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Abstract
Civil infrastructures in the modern era are indispensable for basic facilities that help society
function, including buildings, roads, utilities, and other systems. Its continuous development
and maintenance are fundamental to the socio-economic growth of a country. These infrastructures have a specific design life span, and they deteriorate as time progresses. Natural
aging, overloading, and lack of maintenance are some of the primary causes of degradation.
Besides aging, a structure also experiences damage due to natural calamities such as earthquakes, storms, tsunamis that often induce substantial distress and subsequent reduction of
strength and service life. Structural health monitoring and condition assessment in periodic
intervals, especially after any natural calamities, are crucial to avoid any catastrophic failure,
which may lead to human causalities as well as severe economic losses.
In general, the damage is incurred in a structure in the form of cracks and/or yielding of material, which often leads to non-linear hysteretic behavior. Due to the hereditary
nature of hysteresis, modeling and identifying the non-linear hysteretic systems continues
to be one of the challenging problems in structural health assessment. One of the efficient
ways to assess structural health is using time-domain Bayesian filtering. Although several
studies are available in the literature on the identification of hysteretic systems using the
Bayesian algorithms, most of them focus on simulated experiments or small-scale laboratory tests. Field implementation of these algorithms experience several challenges. For
example, Extended Kalman filter is often used for system identification, which linearized a
non-linear system using Taylor series expansion. However, linearization of system matrices
of a full-scale structure is difficult, if not impossible in many occasions. Besides linearization,
predictor-corrector time-marching algorithm in Bayesian framework often face numerical instability. With these in view, a constrained minimum variance unbiased (CMVU) algorithm
is developed in the light of sigma point transformation to simultaneously identify the hysteretic parameters and input excitation from noisy structural responses. In this algorithm,
hysteretic behavior is modeled using a generalized Bouc-Wen model, where Bounded Input
and Bounded Output (BIBO) property is preserved by novel constraint conditions to avoid
any instability associated with the identification process.
Further, bounds corresponding to each hysteretic parameter are also proposed within
the CMVU algorithm to obtain convergent and optimal solutions. Three different types of
sigma points generation schemes (viz. unscented transformed points, cubature quadrature
points, and quasi-Monte Carlo points) are presented in this study to demonstrate the efficiency of this algorithm. The proposed algorithm is validated using a simulated response of a
reinforced concrete frame under seismic excitation. The hysteretic parameters are obtained
by minimizing the error between the model and experimentally observed load-deformation
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characteristics, including degradation and pinching effect. The rationale behind using experimentally observed hysteresis in simulation is to replicate the actual structure to maintain
its realistic material behavior. Once the algorithm is validated numerically, its performance
is further demonstrated using the shake table test data of a full-scale bridge pier. This test
was carried out in the NEES-UCSD large High-Performance Outdoor Shake Table facility,
and the data is available in the public domain, i.e., the DESIGNSAFE-CI platform. The
identification results presented in this study clearly show the robustness of the proposed algorithm, which can estimate both hysteretic properties and input excitation with a sufficient
level of accuracy.
Besides identifying hysteretic parameters and input excitation, the proposed CMVU algorithm can estimate the restoring force generated by the structure during ground excitation,
which cannot be obtained directly using instrumentation alone. In the absence of measured
restoring force, researchers often use the total inertia force acting on the structure under
base excitation as the restoring force, which leads to incorrect hysteretic behaviour. It is
shown that the proposed CMVU algorithm can capture the true nature of the hysteresis,
which is further utilized as an engineering demand parameter to estimate the damage state
of the structure. First, the proposed strategy is tested using a simulated example. Next, it is
applied to the same shake table test data of the full-scale bridge pier used in parameter and
input estimation to study the cumulative in-situ damage state using Park and Ang damage
index. The main aim of this study is to facilitate the decision-making process based on the
in-situ condition assessment from the recorded response after any seismic event.
In this context, the phenomenological models (viz. Bouc-Wen) can efficiently capture
the global load-deformation behaviour of any hysteretic structure. However, they may not
adequately capture the damage mechanism of complex systems that demand the information related to the presence, location, type, and extent of the damage. To address this issue,
a damage estimation framework through mechanics-based non-linear finite element (FE)
model updating is developed using Open System for Earthquake Engineering Simulation
(OpenSees) FE package to obtain more insight into the incurred damage. The traditional
unscented Kalman filter (UKF) algorithm is augmented with the parameter bounds to avoid
possible instabilities, which may occur in Opensees solver during the updating process. The
proposed framework is validated using the simulated noisy measurement data (i.e., acceleration, strain history, etc.) of a reinforced concrete frame. The updated parameters are
subsequently used for damage estimation using Park and Ang damage index. Further, the
proposed algorithm is adopted for the same reinforced bridge pier experiment, and the results
show close conformity of the estimated damage to the actual one.
Each proposal in this thesis is validated both numerically and experimentally to prove
its efficiency and practicality. It includes both phenomenological and mechanics-based nonlinear models of the hysteretic systems. Overall, the study shows the ability of the proposed
algorithms for damage quantification that are fundamental for decision making (i.e., future
retrofitting/rehabilitation).
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ẍg (t)
Φ
B, H
Z
F
E
G(•)
h(•)
Φ
P
Ψ
Ξ
R
Lk
Kk
δv , δη
q, p, ζ0 , ψ, δψ , λ
φ

E
fy
fc
b
R0

TH-2533_156104030

Ratio of post yield to pre-yield stiffness
Bouc-Wen model parameters controlling shape and size
Auxiliary variable
Displacement
Velocity
Acceleration
Ground acceleration
Unknown parameter vector
Influence matrix
Extended state vector
Restoring force
Expectation operator
State transition function
Nonlinear measurement function
Parameters with bounds
Covariance matrix
Sigma points for State
Sigma points for measurements
Measurements covariance
Optimal gain matrix
Kalman gain matrix
Degradation parameters of Bouc-Wen model
Pinching parameters of Bouc-Wen model
Curvature
Strain
Young’s modulus
Yield stress of steel
Yield stress of concrete
Strain hardening ratio
Elasto-plastic transition parameter

xix

Chapter 1
Introduction
Global infrastructural development experienced a thumping growth over the past decades.
The present socio-economic scenario worldwide shows that around 3.17% of the Gross Domestic Product (GDP) has been spent on infrastructure and its maintenance in 2020 [1].
The global infrastructure report has estimated a substantial rise in this expenditure head
up to a striking $94 trillion from 2016 to 2040 [2]. In view of this requirement, the civil
engineering community has always played an important role in adopting practical inspection, monitoring, and maintenance measures to reduce the associated cost. A significant
number of structural failures/collapses in the past have shown the need for regular condition
assessment. It is a continuous process as every structure experiences deterioration from the
moment it is exposed to its operational environment. In this context, natural calamities
(viz. Earthquakes, wind, floods) are often attributed as the leading cause of damage to any
structure. The earthquakes in the recent past have proved this fact (e.g., Kobe in 1995,
Gujarat in 2001, L’Aquila in 2009, Chile in 2010, and Tohoku Japan in 2011). Fig. 1.1
shows the damage caused by some of these seismic events. A study has reported that more
than 90% of the deaths during earthquakes in India were due to the collapse of inhabited
structures [3]. Therefore, health assessment of these structures due to aging or exposure to
natural hazards is essential for ensuring their safety and serviceability. This process provides
critical inputs for decision-making on maintenance and rehabilitation/retrofitting.
The failure of infrastructures such as bridges, dams, power plants, and emergency response buildings comes at the cost of life imperilment, economic losses, and functional disruption. Due to this reason, many national agencies and professional bodies have made it a
priority to survey the health of civil infrastructures. In 2017, the American Society of Civil
Engineers (ASCE) conducted several studies regarding the health of the structures at the
national level. It graded them with an overall D+ (poor) category in their Report [4]. A similar study was carried out in Canada and found that more than 40% of the bridges currently
in use were built before 1977. A large number of these bridges demands immediate rehabilitation or replacements [5]. In Australia, many public bridges that have been operational for
30 to 40 years since their inception need major renovation. The maintenance of these bridges
on large scales are expensive and demand new technologies to meet the practical challenges.
The data reveals that around $41.8 billion is needed in the USA to maintain 45000+ bridges
currently in operation [6]. Similar studies in Australia show that $270 million per year is
required for condition assessment [7]. These values are quite astounding from the economic
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(b)

