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Abstract

Active matter or self-propelled particles (SPPs) are characterised by their inherent

ability to consume energy from the environment and eventually drive themselves out

of equilibrium. Bacteria swarms, cell clusters, insects, fish schools, birds, human

crowd, and even many artificial self-driven systems are all examples of the active

matter which exhibits collective motion. In a seminal work, Vicsek et al. proposed a

model for studying the collective motion of SPPs in two dimensions, famously known

as the Vicsek model (VM). In this model, a large number of SPPs move together at a

constant speed (v0), and they align their direction of motion with their neighbours

through a short-range alignment interaction. However, the average direction is

subject to an angular noise (η). For a given density (ρ0), an orientational order-

disorder transition occurs at a critical noise (ηc). Though the order of transition

depends on the values of (ρ0, v0), the properties exhibited at the transition point

are characterised and understood rigorously.

Perturbations or agitations are common in nature. For example, migration of

a herd of animals across forests or steps, traffic flow in busy cities, a microbial

colony in natural habitats etc. Hindrance or external disturbances along the path

of SPPs can cause a perturbation in the system in the form of disruption of their

motion or change in orientation. However, the collective dynamics of SPPs with

inherent perturbation in the system is rarely studied. In this thesis, we have studied

the collective dynamics of SPPs incorporating a trapping perturbation in the VM

under which the SPPs get trapped for a while with a position-dependent trapping

probability as they pass through the trapping region and pick up a random velocity

direction on release. The study of the VM incorporating such a perturbation reveals

several novel properties of the system. It sheds light on the order of transition in the

VM, identifies the crossover system size, and clarifies the existence of a tricritical

point.

One of the main criteria of VM is that all the SPPs should have the same velocity.

However, in natural systems, the velocities of particles need not be the same during
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Abstract

collective motion. For example, fast-moving (active) and slow-moving (dormant)

bacteria in a bacterial population or slow-moving vehicles and speedy vehicles in

daily traffic. We have studied the collective behaviour of a binary mixture of SPPs

with two different motile properties, such as slow-moving SPPs with velocity vs

and fast-moving SPPs with velocity vf (vf ≫ vs). Both inter and intra-particle

interactions are considered in the alignment interaction. The model exhibits many

different self-organised pattern formation and phase separation under a short-range

interaction without external force or repulsion. The mixing of two different SPPs

has a strong non-universal effect on the critical behaviour of the system when the

system is studied for higher and higher values of vf keeping vs fixed. For high vf ,

discontinuous transitions occur not only for the fast-moving SPPs but also for the

slow-moving SPPs and the whole system as well.

The effect of orientation adapters on the collective behaviour of SPPs is a crucial

aspect to study in the context of VM. In this model, adapter SPPs exist besides

the usual SPPs in equal proportion. The adapter SPPs do not interact among

themselves but adopt the velocity orientation of the usual SPPs through local in-

teractions. However, the usual SPPs do interact with themselves as well as with

the adapters. The adapters move with velocity va and induce nontrivial behaviour

in the system. The transition nature of the usual SPPs with high velocity v0 re-

mains as that of the VM. In contrast, the adapters without self-interaction and with

va ≪ v0 synchronise with the usual SPPs and obtain different behaviour. However,

interestingly, the adapters with va ≫ v0 make the transition continuous for both

the usual SPPs and the adapters.

The thesis represents many novel results obtained from different models of col-

lective motion of SPPs incorporating perturbation, different species and orientation

adapters. The novel results obtained in studying such active systems will be helpful

to understanding many related fields, such as swarm robotics, molecular biology,

biomedical applications, security systems, traffic and crowd management etc.
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Chapter 1

Introduction

A big flock of starlings can fly in the sky as a coherent travelling group that some-

times produce spectacular aerial displays if collectively they were some giant crea-

tures. Schools of fish display sometimes beautiful, coherent waves like patterns and

travels. Getting an attack from a nearby predator, the same fish, can change di-

rection so abruptly and swirl to make some puzzling pattern to avoid the predator.

In the insect world, collective motion is also fascinating to observe, such as locust

migration can span more than kilometres in search of foods. On the other hand,

on a smaller length scale, bacteria and cells interact by chemical signalling and act

collectively. These living quantities can be called active matter or self-propelled

particles (SPPs). Active matter systems are characterised by their inherent ability

to consume energy from the environment and eventually drive themselves far away

from the points of equilibria [1–3]. These systems possess directions of motion which

is determined by their internal degrees of freedom. Fish schools [4–6], flocking birds

[7, 8], mammalian herds [9], human crowd [10, 11], swarms of insects [12–15], herds

of wildebeests [16], bacteria swarms [17–19], cell clusters [20], actin filaments inside

our cells [21, 22], and many more [1, 23] are all examples of the active matter which

exhibits collective behaviour. The collective motion of SPPs is not limited only

to living matter. There are many examples of artificial SPPs studied experimen-

tally, including active colloids [24], driven granular matter [25, 26] and others. A

wide range of systems exhibiting collective motion strikingly possess many common

attributes. Although each of the individual agents may interact at a small scale

and possess considerably limited information about the system, form some coher-

ent structure on length scales much larger than the size of each of the constituent

particles. These collective behaviour and underlying strategies are important to

understand collective decision making and swarm technology [27–30].

1
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Chapter 1. Introduction

Active matter exists at different length scales and timescales, and various models

have been proposed to describe and predict its behaviour. Models can be agent-

based or with continuum-level descriptions. They can be generic, emphasising uni-

versal features, or detailed, capturing specific features. It is challenging to develop

a comprehensive theoretical description of living matter because the families or the

constitutive systems of active agents are quite diverse, with a wide range of physical

attributes and behaviours. The studies and investigations to these systems may be

useful to discover new physics ideas or development of new strategies for construct-

ing smart devices and materials. The swarm intelligence of many social insects has

far more fascinating implications. During collective motion, each of the indepen-

dent agents respond to local stimuli without necessitating supervision. This simple

fact may have far-flung implications and can be useful to understand and model

phenomena such as highway traffic patterns and jamming, controlling collective at-

tack of insect swarms in the farmlands, in order to understand clotting of fluids in

living systems and others. In this way, swarm technology is found to be immensely

useful in many applications, including robotics, nanotechnology, molecular biology

and medicine, traffic and crowd control and security applications [31–35]. In recent

years a the significant research effort in this direction to advance further under-

standing in this field and to use its applications in many different disciplines such

as statistical physics [2], biology [36], robotics [37], social transport dynamics [38],

soft matter systems [39], and biomedicine [33], among others.

Physically speaking, the collective behaviour of SPPs are highly nontrivial in the

sense that they occur in the nonequilibrium systems. Since each of the single con-

stituent particles in such a flock is active; thus, they continuously dissipate energy to

execute the systematic non-thermal motion. It is important to note that the collec-

tive motion may occur spontaneously in many situations without necessitating any

leader, external field, or geometrical consideration in guiding the whole collective

dynamics process. The collective motion of a flocking system is an orientation-wise

ordered phase of active matter, or SPPs [2]. The ordered motion results from the

spontaneous breaking of continuous symmetry. Self-organised pattern formation,

spontaneous symmetry breaking, motility-induced phase separation and all such

novel properties make these active systems fascinating to explore more and more.

The studies pertaining to the active particles have been a topic of active research

interest since many years [1, 39–41] not only because of the presence of nonequi-

librium phase transitions in these systems. Additionally, phase separation in the

active systems also draws considerable research attention. One of the interesting

2
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facts related to these studies are the existence of a motility-induced phase separation

of particles [40]. It has been under investigation in several systems, namely, active

Brownian spheres [42, 43], active Brownian disks [44, 45, 45–47], polar interactions

[48], self-propelled particles [49–52], mixtures of particles having different mobilities

[53–55] etc. There are many real-life examples that include cell polarisation [56–61],

chemotactically communicating cells [62–64], or even mussels in ecology [65]. The

underlying driving processes can be quite different and sometimes self-organised pat-

terns occur in these active systems. We may note that different pattern formation

such as stripe, hexagonal, or travelling waves are driven by processes that are also

as diverse as the systems where they form [66, 67]. But the the question remains

if they share fundamental properties described by a generic model. In most cases,

active systems can be classified by the symmetry and the relevance of momentum

conservation (wet or dry) [3, 39]. The active matter systems are referred to as wet in

cases where they are described by models with momentum conservation in the pres-

ence of fluid flow [68, 69]. On the other hand, dry active systems are manifested by

the absence of momentum conservation, scenarios in which the agents are in contact

with a momentum-absorbing medium. It is worth noting that the absence of mo-

mentum conservation may originate due to the existence of other prominent effects,

such as volume exclusion, fluctuations, and short-range interactions. In these sys-

tems, there is minor relevance of hydrodynamic interactions in systems. Examples

in this regard may include various animal flocks on a plane, dense swimming bacte-

rial colonies, or motion of granular beads on frictional surfaces, etc. These systems

are known as dry active systems, where the only conserved quantity is the number

of particles (neglecting division and death). Where the associated hydrodynamic

field is the local density of active units. Over-damped active particles can order in

states with polar and nematic symmetries. The former class of particles consists of

polar or self-propelled units promoting polar order by aligning the particles head to

head or tail to tail, as is evident in the classic Vicsek model [70]. The latter class

may consist of both the apolar and polar active particles. For apolar active parti-

cles, the activity induces non-directed motion on each cell [71] such as melanocytes

cells distributing pigments in the skin. Whereas, for the active polar particles, the

interactions aligning the particles regardless of their polarity and the ordered state

possessing nematic symmetry, such as self-propelled hard rods [72, 73]. Some other

related classes are active Brownian particles [74, 75], chiral active matter [76–79]

and so on. In this diverse field, one is to be more precise in specifying the class of

systems. More specifically, in this thesis, we focus on dry and polar SPPs. We are

3
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Chapter 1. Introduction

interested in SPPs that display directed flocking motion, akin to the animal groups.

1.1 Literature Review

Initially, the behaviour of self-propelled particles was studied to understand the

collective behaviour of animals at the macroscale. In this connection, Reynolds

(1987) introduced a Boids model [80] to simulate the motion of flocks of birds, animal

herds, and schools of fish within computer graphics applications. In this pioneering

work, Reynolds proposed three interaction rules, namely separation, alignment,

and cohesion, to efficiently model the collective motion of flocks. Under these three

simple rules, the complex movement of the flock can be modelled realistically.

It is expected that the generic features related to the active matter systems can

be found in the emergent behaviour observed in simple models. From a statistical

viewpoint, simple coarse-grained models should possess universality irrespective of

the associated details of the flocking systems. To this aim, Vicsek et al. proposed a

flying XY model in 1995, which is called the Vicsek model (VM) [70]. Subsequent

theoretical studies and large-scale numerical simulations performed on this model

have demonstrated its basic fundamental properties [1, 81]. In most cases, these

properties are shared by its other variant models possessing different symmetries

[3, 39]. It is precisely for this reason that the VM is considered one of the most

basic models describing the physics of collective motion. The model describes the

underlying collective behaviours in a simplistic manner, where the agents interact

with each other by aligning their direction of movement with neighbouring agents. It

was found that the Vicsek model demonstrates the transition from a disordered state

(randomized particles distribution) to a state with polar order (a flocking state).

The interesting fact is that the transition was exhibited even in two dimensions. On

the contrary, the equilibrium systems in two-dimension with local interactions and

continuous order parameters do not undergo a true phase transition (the Mermin-

Wagner theorem [82]). Whereas the motion of the particles in the flocking systems

allows the order to be robust against fluctuations. It is for this reason that the

VM was highly effective in the proper description of those behaviours that led to

a large number of subsequent developments [83–86]. In statistical physics, many

works tried characterizing the dynamical transition, and the other features of the

model [1, 87, 88]. The interesting statistical properties of the flocking state include

large number fluctuations compared to an equilibrium fluid and instability-mediated

formation of travelling waves of high-density [83, 88].

4
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1.1 Literature Review

The VM and its different variants are then rigorously studied, and a rich liter-

ature exists [1, 3, 85, 89]. Many different patterns such as band formation [90, 91],

rotating chains [92], vortices [93, 94] and marching groups [95], etc.; appear in

these models. The travelling band formation near the transition is fascinating to

observe in many of these systems. Variations on the Vicsek model with different

interactions, with local cohesion, and considering the fluid in which the particles

move exhibit high-density travelling objects (bands in 2-dimension and sheets in

3-dimension) [91]. In a study of large-scale collective properties of self-propelled

rods with nematic alignment [90], density bands are also observed in the system.

However, the universality class is found to be different from the Vicsek model. The

symmetries of the SPPs and their interaction type are both relevant ingredients

for these systems. Different variants of the VM undergo different phase transitions

due to several factors that include the type of interactions (metric-free, hardcore,

attractive or repulsive) [91, 96–98], the inclusion of noise and disorder in to the sys-

tem [99, 100], different types of boundary conditions (reflecting, periodic, and with

different shapes) [101, 102] etc. For example, the transition nature may critically

depend on whether the noise is scalar (which perturbs the final orientation) [70, 103]

or vector (which perturbs the individual orientations before averaging)[104]. More-

over, discontinuous and continuous phase transitions are observed if the density

of particles below and above the percolation threshold, respectively, for the VM

defined on a lattice [96]. Different collective properties have been observed in the

study of the VM with topological interactions (which occur between a fixed number

of neighbours) [97]. In a network version of VM, the continuous and discontin-

uous phase transitions are observed for the scalar and vector noises, respectively

[105–107]. Selective interaction version of VM is also studied [108], where a particle

only aligns to neighbours who have similar directions of their own. In this work,

depending on the restriction angle, a change of the order of the phase transition has

been observed. In another model [109] with interaction with view angle, where the

interaction zone of a particle is a sector of the circle, a transition is observed with

the variation of the view angle. There have been a number of nontrivial behaviours

observed in some disordered media [23, 110–113] that may include, among others,

optimal noise, quasi long-range order, superdiffusive behaviour, phase-separation

etc. In addition, it also includes interesting river-like patterns in the presence of

some specific disorder in a recent work [114, 115]. Moreover, heterogeneity can exist

in the form of variation in behaviour among the constituting agents of the group or

can be induced by external perturbation, e.g., some spatial disorder [100]. Systems

5
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Chapter 1. Introduction

with perturbations caused by obstacles [110, 111] or quenched rotator [116] display

nontrivial behaviours such as the presence of optimal noise, quasi-long-range order

etc. In these active systems, often dense patterns or clusters that form dynamically

merge and split. These examples have been observed experimentally in situations as

diverse as bacteria swarms [19], actin motility assays [21, 117, 118], animal groups

[9], and colloidal particles [119]. The study of geometric properties of the different

patterns is also explored using cluster-size analysis in recent works [120, 121].

In addition to the computational models, the theoretical study of SPPs was

initiated by Toner and Tu [81, 122]. A hydrodynamic approach is adopted here,

where the macroscopic properties of the system are studied as the coupled dynam-

ics of all SPPs cannot be solved at a microscopic level. The large-scale macroscopic

behaviour of the system is obtained by looking at the slow and long-wavelength

variations of the related physical quantities. These quantities are known as hy-

drodynamic variables. In the Vicsek model, these are the coarse-grained velocity

field and the coarse-grained density field. Then the hydrodynamics is described by

these two slowly-varying fields, and the evolution is then derived from conservation

laws (particle-number is conserved) and symmetry considerations. It explained the

emergence of long-range order in polar phases and the giant density fluctuations

which occur in these systems.

Several experiments studied animal populations, either in the wild or in the

lab to study their collective motion. Examples may include the work of Couzin et

al. that attempts to show how different structures (flocks, swarms, and vortices)

may form, and how information related to the external conditions and individual’s

positions within the group are transmitted through the flock [30, 123]. Besides,

there have been experimental studies, such as the STAR FLAG project [7, 8, 124],

which showed 3D reconstructions of the paths of every bird in a starling flock.

Importantly it was found that the birds align with their neighbours topologically

rather than as per metric distance. Other recent examples of experimental systems

are bacteria swimming in thin films of liquid [19], microtubule filaments are driven

by molecular motors [22] etc. In addition, much effort has been devoted over the

past few years to building synthetic SPPs in the lab. They are either extracted from

biological materials or purely artificial. Synthetic active matters are then obtained

by assembling these self-propelled units. Examples are colloids propelled by self-

phoretic effects [24], several physical systems with artificial self-propelled units such

as rods or disks [125–127] etc. Over the past years, this multidisciplinary subject has

witnessed significant research attention among the researchers from diverse fields of

6
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1.2 Phase transition and its characteristic features

interests and a large amount of research has bloomed around it with many possible

future directions of investigations and explorations.

1.2 Phase transition and its characteristic features

In the case of collective motion of polar SPPs, generally, the phase transition (some-

times known as flocking transition) occurs between an orientationally ordered and

orientationally disordered states. The ordered state is often known as the flocking

state, where particles move together in a particular direction of motion, whereas a

disordered phase represents the random motion of the particles. Since we mainly

discuss such transitions in different contexts in the rest of the thesis, we summarise

the characteristic features of phase transitions below.

There are many examples of thermal and athermal phase transitions, such as a

liquid to gas, paramagnet to a ferromagnet, antiferromagnet to paramagnet, ferri-

magnet to paramagnet, para-electric to ferroelectric, normal to a superconductor,

normal to a superfluid, liquid to the liquid crystal, order-disorder, percolation and

many others. Most phase transitions belong to one of the two types - first-order

discontinuous transition or second-order continuous transition. As per Ehrenfest’s

criteria, nth order phase transition corresponds to the discontinuity or divergence

of the nth derivative of the free energy functions at the transition point. Thus, in a

first-order transition, the first derivative of the free energy becomes discontinuous,

whereas, in the second-order phase transition, the second derivative of the free en-

ergy either diverges or becomes discontinuous at the transition point. In order to

understand the characteristic features appearing at the transition point, one must

study the macroscopic properties of the system around such a point. Since the

thermodynamic parameters are different derivatives of the free energy functions,

all macroscopic properties can be determined from the non-analyticity of the free

energy functions around the transition point. Below we describe the characteristics

of discontinuous and continuous transitions briefly in the language of a magnetic

system.

Discontinuous transition: The state of a magnetic system is identified by (T,M,H),

temperature T , magnetization M and external field H . The Helmholtz free energy

A(T,M) and the Gibbs free energy G(T,H) are concave functions of temperature

T whereas A(T,M) is a convex function of magnetization M and G(T,H) is a con-

cave function of the external field H [128]. The variations of G(T,H) with H and

A(T,M) with M are shown in Fig.1.1(a) and (b) respectively, for T < Tc (where Tc

7
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Chapter 1. Introduction

Figure 1.1: Discontinuous transition: Diagram showing variation of (a) Gibbs free
energy G(T,H) against H, (b) Helmholtz free energy A(T,M) against M and (c) G(T,H)
(or A(T,M)) against T . First derivatives (d) M = −(∂G/∂H)T against H, (e) H =
(∂A/∂M)T against M and (f) S = −(∂G/∂T )H against T .

is the critical temperature). In Fig.1.1(c), variations of G(T,H) (or A(T,M)) with

temperature T is shown for H > 0. The free energy curves either have differences in

slopes or have discontinuities at the transition point. Thermodynamic parameters

such as M = −(∂G/∂H)T , H = (∂A/∂M)T and entropy S = −(∂G/∂T )H can

be obtained from the free energies. For T < Tc, the variations of M with H , H

with M and S with T are shown in Fig.1.1(d), (e) and (f) respectively. There is

a finite discontinuity in M as seen in Fig.1.1(d) and (e). It can also be seen from

Fig.1.1(f) there is a discontinuity in entropy at T ∗, which corresponds to the latent

heat. The transition is called first-order because the first derivatives of G(T,H)

and A(T,M) exhibit discontinuities. First-order transitions are generally abrupt

and are associated with an emission (or absorption) of the latent heat L = T ∗∆S.

Most crystallization and solidification processes are first-order transitions. There

is generally a radical change in the structure of the material in a first-order phase

transition. In a first-order transition, two (or more) phases of a system co-exist in

equilibrium. The first-order or discontinuous transitions can be characterized by a

jump in the order parameter, exchange of latent heat, nucleation and growth, the

coexistence of two phases and hysteresis.

Continuous transition: For a second-order continuous transition, the two free

energy curves meet tangentially at the critical point. The variations of G(T,H)

with H and that of A(T,M) with M are shown in Fig.1.2(a) and (b) respectively,
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1.2 Phase transition and its characteristic features

Figure 1.2: Continuous transition: Diagram showing Diagram showing variation of (a)
Gibbs free energy G(T,H) against H, (b) Helmholtz free energy A(T,M) against M and
(c) G(T,H) (or A(T,M)) against T . First derivatives (d) M = −(∂G/∂H)T against H,
(e) H = (∂A/∂M)T against M and (f) S = −(∂G/∂T )H against T .

for T > Tc (where Tc is the critical temperature). The variations of G(T,H) (or

A(T,M)) with temperature T is shown in Fig.1.2(c). The variations ofM withH ,H

with M and S with T are shown in Fig.1.2(d), (e) and (f) respectively. For T > Tc,

however, no such differences in slopes occur at the transition point. Thus there is

no discontinuity either in M or in S. At T = Tc, the differences in the slopes vanish

for the first time. It is, therefore, a continuous phase transition where the system

goes continuously from one phase to another without the supply (or release) of any

latent heat. Though the first derivatives are continuous, the second derivatives of

the free energy diverge or become singular around the transition point. For example,

the susceptibility of a magnetic system χT = −(∂2G/∂H2)T diverge at the critical

point. However, though the specific heat CH = −T (∂2G/∂T 2)H diverges in the

first-order transition; it has a finite discontinuity or logarithmic divergence at the

critical point of a second-order transition. The characteristic features accompanying

the second-order continuous phase transitions at a critical point are called critical

phenomena. The characteristic features that appear at the critical point where a

second-order continuous transition occurs are: order parameter continuously goes to

zero, response functions diverge, fluctuations in spin orientation appear at all length

scales, long-range order appears in spin-spin correlation, , i.e.; correlation length

diverges. The singularities in the order parameter M , specific heat C, susceptibility

9
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Figure 1.3: Plot of (a) magnetization M , (b) specific heat C, (c) magnetic susceptibility
χ and (d) correlation length ξ versus temperature T .

