

transport properties using the Kubo formula based on Kernel Polynomial Method (KPM) via

calculating the longitudinal and Hall conductivities. We observe that the transverse or Hall

conductivity shows standard quantization similar to that of a conventional semiconductor

two-dimensional electron gas. This is sharply in contrast with respect to a Dirac system. The

density of states shows the absence of a zero Landau level peak in the case of a semi-Dirac

system. Owing to the anisotropic dispersion, the longitudinal conductivities in the xx and yy

directions, that is, σxx and σyy show distinct behavior.

In the sixth chapter, we have explored the magneto-optical transport properties of a

semi-Dirac system in presence of an external magnetic field using Keldysh formalism. For

comparisons, we present the results for the Dirac systems. The MO conductivities show

various distinct features for the semi-Dirac case as compared to the Dirac one. The real parts

of the longitudinal conductivities show a series of absorption peaks owing to the transition

between the Landau levels with the semi-Dirac case having additional features owing to

an asymmetric distribution of the Landau levels and their densities of states. Further, the

MO Hall conductivity shows a pair of extra absorption peaks for the real, as well as the

imaginary parts, owing to the additional optical transitions for the semi-Dirac case. The

effect of electron filling on the absorption spectra has been studied by tuning the chemical

potential between the consecutive Landau levels. The polarization effect of the incident
TH-2574_166121018
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radiation with MO transport has been explored. Finally, we have studied Faraday rotation

which should be possible to be realized in the experiments.

7.2 Future prospects

The thermoelectric effect can be studied in many 2D Dirac materials which usually hold the

key to exotic properties. This will help to find the thermoelectric responses with relevant

quantities such as thermopower, Nernst coefficient, etc. Additionally, the thermoelectric

Hall effect (transverse response) in presence of a magnetic field could be an interesting phe-

nomenon. The implication of such a method could be a potential pathway for achieving

efficient platforms for waste heat recovery in thermoelectric devices.

Interaction effects such as long-range interaction, short-range interaction can be studied

by introducing an on-site Hubbard interaction term in a Kane-Mele model. The electron

co-relation effects may play an most important role in the topological phase transitions.

Moreover, the behavior of the surface modes, band deformation, effects of spin-orbit

coupling and magnetic field can be explored in the 3D TIs.
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A Chebyshev expansion

The first kind Chebyshev polynomials can be defined as, Tn(x) = cos(n cos−1(x)) in the range

[−1, 1]. The recursion relations, T0(x) = 1, T1(x) = x and Tn+1(x) = 2xTn(x)−Tn−1(x) and

the orthogonality relation,

∫ 1

−1
Tn(x)Tm(x)

dx
√

1− x2
= δnm

1 +δn0

2
(A.0.1)

are satisfied by these polynomials. The expansion of the Dirac delta in terms of Chebyshev

polynomials, can be written as,

δ(ε −H0) =

∞∑
n=0

∆n(ε)
Tn(H0)
1 +δn0

, (A.0.2)

where

∆n(ε) =
2Tn(ε)

π
√

1− ε2
. (A.0.3)

Also the Green‘s function can be expressed in terms of the Tn(x) as,

gσ,λ(ε,H0) = h̄
∞∑

n=0

gσ,λn (ε)
Tn(H0)
1 +δn0

, (A.0.4)

where

gσ,λn (ε) = −2σi
e−niσ cos−1(ε+iσλ)√

1− (ε + iσλ)2
. (A.0.5)

The function gσ,λ represents both the retarded and the advanced Green’s function in the limit

λ→ 0+, where λ is the finite broadening parameter. g+,0+
and g−,0

+
are the retarded and the

advanced Green’s function respectively. Hence, the Dirac deltas and Green’s function are

combinations of a polynomial of H0 (the unperturbed Hamiltonian) and a coefficient which

are functions of the frequency and the energy parameters. The trace in the conductivity can
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be written as a trace over a product of polynomials and ĥ operators. The Γ matrix needed in

the expression of conductivity is written as,

Γα1,··· ,αm
n1···nm =

Tr
N

[
h̃α1

Tn1(H0)
1 +δn10

· · · h̃αm
Tnm(H0)
1 +δnm0

]
, (A.0.6)

where N is the number of unit cells. The upper indices can be used for any number of indices:

α1 = α1
1α

2
1 · · ·α

N1
1 and h̃α1 = (ih̄)N1 ĥα1 . Here the coefficients of the Chebyshev expansion can

be written similarly in a matrix form as,

Λn =

∫ ∞

−∞

dε f (ε)∆n(ε) (A.0.7)

and

Λnm(ω) =h̄
∫ ∞

−∞

dε f (ε)
[
gR

n (ε/h̄ +ω)∆m(ε)

+∆n(ε)gA
m(ε/h̄−ω)

]
, (A.0.8)

where f (ε) = (1 + eβ(ε−µ))−1 is the Fermi-Dirac distribution function, where β is the inverse

temperature and µ is the chemical potential. Hence the first-order conductivity becomes,

σαβ(ω) =
−ie2

Ωch̄2ω

[∑
n
Γ
αβ
n Λn +

∑
nm
Λnm(ω)Γα,βnm

]
(A.0.9)

where Ωc is the volume of the unit cell.

Also, the density of states can be found in terms of Chebyshev polynomials using Eq. (A.0.2)

as,

ρ(ε) =
1
N

Trδ(ε −H0) =
1

π
√

1− ε2

∞∑
0

µnTn(ε), (A.0.10)

where N= dim Ĥ0 is the Hilbert space dimension, µn denotes the Chebyshev moments. The

Chebyshev moments µn is,

µn =
1
N

1 +δn,0

2
Tr Tn(H0). (A.0.11)
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