(a)

Figure 1.1: Earthquake damage of infrastructure; (a) Bhuj earthquake dated 26th
January 2001 (Source: www.nicee.org), and (b) Kobe earthquake dated 17th January 1995
(Source: The Wall-Street Journal)

point of view. Countries like India are yet to take significant initiatives for lifeline structural
assessment at the national level except a few local measures on a case-to-case basis. Therefore, to prioritize the decision-making process for effective resource utilization, systematic,
proactive planning and preventive measures must be adopted. The decision-making process
incorporates efficient condition-based inspection/monitoring strategies that ultimately lead
to assessing residual life, detecting any damage, and safety measures necessary at the earliest
stage. Also, it facilitates in articulating the maintenance strategies to ensure uninterrupted
service life and prevent catastrophic failure. Without periodic structural assessment, it may
experience a loss due to continuous depletion of strength and becomes vulnerable. In general,
structural degradation is quantified by the change in material and geometric properties (e.g.,
stiffness, damping, mass), which affect structural performance. Thus, efficient/reliable heath
evaluation techniques are essential for the smooth operation of any structural ecosystem.

1.1

Structural Health Monitoring

Structural Health Monitoring (SHM) is a systematic study to evaluate the health of an
in-service structure or its components. It is a multidisciplinary technique that includes
observation-based analysis of a structure over a given period. Then the damage-sensitive
parameters are derived from the measurements before they are interpreted to determine the
in-situ health of any structure. This process is repeated periodically to track the ability
of a structure to cope with evolving applied conditions, deterioration, and aging. During
this process sensors are fixed on the surface or embedded inside. Depending upon the type
of installation, these data collection devices are classified as integrated or surface sensors.
Structural health monitoring techniques can be broadly classified into two types - offline and
online depending upon the mode of data used in the identification process.
Farrar et al. [8] demonstrated that SHM is fundamentally the same as statistical pattern
recognition, which aims to process and classify patterns (data) based on either previously

TH-2533_156104030

2

CHAPTER 1. Introduction

Structural Health Monitoring

Performance
Level

Model and
Non-Model
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SHM Methods

Global and
Local

Baseline and
Non-Baseline

Civil infrastructures play a major role in the socio-economic development of a country. These
Figure 1.2: Different classification of SHM methods
infrastructures have a certain design life span and they deteriorate as the time progress.
Natural aging, overloading and lack of maintenance are some primary causes of this decaying
process. Sometimes they also suffered from damage due to natural calamities such as
earthquakes,
tsunamis which
affect from
the service
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of material, which often leads to nonlinear hysteretic behaviour. Due to the hereditary nature
the remaining service life [9]. The elementary classes of different SHM techniques are briefly
of hysteresis, modelling and identification of the nonlinear hysteretic system continues to be
summarized in Fig. 1.2 and explained in the following subsections.
one of the challenging problems in the field of structural health assessment. One of the
efficient ways to assess the health of the structural is using time-domain Bayesian filtering
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are available in the literature on the identification of
1.1.1 algorithms.
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Based
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4 also includes fatigue life analysis and fracture mechanics-based damage quantification and
prediction [9].
vii
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1.1.2

Literature Review

Model and Non-Model Based Approaches

Model and non-model-based damage detection methods are distinguished in this classification. In the non-model-based techniques, the response of the current state is compared with
the previous measurements. The deviation in the damage-sensitive features is estimated for
its detection. On the other hand, the model-based approach compares measurements ( viz.
acceleration, displacement, strain, etc.) with the same response of an analytical or numerical
model (say, finite element model). The main advantage in model-based approach lies in its
ability to quantify the extent and severity of the damage. It is challenging to develop an
accurate/reliable numerical or analytical model for many complex structures. In addition,
the computational cost also limits its applicability in some cases.

1.1.3

Global and Local Methods

Damage detection methods are commonly classified into the global or local approach, based
on the structural model used in this process. These are distinguished based on the extent
of the structure relative to the whole structure that can be analyzed [14]. The global methods study a relatively more significant portion, and their precision to identify the location
and severity of damage is limited on many occasions. Therefore, only severe damages are
determined with the help of this method. At the same time, local techniques can focus
on every component of the structure and detect the exact location and severity of even a
minor damage, e.g., cracks. However, prior information about the location of the damage is
necessary. So, both these methods are often combined, utilizing their benefits. The global
approach helps to verify the overall performance, while the local approach is used to pinpoint
the location of damage in a structure.

1.1.4

Baseline and Non-Baseline

Worden et al. [13] proposed a fundamental axiom of SHM that any damage identification
methodology must compare two states of any system. The response acquired at the initial
stage is usually utilized as a reference or baseline to differentiate between the damaged and
undamaged state. For model-based methods, the baseline performance can be established
using a finite element model. However, there are some proposals [15, 16] that are not dependent on the baseline to classify a state, i.e., damaged or undamaged. Thus, instead of
relying on the baseline measurements, non-baseline methods are based on comparing two
conditions. It uses a pre-assumed behavior of the structure as a baseline. The damage, in
this case, is confirmed by the deviation of the response from its pre-assumed state.

1.2

Literature Review

In this section, the literature review is presented to discuss different techniques used in SHM.
The first assessment of any structure is often carried out using visual inspection, which
requires only physical examination of damage. Based on the experience of the observer, the
severity of the damage level is assigned. A significant drawback of this method is that the
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damage remains undetected if the damage location is inaccessible. Non-structural elements
are removed to uncover the potential area of damage before the inspection.
Another popular technique is the local non-destructive test (NDT), often used as a secondary step once the suspected area of damage is identified. Some examples of these methods
are acoustic emissions or ultrasonic tests [17], magnetic field tests [18], and radiography [19].
The local NDT-based approach becomes inefficient for an extensive structural system, as
it requires the damage location to be known beforehand, and the area should be readily
accessible. Furthermore, the execution of these methods in such situations is expensive,
time-consuming, and labor-intensive. Besides these practical challenges, the designer often faces difficulty in correlating the NDT results directly with the health of the structural
system.
Thus, the need for cost-effective damage detection methods suitable for large structures
has led to several structural health assessment techniques. Among them, the System Identification (SI) based approach is most widely used. It is based on the underlying physical
process, which utilizes the input-output relationship. In a typical SI-based algorithm, the
three essential components are - (i) excitation(s), (ii) mathematical representation of the
structure, and (iii) measurements at a different location. The dynamic properties in terms
of its mass and stiffness properties of all the elements and damping can be identified using
available information, i.e., excitation and responses. Assuming mass can be estimated with
sufficient accuracy, which will not change during the inspection process, structural stiffness
and damping properties can be tracked for condition assessment.
Various structural health monitoring using SI techniques are currently available in the
literature [20, 21]. Among them, vibration-based methods have received more attention due
to their effectiveness besides advancements in computation, sensor technology, and data acquisition hardware. The basic premise of vibration-based SHM is to detect any change in
the structural property (i.e., stiffness, mass, and damping) that affects the dynamic characteristics. Thus, by tracking these changes, SHM can detect structural damage, location,
and extent. In general, vibration-based approach can be classified into three paradigms: frequency, time, and time-frequency domain (Fig. 1.3). Since frequency-domain modal properties represent global dynamic behaviour, it may not always be efficient to locate defects at
the local element level.
In the time domain, the dynamic properties of each element (i.e., mass, stiffness, and
damping) are identified using known excitation and measurements. The mass of the members are considered to be known in most cases. Thus, the vibration characteristics of a
damaged structure are reflected in its stiffness and damping, whose changes are the measure
of damage. Therefore, the location and extent of damage are detected by comparing the
identified stiffness properties of every element with their baseline values. Here, the baseline
values are mostly obtained from the structural drawings. This inspection process is carried
out periodically, and the variations of sectional properties, location(s), number, and severity are monitored. The procedure can also be adapted to evaluate the performance of any
rehabilitated structures to establish the effectiveness of the retrofitting measures.
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Vibration Based Technique