χ and the correlation length ξ are given by M ∼ (T − Tc)
β, C ∼ |T − Tc|

−α,

χ ∼ |T − Tc|
−γ, ξ ∼ |T − Tc|

−ν where α, β, γ and νare the respective critical

exponents. The variations of these thermodynamic quantities and the correlation

length ξ versus temperature around the critical point are shown in Fig.1.3. At

T = Tc, the scaling of the critical isotherm and the spin-spin correlation function

are given by H ∼ M δ and Γ(r) ∼ r−(d−2+η) where δ and η are two exponents.

As the thermodynamic quantities are obtained by taking different derivatives of

the free energy, the critical exponents describing their singularities then can not

be all independent. Assuming that the free energy density f(t, h) be a generalized

homogeneous function of reduced temperature t and reduced field h as T → Tc, a

set of scaling relations among the critical exponents can be obtained. The usual

scaling relations are: α + 2β + γ = 2, α + β(1 + δ) = 2, β(δ − 1) = γ. There are

two more hyper-scaling relations: ν(2− η) = γ and dν = 2−α where d is the space

dimension.

Tricritical Point: Usually, a line of first-order transitions end at a critical point

but not always. A tricritical point is a point where a first-order phase transition

line meets a second-order phase transition line. In other words, the triple line ends

in a tricritical point where three phases become critical simultaneously. A classic

example is the 3He-4He mixture. Since it is a binary mixture, the system has a

usual phase separation between a superfluid 4He rich phase and a normal phase

with a critical point. The lambda line meets the coexistence curve right at the

critical point. However, above the critical point, there is no demixing, but the

superfluid-normal lambda transition continues. Hence, it is a tricritical point.

We will be referring to continuous, discontinuous transitions or tricritical points,

if any, in the later text whenever they appear.
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1.3 Spin Models

We briefly discuss two well-known standard models on the interacting spin systems:

Ising and XY model. Knowledge of these systems will be helpful to relate and

understand the physics of active systems.

Ising Model: The model is defined on a lattice. Each lattice site is occupied

by a classical spin variable si, which takes +1 or −1 values corresponding to up

or down, the direction of quantization introduced by the external field. Usually,

the interaction among the spins is limited (however, not restricted) to the nearest

neighbour spins only. A term J gives the interaction energy between two spins. The

Hamiltonian for such an interacting system is given by

H = −J
∑

〈ij〉

sisj − µH
∑

i

si (1.1)

where H is the external magnetic field, µ is the magnetic moment associated with

the spins, and 〈ij〉 represents the nearest-neighbour interaction. The first term

in the Hamiltonian is responsible for cooperative behaviour and the second term

corresponds to field energy. The model is exactly solved in 1-dimension, but no

phase transition occurs at any finite temperature. A finite critical temperature Tc

exits for d ≥ 2, above which neither long-range order nor spontaneous magnetization

exists. However, below Tc, a long-range order develops due to cooperative behaviour,

and spontaneous magnetization appears in the system. A second-order continuous

phase transition occurs right at T = Tc. The model has a spontaneous symmetry

breaking (from up-down symmetry to either up or down) as the temperature is

reduced from a higher value to a lower one through Tc. The 2d model in the

absence of an external field is exactly solved, and the exact values of the critical

exponents are known. The Ising model can be applied widely for many interacting

two states systems.

XY Model: As the Ising spins have only two states, no other orientations than

up or down are possible. Because of such restrictions, the Ising model has very

restricted application to magnetic systems such as MnF2. However, fluctuations of

the spin orientation away from the axis of quantization must inevitably occur in

a spin system. The XY model is also a lattice model in which the spin directions

take on continuous values and become aligned with their neighbours’ orientation.

Consider the XY model on a two-dimensional lattice. On each lattice site, there

is a (classical) spin of length |s| = 1, si = (sxi , s
y
i ) = (cos(θ), sin(θ)) which lies in

11
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Figure 1.4: Diagram showing the alignment interaction region (circle) of the ith (red)
particle. Particle i only interact with the 3 neighbours (blue) present within the circle of
radius R centred around the position of the ith particle. The arrow associated with an
SPP indicates the direction of velocity.

the XY-plane. The Hamiltonian for such a 2d XY model with nearest-neighbour

interaction J and no external field is given by

H = −J
∑

〈ij〉

si.sj = −J
∑

〈ij〉

cos(θi − θj) (1.2)

where the summation is over all the neighbouring lattice sites. The term J represents

the strength of the coupling between spins. The XY-model shows conventional

phase transition at a finite temperature for d > 2. However, in 2d, the XY-model

undergoes a Kosterlitz-Thouless transition in which no long-range order is present

in the system.

Below we discuss the Vicsek model extensively and refer to these spin models

whenever necessary in the later analogies and discussions.

1.4 Vicsek Model

The simplest two-dimensional agent-based model with discrete-time that displays

a flocking transition is the Vicsek model (VM) [70]. The model identifies three

minimal ingredients which are sufficient to explain the collective behaviour. They

are as follows: (a) the particles have an orientation, similar to the spin, (b) the

particles are assumed to align their directions of motion with the neighbours, which

is also similar to alignment between neighbouring spins in magnetic systems, and
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1.4 Vicsek Model

finally (c) these interactions compete with an angular noise present in the system,

which randomises the orientations as the thermal noise play a similar role in the

case of magnetic systems. However, in the VM, particles are not static in a lattice;

they are self-driven and move with a constant velocity.

We present a brief description of the Vicsek model here. In this model, the

collective motion of point-like self-propelled particles (SPPs) is considered in a two-

dimensional square box of linear size L for fixed density ρ0 and speed v0. The

initial positions (xi, yi) and the velocity orientations θi of all N = ρ0L
2 particles are

randomly distributed where xi ∈ [0, L], yi ∈ [0, L] and θi ∈ [−π,+π]. A particle

interacts locally with other particles within a region of radius R. It aligns its velocity

orientation with that of the average orientation of all the particles within R. The

initial random configuration and notion of the interaction region of radius R are

shown in Fig.1.4. The final orientation, however, is subject to an external angular

noise η that may arise from the fluctuation (or disturbances) in the system. In order

to move a particle, the following velocity orientation and poisition update rules are

followed:

θi(t+∆t) = 〈θ(t)〉R +∆θ (1.3)

xi(t+∆t) = xi(t) + v0∆t cos θi(t +∆t) (1.4)

yi(t+∆t) = yi(t) + v0∆t sin θi(t+∆t) (1.5)

where ∆t is the time interval and ∆θ is randomly chosen with a uniform probability

from the interval [−ηπ,+ηπ]. Here 〈· · · 〉R denotes the average of θ(t) over the

particles within the interaction region of radius R. Besides the forward update (FU)

rule presented above, there also exists a backward update (BU) rule [70] where the

angle of cosine and sine in the position update rule will be given by θi(t) instead

of θi(t + ∆t). Though the model is simple as Eqs.1.3, 1.4 and 1.5 can be easily

implemented in a computer algorithm, it is not straightforward to determine the

neighbours for each particle at every time step. It quickly becomes computationally

expensive as the number of particles grow. Howevere, there exist techniques to find

the neighbour list efficiently with less computation time, such as Verlet list [129],

linked cell list [130, 131], etc. A methodology using linked cell list algorithm is

constructed for the simulation of the thesis work which will be described later.

A flocking transition occurs between orientationally ordered and orientation-

ally disordered states during the collective motion. In the orientationally ordered

state, the particles flock together in a particular direction of motion, whereas in

13
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Figure 1.5: Diagram showing an orientationally (a) ordered and (b) disordered phase
of the Vicsek model. The arrow associated with an SPP indicates the direction of motion.
(c) Order parameter φ versus time t for different angular noise η.

the orientationally disordered phase, particles move in random directions, as shown

in Figure-1.5(a) and (b) respectively. At the onset of the collective behaviour or

synchronisation of the orientation of all the SPPs, information should be able to

propagate through the entire system. While alignment interactions between par-

ticles produce such information, the angular noise present in the system destroys

it. Thus there exists a critical noise at which such order-disorder transition occurs.

The order parameter in these systems quantifies the degree of alignment between

the particles. The order parameter φ corresponds to the direction of motion of the

centre-of-mass of all the particles. The time evolution of φ is shown in Fig.1.5(c).

It can be seen that the steady-state value of φ decreases as η increases. If the order

parameter φ is studied against η, φ will be vanishingly small at a higher value of η

corresponding to the order-disorder transition. Initially, order-disorder phase tran-

sition in the VM was believed to be a continuous transition [70, 87, 103, 132, 133].

Vicsek et al. [70] and others [103, 132] determined a set of well-defined critical

exponents in the low velocity regime. The angular noise term used in the VM is

known as “scalar” noise. However, under “vectorial” noise [88, 134], the nature of

transition is always discontinuous. Though a continuous transition was observed

with scalar noise at low velocities, the transition with similar noise was found to

be a discontinuous one with the formation of dense bands in the system at high ve-

locities. It was reported that the presence of periodic boundary conditions (PBCs)

enhances the formation of dense band structures [104, 135]. However, later it was

established through extensive numerical simulations that there exists a crossover

system size L∗(ρ0, v0) [104, 136], below which the nature of the transition is contin-
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uous and above which the transition is discontinuous. The order-disorder transition

in the VM seems to be similar to the transition to order phase in a simple spin

system (with zero external fields), leading directly to some homogeneously ordered

state. However, the interplay between local order and local density induced by the

motion of SPPs can give different results. During movement, SPPs may gather in

highly dense structures, increasing the number of interacting neighbours. The local

high density of SPPs induces positive feedback on the alignment interaction [137].

Consequently, the dense groups of SPPs may align locally, whereas the rest of the

systems do not, and it is entirely different from an equilibrium spin system. Further

details will be discussed in the appropriate chapters.

Finally, we would like to emphasise some of the essential features [137] of the

VM:

Conservation laws: Since the system is dissipative, there is no conservation of

energy. It should also be noted that momentum is not conserved. SPPs are thought

to be moving on a dissipative substrate (or in a viscous medium) which acts as

a momentum sink [137]. As the momentum is not conserved, therefore, Galileian

invariance is broken. There is only one conservation law valid in the VM: the

conservation of the total number of particles.

Self-propulsion and local interactions: In the VM, particles are self-propelled and

follow the position update rule as discussed earlier. In particular, they change their

relative position according to their velocity fluctuations. Thus, the connectivity

matrix or the neighbour-list is not static. As the interactions are local R ≪ L,

the connectivity matrix changes in time due to the motion of SPPs in a nontrivial

way. As a result, the long-range order emerges in the VM. However, each SPP

interacts with an ever-changing set of neighbours, unlike the XY-model with fixed

neighbours.

Spontaneous symmetry breaking: It needs to be noted that the equations 1.3,1.4

and 1.5 are isotropic in space, as no preferred direction of motion is given a pri-

ori. However, Eq. 1.3 contains an explicit polar alignment term 〈θ(t)〉R. Suppose

this alignment term is strong enough to overcome the effect of the angular noise η

(when η ≪ ηc). In that case, the system develops a global orientational order and

thus collective motion, giving rise to a finite polar order parameter (φ > 0). On

the other hand, if the angular noise η is much stronger than the alignment term

(when η ≫ ηc), the SPPs move in all possible directions without any global order

(φ = 0). Thus a preferred direction of motion emerges spontaneously from the in-

finitely many possible directions (continuous symmetry) as the system moves from
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the orientationally disordered phase to the ordered phase. Therefore, the system

undergoes a spontaneous symmetry breaking at the critical point. This is unlike

the spontaneous symmetry breaking in the Ising model, where the high tempera-

ture’s up-down symmetry gets frozen to either up or down spin orientation at a

temperature below Tc.

1.5 Motivation and Plan of thesis

The VM is a minimal model in which the flocking transition is studied, varying the

angular noise η alone. Except for a few, most of the theoretical and computational

studies on the VM are without any other external influence, internal hindrances, a

mixture of different species, or varied motile properties. However, different types of

perturbation or heterogeneity can naturally occur in the real world, which eventually

leads to interesting novel features in the collective behaviour of a group of active

entities. Besides perturbation, in a heterogeneous community, the speed of different

species need not be the same. In an active system such as bacterial population

or animal swarms, two types of species co-exist with different motile properties.

The question is, how would be their collective behaviour? Can such systems be

modelled in a simplistic manner? Furthermore, how the nature of interaction among

different species would influence collective behaviour? All these questions remain

unanswered. In order to explore such areas, we have categorised our investigation in

three major parts: (i) Effect of perturbation, (ii) Collective behaviour of a binary

mixture of SPPs and (iii) Effect of orientation adapters on the collective behaviour

of SPPs.

After this extensive introduction to the subject, we will take up the above-

mentioned issues one by one. The upcoming chapters of the thesis are going to be

organised in the following manner:

In chapter 2, the effect of the perturbation on the collective motion of SPPs is

rigorously studied, incorporating a trapping zone in the VM. It disturbs the motion

of a number of particles delaying their motion and randomising orientation. Such

trapped particles take some time to get ordered with the rest of the flock. Such

randomness at the individual level collectively changes the system dynamics in this

model and gives a new set of results. The order of phase transition in the VM was

debated over a long time. Our model with perturbation shed light on nature more

rigorously. The effect of disturbances is explored over different velocity ranges. The

effect of perturbation strength on the system morphologies and dynamical behaviour
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is studied thoroughly. Results obtained from finite-size scaling for various system

sizes and velocities are reported in this work.

In chapter 3, collective behaviour is studied for a mixture of two different species

of SPPs with widely different velocities. The two types of SPPs are mixed randomly

with equal proportions. It is intriguing to observe how one type of species can affect

the collective behaviour of the other SPPs. Would the time evolution of such a

system result in nontrivial collective behaviour in the system as a whole? It appears

that the mutual interaction among the two types of SPPs produces a variety of phase

segregated patterns in the system such as lanes, clusters, clumps, micro-clumps,

etc., at different regions of noise. Furthermore, the system dynamics of the partial

system, which contains only one type of species and the whole system considering

all the SPPs, are rigorously studied, varying the system size and their relative

velocities. Investigation of such a mixed system produces several new features.

In chapter 4, the effect of orientation adapters on the collective behaviour of

SPPs is explored. The adapter SPPs do not interact among themselves but adapt

the velocity orientation of the usual SPPs through local interactions. However, the

usual SPPs do interact with themselves as well as with the adapters. The adapters

induce unusual critical behaviour in the system for different velocity ranges. In

one part of this chapter, the model is studied, keeping the adapter velocity much

smaller than the other SPPs. In another part of this chapter, the model is studied

with the adapter velocity higher than the other SPPs. The dynamic behaviour

of both models is extensively studied for various velocity ranges. Some novel and

counterintuitive results are obtained in both models.

Finally, in chapter 5, a comprehensive summary of the whole thesis is presented.

A brief outline of the scope of future studies is also presented, which could emerge

based on the research work presented in this thesis.
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Chapter 2

Effect of trapping perturbation on

the collective dynamics of

self-propelled particles

Perturbations or agitations in collective motion are inherent in nature. For example,

migration of a herd of animals across forests or steps [138], traffic flow in busy cities

[38], a microbial colony in natural habitats [139] etc. Such hindrance or external

disturbances along the path of self-propelled particles (SPPs) can cause a perturba-

tion in the system in the form of disruption of their motion or change of orientation.

However, the collective dynamics of SPPs with inherent perturbation in the system

is rarely studied. In this chapter, we propose a model where constant agitations are

implemented on the motion of the SPPs. Such a model is developed incorporating

a trapping perturbation in the Vicsek model (VM). Under the perturbation, the

particles get trapped for a while with a position-dependent trapping probability as

they pass through the trapping region and pick up a random direction of velocity

on release. The effect of the perturbation on the VM is studied, varying the scalar

noise η and the perturbation strength α. The time evolution of this model sheds

light on the long-standing controversy on the nature of orientational order-disorder

transitions.

Initially, the nature of phase transition in the VM under the scalar noise was

believed to be a continuous transition [70, 87, 106]. A controversy on the nature of

transition erupted when it was reported that the continuous order-disorder transi-

tion is essentially a discontinuous transition [134] at a high velocity. It was claimed

that the discontinuous transition at high velocity is due to an unphysical symmetry

breaking induced by the interplay between anisotropic diffusion and the periodic
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Chapter 2. Effect of trapping perturbation on the collective dynamics of self-propelled

particles

boundary conditions present in the system [87, 133]. The transition nature of the

VM and its different variants are then rigorously studied and references can be

found in [1, 3]. However, later it is established through extensive numerical simula-

tions that there exists a crossover system size L∗(ρ0, v0) [104, 136] below which the

nature of the transition is continuous and above which the transition is discontinu-

ous where dense travelling bands appear in the system. It needs to be noted that

L∗(ρ0, v0) diverges both for low velocities (v0 < 0.05) and low densities (ρ0 < 0.01)

[104]. However, for a given ρ0, the crossover system size L∗(ρ0, v0) at low velocities

is quite high to observe the density bands [104]. It was found that the formation

of the dense travelling band near the transition region is fluctuation driven and oc-

curs due to the feedback mechanism between local order and local density in which

long-wavelength instability appears around the region [137, 140, 141]. It is further

noticed that the periodic boundary conditions (PBCs) in the system enhances the

formation of these band structures, and they preferably travel parallel or diagonally

to one of the boundaries [104, 135]. Several attempts have been made to remove the

artefact of PBCs by shifting the re-injection point by a distance ∆L with respect to

the specular position on the another side of the boundary [135] or using samples by

rotating the frame of observation randomly at every time step [142] and continuous

transition has been observed for the system size larger than the crossover.

The order-disorder phase transition in the proposed model is studied via exten-

sive numerical simulations varying the external noise η for different perturbation

strength α, particle velocity v0 and the system size L at a fixed particle density ρ0.

We will explore the effect of the perturbation on the VM, especially on the features

like the formation of travelling density bands and nature of phase transition.

2.1 The Model

Collective motion of N number of point-like particles is considered here in a two-

dimensional square box of linear size L. Initially, the position ~ri (i = 1, 2, 3, · · · , N)

of all the particles are randomly distributed over the space (off-lattice). A particle

at ~ri has a velocity v0 in the direction θi. Initially, θi is randomly distributed

over the range −π to π. The particles interact locally and align their directions of

motion with that of their neighbours in the presence of some external noise. The

radius of the neighbourhood region (range of interaction) is set to R = 1. Time is

incremented as t = t+∆t, where ∆t is the time between two successive updates and

it is chosen as ∆t = 1. At time t, the velocity ~vi(t) of the ith particle is determined
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2.1 The Model

Figure 2.1: Plot of T (x, y) for σ = L/12 and system of size L = 10. The colour bar
represents the intensity of T (x, y).

by evaluating the direction θi(t) as

θi(t+∆t) = 〈θ(t)〉R +∆θ (2.1)

where 〈· · · 〉R denotes the average of θ(t) over the particles within the interaction

region of radius R around the ith particle. The term ∆θ is a random orientation

chosen with a uniform probability from the interval [−ηπ,+ηπ]. The strength of

the angular noise η varies from 0 to 1 and acts as a control parameter in this model.

Knowing the velocity ~vi(t) at every time step, the position of the ith particle ~ri is

updated following the forward update rule as given below

~ri(t +∆t) = ~ri(t) + ~vi(t+∆t)∆t (2.2)

The model described above is the VM [70]. Now we introduce a perturbation in the

system by imposing a trapping probability distribution T (x, y). The distribution

T (x, y) is given by

T (x, y) = T0 exp

{
−
(x−X0)

2

2σ2
−

(y − Y0)
2

2σ2

}
(2.3)

where T0 = 0.8, the centre of the distribution is (X0 = L/2, Y0 = L/2), and σ is

the half-width of the distribution.
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The strength of perturbation is defined as

α = 2σ/L (2.4)

where 2σ is the width of the effective perturbation region. It should be emphasized

that as L changes, the value of σ is changed accordingly to keep α fixed. Note that

α = 0 corresponds to VM. PBCs are applied in both the x and y directions. A

typical trapping probability distribution T (x, y) is shown in Fig.2.1 for σ = L/12

and system of size L = 10. At every time step, a particle positioned at (x, y) is then

trapped with a probability T (x, y). The particle remains trapped for a time duration

ttrap = n∆t (n is an integer number), if z ≤ T (x, y) where z is a random number

uniformly distributed between [0, 1]. Otherwise, the particle moves according to the

position and orientation update rules given in Eqs.2.2 and 2.1. During the trapping

period, the particles do not move (~v = 0), and hence, they do not contribute to the

orientation average. At the end of the trapping period, a trapped particle is released

with the same v0 but with a randomly selected orientation between −π to π. The

trapping perturbation then has two-fold effects on the system. It creates a temporal

density fluctuation in the number of the moving particles as well as provides a short

impulse on the average orientation besides the angular noise η. It can be noted that

the heterogeneous systems of SPPs with static or moving obstacles [110, 111], or

quenched rotator [116] which reveal optimal noise, and quasi long-range order are

very different from the present model.