Frequency Domain

Time-Frequency
Domain

Time Domain

Natural Frequency

Least Square

Mode Shape Based

Bayesian Filter

Mode Shape Curvature
Extended Kalman Filter
Damping and Flexibility

Unscented Kalman Filter
Ensemble Kalman Filter

Short-Term Fourier
Transform
Wavelet Transform
Hilbert-Huang
Transform
Gabor-Wigner
Transform

Particle Filter

Figure 1.3: Vibration based techniques of SHM. [NB: Time-frequency domain techniques
are omitted in the literature review, as the main focus is study is the development of
time-domain techniques.]

1.2.1

Frequency Domain Approach

The conventional vibration-based structural damage detection is mainly based on the natural
vibration characteristics, i.e., natural frequency, mode shapes, and modal damping ratio.
Since any change in mass and stiffness matrix due to damage or degradation are reflected in
the measured natural frequency and mode shape, they indicate the position and severity of
damage inside a structure.
Doebling et al. [22] and Sohn et al. [11] presented an extensive review on different
vibration-based techniques for damage identification. The details of frequency-based methods can be further subdivided into the following groups • natural frequency based methods
• mode shape-based methods
• modal curvature/strain energy based methods
• other methods based on modal parameters based methods
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1.2.1.1

Literature Review

Natural Frequency-Based Methods

Natural frequency-based methods use any change in the primary feature, i.e., the natural
frequency, for damage detection. These techniques are easy to implement and offer significant
accuracy in most cases, which are generally categorized as forward or inverse problems. The
forward problem deals with the change in frequency and its impact on the severity of damage
location. On the other hand, the inverse problem deals with evaluation of damage location,
size, and severity based on the identified frequencies. However, measurement alone is not
sufficient to detect damage accurately as it is a global property of the structure. Moreover,
the natural frequency is not so sensitive to initial cracks and can only assure extensive
damage. Penny et al. [23] developed an efficient inverse strategy for damage quantification
using the measured structural frequency. It was used for locating the most likely damage
scenarios by simulating the frequency shifts that would occur in all possible damage cases.
The simulated frequencies were updated using the measure frequencies in a least-squares
sense. The minimal error indicated the actual damage case in this process. A similar
procedure was also demonstrated by Lee and Chung [24] to detect the crack location using
Armons Rank-order. A finite element model (FEM) was developed, and the crack size was
determined to match the observed behaviour. Finally, the actual crack location and size
were identified using Gudmundsons equation. Patil and Maiti [25] proposed a frequency
shift-based approach to detect multiple open cracks. It was based on a transfer matrix
where the cracks were modeled by the rotational springs. A beam was divided into several
segments to model the damage parameter. These parameters were determined from the
measured changes in the natural frequencies. Kim and Stubbs [26] proposed a single damage
indicator (SDI) method to locate and quantify a crack in beams using changes in the first few
natural frequencies. The crack location and size model was formulated by relating fractional
changes in modal strain energy to the changes in the natural frequencies due to damage.
The crack location was detected from the fractional change in the ith eigenvalue, i.e., Zi , and
the modal sensitivity of the ith stiffness in the j th element Fij . The modal curvature was
obtained from a 3rd order interpolation scheme, which was expressed as

Fij =

xR
j+1

xj
Kij
= L
R
Ki
0

{φ00 }2 dx

(1.1)

{φ00 }2 dx

Then, an error-index eij was introduced to represent the error in the ith mode for the j th
location i.e.
Zi
Fij
eij = N
−N
(1.2)
m
m
P
P
Zk
Fkj
k=1

k=1

where Nm denotes the number of measured vibration modes. To account for all available
modes, a global SDI was defined to indicate the damage location using the following form
#−1/2
"N
m
X
SDI =
e2ij
(1.3)
i=1
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Zhong et al. [27] introduced a spectral center correction method (SCCM) to develop a simple
solution for damage detection using the response time history. In SCCM, identified natural
frequency vs. auxiliary mass location was plotted along with its derivatives up to third order
to detect any crack. However, only the FE model verification was provided to illustrate their
method without any experimental validation.
The natural frequency-based approaches can be categorized into two groups - the inputoutput approach and the output-only approach. The first approach requires knowledge of
input excitation and measurements, whereas the second approach requires only measurements for system identification. Output-only procedures are quick and straightforward to
adopt for inverse field application.
1.2.1.2

Mode Shape Based Methods

The advantage of using mode shape and its derivative compared to natural frequency are
manifold. The local abnormal deformation of any structure is reflected in the mode shape,
which helps to locate damage. Also, the mode shapes are less sensitive to the environment
than natural frequencies [28]. Despite these advantages, the mode shape-based approach
has several limitations [29]. For example - (i) high sampling rate is necessary for accurate
estimation of mode shapes, and its curvature, (ii) mode shape has more significant statistical
variation compared to the natural frequency, (iii) the mode shape-based methods, especially
the curvature mode shape-based methods, are inaccurate and has inherent limitation for
complex geometry or material property, and (iv) different modes undergo different levels of
variation due to specific structural damage, which is not known apriori.
Over the last few decades, different direct or indirect methods are developed for damage
detection. The traditional approach tries to establish a relationship between the change of
mode shape, location of damage, and severity through experiment or finite element analysis.
Hence, they depend on modal conditions obtained from both damaged and undamaged
structures. A series of relatively new techniques have been developed, which are based on
modern signal processing. These signal processing tools can be applied on the mode shape
data obtained from damaged structures or their derivatives. These methods can identify
the location of damage by detecting any local discontinuity or curvature of the mode shape.
Thus, Coordinate Modal Assurance Criterion (COMAC) was introduced to detect damage
in steel frames [30]. The sensitivity of any mode shape to a particular damage condition was
computed. The modal assurance criterion (MAC) determined the correlation between the
ith mode of undamaged model vector {φ}U and j th mode of a damaged modal vector {φ}D ,
which was defined by

MAC =

{φU }Ti {φD }j

2

{φU }Ti {φU }i {φD }Tj {φD }j

(1.4)

If the MAC numbers are arranged in a matrix, the leading diagonal elements dominate.
Tatar et al. [31] demonstrated modal assurance criterion using forced vibration response of
a nine-storey reinforced concrete building. In general, COMAC is developed from MAC so
that the correlation can be defined using the coordinates of the modal vector rather than
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the mode number. As a result, COMAC uses two sets of modal vectors, which is expressed
as

L
max

 2
P
U
D
φi,L . φi,L
L=1
(1.5)
COMAC = L
max
max
 LP

P
U 2
D 2
φi,L
φi,L
L=1

L=1

It indicates how the coordinates of the two modal vectors deviating from each other. In the
above equation, Lmax represents the number of DOFs in a modal vector. Shi et al. [32] developed Multiple Damage Location Assurance Criterion (MDLAC) for damage localization.
This two-step damage detection procedure identified the exact location of damage using incomplete mode shapes evaluated from the measurements. Then its severity was determined
in the next step using the sensitivity of the identified natural frequencies. In principle, the
finite element model was updated using incomplete mode shape data, which were further
utilized to locate and quantify the damage. The method was validated using a simulated
2D plane truss. Comparison of the experimentally observed and numerically modeled mode
shapes proved the accuracy of their proposal. Pawar et al. [33] studied the damage index
of a beam where effect of damage on the mode shape was formulated using the Fourier coefficients. Hadjileontiadis et al. [34] extended the use of mode shapes to estimate Fractal
Dimension (FD). The FD of a curve was calculated by
FD =

log10 (n)
log10 (d/L) + log10 (n)

(1.6)

where n is the number of discretization of the curve; d is the diameter estimated as the
distance between the first point of the sequence P1 and the ith point Pi of the sequence that
provides the farthest distance, and L is the total length of the curve or the sum of distances
between successive points. The method developed in [34] estimated the localized FD of
the fundamental mode shape directly. The damage features were extracted by employing a
sliding window across the mode shape to calculate the FD at any location. Damage location
and size were determined by the peak of the FD curve, which indicated the local irregularity
of the fundamental mode shape. Duvnjak et al. [35] adopted FD-based DI for experimental
damage detection of a reinforced concrete plate.
1.2.1.3

Modal Curvature/Strain Energy Based Method

Previous studies showed that mode shapes were less sensitive to initial damage in a complex
structure [36]. The curvature of a damaged mode shape was proposed in the literature, which
turned out a promising feature for damage detection. The flexural stiffness of any structure
is reduced at the cracked region due to loss of sectional property. It affects mode shape in
that particular region, and hence curvature of the mode shape is changed at the damaged
location. The severity of damage is related to the magnitude of change in curvature, which
increases with the reduction in stiffness. Wahab and De Roeck [37] showed the limitation of
this method at higher modes, which inherently had multiple peaks. These peaks were not
only located near cracks but also at other locations, which introduced false alarms. Thus
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curvature based method is best suited for continuous structures like beams or plates and not
for discrete systems like frames. Also, its use is limited to lower modes only.
Pandey et al. [38] assumed that structural damage only affected the stiffness matrix and
not the mass matrix. The eigenvalue problem for a linear dynamic system can be expressed
as
([K] − λi [M ]) {φi } = {0}

(1.7)

where [K] and [M ] are stiffness and mass matrix, respectively. Other parameters in the above
equation, i.e., λi and φi are the ith eigen value and eigen vector. Similarly, the eigenvalue
problem for the damaged condition is given by
([K ∗ ] − λ∗i [M ]) {φ∗i } = {0}

(1.8)

where the asterisk is for the damaged elemental property. The pre and post-damage eigen
vectors are the basis for damage detection. Mode shape curvature for a beam in its undamaged and damaged condition can then be estimated numerically. Consider a beam where
cross-section at location x subjected to a bending moment M (x). The moment-curvature
relationship at this location is given by
v 00 (x) =

M (x)
EI

(1.9)

where E is the modulus of elasticity and I the moment of inertia of the section. Thus, for
a given moment acting on an undamaged and damaged beam, the reduced stiffness associated with the damaged case is bound to increase its curvature. Ratcliffe [39] presented
an experimental model called the resonant gapped-smoothing method to obtain the curvature function from the frequency response function, which was further processed to get the
damage location. It first converted the displacement mode shape of a damaged beam into
the curvature mode shape, i.e., reciprocal of the radius of curvature. The curvature Ci at
the ith point on the damaged beam was estimated from the displacement y using a central
difference i.e.
Ci =

yi+1 + yi−1 − 2yi
h2

(1.10)

where h represented the uniform spatial separation adopted in the discretization. For the
first and last points, the curvature was estimated using the adjacent data points. The
experiment in [39] successfully located a 0.05 mm deep slot in a 6.35 mm thick beam. The
natural frequencies changed by less than 0.03% due to the low level of damage. The concept
of mode shape curvature was extended for simply supported and continuous bridges by Dutta
and Talukdar [40] to detect and localize multiple damages. They considered standard shell
elements for modeling and noticed the peaks in modal curvature changed with location,
i.e., longitudinal and transverse directions of the bridge deck. They also showed that the
curvatures of the lower modes were generally more accurate than the higher modes. In
multiple cracks, much refinement was necessary for the precise estimation of the mode shape
and the curvature.
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In general, if a particular mode stores a large amount of strain energy, it is susceptible
to changes in structural properties. Thus, modal strain energy helps in localizing structural
damage. This idea was utilized by Shi et al. [41] to quantify damage [i.e., change in modal
strain energy (MSE) before and after damag]. They defined elemental MSE as the product
of the elemental stiffness matrix and the second power of the mode shape for the j th element
and the ith mode. Thus, the MSE before and after the occurrence of damage was defined as
M SEij = ΦTi Kj Φi
T

M SEijd = Φdi Kj Φdi

(1.11a)
(1.11b)

where M SEij and M SEijd represented the undamaged and damaged case, respectively. Thus,
modal strain energy change ratio (MSECR) was developed for damage localization.
M SECR =

M SEijd − M SEij
M SEij

(1.12)

The complete procedure was illustrated using both numerical examples and experiments
on a two-story steel portal frame. Results indicated that the non-dimensional indicator in
Eq. 1.12 effectively localized damages, which was also noise sensitive. Following the principle
of modal strain energy, Li et al. [42] proposed damage detection based on the element-wise
decomposed stiffness corresponding to axial, transverse, and rotational degrees of freedom.
Strain energy was evaluated for each stiffness type corresponding to damaged and undamaged
conditions using Eq. 1.11b. The damage index (βij ) for the j th element in the ith mode was
expressed as
βij =

Ej
Ej∗

(1.13)

where the scalars Ej and Ej∗ represented Young’s modulus of the material strength in its
undamaged and damaged state, respectively. The method required only a small number of
mode shapes of a damaged and its baseline structure. A 3D 5-storey frame was studied
numerically, and the results showed that the axial damage indicator was able to locate
damage occurring in the horizontal elements. On the other hand, the transverse damage
index could locate damage occurring in the vertical elements. However, false alarms were
generated in many cases, which also failed to identify damage severity. Thus, a hybrid
approach was developed using spatial Continuous Wavelet Transform (CWT) of mode shape
and a Mode Shape Curvature Squares (MSCS), which helped in detecting and localizing
damage in beams [43]. The approach was validated with experimental results of aluminum
and carbon composite beams with different severity of the damage. A new approach was
introduced using the damaged structural displacement mode shape to eliminate the necessity
for undamaged structural data [44]. The findings in this paper revealed that the proposed
index was as effective as the conventional mode shape curvature approach in magnifying the
damage location.
1.2.1.4