As the VM evolves, a transition from a random disordered phase to an ordered

phase of collective motion occurs as the noise η is decreased below a critical value

ηc. The system undergoes a discontinuous transition, and the ordered phase is

characterized by travelling density bands below ηc for the system size L > L∗(ρ0, v0),

the crossover system size. A homogeneous ordered phase, however, appears for

η ≪ ηc. It is then intriguing to study the effect of the perturbation on the formation

of density bands as well as on the nature phase transition.

2.2 Results and Discussion

Extensive computer simulations are performed in two-dimensional boxes of linear

size L ranging from 16 to 256, keeping the particle density fixed at ρ0 = N/L2 = 0.5

for all simulations. In most of the simulations reported in the literature, the number

of particles N and the density ρ0 is kept fixed. However, in the present model, the
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linear size L of the system and the density ρ0 are kept fixed. The trapping time is

taken as ttrap = 2∆t for the simulation. For a given initial random distribution of

particles over the box, the time evolution of the system is studied following Eqs.2.1

and 2.2. One Monte Carlo (MC) time step corresponds to the up-gradation of

position and orientation of all the particles. Initial 105 MC steps are neglected to

achieve the steady state. An ensemble of size 48×105 is taken for statistical averages

(2 × 105 samples at different times for 24 different initial configurations). Results

are obtained for three different velocities v0 = 0.1, v0 = 0.5 and v0 = 1.0.

Though the dynamical update rules are very similar to those of the VM. Such

rules can be easily implemented in a computer algorithm. However, it is not straight-

forward to determine the neighbours for each particle at every time step. It quickly

becomes computationally expensive as the number of particles grows. However,

there exist techniques to find the neighbour list efficiently with less computation

time. We will be following the linked cell list algorithm [130, 131] to identify the

dynamic neighbour list.

2.2.1 Methodology and Algorithms

As the particles are moving, the neighbours of a particle change with time. Hence,

a particle needs to identify its neighbours within the range of interactions at every

time step. The process requires careful consideration of every pair and computing

their mutual distance, and it is an O(N2) operation for N number of particles.

Due to this, it becomes slow even when we consider a system with a thousand

particles. Fortunately, there are solutions to this problem based on algorithms

originally developed for the study of molecular dynamics. These algorithms are

used to find the neighbour list efficiently, such as Verlet list [129], linked cell list

algorithm[130, 131] etc. Let us say that the particles only interact with others,

which are a maximum distance of R away. In the Verlet list method, a second radius

rv > R is considered. By optimizing the rv, significant efficiency in the calculations

can be ensured. However, the Verlet list scheme becomes computationally expensive

when particles exceed a few thousand.

In such cases, the linked cell list algorithm is preferably applied. The idea of

this algorithm is rather simple, even if its algorithmic interpretation may not be so

straightforward. In this method, the two-dimensional space is divided into smaller

cells or boxes of dimension rc×rc. Here rc should be equal to or slightly larger than

the cutoff radius R. At each time step, each of the SPPs is assigned a box. Once
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Figure 2.2: Linked cell list algorithm: In this figure the circular region shows the domain
of influence on a particle (red) with a cutoff radius R. Hence to calculate the alignment
interaction of that particle, one needs to scan all the particles in the neighbouring 8 boxes
and the box containing the red one (yellow-shaded).

this is done, it is clear that for any given particle i, all other particles lying outside

the box containing i and its next neighbouring boxes cannot be closer than R.

Therefore, one immediately and effortlessly reduces its search to a handful of boxes

per particle. It is shown in Fig.2.2, where the circular region shows the domain of

influence on a particle (red) with a cutoff radius R. Hence to calculate the alignment

interaction of that particle, one needs to scan all the particles in the neighbouring 8

boxes and the box containing the red one (yellow-shaded). In this algorithm, a list of

the particles in each box is kept. Only those particles that remain in the same box or

a neighbouring box are considered for each particle. It is important to keep an array

place[ ] which will contain its position within the list of the box. As an example,

let us say that box 7 possesses the particles 2, 5, 9 and 21: list[7] = 2, 5, 9, 21. Here,

since the particle 9 has array index 3, hence place[9]=3. Moreover, we may note that

after each time step, the cell list is updated likewise with the new positions of the

particles, which is, of course, a O(N) operation. It is precisely for this reason that

the problem is computationally linearized in the cell list method. Such linearization

gives rise to an essential improvement if one is interested in asymptotic (i.e., long

time and large N) properties. It is worth mentioning that for the boxes situated at

the boundaries of the original two-dimensional box (L), the neighbouring boxes are

identified applying periodic boundary conditions in both directions. The cell-list
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algorithm has also been implemented for simulation purposes in the later chapters.

2.2.2 Finite size scaling

Before we present the results, the finite-size scaling (FSS) relations are presented

briefly. Tuning the angular noise η, the system can be taken from a ordered state

(η < ηc) to a disordered state (η > ηc). As the system evolved to a steady state

starting from a random configuration, the order-parameter φ(η, L) of the system is

estimated as

φ(η, L) =
1

Nv0

∣∣∣∣∣

N∑

i=1

~vi

∣∣∣∣∣ (2.5)

where N = ρ0L
2, η is the angular noise and L is the system size. In the ordered

state (small η) when all the particles are moving in the same direction, the order

parameter φ becomes 1 whereas in the disordered state (large η) when all the parti-

cles are moving randomly, the order parameter φ becomes 0. There exists a critical

noise ηc at which the system undergoes a transition from the ordered state to the

disordered state. Following equilibrium critical phenomena [143, 144], a finite-size

scaling relation for the order parameter is assumed as

φ(η, L) = L−β/νφ0[ǫL
1/ν ] (2.6)

where ǫ = (η−ηc)/ηc the reduced noise, β is the order parameter exponent, ν is the

correlation length exponent and φ0 is a scaling function. A probability distribution

of the order parameter φ is defined as

PL(φ) = Lβ/νP̃L

[
φLβ/ν

]
(2.7)

where P̃L is a scaling function. The susceptibility χ of the system then can be

estimated from the fluctuation in order parameter φ as

χ = L2
[
〈φ2〉 − 〈φ〉2

]
(2.8)

where 〈φn〉 =
∫
φnPL(φ)dφ. The FSS form of χ is then given by

χ(η, L) = Lγ/νχ0[ǫL
1/ν ] (2.9)

where χ0 is a scaling function and γ/ν = d − 2β/ν as both 〈φ2〉 and 〈φ〉2 goes as

L−2β/ν and d = 2. The susceptibility exponent γ is defined as χ ∼ ǫ−γ.
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The fourth order Binder cumulant is defined as,

U = 1−
〈φ4〉

3〈φ2〉2
(2.10)

and its FSS form is given by

U(η, L) = U0[ǫL
1/ν ] (2.11)

where U0 is a scaling functions. At η = ηc (or ǫ = 0), the cumulant becomes system

size L independent. In the case of a continuous phase transition, the plots of U

versus η lead to a common intersection point at ηc. However, for a discontinuous

phase transition U have a sharp fall towards negative value at transition. This

minimum is due to the simultaneous contributions of the two phases coexisting at

the transition point. To estimate the critical exponent ν, derivative of U(η, L) with

respect to the noise η is taken and one obtains the following scaling relation [145],

U ′(η, L) = L1/νU
′
0[ǫL

1/ν ]

ηc
(2.12)

where the primes on U and U0 denote their derivatives. Thus U ′(η, L) ∼ L1/ν at

η = ηc.

In the case of a discontinuous transition, the order parameter exponent β goes

to zero. As a consequence, the susceptibility should then scale as χ ∼ Ld, where d

is the space dimension [146].

2.2.3 Results at v0 = 0.1

It is known that for low velocities, the cross-over system size is quite large, so for

the velocity v0 = 0.1, we study the effect of perturbation for system size L < L∗.

First, we present the morphology of the systems with α = 0 (the VM) and with

α = 1/6 for different angular noise η on a system of size L = 256. The snapshots

of morphologies of the system with α = 0 are shown in the upper panel of Fig.2.3

in (a), (b) and (c) for η = 0.06, η = 0.20 and η = 0.40 respectively. Similarly,

the morphologies of the system with α = 1/6 are presented in the lower panel of

Fig.2.3 in (d) η = 0.06, (e) η = 0.16 and (f) η = 0.40. Particles are represented by

the filled circles, and their orientations are represented by their colour. The whole

range of angle of orientation 0 to +π and 0 to −π is subdivided into six regions

of width π/3 each. Colours representing the ranges of orientations are: green for
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α = 0

L=256 L=256 L=256

(a) η = 0.06 (b) η = 0.20 (c) η = 0.40

α = 1/6

L=256 L=256 L=256

(d) η = 0.06 (e) η = 0.16 (f) η = 0.40

Figure 2.3: For v0 = 0.1: System morphology with α = 0 for (a) η = 0.06, (b) η = 0.20
and (c) η = 0.40. Morphology with α = 1/6 for (d) η = 0.06, (e) η = 0.16 and (f)
η = 0.40. The system size is L = 256 and density is ρ0 = 0.5. Colour representation of
the orientation range is given as: green for [0, π/3], orange for [π/3, 2π/3], magenta for
[2π/3, π], cyan for [−π/3, 0], blue for [−2π/3,−π/3], red for [−π,−2π/3]. Brown points
are the trapped particles.

[0, π/3], orange for [π/3, 2π/3], magenta for [2π/3, π], cyan for [−π/3, 0], blue for

[−2π/3,−π/3] and red for [−π,−2π/3]. The trapped particles are represented by

brown colour. In the case of α = 0, the ordered phase (η < ηc) of the system has

dense clusters of particles that are moving with a global direction within the range

of orientation [−π,−2π/3] represented in red (Fig.2.3(a)). A few small clusters of

particles with different colours are scattered in the system. However, for α = 1/6

apart from the trapped particles (in brown), dense clusters of particles are also

formed in the ordered phase (Fig.2.3(d)). Though most of the clusters are moving

in a particular direction indicated by the colour cyan, also there are a number of

clusters moving in different directions. Some excess heterogeneity in the colour
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Figure 2.4: For v0 = 0.1: Plot of (a) φ, (b) χ and (c) U versus η for several values of
α on a system of size L = 256. Different symbols and colours used for different values of
α are given in the legend of plot (a). Plot of ηc versus α is given in the inset of plot (b).
The order parameter distribution P (φ) for different α at their respective ηcs are plotted
in (d). Same symbol and colour set is used for all the plots.

(orientation) distribution in the case of α = 1/6 has occurred in comparison to the

situation of α = 0. Such heterogeneity in the orientation distribution must have

caused due to the local fluctuation imparted by the perturbation. Near the phase

transition η ≈ ηc (Fig.2.3(b) and Fig.2.3(e)), fluctuations in orientation (colour) as

well as in the size of the clusters appear throughout the system for both α = 0

and α = 1/6. In the disordered phase of α = 0 in Fig.2.3(c) and that of α = 1/6

in Fig.2.3(f), however, clusters have broken down into individual particles or into

tiny clusters which are moving randomly in all possible directions as expected in a

disordered phase.

The effect of the perturbation on the order parameter φ, susceptibility χ, and

Binder cumulant U is now presented. In Fig.2.4(a), φ is plotted against η for several

values of α. At small values of η (ordered phase), the value of the order parameter

φ decreases significantly with increasing α, the perturbation strength. However,
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Figure 2.5: For v0 = 0.1 and α = 1/8: (a) Plot of U versus η and different system sizes
L. (b) Plot of φ versus η for different L. In the inset, log2(φc) is plotted against log2(L).
(c) Plot of χ versus η for different L. In the inset, log2(χc) is plotted against log2(L). (d)
Plot of U versus the scaled noise ǫL1/ν . In the inset, log2(U

′
c) is plotted against log2(L)

at ηc. (e) Plot of φLβ/ν against ǫL1/ν . (f) Plot of χL−γ/ν against ǫL1/ν . Values of the
exponents taken as β/ν = 0.275, γ/ν = 1.45 and ν = 1.6.

irrespective of the value of α, the system undergoes an order-disorder transition

at a critical noise that depends on α. In Fig.2.4(b), χ is plotted against η for the

same set of α values. It can be seen that χ diverges at the critical noise ηc. The

values of the critical noise ηc are noted from the positions of the peaks in χ and

the variation of the critical noise ηc with α is shown in the inset of Fig.2.4(b).

The location of the peak in χ depends weakly on α. The Binder cumulant U is

plotted against η in Fig.2.4(c) for the same set of α values. It can be seen that U

remains positive in the whole range of η irrespective of the perturbation strength

α, which indicates a continuous phase transition for all these values of α. The order

parameter distribution P (φ) at ηc is shown in Fig.2.4(d). Unimodal distribution

of P (φ) is found to occur for all values of α as expected in a continuous phase

transition.

Now we confirm the nature of transition at v = 0.1 for α = 1/8 performing a

finite-size scaling (FSS) analysis. The Binder cumulant U is plotted against the

angular noise η in Fig.2.5(a) for different system sizes L. In a continuous phase
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transition, the Binder cumulant becomes independent of the system size L at the

criticality. Hence, the plots of U versus η for different L are expected to intersect

at ηc, the L independent critical point. The values of ηc and corresponding Uc are

identified from Fig.2.5(a) as ηc = 0.180 and Uc = 0.54 for the systems with α = 1/8.

In Fig.2.5(b), order parameter φ is plotted against η for different L using the same

symbol set of the Fig.2.5(a). In the inset of Fig.2.5(b), the values of φc (φ at η = ηc)

are plotted against L in double logarithmic scale as φ(ηc, L) ∼ L−β/ν (Eq.2.6). The

value of β/ν for the VM is reported as ≈ 0.275 [103]. A straight line with slope

β/ν = 0.275 is also found to fit well through the data points of the systems with

α = 1/8. Susceptibility χ is plotted against η in Fig.2.5(c) for different L using

the same symbol set of the Fig.2.5(a). In the inset of Fig.2.5(c), the values of χc

(χ at η = ηc) are plotted against L in double logarithmic scale as χ(ηc, L) ∼ Lγ/ν

(Eq.2.9). For the VM, the value of γ/ν is ≈ 1.45 as reported in the literature [103].

The data points for the systems with α = 1/8 are also found to fit well through a

straight line with slope γ/ν = 1.45. As U ′(ηc, L) ∼ L1/ν (Eq.2.12), the values of

U ′(ηc, L) are plotted against L in double logarithmic scale in the inset of Fig.2.5(d)

in order to extract the exponent ν. A straight line with slope 1/ν = 0.625 (guide to

eye), ν = 1.6 that of the VM [103], seems representing well the data points. Taking

ν = 1.6 and ηc = 0.18, U for different L are plotted against the scaled variable ǫL1/ν

where ǫ = (η − ηc)/ηc in Fig.2.5(d) and a reasonable collapse of data is obtained.

Taking β/ν = 0.275 and ηc = 0.18, the scaled order parameters φLβ/ν are plotted

against the scaled variable ǫL1/ν in Fig.2.5(e) and a reasonable collapse of data is

obtained. Taking γ/ν = 1.45 and ηc = 0.18, χL−γ/ν for different L are plotted

against the scaled variable ǫL1/ν in Fig.2.5(f) and a reasonable collapse of data is

obtained.

The order parameter distributions P (φ) at η = ηc for the systems with α = 1/8

is plotted in Fig.2.6(a) for L = 64, 128 and 256. It can be seen that as L increases,

the width of the distribution decreases, and the height of the distribution increases

as expected in a continuous transition. To verify the scaling form of P (φ) given

in Eq.2.7, the scaled distribution P (φ)L−β/ν is plotted against the scaled order

parameter φLβ/ν in Fig.2.6(b) taking β/ν = 0.275. Though there is not a good

collapse of data, the plots come over each other reasonably. Thus, the FSS analysis

for the systems with α = 1/8 at a low velocity v0 = 0.1 shows a continuous phase

transition. The nature of the transition is found to be independent in the wide

range of the perturbation strength α. Moreover, the values of the critical exponents

remain unchanged in the presence of perturbation, and the universality class of the
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Figure 2.6: For v0 = 0.1 and α = 1/8: (a) Plot of P (φ) against φ at ηc = 0.180 for
different system size L. (b) Plot of scaled distribution P (φ)L−β/ν against φLβ/ν .
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Figure 2.7: Results of VM (α = 0) at v0 = 0.5: (a) Plot of U against η for small system
sizes L = 16, 32 and 64. Inset I, plot of χ/Lγ/ν against η and inset II, plot of P (φ) at ηc.
(b) Plot of U against η for large system size L = 128, 192 and 256. Plot of χ/L2 against
η in inset I and plot of P (φ) at ηc in inset II.

VM remains preserved at the low-velocity regime.

2.2.4 Results at v0 = 0.5

It has already been reported in the literature that at high velocities, the continuous

order-disorder transition in the VM becomes a discontinuous one as the system size

increases [134, 136]. We have performed MC simulation for systems with α = 0

(the VM) on a wide range of system sizes starting from L = 16 up to L = 256.

Evidence for continuous transitions in smaller systems, L = 16, 32 and 64, are

given in Fig.2.7(a). In this figure, Binder cumulant U is plotted against η and

found to be positive across the transition point. The plots also pass through a
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common intersection point at ηc ≈ 0.29. In the inset I of Fig.2.7(a), the plots

of χ/Lγ/ν versus η are given. It can be seen that all the peaks are at the same

height for γ/ν = 1.45 [103]. Thus the values of the susceptibility at η = ηc scale

as χ ∼ Lγ/ν . The distributions P (φ) of all three system sizes are found to be

unimodal at the transition point, as shown in the inset II of Fig.2.7(a). All these

are characteristics of a continuous transition. On the other hand, characteristic

behaviour of U , χ, and P (φ) for higher system sizes L = 128, 192 and 256 are given

in Fig.2.7(b). It can be seen that for L = 256 and L = 192, U becomes negative and

for L = 128 a dip appears in U near the transition point. The plots of χ/L2 versus

η in the inset I of Fig.2.7(b) show that the peak values of χ/L2 are L independent.

The distributions P (φ) at η = ηc are found bimodal distributions as shown in the

inset II of Fig.2.7(b). These are the characteristic of a discontinuous transition.

The discontinuous nature is usually accompanied by the emergence of density band

structures and can be described in terms of feedback mechanism [137]. There exists

an interplay between local order and local density induced by their collective motion.

During movement, particles may gather in highly dense structures, increasing the

number of interacting neighbours. Locally high density induces positive feedback

on the alignment interaction. Consequently, the dense groups of SPPs may align

locally, whereas the rest of the systems are random. It leads to a phase-separated

ordered phase where dense band structures occur in the system up to the transition

noise value in the ordered phase. It is, therefore, important to explore the effect of

trapping perturbation on the order-disorder transition in higher system sizes at a

high velocity.

The snapshots of system morphology at v0 = 0.5 for a system of size L = 256

with α = 0 (the VM) and with α = 1/6 are shown in Fig.2.8(a) and (b) respectively.

Snapshots are taken at their respective transition points. The orientations are

represented by different colours, as described in Fig.2.3. For the system with α = 0,

a dense band of particles is found to appear with clusters of different colours, mostly

orange, magenta and red as shown in Fig.2.8(a). These colours represent the range

of orientations [π/3, 2π/3], [2π/3, π] and [−π,−2π/3] respectively. However, the

particles lying outside the band are randomly oriented and do not form any dense

cluster. As the clusters in the band are moving in different directions, the band is

expected to disappear over a number of MC steps. The corresponding steady-state

dynamics of the order parameter of the system with α = 0 is given in Fig.2.8(c) at

η ≈ ηc. The plot of φ versus the MC step, t in Fig.2.8(c) displays abrupt changes in

the value of the order parameter φ from a higher value to a smaller value with time t.
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Figure 2.8: For v0 = 0.5: System morphology with (a) α = 0 for ηc ≈ 0.337 and with
(b) α = 1/6 for ηc ≈ 0.278. The system size is L = 256 and density is ρ0 = 0.5. Colour
representation of orientation range is given as per Fig.2.3. Brown points are the trapped
particles. Order parameter dynamics at their respective transition points for (c) α = 0
and (d) α = 1/6.

The higher value of φ corresponds to an ordered phase with the band and the lower

value of φ corresponds to a random or disordered phase. Thus at the criticality,

two phases co-exist, and the system oscillates between them as time progresses.

The appearance and disappearance of travelling bands and the co-existence of two

phases are the characteristic features of a discontinuous transition. In the snapshot

of a system of size L = 256 with α = 1/6, given in Fig.2.8(b), no such dense band

of particles is formed. Instead of that, fluctuations in orientation (colour) as well as

in the size of the clusters appear throughout the system (Fig.2.8(b)). The steady-

state dynamics of the order parameter of the system with α = 1/6 is shown in

Fig.2.8(d) at η ≈ ηc. The order parameter dynamics of the system with α = 1/6

shows a fluctuation around a mean value of φ, and no evidence of the existence of
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Figure 2.9: For v0 = 0.5: Plot of (a) φ, (b) χ and (c) U versus η for several values of
α on a system of size L = 256. Different symbols and colours used for different values of
α are given in the legend of plot (a). Plot of ηc versus σ is given in the inset of plot (b).
(d) Plot of P (φ) for different α at their respective ηc. In the inset of (d), φP is plotted
against α.

two phases is observed. Such fluctuation at all length scales is expected to occur in

the system at the critical point of a continuous phase transition. Thus at v0 = 0.5,

the system with perturbation is distinctly different from that of a system without

perturbation.