Methods Based on Other Modal Parameters

Most of the studies mentioned earlier do not use damping as a parameter for damage detection. However, it has the advantage over other detection schemes based on frequencies and
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mode shapes as it represents non-linear energy dissipation originating from cracks. Modena
et al. [45] proposed a new approach based on modal damping ratio to address this issue. They
found that small and visually unidentified cracks caused an insignificant change in resonant
frequencies of the structure and required higher mode shapes for damage detection. On the
other hand, the sensitivity of damping for the same crack size was measurable. Adding to
this idea, Panteliou et al. [46] showed that damage identification using change in damping
factor had the advantage as it was relatively insensitive to boundary conditions. The study
by Yamaguchi et al. [47] used the energy-based damping analysis to quantify damage in steel
and concrete bridges. They also noticed that the modal damping was a sensitive indicator
against corrosion-induced damage in a reinforced concrete beams. It indicated that the local
corrosion level might be detectable by measuring the modal damping ratio. Cao et al. [48]
presented a review on modal damping ratio to detect deterioration in different infrastructure, with significant emphasis on reinforced concrete and fiber-reinforced composites. Ay et
al. [49] developed a unique approach for vibration-induced damage identification using the
probability distribution of decay rate. They analyzed the damage-induced changes in the
overall damping behaviour using the free vibration of a dynamic system.
Different damage identification strategies used a dynamically measured flexibility matrix
to estimate the change in its behaviour [50]. The flexibility matrix is defined as the inverse
of the stiffness matrix. Hence, the flexibility matrix F relates the applied static force f and
resulting structural displacement u through the following relation
{u} = [F ] {f }

(1.14)

In this formulation, flexibility matrix is expressed as
n
X
1
{φi }{φi }T
[F ] = [Φ] [Ω] [Φ] =
2
ωi
i=1
−1

T

(1.15)

where [Φ] = [{φ1 } {φ2 } .... {φn }] is the mode shapes matrix, where {φi } is the ith mode shape.
The diagonal matrix of rigidity [Ω] corresponds to ωi i.e. ith frequency. Thus, each column
of the flexibility matrix [F ∗ ] represents the displacement pattern due to a unit force applied
at the associated degree of freedom. Thus, measuring the flexibility matrices before and
after damage, its variation [∆]can be obtained as follows
[∆] = [F ∗ ] − [F ]

(1.16)

where [F ] and [F ∗ ] are the flexibility matrices before and after damage, respectively. Now,
for each column of ∆, let δj be the absolute maximum value of the elements in its j th column
i.e.
δj = max |δij |

i = 1, 2......n

(1.17)

where δij are elements of matrix [∆] and represent the flexibility variation in each degree of
freedom. The column of the flexibility matrix corresponding to the largest δij indicates the
degree of freedom where the maximum variation in flexibility occurs due to damage. Panday
and Biswas [50] presented different examples (i.e., both numerical and experimental), which
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showed that the damage and location could be obtained from the first two modes using
the flexibility approach. Zhao et al. [51] reviewed different diagnostic parameters, including
the mode shapes, natural frequencies, and modal flexibility. Their comparative approach
was based on a perturbation coefficient in the stiffness matrix determined from the finite
element analysis. The sensitivity coefficients for mode shapes, natural frequencies, and
modal flexibility due to damage were derived in their study. Their results showed that modal
flexibility was more likely to identify damage than the other two. Further, this flexibilitybased approach was modified by Salehi et al. [52] using its curvature, which was verified
using numerical and experimental data. They showed that the results in both cases were
satisfactory, and hence, the technique could be adopted for damage detection of real-life
structures. The main advantage of this technique was that it did not require a theoretical
baseline model. Similarly, Altunisik et al. [53] presented a comparison of modal curvature
and flexibility to localized damage in a steel cantilever beam. Their results showed that
regardless the fracture depth, the modal curvature approach was superior to the modal
flexibility approach for finding the location of a crack.

1.2.2

Time Domain Approach

Time-domain SHM refers to the methods that directly use measurement time-histories to
detect structural damage. These methods typically first select a mathematical model to represent a structure. Then, the model parameters are identified by minimizing the difference
between the measurement and model predicted structural response. The time-domain approach is better to locate and quantify defects at local and global levels. Recent advances in
sensor technology, computational techniques, and data acquisition systems have made this
approach reliable than the modal approaches discussed in the previous section.
1.2.2.1

Least Square Based Methods

The least-squares-based techniques are one of the most widely used mathematical tools for
system identification. In this approach, the unknown parameters of a structural system are
estimated by minimizing the sum of squared errors between the predicted and the measured
outputs. Caravani et al. [54] used this technique using the recursive least-squares algorithm.
This approach helped to estimate the stiffness parameters using the identified frequencies
and mode shapes. The modal parameters were expanded as a function of stiffness using the
Taylor series. Torkamani and Ahmadi [55] developed a least square algorithm using a lump
mass model of a linear structure to identify stiffness and damping under seismic excitation
applied at the base.
In this context, the solution of the inverse problem becomes more challenging if the input
is unknown. Wang and Halder [56] provided a brief review of different techniques of parameter estimation under unknown excitation, e.g., Kalman Filter with a Weighted Global
Iteration (KF-WGI) [57], stochastic adaptive techniques [58], free-decay analysis [59, 60],
random decrement technique [61] among many others. These studies clearly showed that
the least square method for parameter estimation was more suitable for unknown input. In
this context, iterative least-square using unknown excitation (ILS-UI) has proved its ability for parameter estimation of any structure. In this process, the forces in the first few
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time steps were assumed to be zero, and parameters of the structures were estimated using the recursive least square (RLS) algorithm. The iterative procedure continued until the
algorithm converged to the desired level of accuracy. Later, Ling and Haldar [62] studied the performance of the least square algorithm considering Rayleigh damping. ILS-UI
approach was adopted to find the stiffness and the proportional damping. The algorithm
was successfully implemented using different models to identify structural parameters under white noise excitation. This approach was more efficient in terms of the total number
of unknown parameters, which were (n + 2) (i.e., n stiffness terms plus 2 for proportional
damping) compared to 2n for the viscous damping. Katkhuda et al. [63, 64] implemented
a similar algorithm for inverse estimation of the degraded elemental stiffness using noisy
and noise-free measurements. Other studies also investigated the potential of ILS-UI for
parameter estimation and used experimental data for verification [65]. Besides offline use
of least square-based parameter estimation, online use of sequential non-linear least-square
(SNLSE) also received attention from researchers [66]. In this format, state and parameter
vectors were estimated sequentially by minimizing a non-linear objective function linearized
in every step. The SNLSE approach in [66] was demonstrated using different examples, i.e.,
Phase I ASCE benchmark building [67], a non-linear elastic structure, and non-linear hysteretic structures. Simulation results indicated that their approach could track the changes
of structural parameters accurately, leading to the identification of structural damages. Yang
et al. [68] extended the SNLSE algorithm for incomplete measurements. A similar approach
in two steps was demonstrated by Wang and Cui [69] for simultaneous parameter and input estimation. Their proposal first identified the structural parameters using least-squares
error minimization from the free vibration. Once the parameters were estimated, the input
excitation was evaluated. The external excitation was transformed into nodal forces in ith
DOF at j th time step as
fi,j = mi ẍg,j

i = 1, 2....n j = 0, 1, 2....s

(1.18)

where fi,j denoted external load and n was the number of DOF and s represents number
of sample points. Input time history was evaluated utilizing the response of all DOF by
statistical averaging i.e.
1 X fi,j
n i=1 mi
n

ẍg,j =

(1.19)