We now present the effect of perturbation strength α at v0 = 0.5 on order pa-

rameter φ, susceptibility χ and Binder cumulant U on a system of size L = 256 in

Fig.2.9(a), (b) and (c) respectively. It can be seen that α has a strong influence on

the behaviour of these dynamical quantities. The discontinuous transition with a

drastic jump in the value of φ for α = 0 seems to smoothen out, and φ continuously

goes to zero as α increases to 1/6 (Fig.2.9(a)). A plot of χ versus η is given in

Fig.2.9(b) for different α values. The sharp jump in χ for α = 0 decreases as α

increases. In the inset of Fig.2.9(b), the values of the critical noise ηc are given
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against α, which are obtained from the susceptibility (χ) peak. The values of ηc

are noted as 0.337, 0.322, 0.314, 0.295, 0.278 for α = 0, 1/16, 1/12, 1/8 and 1/6

respectively. The binder cumulant U is plotted in Fig.2.9(c) for the same values of

α. The negative dip in U reduces and becomes positive as α increases. In Fig.2.9(d),

the distribution of order parameter P (φ) is plotted for different values of α at their

respective ηc for the system of size L = 256. As the perturbation strength, α, is

increased, the P (φ) changes from a bimodal distribution that of a discontinuous

transition to a unimodal distribution that of a continuous transition. The distri-

butions P (φ) are also obtained at several intermediate values of α between 0 and

1/6 than those displayed in Fig.2.9(d). The peak positions φp are plotted against

α in the inset of Fig.2.9(d). It can be seen that the order parameter distribution

P (φ) is bimodal below a critical strength of perturbation, and it is unimodal above

such a strength α∗ ≈ 1/12. A line of continuous transitions is found to bifurcate

at α∗ ≈ 1/12 into two lines of discontinuous transitions. It acts as a tricritical

point. Below the perturbation strength α∗, insufficient perturbation or agitation

in the system can not destroy the formation of the travelling density band or the

occurrence of discontinuous transition. The critical strength α∗, however, depends

on the density ρ0, velocity v0 and the system size L.

As the order-disorder transition at v0 = 0.5 for systems with higher values of α

seems to be continuous, we confirm the nature of transition performing FSS analysis

involving systems of both smaller and higher sizes with α = 1/6. In Fig.2.10(a),

the Binder cumulant U is plotted against the angular noise η for L = 64, 128, and

256. The plots are found to intercept at a common point (ηc = 0.283, Uc = 0.47) as

expected for a continuous transition. In Fig.2.10(b) and (c), the order parameter

φ and susceptibility χ is plotted against the angular noise η for the system of sizes

L = 64, 128, and 256. In Fig.2.10(d), U for different L are plotted against the scaled

variable ǫL1/ν (ǫ = (η − ηc)/ηc) taking ν = 1.6 and ηc = 0.283, and a reasonable

collapse of data is obtained. In Fig.2.10(e), the scaling of the order parameter φ

is presented by plotting φLβ/ν against ǫL1/ν taking β/ν = 0.275. A reasonable

collapse of data is obtained. The scaled susceptibility χL−γ/ν is plotted against the

scaled variable ǫL1/ν in Fig.2.10(f) and a reasonable collapse of data is obtained

taking γ/ν = 1.45. The probability distribution P (φ) is shown in Fig.2.11(a) at

the transition point ηc = 0.283 for different system size L with α = 1/6. The

scaled distribution P (φ)L−β/ν is plotted against the scaled order parameter φLβ/ν

in Fig.2.11(b). With β/ν = 0.275, a reasonable data collapse is observed. At

v0 = 0.5, the systems with a reasonable perturbation strength α then exhibits FSS
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Figure 2.10: v0 = 0.5 and α = 1/6: (a) Plot of U , (b) φ and (c) χ versus η for different
L. (d) Plot of U versus the scaled noise ǫL1/ν . (e) Plot of φLβ/ν against ǫL1/ν . (f) Plot
of χL−γ/ν against ǫL1/ν . Values of the exponents taken as β/ν = 0.275, γ/ν = 1.45 and
ν = 1.6.

with the critical exponents as that of the VM [103]. At v0 = 0.5, the systems with a

reasonable perturbation strength α then exhibits FSS with the critical exponents as

that of the VM and the transition belongs to that of the same universality class of

the VM. The continuous transition in the VM is also observed by rotating the frame

of observation randomly at every time step for a system of N = 131072 particles

with velocity v0 = 0.5 [142]. By removing the artefact of PBCs by shifting the

re-injection point by a distance ∆L with respect to the specular position on the

other side of the boundary, it was also shown that the VM undergoes continuous

transition [135].

It should be noted here that the density of active particles is less than the

total density ρ0 at a given time due to the trapping of SPPs under the trapping

perturbation. For a system of size L = 256, the average number of trapped particles

Ntr per MC step is shown in Fig.2.12(a) for different values of α where error bars

indicate the deviations. For a perturbation strength α = 1/6, Ntr is nearly 3045

out of the total number of particles N = 32768. Thus the reduced density of the

system is given by ρr = (N − Ntr)/L
2 ≈ 0.45. It is important to emphasize here

that the continuous transition observed for this system (L = 256, α = 1/6) is not
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Figure 2.11: v0 = 0.5 and α = 1/6: (a) Plot of P (φ) against φ at ηc = 0.283 for different
system size L. (b) Plot of scaled distribution P (φ)L−β/ν against φLβ/ν .
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Figure 2.12: For v0 = 0.5: (a) Plot of Ntr against α for the system size L = 256,
ρ0 = 0.5 (N = 32768). (b) Plot of P (φ) at the respective transition with the reduced
density ρr ≈ 0.45 (N = 29723) for α = 0.

due to the reduced density of particles in the VM rather, it is due to the non-

trivial effect of perturbation in the system. In order to establish the statement,

we perform a simulation for α = 0, the VM, taking reduced density ρr = 0.45

and obtain the distribution of order-parameter P (φ) at the transition point ηc ≈

0.325. P (φ) is plotted in Fig.2.12(b) against the order parameter φ and it shows

a bimodal distribution as it was for ρ0 = 0.5. Such an observation implies that it

is not the reduced density. Rather the interplay between density fluctuation and

randomization of the orientations are responsible for destroying the density bands

and making the transition continuous.

As the VM undergoes discontinuous transition above a crossover system size

L∗(ρ0, v0) [104], it is now important to verify whether the effect of perturbation is

independent of system size and the asymptotic behaviour of the VM is going to be

continuous or not. Simulations are performed on a larger system size L = 512, for
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Figure 2.13: For v0 = 0.5: (a) System morphology for α = 1/6 at ηc ≈ 0.315, L = 512,
ρ0 = 0.5 (N = 131072). Colour representation of orientation ranges in the configuration
are as per Fig.2.3. (b) Plot of U against η in I and plot of P (φ) at ηc in II for α = 1/6.
Pink for ttrap = 2∆t and blue for ttrap = 10∆t in both I and II.

the perturbation strength α = 1/6 keeping ρ0 = 0.5. The total number of particles in

the system is now N = 131072. The steady-state configuration of such a system near

the transition point ηc ≈ 0.315 is shown in Fig.2.13(a). It can be seen that a dense

travelling band persists in the system. The trapping perturbation is not enough to

destroy the formation of the travelling band in the system. The variation of Binder-

cumulant U and the distribution of order parameter P (φ) at the transition point

are shown in Fig.2.13(b)I and II respectively. At the transition point, the Binder-

cumulant U becomes negative, and P (φ) exhibits a bimodal distribution. Thus,

the system now undergoes a discontinuous transition. The nature of transition in

this system is further verified for an extended trapping time ttrap = 10∆t. It is

observed that the dense band of particles still appears in the system. U and P (φ)

for this case are shown in blue in Fig.2.13(b)I and II respectively. It can be seen that

the Binder cumulant still remains negative, and the order parameter distribution

is bimodal. Though the transition occurs at a lower ηc, the nature of transition

remains unchanged for ttrap = 10∆t. However, it should be noted that the crossover

system size L∗(ρ0, v0) now depends on α. The crossover system size of the VM with

perturbation L∗
α(ρ0, v0) is always greater than L∗(ρ0, v0), that of the VM without

perturbation. The perturbation is able to increase the crossover system size of

the VM from L∗(ρ0, v0) ≈ 100 to a larger system size 256 < L∗
α(ρ0, v0) < 512 for

ρ0 = 0.5, v0 = 0.5 and α = 1/6. Thus there is more than a two-fold increase in the
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Figure 2.14: For v0 = 1.0: System morphology with (a) α = 0 and (b) α = 1/6 at
the respective ηc, system size is L = 128, ρ0 = 0.5 (N = 8192). (c) Plot of U against η
in I and plot of the distribution P (φ) of φ in II. Colour representation of the orientation
ranges in the configuration are as per Fig.2.3.

crossover size. The situation is going to be more drastic at higher velocities. Below

we present a few results for v0 = 1.0.

2.2.5 Results at v0 = 1.0

At high velocity such as v0 = 1.0, the density band appears in a system of size as

low as L = 80, with density ρ0 = 0.5 (N = 3200). To study the effect perturbation

at such a higher velocity (v0 = 1.0), we considered two system sizes, L = 128 and

L = 256, keeping the density ρ0 = 0.5 same (the number of particles is kept as

N = 8192 and N = 32768 respectively). For the system of size L = 128, the

snapshot of system morphology for α = 0 and α = 1/6 is shown in Fig.2.14(a) and

(b) respectively. The prominent density band that was formed in the VM (α = 0)

on L = 128 disappeared when the perturbation of strength α = 1/6 is applied.

Decrease of band density and optimal noise are also observed in a different model

for a ring-shaped perturbation with different trapping rules [147]. The variation

of the Binder cumulant U against η in plotted in Fig.2.14(c)I. It is also compared

with the case of α = 0. It can be seen that the negative dip in U for α = 0

has disappeared, and it becomes positive for α = 1/6. The distribution P (φ) of

φ for α = 0 and 1/6 are shown in Fig.2.14(c)II. The bimodal distribution of φ for

α = 0 becomes unimodal for α = 1/6. Thus application perturbation in the VM at

v0 = 1.0 makes the discontinuous transition a continuous transition for a system of

size L = 128 with density ρ0 = 0.5.
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Figure 2.15: For v0 = 1.0: System morphology with (a) α = 0 and (b) α = 1/6 at the
respective ηc, system size is fixed as L = 256, ρ0 = 0.5 (N = 32768). (c) Plot of U against
η in I and plot of P (φ) of φ in II. Colour representation of the orientation ranges in the
configuration are as per Fig.2.3.

Now the effect of perturbation is checked for a higher system size L = 256,

ρ0 = 0.5 (N = 32768). The snapshot of system morphology for α = 0 and α = 1/6

is shown in Fig.2.15(a) and (b) respectively. Even with a perturbation strength

α = 1/6, the travelling band persists in the system with a slight distortion around

the central zone of the trapping perturbation. The variation of U against η is

presented in Fig. 2.15(c)I for α = 0 and α = 1/6. The Binder cumulant U still

remains negative at the transition for α = 1/6. The distribution P (φ) of φ are

bimodal for both α = 0 and α = 1/6 as shown in Fig.2.15(c)II. Characteristics of U

and that of the P (φ) both indicate that the transition is discontinuous at α = 1/6.

Though the further increase of α to 1/4 shows disappearance of the travelling band,

positive U at ηc with a small dip and a unimodal distribution P (φ), no critical

transition in the system is observed. Rather a smooth crossover from order to

disorder phase without any peak in susceptibility χ is found to occur. Again the

crossover system size L∗
α(ρ0, v0) has increased upon application of perturbation and

for v0 = 1.0 it somewhere between L = 128 and 256 for the particle density ρ0 = 0.5.

2.3 Summary and Discussion

In this chapter, a new model is constructed by imposing trapping perturbation on

the VM. The model is then studied varying the scalar noise η for different perturba-

tion strength α and velocities v0. Simulations are performed for different system of

sizes L at three different velocities v0 = 0.1, v0 = 0.5 and v0 = 1.0 respectively. De-
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pending on the system size L, velocity v0 and perturbation strength α, continuous

and discontinuous order-disorder transitions occur in the system. The continuous

transitions are characterized by positive Binder cumulant U and unimodal distribu-

tion of the order parameter P (φ). Whereas a negative dip in the Binder cumulant

U and bimodal distribution P (φ) of the order parameter φ characterizes the discon-

tinuous transition. FSS analysis is performed for all situations. For low velocity like

v0 = 0.1, the crossover system size is expected to be very large, and no travelling

band is observed for the system size L = 256. In this case, the effect of perturbation

enhances the transition point to a low noise value. It is found that the transition type

of the perturbed system is continuous, and the critical exponents are found to be the

same as the VM. Then for the higher velocities, the effect of perturbation is studied

for system size greater than the crossover size. There exists a crossover system size

L∗(ρ0, v0) ≈ 100 for the VM without perturbation (α = 0) for v0 = 0.5 and ρ0 = 0.5

below which the model exhibits continuous transition and above which it exhibits

discontinuous transition with dense travelling bands in the system. In the presence

of trapping perturbation, the value of crossover system size L∗
α(ρ0, v0) increases and

becomes greater than L∗(ρ0, v0), that of without perturbation. Further, there exists

a tricritical point α∗ for a given system of size L, L∗(ρ0, v0) < L < L∗
α(ρ0, v0), below

which the transition is discontinuous and above which the transition is continuous.

As the velocity v0 increases, the value of L∗
α(ρ0, v0) decreases but remains greater

than the corresponding L∗(ρ0, v0). The continuous transition in the VM under per-

turbation for a system of size L < L∗
α(ρ0, v0) is not due to the system’s reduced

density because of trapping; rather, it is because of the density fluctuation and ran-

domization of orientation. Furthermore, the continuous transitions observed in the

VM with perturbation is characterized by the same critical exponents of the VM

without perturbation for L < L∗(ρ0, v0). On the other hand, in the VM with pertur-

bation, for L > L∗
α(ρ0, v0), the effect of the positive feedback mechanism becomes

stronger than the perturbation. As a result, dense travelling bands reappear in the

system, and the transition becomes discontinuous. Thus the perturbation in the

form of fluctuations in local density and orientation can destroy the dense travelling

band in the system up to a certain system size L∗
α(ρ0, v0) for a given ρ0, v0 and α.

For the systems of size beyond L∗
α(ρ0, v0), the transition remains discontinuous even

in the presence of perturbation.
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Chapter 3

Pattern formation and phase

transition in the collective dynamics

of a binary mixture of polar

self-propelled particles

Collective pattern formation and self-organization of active or self-propelled parti-

cles (SPPs) spontaneously occur in nature at different length scales. For example,

actin filaments can form different structures as microclusters, stripes, and trav-

eling waves [21, 117], bacterial swarms growing in the lab can self-organize into

high-density coherent patterns [18, 19, 148–150], army ants [151], insect swarms

[14, 15], spiny lobsters [152, 153], fish schools [154], flocking birds [7, 8], pedestrian

flow [155, 156], artificial systems of SPPs [25, 26], etc. Some of these systems also

exhibit motility-induced phase separation. Phase separation strategies of active

particles are studied in various branches of science [40, 157]. Different examples of

phase separation in active systems include: a mixture of active Brownian particles

with different diffusion constant [54, 158], a mixture of active and passive particles

[55, 159–161], binary active particles with different alignment interactions [162], op-

positely driven binary mixture of particles [163–165], chiral active matter [77, 166],

a mixture of polar and apolar SPPs [167] and many others. However, the study of

phase separation and dynamic transition in a binary mixture of polar SPPs with

different motile properties is a new area of research.

Collective behaviour of polar SPPs of common motile properties is extensively

studied following the seminal Vicsek Model (VM) [70]. In this model, a large number

of polar SPPs move together at a constant speed, and they align their direction of
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motion with their neighbours through a short-range alignment interaction. However,

the average direction is subject to an angular noise (η). For a given density (ρ), an

orientational order-disorder transition occurs at a critical noise (ηc). One of the main

criteria of VM is that all the polar SPPs should have the same velocity. However,

in natural systems, the velocities of particles need not be the same during collective

motion. For example, fast-moving (active) and slow-moving (dormant) bacteria in

a bacterial population or slow-moving vehicles and speedy vehicles in daily traffic.

We propose a model with two types of polar SPPs having two widely different

velocities. It is intriguing to observe whether self-organized pattern formation and

phase separation occur under a short-range interaction without any external force or

repulsion in this binary model (BM). Furthermore, will there be any criticality in the

system? Should the system undergo any order-disorder transition at a critical point?

What would be the nature of such transition? In this study, we explore answers to

all these questions. The collective dynamics and the underlying mechanism could

also explain the similar pattern formation and dynamical behaviour observed in

other systems.

In the next section, we present the model. The pattern formation and order-

disorder phase transition are then presented. Finally, we discuss different velocity

regimes and conclude. In the rest of the paper, we denote the polar SPPs as SPPs

only.

3.1 Binary Model

Collective motion of a mixture of SPPs with two different motility is modelled over

a two-dimensional square box of linear size L. The different motilities of SPPs are

modelled, assigning widely different velocities to them. The fast-moving SPPs move

with a velocity vf and the slow-moving SPPs move with a velocity vs where vf ≫ vs.

The two types of SPPs are taken in equal proportion. If Nf is the number of fast-

moving SPPs and Ns is the number of slow-moving SPPs, then Nf = Ns = N/2

where N is the total number of SPPs in the system. Initially, the position ~rp,i,

i = 1, 2, 3, · · · , N/2 of all the SPPs are randomly distributed over the space (off-

lattice) where p ∈ {s, f}. The initial orientation θi of an SPP is randomly selected

in the range −π to π, irrespective of their type. The SPPs of both types interact

within a local neighbourhood R = 1 and determine their average orientation. Both

inter-particle and intra-particle interactions are considered in estimating the average

orientation. The distribution of randomly oriented 25 fast-moving SPPs (in orange)
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R

Figure 3.1: The distribution of binary SPPs is shown on a system of size L = 10 where
Nf = Ns = 25. The Orange colour represents the fast-moving SPPs, and the maroon
colour represents the slow-moving SPPs. The arrow associated with an SPP indicates the
direction of velocity. A fast-moving SPP at the centre of circle-1 and a slow-moving SPP
at the centre of circle-2 interact with both slow and fast-moving SPPs present within the
radius R.

and 25 slow-moving SPPs (in maroon) are shown in Fig.3.1. Longer and shorter

arrows show the velocities vf and vs, respectively.

The time evolution of the orientation θi of the ith SPP is determined by

θi(t+∆t) = 〈θ(t)〉R +∆θ (3.1)

where ∆θ is a random orientation chosen with a uniform probability from the inter-

val [−ηπ,+ηπ]. The strength of the angular noise η varies from 0 to 1. The term

〈· · · 〉R is defined as

〈θ(t)〉R = arctan
[
〈sin θ〉
〈cos θ〉

]
;

〈sin θ〉 = 1
n

∑
j∈{R} sin θj ; 〈cos θ〉 = 1

n

∑
j∈{R} cos θj

where n is the number of SPPs in the neighbourhood region R that includes both

the slow and fast-moving SPPs. It should be noted that the magnitude of velocity
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of individual SPPs are igonred and only the orientations are teken into account in

estimating 〈θ(t)〉R. After averaging, an SPP of type-p (p ∈ {s, f}) at the position

~rp,i is thus moving with a speed vp in the direction θi. Knowing the velocity ~vp,i(t)

at every time step, the position of the ith SPP ~rp,i is updated following the forward

update rule as given below

~rp,i(t +∆t) = ~rp,i(t) + ~vp,i(t)∆t (3.2)

where ∆t is the time between two successive updates, and it is chosen as ∆t = 1.

The linked cell-list algorithm as discussed in chapter-2 is used to keep track of time

varying neighbour list. Periodic boundary conditions (PBCs) in the horizontal and

vertical directions are applied in case the position vector crosses the boundary of

the square box. Eq.3.1 and Eq.3.2 are then evolved with time and the dynamical

properties are studied varying the angular noise η for different velocity ranges.

In a special situation if vs = vf = v0, the BM will boil down to the VM with

velocity v0 for all SPPs [70].

3.2 Results and Discussion

For a given initial random distribution of SPPs over a square box of size L, the

system’s time evolution is studied following Eq.3.1 and Eq.3.2 by performing Monte

Carlo simulations. One Monte Carlo time step corresponds to the up-gradation

of position and orientation of all the SPPs. Initial 7 × 105 Monte Carlo steps

are neglected to achieve the steady-state. An ensemble of size 48× 105 is taken for

statistical averages (2×105 time samples for each 24 different initial configurations).

Simulations are performed for different velocities of the fast-moving SPPs: vf =

30vs, vf = 50vs, vf = 100vs and vf = 150vs keeping the velocity of the slow-moving

SPPs fixed at vs = 0.01. The two SPPs are taken in equal proportions. The overall

density of SPPs, ρ0 = N/L2, is kept fixed as ρ0 = 0.5 for all the observations. First,

we will discuss the formation of the collective patterns in this model. The phase

transition will be discussed later.