Thus, the measurements along the limited DOF were utilized to evaluate the input. Wang
and Cui [69] implemented this method in a 10-storey building to estimate its stiffness and
damping parameters with a significant level of accuracy. This iterative procedure of least
square was further modified using Multiple QR Decomposition (MQRD) [70]. Chen and
Li [71] further developed this technique for parameter estimation under excitation with
spatial variation. First, the unknown force vector was modeled through the equation of
motion using the initial guess of the unknown parameters and measurements. The estimated input force vector was then modified to comply with the spatial distribution of the
external excitations. It was further used to update the already estimated parameters. The
procedure was repeated until the structural parameters satisfied the convergence criterion.
Sandesh and Shankar [72] presented a sub-structural approach for simultaneous evaluation
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of parameter and input time history to accommodate a large structure in the least square
framework. The main objective was to discretize the structure into several sub-structures to
reduce computational cost. The efficiency of the least square technique was further demonstrated for hysteretic structure by Garrido et al. [73], where hysteresis was characterized
Bouc-Wen model. First, the system was decoupled, and a stability analysis was performed
with two different non-linear systems, i.e., SDOF and MDOF. The algorithm could identify the Bouc-Wen parameters besides other unknown system parameters with a significant
level of accuracy. One of the advantages of this algorithm was that it did not require a
priori knowledge of unknown parameters of the hysteretic component. However, the algorithm needed complete measurements to estimate hysteretic parameters. Thus, the weighted
adaptive least-squares [74] algorithm was introduced to identify unknown parameters and
input. The performance of this algorithm was demonstrated using (i) numerical simulation
of a 6-DOF shear building model and (ii) experimental data for a 4-storey frame structure
excited by impulse. In general, weighted adaptiveness consumed a limited number of iteration for convergence with a significant level of accuracy. It also provided robustness against
noisy measurements. Aloisio et al. [75] used ordinary least square (OLS) to identify the dynamic properties of a masonry facade under seismic input. The performance of the proposed
input-output-based identification technique under operational conditions was investigated
to accurately identify different dynamic features, i.e., mode shapes, natural frequencies, and
damping factors.
1.2.2.2

Extended Kalman Filter

The Extended Kalman filter (EKF) has been one of the most commonly used time-domain
techniques for non-linear state and parameter estimation using vibration data. It approximates the probability density function of the state and parameters in its parametric form
conditioned on the sequential measurements. The conditional probability density that provides minimum mean square estimate does not remain Gaussian when either the system
or the measurement equation is non-linear. The Extended Kalman filter provides the solution for such systems by linearizing the non-linear equations using Taylor series expansion
around its prior states. Then, the KF based prediction-correction procedure is applied to
the linearized system.
Yun and Shinozuka [76] developed EKF to identify the parameters of non-linear multiple degree-of-freedom models of an offshore tower, where measurements of all DOF were
available. Analytical studies were performed for structural systems based on artificially generated input and output for different conditions. They showed that EKF offered a good
estimate even under moderate to the high noise level. A weighted global iteration (WGI)
was introduced to stabilize the algorithm within the EKF algorithm [77]. The weight played
an important role in tracking the unknown parameters of different structural systems, i.e.,
MDOF linear system, bilinear hysteretic system, and equivalent linearization of bilinear hysteretic system. Toki et al. [78] augmented the EKF-WGI scheme with additional variables
for the ground motion identification. This improvisation of adopting the EKF algorithm
was investigated by other researchers for input and parameter estimation, e.g., Ott and
Meder [79]. Lin and Zhang [80] also adopted a similar approach for non-linear estimation of
SDOF Bouc-Wen system excited by simulated earthquake ground motion. Their algorithm
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offered an excellent estimate of non-linear parameters for noise-free measurements. The
performance of the algorithm was also satisfactory under moderate noise and low-intensity
ground motion. In this context, substructuring was also adopted by many researchers [81].
Their attention was focused on a particular region of the complete structure, which was expected to have damage. The algorithm was illustrated using a shear building model, and the
result showed that the EKF-WGI method worked well even for poor initial guesses. However,
the EKF-WGI required known input to initiate parameter estimation. To overcome this issue, Wang and Haldar [82] developed a two-stage procedure, which was denoted as iterative
least-squares extended Kalman filter with unknown input (ILS-EKF-UI). In the first part of
this algorithm, input was estimated, which was used in the next phase to identify the structural parameters. The method was verified using two examples ( viz. 6-storey shear building
with known and unknown input), which worked satisfactorily with limited measurements.
Later, Ling and Haldar [62] and Katkhuda and Haldar [83] improved this algorithm to detect
the damage accumulated in the structure, which was assumed to affect stiffness only. The
damping in this inverse formulation was characterized as Rayleighs model. Das and Haldar [84] extended the procedure further for three-dimensional systems and demonstrated its
performance. Martinez-Flores [85] verified EKF-UI experimentally using a two-dimensional
frame. Ma and Ho [86] proposed an inverse method comprising two parts; the extended
Kalman filter and a recursive least-squares estimator. It was used to identify the input
force acting on a non-linear lumped mass model. They found that the selection of process
and measurement noise covariance significantly impacted the estimated parameters. Thus,
Yang et al. [87] developed an adaptive tracking technique so that the residual error was
contributed only by the noise. This criterion was presented to determine an optimal solution
for tracking the changes of structural parameters using constrained optimization. The idea
was demonstrated using different cases, e.g., Phase I ASCE structural health monitoring
benchmark building, non-linear elastic, and hysteretic system. Simulation results indicated
that their approach was particularly suitable for tracking abrupt changes, i.e., damage. This
algorithm was also adopted by other researchers for damage quantification [88]. However,
above mentioned adaptive tracking required two specific measurement conditions, i.e., (i)
measurements in multiple channels and (ii) measurements along the DOFs where the external excitations acted. All these studies had one common ground in their investigation, i.e.,
the convergence of extended Kalman filter algorithm, which experienced numerical instability in many cases. To address this issue, parameter bounds were introduced by Sen and
Bhattacharya [89] that kept them within feasible limits. The algorithm was subsequently
used to show its robustness and efficacy in identifying structural damage in a 6-storey shear
frame and a 3D space truss. A similar approach was adopted by Li and Wang [90] to identify the parameters of a Bouc-Wen hysteretic system. However, the EKF algorithm and
its different variants discussed above were highly dependent on the initial guess of the unknown parameters. Thus, a hybrid extended Kalman filter (HEKF) was proposed by Yun
et al. [91] by using genetic algorithm-based optimization within the EKF framework, whose
performance was demonstrated using a 3-storey steel frame.
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Unscented Kalman Filter