3.2.1 Collective Patterns

First, we present the morphologies of the system of binary SPPs with vf = 30vs and

vs = 0.01 at different angular noise η on a system of size L = 128 in Fig.3.2. SPPs

are represented by circles with two different colors: orange for the fast-moving SPPs
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(DS+DL) (DS+DC) (DS+DC)

(a) η = 0.01 (b) η = 0.08 (c) η = 0.15

(RS+RC) (MS+MC) (HGM)

(d) η = 0.24 (e) η = 0.45 (f) η = 0.70

Figure 3.2: Morphologies of the system of SPPs with vf = 30vs and vs = 0.01 for
different angular noise (a) η = 0.01, (b) η = 0.08, (c) η = 0.15, (d) η = 0.24, (e) η = 0.45
and (f) η = 0.70 for a system of size L = 128. The orange colour represents the fast-moving
SPPs, and the maroon colour represents slow-moving SPPs.

(vf = 30vs) and maroon for the slow-moving SPPs (vs = 0.01). A variety of patterns

appear as the angular noise η varies. For a low angular noise η = 0.01, it is observed

in Fig.3.2(a) that the fast-moving SPPs form clusters and they move in a particular

direction (indicated by the orange arrow). On the other hand, the slow-moving SPPs

are moving on a narrow lane in the same direction (indicated by the maroon arrow)

as the clusters of fast-moving SPPs. The narrow lanes formed by the slow-moving

SPPs are called directed lanes (DL), and the clusters of fast-moving SPPs are called

directed clusters (DS). It seems that the motion of the fast-moving SPPs guides the

motion of the slow-moving SPPs. At each time step, the fast-moving SPPs travel a

much larger distance than the slow-moving SPPs, and consequently, they influence

the ordering of the distant flocks of both types. For a given initial configuration,
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the direction of motion of DS (or DL) is spontaneously selected toward an arbitrary

direction. Such lane formation was not observed in the VM with monodispersed

SPPs. With the increase of η, the directed clusters of fast-moving SPPs look a

little scattered, whereas the slow-moving SPPs form clumps (or compact clusters)

that still move in the same direction of DS of the fast-moving SPPs. We call these

clumps of slow-moving SPPs as directed clumps (DC). The system morphology of

this phase is shown in Fig.3.2(b) and (c) for η = 0.08 and η = 0.15 respectively. The

morphologies are given in Fig.3.2(a),(b) and (c) correspond to the orientationally

ordered phases. In these phases, the patterns are phase-separated according to the

velocities of the SPPs, and the flocks of different types of SPPs move in the same

direction. The phase separation is due to the difference in velocities of the two

types of SPPs, and the same direction of motion of different flocks is due to the

mutual alignment interaction of all the SPPs. Further increase of noise to η = 0.24

induces random motion to both the clusters of fast-moving SPPs and the clumps of

slow-moving SPPs. We call the randomly moving clusters of fast-moving SPPs by

random clusters (RS) and the randomly moving clumps of the slow-moving SPPs

by random clumps (RC). The morphology at η = 0.24 is shown in Fig.3.2(d). Thus,

DS and DC become RS and RC as the noise changes from η = 0.15 to η = 0.24.

Usually, the orientational order-disorder transition (as in the VM) occurs between

a directed phase and a random phase. In this binary model, such a transition

occurs at ηc ≈ 0.19 when DS+DC goes to RS+RC. As η is increased beyond 0.24,

the RS and RC begin to dissolve into a larger number of micro-clusters (MS) of

fast-moving SPPs and micro-clumps (MC) of slow-moving SPPs, respectively. The

situation is shown in Fig.3.2(e) for η = 0.45. For relatively high η, a homogeneous

gas-like mixture (HGM) of slow and fast-moving SPPs is observed. It is shown for

η = 0.70 in Fig.3.2(f). However, the formation of lanes, clumps, etc., were observed

in a model of SPPs with density-dependent motility [168]. Particle aggregations,

thick lanes, etc., were also observed due to crowding and jamming in a lattice

model of SPPs [96]. Stripes, similar to lane pattern, is observed in a model of

self-propelled agents with both velocity alignment and aggregation at a low noise

[95]. The aggregation interaction, which characterizes the tendency of the agents

to gather during movement, plays a nontrivial role in the collective dynamics in

this model. Whereas, in the BM, in the presence of only alignment interaction,

lane pattern by the slow-moving SPPs occurs for very low noise. It seems that

movement of slow-moving SPPs in a significantly smaller length scale induces such

aggregation. Except for the lane formation by the slow-moving SPPs at very low
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noise, the patterns that appeared at different values of η are similar to those obtained

in the VM with mono-dispersed SPPs of specific velocities. Similar ordered phase

(at low noise) patterns also appear in the cases of higher velocities of the fast-moving

SPPs such as vf = 50vs and vf = 150vs with vs = 0.01.

To characterize these different patterns, we measure a few quantities for the BM

with velocities vf = 30vs and vs = 0.01 on a system of size L = 256 (N = 32768).

The patterns described above consists of numerous flocks of different shapes and

sizes. A flock is a collection of interacting SPPs. Two SPPs are in the same flock if

their separation r ≤ R (within the interaction zone). A flock could be in the form

of lane, cluster, clump, or micro-clump. First, we analyze the size of the largest

flock Mp of the p-type (p ∈ {s, f}) SPPs. The value of Mp is given by the number

of SPPs that belong to the largest flock. The value of Mp is expected to decrease

with increasing η. In Fig.3.3(a), the variations of Ms and Mf against η are shown.

For the lowest value of η (0.01), the largest flock size of the slow-moving SPPs is

Ms ≈ 7490 and that of the fast-moving SPPs is Mf ≈ 1360. The value of Ms

is larger than that of Mf as the slow-moving SPPs are densely packed along the

lanes. As η increases, the value of Ms decreases sharply, whereas Mf decreases

relatively slowly. Near the transition region, there is a slight increase in Ms as a

few larger clumps appear in the system. The increase in Mf in this region, however,

is relatively small in comparison to Ms. At the transition point (ηc ≈ 0.19), the

largest flock sizes of the two SPPs are Mf ≈ 386 and Ms ≈ 2162. With a further

increase of η, the largest flock breaks down to smaller flocks. For high η, the size of

the largest flock not only becomes small but also the values of Ms and Mf become

comparable, Ms ≈ 15 and Mf ≈ 14 at η = 0.70.

It is important to count the number of flocks NC,p (p ∈ {s, f}) at different values

of η. The number of flocks is expected to increase as η increases. The variation

of NC,p is shown in Fig.3.3(b). For η = 0.01, the number of flocks of slow-moving

SPPs is NC,s ≈ 54 and that of the fast-moving SPPs is NC,f ≈ 483. There are

more DS than DL. Though the lane looks continuous, it is actually fragmented into

54 parts and all are aligned in the same direction. In this region, both NC,f and

NC,s are small. As η increases, NC,f grows faster than NC,s and it is found that

NC,f > NC,s for all η. Near the transition point (ηc ≈ 0.19), the number of flocks

are NC,f ≈ 3862 and NC,s ≈ 340. However, NC,s increase slowly with η, and then

there is a rapid increase near η ≈ 0.40 where MS and MC phase occurs. Whereas,

NC,f increases gradually with η. For η = 0.70, the number of flocks of slow-moving

SPPs becomes NC,s ≈ 10068, whereas, NC,f ≈ 10318. As the total number of SPPs
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Figure 3.3: vf = 30vs, vs = 0.01: (a) Plot of Mp against η. (b) Plot of NC,p against η.
(c) Plot of ξp against η. (d) Plot of σθ,p versus η. In the inset of (d), P (θ) is plotted for
η = 0.16 with the same symbols and colours for the fast and slow-moving SPPs. System
size is L = 256.

in the system is 32768, the number of SPPs per flock is less than 2. The system of

SPPs at this high η thus becomes a spatially homogeneously mixed gas.

In order to determine the extension of a flock, the correlation-length is deter-

mined separately for both type of particle flocks. The correlation length ξ is defined

[169] as

ξ2 =
2
∑

mR2
m(m)m2nm∑

mm2nm
(3.3)

where Rm is the radius of gyration of a flock of size m. The variation of the

correlation lengths ξp (p ∈ {s, f}) are shown in Fig.3.3(c). For η = 0.01, the value

of ξs is ≈ 140 whereas ξf is ≈ 14. This is because the slow-moving SPPs form

elongated DL with large number of SPPs but the fast-moving SPPs form almost

isotropic DS with relatively lesser number of SPPs in each cluster. The correlation

length ξs decreases sharply as η is increased slightly. The value of ξf is relatively
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Figure 3.4: Plot of the segregation coefficient S versus η for vf = 30vs and vf = 50vs
with vs = 0.01 for a system of size L = 256.

less in this region and changes slowly with increasing η. Note that in determining

ξp, flocks of size m < 4 are negleted.

The orientations of SPPs change from a particular direction (ordered state) to

random directions (disordered state) as η varies from a small to a large value. The

orientation distribution P (θ) of the SPPs is expected to be highly peaked in the

ordered state and to be a flat one in the disordered state. To characterize the

change in orientation, the full width at half maximum (σθ) is determined from

the distributions P (θ) at every η. In determining σθ, a steady-state time average

is considered for a given initial configuration only. The value of σθ,p for p-type

(p ∈ {s, f}) SPPs is expected to increase from 0 to 2π as η changes from zero to a

high value. In Fig.3.3(d), the variation of σθ,p against η is shown. The distribution of

orientations P (θ) for both the SPPs are given in the inset of Fig.3.3(d) for η = 0.16.

It is observed that the distributions are peaked at a particular angle. Though σθ,f

slightly wider than σθ,s, σθ,p ≈ π/2 for both the SPPs at η = 0.16. At the lowest

η = 0.01, the values of σθ,f and σθ,s are very small approximately 0.2 radian. Near

the transition region, σθ,p is approximately π for both the SPPs. With further

increase of η, as the P (θ) becomes flat, σθ,p becomes 2π for higher angular noise

(η > 0.40).

The segregation coefficient is calculated to study phase-separation or demixing

between the two types of SPPs. The square box of area L2 is divided into Q square

sub-regions of linear size l and area L2/Q each. The segregation coefficient [77, 170]
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is defined as

S =
1

N

Q∑

j=1

|nfj − nsj| (3.4)

where j is the index for the sub-regions, nf and ns are the number of the fast

and slow-moving SPPs respectively in the sub-region area. The coefficient S is

determined for the patterns described above, taking l = 8, similar to the length

scale of the average flock size near the transition. The value S = 1 represents a

fully demixed or phase-separated pattern, whereas it is low for mixed structures.

The variation of the coefficient S for vf = 30vs and vf = 50vs (with vs = 0.01)

at different η values are shown in Fig.3.4. It can be seen that the coefficient S

is high at smaller η, where phase-separated patterns appear in the system. The

slight decrease in S at very small η(≈ 0.01) may have arisen from the empty sub-

regions. Whereas, at higher η, S decreases with η as they mix uniformly, and phase

separation disappears. Such phase separation was also observed in a binary mixture

of active Brownian particles with wide differences in the diffusion constant [54].

Finally we investigate the spatio-temporal correlations in the directed clusters

and clumps around the transition point. The temporal correlation is measured

by the velocity time autocorrelation function C(t) and the spatial correlation is

measured by the two-point velocity correlation function g(r) [171] and are given by

C(t) =

〈
~vi(0) · ~vi(t)

|~vi(0)||~vi(t)|

〉
, g(r) =

〈
~vi(0) · ~vj(r)

|~vi(0)||~vj(r)|

〉
(3.5)

where i and j are particle indices and 〈· · · 〉 stands for an ensemble average over

1000N . The estimates of C(t) versus t and g(r) versus r for three different noise

values as η = 0.15, 0.19(ηc) and 0.24 for the system of size L = 256 are plotted in

Fig.3.5(a) and (b) respectively. The system is highly correlated over time in the

DS+DC (η = 0.15) phase. The correlation is less and decays significantly around

t = 100 for ηc = 0.19. Furthermore, C(t) decays sharply for η = 0.24, implying that

the correaltion is less in the RS+RC phase. The value of g(r) is also found high for

smaller r for η = 0.15. As r increases, the correlation decreases and become almost

constant to a moderately high value (g(r) ≈ 0.6). For ηc = 0.19, g(r) decays faster

than that with η = 0.15. Whereas in the random phase with η = 0.24, g(r) ≈ 0 for

r = 32.
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Figure 3.5: vf = 30vs, vs = 0.01: (a) Plot of C(t) against t. (b) Plot of g(r) against r.
System size is fixed at L = 256.

3.2.2 Phase transition

As the angular noise η changes from 0 to a higher value, the system undergoes a

transition from an orientational ordered state to an orientational disordered state.

Such a transition occurs when the directed clusters and directed clumps (DS+DC)

phase (Fig.3.2(c)) changes to random clusters and random clumps (RS+RC) phase

(Fig.3.2(d)) in the binary system around the critical noise η = ηc. We analyze the

data for phase transition for the whole system, considering both the slow-moving

and fast-moving SPPs together as well as the partial systems involving only one

type of SPPs. The order parameter of the transition φ for the whole system is

defined as

φ(η, L) =
1

N

∣∣∣∣∣
∑

p

Np∑

i=1

~vp,i
|~vp,i|

∣∣∣∣∣ (3.6)

where N is the total number of SPPs. The partial order-parameter of the transition

φp for the p-type SPPs is defined as

φp(η, L) =
1

Np

∣∣∣∣∣

Np∑

i=1

~vp,i
|~vp,i|

∣∣∣∣∣ (3.7)

where Np is the number of p-type (p ∈ {s, f}) SPPs. The susceptibility χ for

the whole system and that of the partial systems χp can be estimated from the

fluctuation in their respective order parameters φ and φp as

χ = L2
[
〈φ2〉 − 〈φ〉2

]
, χp = L2

[
〈φ2

p〉 − 〈φp〉
2
]

(3.8)

where 〈φn〉 =
∫
φnP (φ)dφ, 〈φn

p〉 =
∫
φn
pP (φp)dφp, P (φ) and P (φp) are the distri-

bution functions of φ and φp respectively, L is the linear dimension of the system.
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Similarly, the fourth order Binder cumulant for the whole system U and that of the

partial systems Up are defined as,

U = 1−
〈φ4〉

3〈φ2〉2
, Up = 1−

〈φ4
p〉

3〈φ2
p〉

2
(3.9)

where the higher order averages are obtained following the definitions of 〈φn〉 and

〈φn
p〉 given above.

If the orientational order-disorder transition is continuous, the finite size scaling

(FSS) relations of the above parameters can be given following the equilibrium

thermal critical phenomena [143, 144], as

φ(η, L) = L−β/νφ0[ǫL
1/ν ] (3.10)

where ǫ = (η−ηc)/ηc the reduced noise, β is the order parameter exponent, ν is the

correlation length exponent and φ0 is a scaling function. At the criticality η = ηc,

φ(ηc, L) ∼ L−β/ν . The order parameter distribution PL(φ) for a given system of size

L is defined as

PL(φ) = Lβ/νP̃L

[
φLβ/ν

]
(3.11)

where P̃L is a scaling function. At the criticality, the distribution PL(φ) is unimodal

for a continuous transition. The FSS form of the susceptibility is given by

χ(η, L) = Lγ/νχ0[ǫL
1/ν ] (3.12)

where χ0 is a scaling function, γ/ν = d− 2β/ν and d (= 2) is the space-dimension.

At η = ηc, χ(ηc, L) ∼ Lγ/ν . The FSS form of the fourth order Binder cumulant is

given by

U(η, L) = U0[ǫL
1/ν ] (3.13)

where U0 is a scaling function. The derivative of U(η, L) with respect to η follows

a scaling relation [145],

U ′(η, L) = L1/νU
′
0[ǫL

1/ν ]

ηc
(3.14)

where the primes on U and U0 denote their derivatives with respect to η. For a con-

tinuous transition, the cumulant U always remain positive. At η = ηc, the cumulants

of different systems of size L become independent of L. Whereas, U ′(ηc, L) ∼ L1/ν

at the transition.

In case the orientational order-disorder transition is discontinuous, the order
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Figure 3.6: vf = 30vs, vs = 0.01: (a) Plot of φ and φp versus η. Derivatives of φ and
φp with respect to η are shown in the inset. (b) Plot of χ and χp versus η. (c) Plot of U
and Up versus η. (d) Plot of P (φ) and P (φp) at η = ηc. System size is L = 256.

parameter exponent β should go to zero. As a consequence, the susceptibility should

then scale as χ ∼ Ld, where d is the space dimension. The Binder cumulant U would

exhibit a sharp fall towards a negative value at the transition point. As the system

exhibits the coexistence of two phases, the order parameter distribution P (φ) would

be a bimodal distribution for a discontinuous transition.

3.2.3 Results with vf = 30vs and vs = 0.01

Variations of order parameter φ, Binder cumulant U , susceptibility χ and order

parameter distribution P (φ) are studied varying the angular noise η on systems of

different sizes L. In Fig.3.6, we present data for φ, U , χ and P (φ) for vf = 30vs

and vs = 0.01 on a system of size L = 256. The order parameter φ of the whole

system and φp, that of the partial systems, are plotted against η in Fig.3.6(a). The
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values of φ and φp decrease continuously and smoothly from a positive value to zero

as η changes from a smaller value to a higher value. The derivatives of φ and φp

with respect to η are plotted in the inset of Fig.3.6(a). A phase transition occurs at

ηc ≈ 0.19, corresponding to the dips in the derivatives. The whole system, as well as

the partial systems, undergo a phase transition at the same critical noise ηc ≈ 0.19.

It is evident from the configurations given in Fig.3.2(c) and (d) that the system is

going from an orientationally ordered phase DS+DC to an orientationally disordered

phase RS+RC around ηc ≈ 0.19. It is interesting to note that the value of the order

parameter of the fast-moving SPPs φf is less than the value of the order parameter

of the slow-moving SPPs φs at all values of η. However, in a monodispersed system

like VM, the SPPs always have more polar order at a higher velocity than at a lower

velocity [145]. At a high velocity, the interaction between distant flocks is higher

due to the fast movement of SPPs, which results in a much stronger order which is

not achievable at low velocities in the VM of monodispersed SPPs. Thus, the order

parameter of a particular type of SPPs is highly influenced by the motion of other

types of SPPs in the BM. The fluctuations in order parameters χ and χp are plotted

against η in Fig.3.6(b) for L = 256. The fluctuations for all the order parameters

diverge at ηc ≈ 0.19. The fluctuation for the slow-moving SPPs at ηc is much higher

than that of the fast-moving SPPs. It is similar to the observations in the VM with

monodispersed SPPs.

The Binder cumulants, U and Up are plotted against η in Fig.3.6(c) for L =

256. It can be seen that the values of U , Uf and Us are all positive over the

whole range of η. The distributions of order parameters P (φ) and P (φp) obtained

at η = ηc are presented in Fig.3.6(d). All three distributions are found to be

unimodal. The positive value of the Binder cumulant and unimodal distribution of

the order parameter indicates a continuous transition from the DS+DC phase to the

RS+RC phase. Not only the system as a whole but also the partial systems undergo

continuous transitions under the influence of mutual interactions of both the SPPs

in this velocity regime. It is important to note that in the VM with monodispersed

SPPs, there exists a crossover system size L∗(ρ0, v0) [104, 136, 172], above which

the transition is discontinuous. Such discontinuous transitions are characterized by

the appearance of dense travelling bands in the system. Neither travelling density

band is observed in the system configuration (Fig.3.2) nor any other features of

discontinuous transition are observed in these velocities. It seems for the given ρ

and vf the crossover system size L∗ is far beyond L = 256.

Now we will extract the critical exponents for the whole system with velocities
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Figure 3.7: vf = 30vs, vs = 0.01: (a) Plot of U versus η, (b) plot of φ versus η and (c)
plot of χ versus η for L = 64, 128 and 256. The cross on the η-axis indicates ηc. (d) Plot
of U versus the scaled noise ǫL1/ν . (e) Plot of φLβ/ν against ǫL1/ν . (f) Plot of χL−γ/ν

against ǫL1/ν . The values of the exponents are taken as β/ν = 0.18, γ/ν = 1.60 and
1/ν = 0.78.

of SPPs as vf = 30vs and vs = 0.01 performing FSS analysis. Binder cumulant

U , order parameter φ and susceptibility χ are plotted against the angular noise η

for three different systems of sizes L = 64, 128 and 256 in Fig.3.7(a),(b) and (c)

respectively. The plots of U versus η (Fig.3.7(a)) for different L intersect at ηc ≈

0.19, the L independent critical point as expected in a continuous transition. It is

marked by a cross on the η-axis. The corresponding Uc is identified as Uc ≈ 0.61. As

mentioned in the beginning of this section, U ′(ηc, L) ∼ L1/ν , φ(ηc, L) ∼ L−β/ν and

χ(ηc, L) ∼ Lγ/ν at the criticality. Following these scaling relations, rough estimates

of the exponents 1/ν, β/ν and γ/ν are obtained. The best possible FSS form of the

scaled parameters against the scaled noise ǫL1/ν are obtained tuning these exponents

further. U , φLβ/ν , and χL−γ/ν are plotted against ǫL1/ν in Fig.3.7(d), (e) and (f)

respectively. A reasonable collapse of data in all three cases are obtained taking

1/ν = 0.78, β/ν = 0.18 and γ/ν = 1.60 at ηc = 0.19. The critical exponents satisfy

the scaling relation γ/ν + 2β/ν = 2 within error bars.

It should be emphasized here that the FSS forms of Up, φp and χp for the partial

systems are also verified, and the scaling relations are satisfied with the same critical
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Figure 3.8: vf = 30vs, vs = 0.01: Plot of (a) Uf , (b) φfL
β/ν and (c) χfL

−γ/ν versus
the scaled noise ǫL1/ν for fast SPPs. Plot of (d) Us, (e) φsL

β/ν and (f) χsL
−γ/ν versus

ǫL1/ν for slow SPPs. Critical exponents are same as the Fig. 3.7.

exponents within error bars. In Fig.3.8(a),(b) and (c), Uf , φfL
β/ν and χfL

−γ/ν are

plotted respectively against ǫL1/ν . Whereas, in Fig.3.8(e),(f) and (g), Us, φsL
β/ν and

χsL
−γ/ν are plotted respectively against ǫL1/ν . The values of the critical exponents

are implemented as 1/ν = 0.78, β/ν = 0.18 and γ = 1.60 the same as the whole

system. Though there is not a good collapse of data, the plots come over each other

reasonably.

The values of these critical exponents are reported in Table.3.1 and compared

with those of the VM of monodispersed SPPs with velocity v = 0.1. The values

of the exponents (1/ν = 0.62(12), β/ν = 0.275(5), and γ/ν = 1.45(2)) for the

VM with velocity v = 0.1 and density regime ρ = 1/8 to 3/4 are taken from the

Ref.[103]. The values of the critical exponents are very different from those of the

VM. Though the nature of transition in the whole system as well as in the partial

systems remains the same as that of the VM at low velocity, the critical exponents

are different. The BM belongs to a new universality class.
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Exponents VM BM: vf = 30vs, BM: vf = 50vs,
v0 = 0.1 vs = 0.01 vs = 0.01

1/ν 0.62(12) 0.78(9) 1.01(5)
β/ν 0.275(5) 0.18(1) 0.18(2)
γ/ν 1.45(2) 1.60(4) 1.60(8)

γ/ν + 2β/ν 2.00(3) 1.96(4) 1.96(8)

Table 3.1: Values of the critical exponents obtained for the BM at different velocities
of fast-moving SPPs vf = 30vs and 50vs keeping vs = 0.01. The exponents for the VM
with v0 = 0.1 (taken from Ref.[103]) are presented for comparison.
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Figure 3.9: vf = 50vs, vs = 0.01: (a) Plot of φ and φp versus η. Derivatives of φ and
φp with respect to η are shown in the inset. (b) Plot of χ and χp versus η. (c) Plot of U
and Up versus η. (d) Plot of P (φ) and P (φp) at ηc. System size is L = 256.

3.2.4 Results with vf = 50vs and vs = 0.01

Variations of order parameter φ, Binder cumulant U , susceptibility χ and order

parameter distribution P (φ) are presented in Fig.3.9 for velocities vf = 50vs and
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(a) (b)

Figure 3.10: vf = 50vs, vs = 0.01: Morphology of the system of size L = 128 for (a)
η = 0.18 and (b) η = 0.26. Orange and maroon colors represent the fast and slow-moving
SPPs. The arrows represent the directions of motion.

vs = 0.01 of the SPPs. The order parameter φ of the whole system and that of

the partial systems φp are plotted against η in Fig.3.9(a). The values of φ and

φp are decreasing smoothly to zero as η increases. The derivatives of φ and φp

with respect to η are plotted in the inset of Fig.3.9(a) and minima of the plots

at the transition noise ηc ≈ 0.22 (same for the whole and partial systems) are

observed. It can be noted that φf is also less than φs similar to that of vf = 30vs

situation. The respective fluctuations in order parameter, χ and χp are plotted

against η in Fig.3.9(b). They diverge at ηc ≈ 0.22 for all the SPPs. In this case

also, the fluctuation at ηc is much higher for the slow-moving SPPs than the fast-

moving SPPs. In Fig.3.9(c), U and Up are plotted against η. Both U and Up remain

positive over the whole range of η. In Fig.3.9(d), the distribution of order parameters

P (φ) and P (φp) are plotted at η = ηc. The distributions are unimodal. The

positive Binder cumulants and unimodal distributions of order parameters indicate

a continuous transition in the whole system as well as in the partial systems for

the case of vf = 50vs and vs = 0.01. The phase transition occurs at ηc between

the DS+DC phase and the RS+RC phase. The morphology of the DS+DC phase

at η = 0.18 is shown in Fig.3.10(a) and that of the RS+RC phase at η = 0.26

is shown in Fig.3.10(b). It can be seen that the directed clusters of fast-moving

SPPs and directed clumps of slow-moving SPPs are moving in the same direction in

the ordered phase and the clusters of fast-moving SPPs and clumps of slow-moving

SPPs are in random directions of motion in the disordered phase.

In the case of VM, it is known that the crossover system size L∗(ρ0, v0) diverges
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Figure 3.11: vf = 50vs, vs = 0.01: (a) Plot of U versus η, (b) plot of φ versus η and (c)
plot of χ versus η for L = 64, 128 and 256. The cross on the η-axis indicates ηc. (d) Plot
of U versus the scaled noise ǫL1/ν . (e) Plot of φLβ/ν against ǫL1/ν . (f) Plot of χL−γ/ν

against ǫL1/ν . The values of the exponents are taken as β/ν = 0.18, γ/ν = 1.60 and
1/ν = 1.01.

for low velocities (v0 < 0.05) and low density ρ0(< 0.01). For the velocity v0 = 0.5

and density ρ0 = 0.25, it is known that L∗(ρ0, v0) ≈ 150 [104]. However, in the

BM, no such density bands of fast-moving SPPs with vf = 50vs = 0.5 occur when

mixed with the slow-moving SPPs (vs = 0.01) even at a system size L = 256 much

higher than the crossover size L∗. It seems that slow-moving SPPs have a significant

influence on the non-formation of travelling bands by the fast-moving SPPs as well

as on the nature of the phase transition. It is interesting to observe that both types

of SPPs maintain the same nature of phase transition in the BM.

Now we perform the FSS analysis in this case to extract the values of the critical

exponents. The Binder cumulant U , the order parameter φ and the susceptibility

χ are plotted against the angular noise η in Fig.3.11(a), (b) and (c) respectively for

different system sizes L = 64, 128 and 256. The plots of U versus η in Fig.3.11(a)

for different L intersect at ηc ≈ 0.22, marked by a cross on the η-axis. The cor-

responding critical value of the cumulant is Uc ≈ 0.61. As followed in the case of

vf = 30vs, rough estimates of the exponents 1/ν, β/ν and γ/ν are obtained from

the critical scaling relations U ′(ηc, L) ∼ L1/ν , φ(ηc, L) ∼ L−β/ν and χ(ηc, L) ∼ Lγ/ν .
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Figure 3.12: vf = 50vs, vs = 0.01: Plot of (a) Uf , (b) φfL
β/ν and (c) χfL

−γ/ν versus
the scaled noise ǫL1/ν for fast SPPs. Plot of (d) Us, (e) φsL

β/ν and (f) χsL
−γ/ν versus

ǫL1/ν for slow SPPs. Critical exponents are kept same as the Fig.3.11.

The best possible FSS form of the scaled parameters against the scaled noise ǫL1/ν

are obtained tuning these exponents further. The Binder cumulant U , the scaled

order parameter φLβ/ν , and the scaled susceptibility χL−γ/ν are plotted against

ǫL1/ν in Fig.3.11(d), (e) and (f) respectively. A reasonable collapse of data in

all three cases are obtained tuning the rough estimates of exponents further to

1/ν = 1.01, β/ν = 0.18 and γ/ν = 1.60. The exponents satisfy the scaling relation

γ/ν + 2β/ν = 2 within error bars.

Similarly, in Fig.3.12(a),(b) and (c), Uf , φfL
β/ν and χfL

−γ/ν are plotted respec-

tively against ǫL1/ν . Whereas, in Fig.3.12(e),(f) and (g), Us, φsL
β/ν and χsL

−γ/ν are

plotted respectively against ǫL1/ν . The values of the critical exponents are imple-

mented as 1/ν = 1.01, β/ν = 0.18 and γ = 1.60 same as the whole system. Though

there is not a good collapse of data, the plots come over each other reasonably.

The values of the critical exponents are reported in Table.3.1 and compared

with the others. Though the ratio of exponents β/ν and γ/ν are the same for

vf = 30vs and vf = 50vs situations, the absolute values of β and γ are different as

the correlation length exponent is different for these two situations. The value of ν

has decreased as the value of vf is increased. As a consequence, the values of the

exponents β and γ are also decreasing. The critical exponents for the BM are very
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different from that of the VM. The BM, therefore, belongs to a new universality class

than the VM. Moreover, as the critical exponents for vf = 50vs case are different

from the vf = 30vs case, the universality class of BM is vf dependent for a fixed vs.

Hence, the binary model is non-universal.
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Figure 3.13: vf = 100vs, vs = 0.01: (a) Plot of φ and φp versus η. Derivatives of φ and
φp with respect to η are shown in the inset. (b) Plot of χ and χp versus η. (c) Plot of U
and Up versus η. (d) Plot of P (φ) and P (φp) at ηc. System size is L = 256.

3.2.5 Results with vf = 100vs and vs = 0.01

Variations of order parameter φ, Binder cumulant U , susceptibility χ and order pa-

rameter distribution P (φ) are presented in Fig.3.13(a), (b), (c) and (d) respectively

for velocities vf = 100vs and vs = 0.01. φ and φs against angular noise η are also

shown in Fig.3.13(a) and from the dip in the derivatives (inset) ηc ≈ 0.29. From

the peak of χ and chip, same ηc is also observed. The Binder cumulants U and Up

versus η plots is shown in Fig.3.13(c). Uf and U has a dip at the transition (still not

negative), whereas Us has no such minimum for the slow SPPs at the transition re-
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(a) (b)

Figure 3.14: vf = 100vs, vs = 0.01: Morphology plot for (a) η = 0.26 and (b) η = 0.32
with system size L = 128. Orange and maroon colours represent the fast and slow-moving
SPPs.

gion. The distribution of order parameter at ηc is also shown in Fig.3.13(d). In this

case, P (φ) and P (φp) does not show unimodal distribution. It seems that, in case

of vf = 100vs (vs = 0.01), the order parameter distribution deviates from the uni-

modal distribution. The system morphology is shown for η = 0.26 and η = 0.32 on

a system of size L = 128 in Fig.3.14(a) and (b). In this case, a dense travelling band

of fast-moving SPPs start appearing in the system near the transition η ≤ ηc with

the directed clusters (DC) of slow-moving SPPs (Fig.3.14(a)). Whereas, for η > ηc,

random clusters of fast-moving and random clumps of slow-moving SPPs, RS+RC

phase occurs in the system. These are indications for a crossover to discontinuous

transition from a continuous transition regime.

3.2.6 Results with vf = 150vs and vs = 0.01

The situation will be more dramatic if the value of vf is increased further. We

now present simulation results obtained for much higher velocity of the fast-moving

SPPs vf = 150vs keping the velocity of the slow-moving SPPs as vs = 0.01. The

order parameter of the whole system and the partial systems, φ and φp are plot-

ted against η in Fig.3.15(a). There are jumps in the values of φ and φp near the

transition. The derivatives of φ and φp with respect to η are plotted in the inset

of Fig.3.15(a) and sharp minima are observed at ηc ≈ 0.33 (same for the whole

and the partial systems). The respective fluctuations in order parameter, χ and

χp are plotted against η in Fig.3.15(b). There is a sharp peak in the fluctuations

at ηc ≈ 0.33 for all the order parameters. In the inset of Fig.3.15(b), the scaled
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Figure 3.15: vf = 150vs, vs = 0.01: (a) Plot of φ and φp versus η. Derivatives of φ and
φp with respect to η are shown in the inset. (b) Plot of χ and χp versus η. In the inset,
χL−2 is plotted against ǫ for L = 64, L = 128 and L = 256. (c) Plot of U and Up versus
η. (d) Plot of P (φ) and P (φp) at ηc.

fluctuations χL−2 are plotted against ǫ for different systems of sizes L = 64, 128

and 256. The critical values (or pick values) of scaled χ become almost L inde-

pendent. Hence, χ ∼ L2, as in the case of a discontinuous transition. The Binder

cumulants U and Up versus η plots are shown in Fig.3.15(c). The cumulant for the

fast-moving SPPs, Uf and that of the whole system U have sharp negative dips at

the transition. However, the cumulant of the slow-moving SPPs (Us) has a dip at

the transition point but has yet to achieve a negative value. The distributions of

order parameters P (φ) and P (φp) at η = ηc are shown in Fig.3.15(d). In this case,

all three distributions P (φ), P (φf) and P (φs) exhibit bimodal distributions which

implies the two-phase co-existence in the system. These are characteristic features

of a discontinuous transition. Discontinuous transition is known to occur in the VM

with monodispersed SPPs at high velocities [104]. At the transition region of the
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Figure 3.16: vf = 150vs, vs = 0.01: Morphology at (a) t = 3× 105 and (b) t = 4× 105

for ηc = 0.33 on a system of size L = 256. Orange and maroon colors represent the fast
and slow-moving SPPs. (c) P (θ) of the morphology (a) and (b) are plotted in I and II.
(d) Order-parameter dynamics at ηc.

VM, dense travelling bands of SPPs form and disappear, resulting in the coexistence

of two phases in the system. It is then important to verify whether this is the case

for the fast-moving SPPs here or not. More interestingly, what are the two phases

going to be for the slow-moving SPPs? Below we explain the situation by studying

the time evolution of the system morphology at the transition region.

The morphology of a system of size L = 256 at two different time instants 3×105

and 4 × 105 are shown in Fig.3.16(a) and Fig.3.16(b) respectively for η = ηc. In

Fig.3.16(a), a dense travelling band of the fast-moving SPPs and clumps of slow-

moving SPPs are seen. Interestingly, the band and clumps are moving in the same

direction, as indicated by the orange and maroon arrows, respectively. However,

in Fig.3.16(b), the dense travelling band of fast-moving SPPs disappears, and the

clumps of slow-moving SPPs start moving randomly in the system. It seems as soon
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as the fast-moving SPPs form the dense travelling band, they take over the whole

system and force the clumps of the slow-moving SPPs to follow their direction of

motion. The corresponding orientation distributions P (θ) for both the SPPs are

shown in Fig.3.16(c)-I and Fig.3.16(c)-II respectively. In Fig.3.16(c)-I, P (θ) of both

the SPPs are peaked at a particular θ. Thus, the slow-moving SPPs follow the

direction of motion of the travelling band of the fast-moving SPPs. Whereas, in

Fig.3.16(c)-II, the distributions P (θ) for both the SPPs are flat. Hence, the clumps

of slow-moving SPPs and the clusters of fast-moving SPPs move randomly. The

steady-state dynamics at η = ηc of the order parameters are given in Fig.3.16(d)

where the values of both φf (blue) and φs (maroon) oscillate between two phases

in a synchronized manner. The higher value of φf corresponds to the presence of

the travelling band (an ordered phase) and the lower value of φf corresponds to the

disappearance of the travelling band (a random or disordered phase). On the other

hand, the higher value of φs corresponds to the ordered phase of directed clumps

(DC) of slow-moving SPPs, and the lower value of φs corresponds to a disordered

phase of randomly moving clumps (RC) of slow-moving SPPs. This is very different

from the scenarios in the previous cases with vf = 30vs and vf = 50vs. In those

cases, a smooth continuous transition from the DS+DC phase to the RS+RC phase

used to occur. The presence of a dense travelling band of fast-moving SPPs at much

higher vf does not allow the slow-moving SPPs to undergo a continuous transition

from DC to RC. Rather, the change of phase of the slow-moving SPPs from DC

to RC is in synchronization with the appearance and disappearance of the density

band of fast-moving SPPs.

It is intriguing that in a binary system, both the fast-moving and slow-moving

SPPs undergo continuous transition at low-velocity ratios, whereas they both un-

dergo discontinuous transition at high-velocity ratios. A crossover from continuous

to discontinuous transition is expected at an intermediate velocity ratio. It has been

observed that the order parameter distribution starts deviating from the unimodal

distribution and the dense travelling band of fast-moving SPPs starts appearing in

the system in the case of vf = 100vs (vs = 0.01). It is interesting to note that for

a given velocity ratio, the two different SPPs are not able to undergo two differ-

ent types of transitions, continuous or discontinuous, simultaneously in this binary

system because of the local inter-particle interaction.
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Figure 3.17: vf = 150vs, vs = 0.01: Plot of (a) φ and φp, (b) U and Up versus η for
R = 0.25. In the inset of (b), P (φ) and P (φp) at ηc are plotted. Plot of (c) φ and φp, (d)
U and Uf versus η for Rf = 1.0 and Rs = 0.01. In the inset of (d), P (φ) and P (φf ) at ηc
are plotted. System size is L = 256.

3.2.6.1 Effect of interaction radius R

The value of R essentially determines the number of neighbours (n) to interact for

an SPP at every move. So n increases as R increases and vice versa. So far, the

interaction radius R for both the SPPs was set to 1. It is important to know the effect

of interaction radius R on the system with high velocity ratio vf = 150vs among

two SPPs. First, we investigate reducing the interaction radius to R = 0.25 for both

the SPPs. The order parameters (φ and φp) and the Binder cumulants (U and Up)

are plotted against η in Fig.3.17(a) and Fig.3.17(b) respectively. It can be seen that

all the order parameters continuously go to zero at a critical noise ηc ≈ 0.11, which

is much less than the ηc = 0.33 with R = 1.0. Such a behaviour is also observed in

the monodispersed case [145]. Moreover, the Binder cumulants U , Uf , and Us are

all found to be positive. In the inset of Fig.3.17(b), P (φ) and P (φp) are plotted at

ηc and all the three distributions are unimodal. Thus the discontinuous transition

for R = 1.0 becomes continuous for R = 0.25 for both the SPPs with vf = 150vs.

Because of the reduced interaction region, very few SPPs participate in providing
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a global orientation to a particular SPP. The feedback provided by the fast-moving

SPPs to a distant point also becomes weak. As a result, the density band could

not form in the system, and the external noise is able to break the ordering in a

continuous fashion for both the SPPs.

As a second case, we study the same system with different interaction radii for

two types of SPPs. Two different radii are taken as Rf = 1.0 and Rs = 0.01 for

the fast and slow-moving SPPs respectively. The order parameter φ and φp are

plotted against η in Fig.3.17(c). The order parameter φf is suddenly going to zero

at ηc ≈ 0.32, almost at the same ηc with Rf = Rs = 1.0. Due to the extremely

small interaction radius, the slow-moving SPPs have almost no one to interact with

and could not form any order state (φs ≈ 0) even at low noise. Hence, no transition

is observed in φs. The total order parameter φ, however, shows a transition. In

Fig.3.17(d), the Binder cumulants, U and Uf are plotted against η. It can be seen

that the values of Uf and U both have sharp negative dips at the transition. In the

inset of Fig.3.17(d), P (φ) and P (φf) at ηc are plotted, and both are found bimodal.

Thus the fast-moving SPPs retain their characteristics of discontinuous transition

with R = 1 at high velocity vf = 150vs.

Density ρ can also be a parameter to study this system. The results presented

above are for a fixed density ρ = 0.5. However, at higher densities, the traveling

density bands may appear at lower velocities. Thus, one expects discontinuous

transitions to occur for lower velocity regimes at higher densities. Such systems are

computationally expensive as it involves a large number of interacting particles.

3.3 Summary and Discussion

The collective behaviour of the BM has revealed a number of interesting properties.

A variety of phase-separated collective patterns such as directed lanes, clusters,

clumps, micro-cluster, micro-clumps, etc., appeared in the system. Such phase

segregation and cluster formations occur due to the huge difference in velocities as

well as in diffusivity of the two SPPs in the system. The system exhibits a continuous

order-disorder transition from DS+DC to RS+RC at a critical noise ηc for vf = 30vs

and 50vs with vs = 0.01 with a new set of critical exponents. The critical exponents

are not only different from those of the VM but also depend on vf . Though the

continuous transition of the slow-moving SPPs is expected, it was quite unexpected

for the fast-moving SPPs with vf = 50vs = 0.5 as the VM exhibits a discontinuous

transition at v0 = 0.5 on a system of size L = 256. Thus the slow-moving SPPs
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induce the moderately fast-moving SPPs to manifest a similar behaviour. At a high

velocity ratio (vf = 150vs), interestingly both the SPPs exhibit discontinuous order-

disorder transitions. In this discontinuous transition, the fast-moving SPPs coexist

between the phase with a travelling band and no travelling band, while the slow-

moving SPPs coexist between the DC and RC phases. The travelling bands and DCs

appear simultaneously and move in the same direction. It seems that the presence

of the inter-particle interaction causes such phase synchronization. Both continuous

and discontinuous transitions do not occur simultaneously for two types of SPPs

in the system. It seems crossover from continuous to discontinuous transition will

occur at velocity ratio vf ≈ 100vs for vs = 0.01. The nature of transitions and the

value of critical noise is expected to vary with the interaction radius and density.
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Chapter 4

Effect of orientation adapters on the

collective dynamics of self-propelled

particles

The effect of orientation adapters on the collective behaviour of SPPs is a crucial

aspect to study in the context of the Vicsek Model (VM). The orientation adapters

are the species that adapt their direction of motion from other SPPs. In this model,

adapter SPPs exist besides the usual SPPs in equal proportion. The adapter SPPs

do not interact among themselves but adopt the velocity orientation of the usual

SPPs through local interactions. However, the usual SPPs do interact with them-

selves as well as with the adapters. A mixture of SPPs with different properties and

their collective behaviour is studied in different systems such as a mixture of active

and passive particles [55, 161], a mixture of SPPs with opposite rotation [77, 166],

mixture of SPPs with different sizes [159] and others [164, 165, 173]. Various self-

organised coherent patterns, phase segregation, and other nontrivial behaviours

have been observed in such mixed systems [40, 157]. However, the study mixture

of species with different interaction properties in the polar SPPs is a relatively new

area of research.