Extended Kalman filter uses Taylor series approximation to linearize a non-linear system
around its current state. In this process, the series is truncated after the first order term
leading to significant numerical error. Besides truncation, estimation of gradient vector in
the approximate representation of the Taylor series also contributes to numerical stability and convergence. Thus, the linearization process in the predictor-corrector framework
of the Kalman filter is bypassed using the approximate solution of the original non-linear
system around its current state. Therefore, a few points are generated around the last estimate using Gaussian assumption, which are called sigma points. The error covariance is
minimized using the response at these sigma points in the corrector step, which gives rise
to a new and improved algorithm, i.e., the Unscented Kalman filter [92]. In this context,
Sitz et al. [93] demonstrated this technique to evaluate simultaneous state and parameter
from incomplete measurements of various non-linear dynamical (i.e., Lotka-Volterra, chaotic
Lorenz, and stochastic Van-der-pol oscillator) systems with a relatively large magnitude of
measurement noise. Besides parameters, unobserved states were also estimated with high
accuracy. However, their algorithm depended on the choice of the initial covariance, which
was the most critical parameter for the convergence. Pepescu and Wong [94] proved that
UKF was significantly superior to the EKF. Mariani and Ghisi [95] also derived a similar
conclusion, where EKF and UKF were needed for joint state and parameter estimation of a
non-linear system. Wu and Smyth [96] implemented EKF and UKF for non-linear system
identification. They also observed that UKF was more accurate than EKF for non-linear
systems. Besides accuracy, their study also proved that the UKF algorithm was robust in
dealing with measurement noise.
Chatzi and Smyth [97] compared UKF with particle filter where unmeasured state and
model parameters of a Bouc-Wen oscillator were used as a reference. They proved that
UKF and Gaussian mixture sigma-point particle filter (GMSPPF) were the most efficient
algorithm for inverse parameter estimation. Moreover, the computational cost of UKF was
considerably lower than other algorithms. The efficiency of the UKF algorithm was further
demonstrated for online parameter estimation of non-linear hysteretic systems by Chatzi et
al. [98]. The state-space formulation incorporated a Bouc-Wen oscillator with additional
polynomial or exponential non-linear terms that were properly weighted throughout the filtering process. An adaptive gain was introduced to tackle the parameter boundaries, and the
algorithm was validated using experimental data involving displacement and strain measurements. In this context, it may be noted that UKF offered satisfactory results for systems with
degradation and pinching and hence, was more general than EKF or a similar algorithm. To
improve its performance further, iterated cubature unscented Kalman filter was developed
by combining the unscented transformation with the cubature integration scheme to generate improved sigma point configuration [99]. This research work demonstrated the impact of
the cubature scheme on overall efficiency in the presence of noisy measurements. All these
improvisations augmented the efficiency of the original UKF algorithm. However, the impact
of initial guesses remained a primary factor behind numerical convergence. Thus, to reduce
the effect of initial guesses, a Bayesian optimization was proposed to incorporate the level
of confidence on the initial guesses [100]. This approach was validated using the shake table
test data of a 5-storey shear frame. Cheng and Beker [101] developed a weighted adaptive
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constrained unscented Kalman filter (WACUKF) by combining the adaptive evaluation of
measurement noise and the sigma point projection strategy for constrained parameters. They
used a genetic algorithm to find the correct initial guess and demonstrated its performance
using a bi-directional hysteretic system.
1.2.2.4

Ensemble Kalman Filter

The ensemble Kalman filter (EnKF) assimilates measurements sequentially in a Monte Carlo
simulation framework. In this process, the actual covariance matrix in the Kalman filter
algorithm is replaced by the covariance matrix computed from the ensemble, where the
filtering algorithm propagates the samples using the exact non-linear model. Evensen [102]
first introduced this method [102] to resolve the issue of poor covariance associated with
the EKF. In this proposal, a finite number of Monte Carlo samples of the state vector xk
are propagated in time to estimate the pdf of xk . The performance of this algorithm was
demonstrated by Ghanem and Ferro [103] for non-linear systems identification in presence
of Gaussian noise. It was illustrated using a 4-storey shear building model with constant
stiffness and 5% damping ratio in all modes. The hysteretic behaviour was modelled to
identify any change in its parameter, i.e., damage. Both location and time of occurrence
of damage were accurately detected in the presence of measurement and modeling noise. A
comparison between ensemble and extended Kalman filters was also presented to show the
robustness of the EnKF under severe non-linearities. Slika and Saad [104] used EnKF to
predict the parameters of a reinforced concrete structure exposed to chloride-induced damage
to predict its remaining service life.
1.2.2.5

Particle Filter

In cases of classical non-linear filtering like EKF, the conditional probability density is represented parametrically, e.g., Gaussian pdf . Each iteration involves updating the parameters
(e.g., mean and covariance) that fully characterize the states. These methods are capable of
handling general forms of non-linearities and Gaussian additive noise. In Particle filtering,
modeling of conditional probability is straightforward as the filter does not seek an approximate analytical representation of the probability density function in its parametric form. It
represents the distribution by a set of samples (i.e., particles) distributed according to the
pdf . The particle filter propagates a collection of weighted samples so that the particles in
each iteration represent the distribution. It is done recursively by changing the state and
weight of each particle according to the model-predicted response and measurement. Thus,
it directly compares the Kalman-based filters where the estimated state and covariance are
updated recursively. However, one critical difference between these algorithms is worth noting. The forecasting involves propagating each sample within the ensemble by integrating
the full non-linear model. Therefore, the performance of the filter depends on the style of
predicting.
Manohar and Roy [105] investigated different Monte Carlo-based methods to construct
the posterior pdf of the augmented state vector based on available information. The pdf was
evaluated using random samples with associated weights, which were used to compute the
desired estimates. The attention was focused on investigating the utility of three different
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Monte Carlo filters, namely, a density-based Monte Carlo filter, a bootstrap filter, and a sequential importance-sampling filter. The unknown parameters were treated as the additional
dynamic state variables, where two different oscillators were used to verify their efficiency
(viz. Duffing and Coulomb oscillators). Nasrellah and Manohar [106] further investigated
dynamic state and parameter estimation based on a finite element model in the particle filter algorithm. In this study, non-Gaussian noise was modeled for non-linear systems. They
used commercially available FEM software and combined it with a particle filter algorithm
in the Matlab platform. A key feature of their method was introducing a dummy independent variable to assimilate the static and dynamic measurements from multiple sensors in
a unified manner. They illustrated their proposal using a single-span beam and multi-span
masonry arch bridge subjected to diagnostic moving load. The substructuring approach to
estimate the hidden state was presented by Radhika and Manohar [107] based on both the
Kalman filter and Sequential Monte Carlo filter. They divided the structure into linear and
non-linear substructures and estimated the linear part using Kalman filter and the same for
the non-linear part using particle filter. It was illustrated using different numerical examples,
and the performance was compared with the exact solution and approximate solution, which
did not employ sub-structuring. Chatzi and Smyth [108] presented an innovative technique
for non-linear, non-Gaussian online state and parameter identification problems in the presence of strong process noise. They proposed a mutation of particles that outperformed both
the traditional particle filter and the unscented Kalman filter. Sen and Nagarajaiah [109]
used particle-based stochastic filters to localize the acoustic emission sources in plates. The
algorithm used flight time measurements of guided waves using triangulation to estimate
source coordinates in a Bayesian framework to incorporate material properties, noise measurements, and geometry of the system. Wan et al. [110] proposed a particle filter with
unknown input to identify the augmented states, including parameters and unknown excitation. The standard particle filter technique was used to determine the extended states, while
the least-square approximation was used to identify the unknown excitation simultaneously.

1.2.3

State Estimation under Unknown Input Force

Besides monitoring and damage prognosis, estimation of unknown external force has remained an active area of research. The identified input enables an assessment of the damage
after any extreme events to forecast the remaining life span. In practice, the external force is
often kept outside the measurement scheme due to various reasons. Therefore, these forces
need to be determined indirectly from the measurements. Thus, accurate characterization
of input forces is vital for decision making, e.g., rehabilitation/retrofitting. It leads to a
greater reliance on numerical simulation-based analytical models and reduces the need for
a costly array of sensors for recording the input/excitation. Due to this reason, there is a
constant need to reconstruct the input forces based on the available measurements. Thus,
an instrumented structure becomes its load transducer for the estimation of excitation.
The need for input characterization is even more justified as measuring input for every
structure is practically impossible. In this context, the identification of ground motion from
structural measurement offers a promising alternative. The input ground motion obtained
from the structural measurement is less dependent on the assumption and the empirical
formulae of the ground motion model [111]. Inspired by these reasons, Lourens et al. [112]
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proposed an augmented Kalman filter for joint estimation of input and state. The input
force was considered unknown without any regularization. Its applicability was separately
demonstrated with the help of laboratory experiments and field tests. A dual implementation
of the Kalman filter was proposed to identify the unknown input and states from a linear
state-space model [113]. They demonstrated the performance of their method using the
simulated response of a high-rise building. This model was further adopted by Maes et
al. [114] for joint input and state estimation using noisy data. Gillijns and De Moor [115,116]
proposed minimum variance unbiased solution of joint input and state estimation of a linear
discrete-time dynamic system in a different approach. It was an extension of Kitanidis [117]
proposal for joint input and state estimation. They proposed a minimum variance unbiased
estimator as a recursive filter where state and input estimation were interconnected. The
resulting filter had the structure of the Kalman filter, except the input was replaced by the
optimal estimate at each time step. A modified version of this algorithm was proposed by
Song [118] using unscented sigma points for joint input and state estimation of a non-linear
system. They conducted an extensive numerical study on linear and non-linear systems to
show the robustness of their proposal.