This chapter implements a model where the two types SPPs are different by

their alignment interaction rules. Moreover, their velocities will be dissimilar. The

adapters induce nontrivial collective behaviour in the system. The orientational

order-disorder phase transition will be studied by performing extensive computer

simulations. This chapter has two parts. In part-I, the adapters’ velocity is much

smaller than the velocity of usual SPPs. The collective behaviour is studied by con-

structing an appropriate model. In part-II, the adapters move with higher velocity
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than the usual SPPs. The previous model is suitably modified for this situation and

studied extensively.

Part-I

4.1 The Model

A mixture of usual SPPs with adapter SPPs is modelled over a two-dimensional

square box of linear size L with periodic boundary conditions. The usual SPPs

move with a velocity v0, and the adapter SPPs move with velocity va. In this case,

they have widely different velocities as v0 ≫ va where the velocity of the adapters va

is fixed to a low value. They are taken in equal proportion. If N0 is the number of

usual SPPs and Na is the number of adapters, then N0 = Na = N/2 where N is the

total number of SPPs in the system. Initially, the position ~rp,i, i = 1, 2, 3, · · · , N/2

of all the SPPs are randomly distributed over the space where p ∈ {0, a}. The initial

orientation θp,i of an SPP is randomly selected in the range −π to π, irrespective

of their type. The usual SPPs interact within a local neighbourhood R = 1 and

determine their average orientation. Whereas an adapter only interacts with usual

SPPs within the local neighbourhood R = 1 and determine their average orientation.

The distribution of randomly oriented 25 usual SPPs (in orange) and 25 adapters

(in indigo) are shown in Fig.4.1. Longer and shorter arrows show the velocities v0

and va, respectively.

The time evolution of the orientation θ0,i of an usual SPP is determined by

θ0,i(t+∆t) = 〈θ(t)〉R∈{0,a} +∆θ (4.1)

Where, The interaction term 〈· · · 〉R∈{0,a} for usual SPPs includes both the usual

SPPs (0) and the adapters (a) within the radius R. Whereas, time evolution of the

orientation θa,i of an adapter SPP is determined by

θa,i(t+∆t) = 〈θ(t)〉R∈{0} +∆θ (4.2)

where, the interaction term 〈· · · 〉R∈{0} for adapters only includes the usual SPPs

within the radius R. It should be noted that the magnitude of velocity of individual

SPPs are igonred and only the orientations are taken into account in estimating

〈θ(t)〉R for both the usual SPPs and the adapters. Here, ∆θ is a random orientation
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R

1

2

Figure 4.1: The distribution of the SPPs is shown on a square box of size L = 10
where N0 = Na = 25. The orange colour represents usual SPPs and the indigo colour
represents the adapters. The arrow associated with an SPP indicates its orientation and
here v0 > va. An usual SPP present at the center of circle-1 interacts with both SPPs
present within the circle of radius R. Whereas, an adapter SPP at the center of circle-2
interacts only with usual SPPs present within the circle of radius R.

chosen with a uniform probability from the interval [−ηπ,+ηπ]. The strength of the

angular noise η varies from 0 to 1 and act as a control parameter. After averaging,

an SPP of type-p (p ∈ {0, a}) at the position ~rp,i is thus moving with a speed vp in

the direction θp,i. Knowing the velocity ~vp,i(t) at every time step, the position of

the ith SPP ~rp,i is updated following the forward update rules as given below

~r0,i(t+∆t) = ~r0,i(t) + ~v0,i(t)∆t (4.3)

~ra,i(t+∆t) = ~ra,i(t) + ~va,i(t)∆t (4.4)

where ∆t is the time between two successive updates, and it is chosen as ∆t = 1.

The linked cell-list algorithm as discussed in chapter-2 is used to keep track of

time varying neighbour list. Eqs.4.1, 4.2, 4.3 and 4.4 are then evolved with time

and dynamical properties of the model are studied varying η for different velocity

ranges.
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(a) η = 0.01 (b) η = 0.20 (c) η = 0.32 (d) η = 0.60

Figure 4.2: v0 ≫ va: Morphologies of the system of SPPs with v0 = 50va and va = 0.01
for different angular noise (a) η = 0.01, (b) η = 0.20, (c) η = 0.32 and (d) η = 0.60 for a
system of size L = 128. Orange colour represents usual SPPs and indigo colour represents
the adapters.

4.2 Results and Discussion

Throughout the simulation, both types of SPPs are kept in the same proportion as

N0 = Na = N/2. The overall particle density is fixed as ρ = N/L2 = 0.5 for all the

observations. One Monte Carlo (MC) time step corresponds to the up-gradation of

position and orientation of all the particles. Initial 7× 105 MC steps are neglected

to achieve the steady-state. An ensemble of size 48 × 105 is taken for statistical

averages (2 × 105 samples at different times for 24 different initial configurations).

First, the results are shown with the velocity of the usual SPPs as v0 = 50va for a

fixed velocity of adaptors va = 0.01.

4.2.1 Results with v0 = 50va and va = 0.01

First, we present the morphologies of the system with v0 = 50va and va = 0.01 at

different angular noise η on a system of size L = 128 in Fig.4.2. SPPs are represented

by two different colours: orange for the fast-moving usual SPPs (v0 = 50vb) and

indigo for the slow-moving adapters (va = 0.01). A variety of patterns appear as the

noise parameter η changes from a smaller value to a larger one. For a low angular

noise η = 0.01, it is observed in Fig.4.2(a) that the usual SPPs form clusters and

they move in a particular direction (indicated by the orange arrow). On the other

hand, the adapters are moving on a narrow lane in the same direction (indicated by

the indigo arrow) as the clusters of the usual SPPs. These directed lanes (DL) and

directed clusters (DS) are similar to the BM studied in the last chapter. It seems

that the motion of the usual SPPs guides the motion of the adapters. Dense band
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Figure 4.3: v0 ≫ va: Plot of the segregation coefficient S versus η for v0 = 50va with
va = 0.01 for a system of size L = 256.

patterns by the usual SPPs are formed near η = 0.20. Density bands are known to

occur in the VM for this velocity of the usual SPPs [104, 172]. Whereas adapters

form elongated clusters which are scattered in the space. The system morphology is

shown in Fig.4.2(b) for η = 0.20. Both the SPPs are moving in the same direction

as the inter-particle interaction is present. Further increase of noise to η = 0.32

induces random motion to both the SPPs shown in Fig.4.2(c). Between these two

phases shown in Fig.4.2(b) and (c) an orientational order-disorder transition occurs.

For relatively high η = 0.60 shown in Fig.4.2(d), a homogeneous gas-like mixture is

observed.

With different values of angular noise η, phase-separated collective patterns are

observed in this system. Segregation coefficient [77, 170] is calculated to measure

the demixing. The square box of area L2 is divided into Q square sub-regions of

linear size l and area L2/Q each. The segregation coefficient is defined as

S =
1

N

Q∑

j=1

|n0j − naj | (4.5)

where j is the index for the sub-regions, n0 and na are the number of the usual

SPPs and adapters respectively in the sub-region area. The coefficient S is measured

taking l = 8, similar to the length scale of the average cluster size near the transition.

The value S = 1 represents a fully demixed or phase-separated pattern, whereas it is

low for mixed structures. The variation of the coefficient S at different η values are

shown in Fig.4.3. The coefficient S is higher at the low η region, whereas decreases
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with the increase of η, as expected. Such phase separation was also observed in the

last chapter. It seems that as the species have widely different velocities, according

to their position update rules, they cannot be synchronised to the other types to be

part of the common flocks, and hence they show segregated patterns.

Now, we present the results of the orientational order-disorder phase transition

for this model. Variations of order parameter φ, Binder cumulant U , susceptibility

χ and order parameter distribution P (φ) are presented in Fig.4.4 for velocities

v0 = 50va and va = 0.01 for a system of size L = 256. We analyze the data for

the whole system, considering both types of SPPs together as well as the partial

systems involving only one type of SPPs. The order parameter of the transition φ

for the whole system is defined as

φ(η, L) =
1

N

∣∣∣∣∣
∑

p

Np∑

i=1

~vp,i
|~vp,i|

∣∣∣∣∣ (4.6)

where N is the total number of SPPs. The partial order-parameter of the transition

φp for the p-type SPPs is defined as

φp(η, L) =
1

Np

∣∣∣∣∣

Np∑

i=1

~vp,i
|~vp,i|

∣∣∣∣∣ (4.7)

where Np is the number of p-type (p ∈ {0, a}) SPPs. The order parameter φ of the

whole system and that of the partial systems φp are plotted against η in Fig.4.4(a).

The system undergoes an order-disorder transition with the variation of η. In this

model, the value of the order parameter of the usual SPPs (φ0) is higher than the

order parameter of the adapters (φa). It is expected as the adapters do not interact

among themselves and have low-velocity [145]. The derivatives of φ and φp with

respect to η are plotted in the inset of Fig.4.4(a) and minima of the plots at the

transition noise ηc ≈ 0.27 are observed for systems with the usual SPPs as well as

for the whole system. Whereas, for the adapters, minima observed at η ≈ 0.16.

The susceptibility χ for the whole system and that of the partial systems χp can

be estimated from the fluctuation in their respective order parameters φ and φp as

χ = L2
[
〈φ2〉 − 〈φ〉2

]
, χp = L2

[
〈φ2

p〉 − 〈φp〉
2
]

(4.8)

where 〈φn〉 =
∫
φnP (φ)dφ, 〈φn

p〉 =
∫
φn
pP (φp)dφp, P (φ) and P (φp) are the dis-

tribution functions of φ and φp respectively. The respective fluctuations in order
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Figure 4.4: For v0 = 50va, va = 0.01: (a) Plot of φ and φp versus η. Derivatives of φ
and φp with respect to η are shown in the inset. (b) Plot of χ and χp versus η. In the
inset χa versus η is shown. (c) Plot of U and Up versus η. (d) Plot of P (φ) and P (φp) at
η = ηc. System size is L = 256.

parameter, χ and χp are plotted against η in Fig.4.4(b). They diverge at ηc ≈ 0.27

for the usual SPPs as well as for the whole system. Whereas, χa has a higher peak

near η ≈ 0.16 and comparatively lower peak at η ≈ 0.27. In the inset, χa versus η

is shown. There is an increase of χ also, near η ≈ 0.16 region, which seems to be

affected by χa. Similarly, the fourth-order Binder cumulant for the whole system

and that of the partial systems are defined as,

U = 1−
〈φ4〉

3〈φ2〉2
, Up = 1−

〈φ4
p〉

3〈φ2
p〉

2
(4.9)

where the higher order averages are obtained following the definitions of 〈φn〉 and

〈φn
p〉 given above. In Fig.4.4(c), the Binder cumulants U and Up are plotted against

the angular noise η. Both U and U0 is negative at transition, which implies a

first-order phase transition. However, the cumulant Ua has a dip at the transition
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Figure 4.5: For v0 = 50va, va = 0.01: Hysteresis plot (a) for the whole system, (b) for
usual SPPs and (c) for adapters, in the variation of the respective instantaneous order
parameters with η. Results obtained by implementing ramp-up or forward (red arrow)
and ramp-down or backward (green arrow) simulation schemes, respectively.

point but with a positive value. In Fig.4.4(d), the distribution of order parameters

P (φ) and P (φp) are plotted at ηc = 0.27. The distributions are bimodal for P (φ0)

and P (φ) as expected in a discontinuous phase transition. These are characteristic

features of a discontinuous transition. Discontinuous transition is known to occur

in the VM at high velocities [104]. Whereas, P (φa) also shows bimodal nature;

however, the peaks are close to each other. It seems that the usual SPPs has a

strong effect on the adapters.

Hysteresis study: It is well known that the hysteresis phenomena usually accom-

pany the first-order phase transition [104, 174, 175] which occurs near the transition.

New simulations are carried out to measure the instantaneous order parameter (φt)

by either gradually increasing or decreasing the angular noise η with a fixed ramp

rate, where each previous state will be implemented as the initial state of the next

simulation process with new η. The ramp rate used here is 1.27 × 10−6 in radi-

ans/unit time. Each hysteresis loop is obtained by averaging over 800 independent

realizations. On ramping the angular noise parameter η at the same ramping rate

up and down through the transition point, a hysteresis loop is formed in the case

of the first-order phase transition, and the loop area implies the phase coexistence.

Hysteresis plot for the whole system, as well as for the usual SPPs and adapters,

are shown in Fig.4.5(a), (b) and (c) respectively. There arise abrupt jump in the

φt (or φpt) and the positions of the jump by the implementation of the forward and

backward simulations schemes are different. So the emergence of a hysteresis loop

indicates the irreversibility of transition. It is observed that the hysteresis is rela-

tively prominent for the usual SPPs (Fig.4.5(b)). Moreover, hysteresis is also seen

for the adapters (Fig.4.5(c)) and as well as the whole system (Fig.4.5(a)) in this
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Figure 4.6: For v0 = 150va, va = 0.01: (a) Plot of φ and φp versus η. Derivatives of φ
and φp with respect to η are shown in the inset. (b) Plot of χ and χp versus η. In the
inset, χa versus η is shown. (c) Plot of U and Up versus η. (d) Plot of P (φ) and P (φp) at
η = ηc. System size is L = 256.

case. Most of the active systems, which exhibit discontinuous transition, display

a hysteresis loop. For example, model of SPPs with scalar and vector noise [104],

model of SPPs with a variable angular range of interaction [174] and many others.

4.2.2 Results with v0 = 150va and va = 0.01

The situation will be more dramatic if the value of v0 is increased further. We now

present simulation results obtained for a much higher velocity of the usual SPPs

v0 = 150va keeping the velocity of the adapters as va = 0.01 for a system of size

L = 256. The order parameter of the whole system and the partial systems, φ and

φp are plotted against η in Fig.4.6(a). There are jumps in the values of φ and φp

near the transition. The derivatives of φ and φp with respect to η are plotted in

the inset of Fig.4.6(a) and sharp minima are observed at ηc ≈ 0.38 for the usual
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Figure 4.7: For v0 = 150va, va = 0.01: (a) morphology for ηc for system of size L = 256.
Orange and indigo colour represent the usual SPPs and adapters respectively. (b) Order-
parameter dynamics at ηc.

SPPs and whole system. The respective fluctuations in order parameter, χ and χp

are plotted against η in Fig.4.6(b). There is a sharp peak in the fluctuations at

ηc ≈ 0.38 for all the order parameters. Whereas χa has two peaks at η ≈ 0.38 and

η ≈ 0.20 as shown in the inset. However, the peak heights are not very different

in this case, and the peat at η ≈ 0.20 is not prominent as the va = 50vb case. The

Binder cumulants U and Up versus η plots are shown in Fig.4.6(c). The cumulant U0

and U have sharp negative dips at the transition. However, the cumulant Ua has a

dip at the transition point but has yet to achieve a negative value. The distributions

of order parameters P (φ) and P (φp) at ηc = 0.38 are shown in Fig.4.6(d). In this

case, all three distributions P (φ), P (φ0) and P (φa) exhibit bimodal distributions

which implies the two-phase co-existence in the system. These are characteristic

features of a discontinuous transition. Discontinuous transition is known to occur

in the VM at high velocities [104]. At the transition region, dense travelling bands of

SPPs form and disappear, resulting in the coexistence of two phases in the system.

A similar density band of fast-moving SPPs was observed in the BM for high vf

(Fig.3.16) in the last chapter. Below we explain the situation by studying the time

evolution of the system morphology at the transition region.

The morphology of a system of size L = 256 are shown in Fig.4.7(a) for η = ηc.

A dense travelling band of the usual SPPs and small clusters of adapters are seen.

The density band of the usual SPPs are moving in a particular direction (shown

by the orange arrow). Whereas small clusters of adapters try to follow the moving
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Figure 4.8: v0 ≫ va and v0 = 150va, va = 0.01: Hysteresis plot (a) for the whole system,
(b) for usual SPPs and (c) for adapters, in the variation of the respective instantaneous
order parameters with η. Results obtained by implementing ramp-up or forward (red
arrow) and ramp-down or backward (green arrow) simulation schemes, respectively.

direction of the band. The steady-state dynamics at η = ηc of the order parameters

are given in Fig.4.7(b) where the values of both φ0 (blue) and φa (maroon) oscillate

between two phases in a synchronized manner. The higher value of φ0 corresponds

to the presence of the travelling band (an ordered phase) and the lower value of

φ0 corresponds to the disappearance of the travelling band (disordered phase). On

the other hand, the higher value of φa corresponds to the ordered phase of directed

clusters of the adapters, and the lower value of φa corresponds to a disordered phase

of randomly moving clusters. The order is less for the adapters for the absence of

interaction among them. As a result, the difference between the two phases is less.

This type of phase synchronization is similar to the BM (Fig.3.16), discussed in the

last chapter, for velocity range vf = 150vs, vs = 0.01. It seems that the mutual

alignment interaction among the different species is responsible for this type of

behaviour.

Hysteresis study: Now, we will study hysteresis for this velocity range with

v0 = 150va and va = 0.01. On ramping the angular noise η at the same ramping rate

up and down through the transition point, a hysteresis loop forms in the case of first-

order phase transition [104, 175]. The hysteresis plot for the whole system as well as

for the usual SPPs and adapters are shown in Fig.4.8(a), (b) and (c) respectively. It

is observed that the hysteresis is relatively prominent for usual SPPs (Fig.4.8(b)).

However, hysteresis can be also seen for the adapters (Fig.4.8(c)) and as well as the

whole system (Fig.4.8(a)). These results confirm the first-order nature of the phase

transition.
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Part-II

It is well known that a discontinuous phase transition [104] occurs with the

appearance of density bands in the VM at high velocities (v0). It is then interesting

to explore the high-velocity regime of this adapter model. In this part, we consider a

situation where the orientation adapters move with higher velocities than the usual

SPPs. Thus, the velocity of the usual SPPs v0 and that of the adapter va both are

kept high and further, va > v0. Apart from the velocities, all other characteristics

of the adapters and usual SPPs remain the same, as mentioned in part-I.

4.3 The Model

The same update equations for the orientation and positions of the adapter model

described in part-I are used. We mention here once more for the ready reference.

The time evolution of the orientations of an usual SPP θ0,i and that of an adapter

SPP θa,i are determined by

θ0,i(t+∆t) = 〈θ(t)〉R∈{0,a} +∆θ (4.10)

θa,i(t+∆t) = 〈θ(t)〉R∈{0} +∆θ (4.11)

Similarly, the position of the usual SPPs ~r0,i and for the adapter SPP ~ra,i are updated

following the forward update rules as given below

~r0,i(t+∆t) = ~r0,i(t) + ~v0,i(t)∆t (4.12)

~ra,i(t +∆t) = ~ra,i(t) + ~va,i(t)∆t (4.13)

where ∆t is the time between two successive updates, and it is chosen as ∆t = 1.

The distribution of randomly oriented 25 usual SPPs (in orange) and 25 adapters

(in indigo) are shown in Fig.4.9. Longer and shorter arrows show the velocities va

and v0, respectively as in this case va > v0. The circular region of radius R indicates

the region of interaction.

4.4 Results and Discussion

Throughout the simulation, both the SPPs are kept in the same proportion as

N0 = Na = N/2. The overall particle density ρ = N/L2 is fixed as ρ = 0.5 for all the
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1

R

2

Figure 4.9: The distribution of the SPPs is shown on a square box of size L = 10
where N0 = Na = 25. The orange colour represents usual SPPs and the indigo colour
represents the adapters. The arrow associated with an SPP indicates its orientation and
here va > v0. An usual SPP present at the center of circle-1 interacts with both SPPs
present within the circle of radius R. Whereas, an adapter SPP at the center of circle-2
interacts only with usual SPPs present within the circle of radius R.

observations. One Monte Carlo (MC) time step corresponds to the up-gradation of

position and orientation of all the particles. Initial 3× 105 MC steps are neglected

to achieve the steady-state. An ensemble of size 48 × 105 is taken for statistical

averages (2 × 105 samples at different times for 24 different initial configurations).

The results are shown with the velocity of the adapters as va > v0 for a fixed velocity

of the usual SPPs v0 = 1.0. Variations of the order parameter φ, Binder cumulant

U , and order parameter distribution P (φ) are presented in Fig.4.10, varying the

angular noise η for two different velocity of adapters as va = 1.2v0 and va = 7.0v0.

4.4.1 Results with va = 1.2v0 and v0 = 1.0

First, we present data for φ (and φp), U (and Up), and P (φ) (and P (φp)) respectively

in Fig.4.10(a), (b) and (c) on a system of size L = 256 for va = 1.2v0, v0 = 1.0.

In this case, the velocity va of adapters is almost similar as the usual SPPs. The

order parameter φ of the whole system and φp, that of the partial systems, are

plotted against η in Fig.4.10(a). There are jumps in the values of φ and φp near the

transition. The values of φ, φ0 and φa are almost similar for a given η in this case.
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Figure 4.10: For v0 = 1.0, va = 1.2v0: (a) Plot of φ and φp versus η. Derivatives of φ
and φp with respect to η are shown in the inset. (b) Plot of U and Up versus η. (c) Plot
of P (φ) and P (φp) at η = ηc. System size is L = 256.

(a) (b)

Figure 4.11: For v0 = 1.0, va = 1.2v0: System morphology for η ≈ ηc with (a) ordered
phase (density band) and (b) disorderd phase. Orange colour represents usual SPPs and
indigo colour represents the adapters.

The derivatives of φ and φp with respect to η are plotted in the inset of Fig.4.10(a)

and sharp minima are observed at ηc ≈ 0.39 (same for the whole and the partial

systems). The Binder cumulants U and Up versus η plots are shown in Fig.4.10(b).

The cumulant for the usual SPPs (U0), for adapters (Ua) and for the whole system

(U) all shows a sharp negative dip at the transition. It implies the discontinuous

transition for the whole as well as for the partial systems. Then, the distributions

of order parameters P (φ) and P (φp) at η = ηc are shown in Fig.4.10(c). In this

case, all three distributions P (φ), P (φ0) and P (φa) exhibit bimodal distributions

which implies the two-phase co-existence in the system [104, 174]. It seems that at

the transition point, dense travelling bands of SPPs form and disappear, resulting

in the coexistence of two phases in the system, which is shown in Fig.4.11(a) and

(b) respectively. Both the adapters and usual SPPs are observed in the density
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Figure 4.12: For v0 = 1.0, va = 7.0v0: (a) Plot of φ and φp versus η. Derivatives of φ
and φp with respect to η are shown in the inset. (b) Plot of U and Up versus η. (c) Plot
of P (φ) and P (φp) at η = ηc. System size is L = 256.

band, and they move together in a particular direction (shown by arrows). This is

expected as the adapters follow the usual SPPs; they move in the density band’s

direction. Moreover, their velocity is similar to the usual SPPs; they also form a

dense band pattern near the usual SPPs. The situation will be different for a much

higher velocity of the adapters with the same velocity of the usual SPPs.

4.4.2 Results with va = 7.0v0 and v0 = 1.0

Next, the situation is going to be drastic if the velocity va of adapters is much

higher than the usual SPPs. We present the data φ (and φp), U (and Up), and P (φ)

(and P (φp)) respectively on a system of size L = 256 for va = 7.0v0, v0 = 1.0 in

Fig.4.12(a), (b) and (c) respectively. The order parameters φ and φp, are plotted

against η in Fig.4.12(a). The order of the usual SPPs (φ0) is higher than the order of

adpters (φa) in the low η region in this case. However, near the transition their values

are similar. The values of φ and φp are decreasing smoothly to zero as η increases.

The derivatives of φ and φp with respect to η are plotted in the inset of Fig.4.12(a)

and minima of the plots at the transition noise ηc ≈ 0.37 (same for the whole and

partial systems) are observed. In Fig.4.12(b), U and Up are plotted against η. Both

U and Up remain positive over the whole range of η. In Fig.4.12(c), the distribution

of order parameters P (φ) and P (φp) are plotted at η = ηc. All the distributions

are unimodal. The positive Binder cumulants and unimodal distributions of order

parameters indicate a continuous transition in the whole system as well as in the

partial systems for the case of va = 7.0v0 and v0 = 1.0.

The system morphologies for the ordered phase with η = 0.30 and for disordered

phase with η = 0.42 are shown in Fig.4.13(a) and (b) respectively for the case of
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Figure 4.13: For v0 = 1.0, va = 7.0v0: System morphology for (a) ordered phase
η = 0.30 and (b) disorderd phase η = 0.42 for the system of size L = 256. (c) P (θ) of the
morphology (a) and (b) are plotted in I and II. Orange colour represents usual SPPs and
indigo colour represents the adapters.

va = 7.0v0 and v0 = 1.0. Below the transition, at η = 0.30 shown in Fig.4.13(a),

less dense large clusters of usual SPPs are observed with small clusters of adapters,

and they are directed in the same direction (shown by arrow). Whereas, above the

transition, at η = 0.42 shown in Fig.4.13(b) they move randomly. The orientation

distribution of these two morphologies are shown in Fig.4.13(c)I and II, respectively.

In this case, adapters move with much higher velocity and cannot flock with the

usual SPPs. Moreover, they adopt the alignment information from usual SPPs,

which are distant. It seems that as the usual SPPs interact with the adapters,

randomness enters in the alignment of the usual SPPs. Hence, the correlation

between the usual SPPs gets destroyed to form a dense band structure.

Hysteresis study: Simulations are carried out to measure the instantaneous order

parameter (φt) by either gradually increasing or decreasing η with a fixed ramp

rate as discussed earlier. The simulation results of hysteresis for the whole system

with different values of adapter’s velocity as va = 1.2v0, 4.0v0 and 7.0v0 for a fixed

v0 = 1.0, are presented in Fig.4.14(a),(b) and (c) respectively. Observations show

that when va is relatively less as va = 1.2v0 with v0 = 1.0, there arise an abrupt

jump in the φt and the positions of the jump by the implementation of the forward

and backward simulations schemes are different. So the emergence of a hysteresis

loop indicates the irreversibility of transition [104], shown in Fig.4.14(a). Hysteresis

loop is still exist for a moderately high value of va = 4.0v0 shown in Fig.4.14(b),

however, it is less prominent than the va = 1.2v0 case. Then, for a large enough

value of va = 7.0v0, the change of the order parameter versus η becomes reversible,
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Figure 4.14: For va > v0: Hysteresis plot of the whole system for different values of
adapter velocity as (a) va = 1.2v0, (b) va = 4.0v0 and (c) va = 7.0v0 with the fixed
v0 = 1.0. Results obtained by implementing ramp-up or forward (red arrow) and ramp-
down or backward (green arrow) simulation schemes, respectively.

which indicates continuous phase transition, shown in Fig.4.14(c). It needs to be

noted that similar behaviour of hysteresis plots for the different values of va is also

observed for the partial systems, i.e., with usual SPPs as well as the adapters.

4.5 Summary and Discussion

In this work, the collective motion of a mixture of usual SPPs and orientation

adapters has been modelled. The usual SPPs and the adapters have very different

velocities. There are two parts to this chapter. In the first part, the adapter has a

much lower velocity than the usual SPPs, whereas in the second part, the adapter

has a higher velocity than the usual SPPs. Pattern formation and dynamical phase

transition in these systems are studied. Below we summarise the results of each

part.

Part-I: Different pattern formation is studied for adapter velocity va = 0.01

and usual SPPs’ velocity v0 = 50va. Directed lanes, directed clusters, density band,

elongated clusters etc., are observed at different values of the angular noise η. Phase

separation or demixing between the two types have been observed in the ordered

region as expected. The dense travelling band structures of the usual SPPs near

the transition (η ≈ ηc) for velocities v0 = 50va and v0 = 150va are observed. As a

consequence of the formation of travelling bands, the dynamical transition of the

usual SPPs is found discontinuous. The dense band of usual SPPs appears and

disappears with time at the transition point. As a result, co-existence of two phases

occurs. The discontinuous transition is further characterized by a negative dip in
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the Binder cumulant U0 and bimodal distribution of the order parameter φ0. This

is excepted as similar behaviour occurs in the VM. However, more dramatic events

happened for the adapters. Though the adapters do not interact with another

adapter, they get oriented in the same direction as the usual SPPs as they only

interact with them. Once they are aligned, they also form flocks over time in the

form of lanes and clusters. At η ≈ ηc, the flocks of adapters appear as directed

clusters and disappear as random clusters in synchronization with the appearance

of travelling bands of the usual SPPs and their disappearance. Thus, there is also

the co-existence of two phases of the adapters at the transition point. Though the

dip in the Binder cumulant is not negative, the order parameter distribution is not

fully resolved into two peaks, a weak hysteresis effect is observed for the adapter. It

seems that the transition is going to be discontinuous in the thermodynamic limit.

However, that would be surprising as the dynamical transition at such a low velocity

va = 0.01 should have been a continuous type. The whole system, collection of the

usual SPPs and the adapters, clearly exhibits a discontinuous transition.

In part-II, the adapters have higher velocity than the usual SPPs, while the

velocity of the usual SPPs is fixed at a high velocity v0 = 1.0. For the adapter

velocity va = 1.2v0 and v0 = 1.0, both adapters and the usual SPPs form dense

travelling bands in the system. Both the travelling bands move in the same direction

in accordance with the orientation rule. Near the transition point, such bands

appear and disappear over time, giving rise to co-existence of two phases. The

adapters and the usual SPPs both undergo a discontinuous transition characterized

by a negative dip in Binder cumulant and bimodal distribution of order parameters.

The nature of the transition is further confirmed by the existence of hysteresis in

the order parameter under a continuously varying noise field. It is quite expected

in the context of the VM.

However, more dramatic effects are revealed as the adapter velocity becomes

much higher than the usual SPPs. Surprisingly, the formation of travelling bands

disappears from the system. In the ordered phase, the flocks of usual SPPs form di-

rected clusters, and the adapters form relatively smaller directed clusters. All these

clusters move in the same direction as expected. In the disordered phase (η > ηc),

these clusters melt into smaller clusters and move randomly. Consequently, contin-

uous transitions occur for both the adapters and the usual SPPs, even at such high

velocities. The continuous transitions are characterized by positive Binder cumu-

lant and unimodal distribution of the order parameter. The hysteresis loops also

disappear for these systems. The alignment of an adapter obtained from local inter-
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action may be very different from the alignment of SPPs at a distant point where

the adapter moves after position update due to its high velocity. Such misalignment

in orientations between the adapters and the SPPs introduces extra fluctuations in

the system. Such fluctuations grow predominantly in the transition region, and

all long-range correlations get destroyed. The continuous nature of the transition

is essentially a manifestation of such smooth crossover from correlated system to

uncorrelated system.
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Chapter 5

Summary and Conclusion

In this thesis, various models on active systems are explored in search of the emer-

gence of collective motion in varied scenarios. We have studied dry active matter

with polar interaction similar to the Vicsek model (VM). Besides exotic pattern

formations, orientational phase transitions are observed in each model with the

variation of an appropriate system variable. Though the transition nature depends

on the values of system parameters, the properties exhibited at the transition point

are characterised and understood rigorously. Below we summarise the thesis, which

contains the effect of perturbation, mixing of different species and the effect of ori-

entation adapters on the collective properties of SPPs as discussed in the previous

chapters.

In the first chapter, after providing a general introduction to the topic, a thor-

ough survey of the literature is made on the studies of collective behaviour of SPPs.

A brief overview of the features of phase transitions is described. A small presen-

tation on the spin models is also given. The Vicsek model (VM), its characteristic

properties, orientational order-disorder transition, nature of transition, relevance to

the spin models, etc., are discussed in this chapter. Finally, the problems which will

be taken up in this thesis are proposed with sufficient motivation.

The second chapter presents the collective dynamics of SPPs with inherent per-

turbation in the system. A new model is developed incorporating a trapping per-

turbation in the VM. Due to the perturbation, the SPPs get trapped for a while

with a position-dependent trapping probability as they pass through the trapping

region and pick up a random direction of velocity on release. The trapping pertur-

bation has two-fold effects on the system. It creates a temporal density fluctuation

in the number of the moving particles as well as provides a short impulse on the

average orientation besides the angular noise. The effect of the perturbation on
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the VM is then studied, varying the scalar noise η and the perturbation strength

α for a specific density ρ0. A thorough FSS analysis has been performed when-

ever it was required. The system’s response is obtained at low, intermediate and

high velocities. In the low-velocity case, a continuous transition is observed with

the same critical exponents as the VM. The perturbation in the VM gives rise to

novel features on the formation of travelling density bands and the nature of phase

transition for the higher velocities. There exists a crossover system size L∗(ρ0, v0)

for the VM (α = 0) for v0 = 0.5 and ρ0 = 0.5 below which the model exhibits con-

tinuous transition and above which it exhibits discontinuous transition with dense

travelling bands in the system. In the presence of trapping perturbation, the value

of crossover system size L∗
α(ρ0, v0) increases and becomes greater than L∗(ρ0, v0),

that of without perturbation. Further, there exists an α∗ for a given system of size

L, L∗(ρ0, v0) < L < L∗
α(ρ0, v0), below which the transition is discontinuous and

above which the transition is continuous. As the velocity v0 increases, the value

of L∗
α(ρ0, v0) decreases but remains greater than the corresponding L∗(ρ0, v0). The

perturbation in the VM can destroy the travelling band up to a certain system size

beyond L∗(ρ0, v0). Consequently, the value of the crossover size has increased to

a higher value L∗
α(ρ0, v0), below which the transition is continuous with the same

critical exponents of the VM and above which the transition is discontinuous. The

perturbation in the form of fluctuations in local density and orientation can destroy

the dense travelling band in the system up to a certain system size L∗
α(ρ0, v0) for a

given ρ0, v0 and α. For the systems of size beyond L∗
α(ρ0, v0), the transition remains

discontinuous even in the presence of perturbation.

In the third chapter, we have studied the collective behaviour of a binary mix-

ture of SPPs with two different motile properties, such as slow-moving SPPs with

velocity vs and fast-moving SPPs with velocity vf (vf ≫ vs). Both inter and intra-

particle interactions are considered in the BM. The model exhibits many different

self-organised pattern formation and phase segregation. The mutual interaction

among the two types of SPPs not only produce a variety of collective patterns such

as directed lanes, clusters, and clumps; random clusters and clumps; micro-cluster

and micro-clumps, etc., but also the flocks of two different SPPs move in the same

direction in the ordered phase. The system exhibits a continuous order-disorder

transition at a critical noise ηc for vf = 30vs and 50vs with vs = 0.01 with a new

set of critical exponents. The critical exponents are not only different from those

of the VM but also depend on vf . Though the continuous transition of the slow-

moving SPPs is expected; it was quite unexpected for the fast-moving SPPs with
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vf = 50vs = 0.5 as the VM exhibits a discontinuous transition at v0 = 0.5 on a

system of size L = 256. Thus the slow-moving SPPs induce the moderately fast-

moving SPPs to manifest a similar behaviour. At a much higher velocity vf = 150vs,

the dense travelling band of the fast-moving SPPs appears in the BM, and conse-

quently, the fast-moving SPPs exhibit discontinuous transition. Interestingly, the

slow-moving SPPs and the system as a whole also undergoes a discontinuous tran-

sition. At the high-velocity regime of vf , discontinuous transitions occur not only

for the fast-moving and the slow-moving SPPs but also for the whole system.

In the fourth chapter, the effect of orientation adapter on the collective behaviour

of SPPs is studied. In this model, adapter SPPs exist besides the usual SPPs in equal

proportion. The adapter SPPs do not interact among themselves but adopt the

velocity orientation of the usual SPPs through local interactions. However, the usual

SPPs do interact with themselves as well as with the adapters. In Part-I, different

pattern formation is studied for adapter velocity va = 0.01 and usual SPPs’ velocity

v0 = 50va. Directed lanes, directed clusters, density band, elongated clusters etc.,

are observed at different values of the angular noise η. Phase separation or demixing

between the two types have been observed in the ordered region as expected. The

dense travelling band structures of the usual SPPs near the transition (η ≈ ηc)

for velocities v0 = 50va and v0 = 150va are observed. As a consequence of the

formation of travelling bands, the dynamical transition of the usual SPPs is found

discontinuous. At the transition point, the dense band of usual SPPs appears and

disappears with time. As a result, the co-existence of two phases occurs. Whereas

the adapters get influenced by the other species’ community and also obtain two-

phase co-existence. Though the dip in the Binder cumulant is not negative, the order

parameter distribution is not fully resolved into two peaks, a weak hysteresis effect

is observed for the adapter. It seems that the transition is going to be discontinuous

in the thermodynamic limit. However, that would be surprising as the dynamical

transition at such a low velocity va = 0.01 should have been a continuous type.

The whole system, collection of the usual SPPs and the adapters, clearly exhibits

a discontinuous transition. In part-II, the adapters have higher velocity than the

usual SPPs, while the velocity of the usual SPPs is fixed at a high velocity v0 = 1.0.

For the adapter velocity va = 1.2v0 and v0 = 1.0, both adapters and the usual SPPs

form dense travelling bands and move in the same direction. Near the transition

point, such bands appear and disappear over time, giving rise to the co-existence

of two phases. The adapters and the usual SPPs both undergo a discontinuous

transition. The nature of the transition is further confirmed by the existence of
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Chapter 5. Summary and Conclusion

hysteresis in the order parameter under a continuously varying noise field. However,

when the adapter velocity becomes much higher than the usual SPPs, the formation

of travelling bands disappears from the system. In the ordered phase, the flocks of

usual SPPs form directed clusters, and the adapters form relatively smaller directed

clusters. In the disordered phase, these clusters melt into smaller clusters and move

randomly. Consequently, continuous transitions occur for both the adapters and the

usual SPPs, even at such high velocities. Due to the high velocity of the adapters,

extra fluctuations occurs in the system. Such fluctuations grow predominantly in

the transition region, and all long-range correlations get destroyed. The continuous

nature of the transition is essentially a manifestation of such smooth crossover from

correlated system to uncorrelated system.

The thesis represents many novel results obtained from different models of col-

lective motion of SPPs incorporating perturbation, mixing of species and includ-

ing orientation adapters. Different mechanisms are developed to determine system

properties. Several aspects of these models are explored by performing extensive

numerical simulations. The models developed here are generic in nature however

could be extended to various new problems by modifying the model’s parameters

suitably. It is worth mentioning that the methodologies used and results obtained

in this thesis may be beneficial for further studies on these systems. For example,

perturbations can also be imparted in the systems in many other forms and can

be compared with the results obtained in the present model. One of the possible

situations is: instead of imposing spatial trapping, randomly selected particles of

a specified fraction can be trapped for a while and released with random orien-

tation throughout the system. Study of the collective behaviour of such systems

with different perturbations can be beneficial to control the dynamics and system

properties of real-life SPPs such as swarms of insects or can be applied to traffic

management, jamming etc. Furthermore, the presence of PBCs favours the forma-

tion of bands. Systems with or without perturbation can be studied in other types

of boundary conditions, such as reflecting or open boundaries. In such cases, the

position update rules at the boundary can be random or with some specifications.

The binary model of different species can be studied further with different densities

and proportions. Further, the magnitude of the velocity of individual SPPs can

be taken into account in estimating the interaction. Similar aspects can also be

explored in the model with orientation adapters. The study of such models can

give interesting features into the physics of active matter, and nontrivial results

can be found, which can help us to understand the subject more. These topics
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of research encompass a variety of physical behaviours that have fundamental and

applied significance. Research activities in Physics involving interdisciplinary areas

such as active matter are growing. It has witnessed a large spectrum of physical

systems, models and settings in which novel ideas can be predicted, verified and

implemented. The knowledge of such systems will be beneficial to understand and

apply in many related fields, such as swarm robotics, molecular biology, biomedical

applications, security systems, traffic and crowd management and many more.
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Abbreviations

SPPs: self-propelled particles

VM: Vicsek model

PBCs: periodic boundary conditions

MC steps: Monte-Carlo steps

FSS: finite-size scaling

BM: binary model

DS: directed clusters

DL: directed lanes

DC: directed clumps

RS: random clusters

RC: random clumps

MS: micro-cluster

MC: micro-clumps

HGM: homogeneous gas-like mixture
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[52] J. S. Bois, F. Jülicher, and S. W. Grill, Physical review letters 106, 028103 (2011).

[53] J. Smrek and K. Kremer, Phys. Rev. Lett. 118, 098002 (2017).

[54] S. N. Weber, C. A. Weber, and E. Frey, Phys. Rev. Lett. 116, 058301 (2016).

100
TH-2571_146121024



BIBLIOGRAPHY

[55] J. Stenhammar, R. Wittkowski, D. Marenduzzo, and M. E. Cates, Phys. Rev. Lett.

114, 018301 (2015).

[56] N. W. Goehring and S. W. Grill, Trends in cell biology 23, 72 (2013).

[57] D. St Johnston and J. Ahringer, Cell 141, 757 (2010).

[58] B. Rubinstein, B. D. Slaughter, and R. Li, Physical biology 9, 045006 (2012).

[59] P. K. Trong, E. M. Nicola, N. W. Goehring, K. V. Kumar, and S. W. Grill, New

Journal of Physics 16, 065009 (2014).

[60] S. Alonso and M. Baer, Physical biology 7, 046012 (2010).

[61] N. W. Goehring et al., Science 334, 1137 (2011).

[62] E. F. Keller and L. A. Segel, Journal of theoretical biology 26, 399 (1970).

[63] T. Hillen and K. J. Painter, Journal of mathematical biology 58, 183 (2009).

[64] M. Meyer, L. Schimansky-Geier, and P. Romanczuk, Physical Review E 89, 022711

(2014).

[65] Q.-X. Liu et al., Proceedings of the National Academy of Sciences 110, 11905

(2013).

[66] M. Cross and H. Greenside, Pattern formation and dynamics in nonequilibrium

systems, Cambridge University Press, 2009.

[67] P. Ball and N. R. Borley, The self-made tapestry: pattern formation in nature,

volume 198, Oxford University Press Oxford, 1999.

[68] P. M. Bendix et al., Biophysical journal 94, 3126 (2008).

[69] C. Dombrowski, L. Cisneros, S. Chatkaew, R. E. Goldstein, and J. O. Kessler, Phys.

Rev. Lett. 93, 098103 (2004).
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[91] H. Chaté, F. Ginelli, G. Grégoire, F. Peruani, and F. Raynaud, The European

Physical Journal B 64, 451 (2008).
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