1.3

Objectives

Several identification approaches have been presented in the literature review. In this context, the Kalman filters and their advanced variants for recursive time-domain estimation
are more efficient in incorporating measurements. Different identification algorithms are
available in the literature based on known inputs, which may not be the case for many structures. Thus, researchers have attempted input identification, which is an advantage for the
structures having no option for input measurement. However, most identification algorithms
face difficulty in dealing with non-linear systems excited by non-stationary input. Previous
studies on hysteretic system identification using Gaussian filtering algorithm were focused
on its performance using simulated experiments or small-scale laboratory tests. Synthetic
experiments used in these studies considered hypothetical values of hysteretic parameters
and other structural properties. Only a few studies were focused on the inverse problem
dealing with large structures exhibiting non-linear hysteresis. In particular, the identification of full-scale hysteretic reinforced concrete structure under earthquake excitation needs
further attention to study the efficiency of the recursive time marching algorithms. This
gap area motivates the author of this thesis to develop different variants of Kalman filters
suitable for non-linear system identification of actual structures and subsequently estimate
the damage state. With these in view, the primary objectives of this work are discussed
below
• In general, recursive inverse problems suffer numerical instabilities while dealing with
hysteretic systems, which demands specific measures to avoid computational difficulties. In this work, appropriate bounded input bounded output (i.e., BIBO) properties
are introduced to suitably augment the Bouc-Wen model for parameter and input
estimation.
• Develop different sigma point generation schemes for constrained minimum variance
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unbiased estimation (CMVU) algorithm to study their performance in non-linear system identification. In this format, the parameter bounds and BIBO properties mentioned above are introduced into the sigma points generation scheme.
• Validate the objectives mentioned above numerically using actual hysteretic behaviour
obtained from the pseudo-dynamic test of a reinforced concrete frame. This realistic Bouc-Wen model includes degradation and pinching. The synthetic experiment is
focused at tuning the identification algorithm for both parameter and input. Furthermore, the study aims to investigate the performance of different sigma point generation
schemes.
• Demonstrate the efficiency of the improved CMVU algorithm using experimental results on a full-scale bridge pier specimen. The specimen is exposed to non-stationary
excitations, which leads the yielding of reinforcements.
• Obtain the restoring force generated by the non-linear system to evaluate the dissipated
hysteretic energy, which is an engineering damage parameter. This hysteretic energy is
used to quantify the damage state of the structure that provides the basis for decisionmaking on rehabilitation/retrofitting.
• Develop a damage estimation framework through a mechanics-based non-linear FE
model using a sigma point filter to capture the damage mechanism of a complex system
that involves identifying the presence, location, type, and extent of any damage. Apply
this condition assessment framework on a bridge pier test data and quantify the in-situ
damage using modified Park and Ang damage index.

1.4

Organization of Thesis

This thesis contributes to developing recursive time-domain techniques based on non-linear
Kalman filter theory for condition assessment of hysteretic structures. The road map of this
thesis starts with the first chapter, which presents the motivation and literature review. The
remaining part of this thesis is given below
• The second chapter provides a brief introduction to the development of linear Kalman
filter theory. The extension of Kalman filter theory for non-linear systems is discussed
in terms of Extended Kalman filter and Unscented Kalman filter. Finally, a comparative study is performed to show the effectiveness of these algorithms using an SDOF
hysteretic structural system.
• In Chapter 3, the constrained minimum variance unbiased (CMVU) estimation algorithm has been developed in the light of Bouc-Wen hysteresis for simultaneous parameters and input identification. The performance of the proposed method is discussed
with the help of various numerical examples corresponding to different types of BoucWen models attributing degradation and pinching. Further, the applicability of the
proposed algorithm is experimentally validated using full-scale test data of a bridge
pier.
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• The efficiency of the Kalman filter-based algorithm is demonstrated in Chapter 4 for
damage assessment of a hysteretic system. First, the constrained iterative unscented
Kalman filter is developed for condition assessment of a RC bridge pier using known
input. The identified parameters are utilized for damage quantification of the same
structure using the Park and Ang damage index.
• Chapter 5 deals with developing a new framework for material level system identification for the condition assessment of reinforced concrete structures using a novel
constrained version of the unscented Kalman filtering technique. The proposed algorithm is demonstrated both numerically and experimentally to show its applicability.
• Finally, the salient contributions of this study are concluded in Chapter 6, along with
the discussion of possible avenues of future development of this work.
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Chapter 2
Kalman Filter
Statistical inference is a popular mathematical tool for decision-making, which is used in
different applications. It can be broadly categorized into two types based on probability Frequentist inference and Bayesian inference. Frequentist derives statistical inference from
the random experiment, while Bayesian inference assigns probabilities to any hypothesis.
It uses Baye’s rule to represent the probability as a degree of belief based on the available
evidence. Using this concept, Kalman [119] proposed a new estimation technique that could
estimate the underlying probability density of an unknown random variable recursively over
time by utilizing a mathematical model of the system and available measurements. Over the
years, Kalman Filter has become a benchmark for estimating the state of dynamic systems.
It operates in a predictor-corrector framework that does not demand complete past history
and evolve in every time as soon as measurements are available. The information gained in
successive time steps are incorporated into the latest prediction. It tries to obtain an optimal
estimate of variables using the noisy measurement [120]. It has been extensively used in many
problems, e.g., robotics (tracking, navigation), environmental simulations, econometrics and
others. The Bayesian inference used in Kalman filtering is shown in Fig. 2.1, which has three
steps - (1) the prediction is obtained based on initial conditions and mathematical model,
(2) the measurements are collected to enhance the prediction confidence, and (3) finally, the
corrected optimal estimate is obtained based on the prediction and measurement resulting
in an improved outcome.

2.1

Baye’s Rule

The Bayesian estimation process starts with a series of observable data that usually comes
from the response of a dynamic system. Based on the measurement, the underlying state
of a system is estimated, which may not be observable directly. A similar concept can also
be applied to estimate the parameters of a system. Usually, this estimation considers both
system state and parameters as stochastic entities. Finally, an analytical link is established
between the observed data and the system state to be estimated. It provides a unified
recursive framework to evaluate the current state in terms of a density function conditioned
using the current state and prior observation. Consider a dynamic system whose parameter
vector x is to be estimated from the observation vector y. It is assumed that the random
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Prediction

Measurement

Corrected Optimal

Figure 2.1: Schematic diagram of Bayesian inference
vector x has a known prior density p(x). Once the value of the parameter x is known, the
statistical properties of y can be expressed by the likelihood function p(y|x). As soon as the
observations are available, the posterior conditional density can be obtained using Baye’s
law as follows
p (y|x) p (x)
p (x|y) =
(2.1)
p (y)
Here, the posterior density p (x|y) has all the information about x considering y. The
denominator of Eq. 2.1 is just a scalar normalizing constant, which can be obtained as
Z
p (y) = p (y|x) p (x) dx
(2.2)
In general, a statistical model for estimation is defined by the likelihood and posterior where
the joint density of parameter and observation can be expressed as follows
p (x, y) = p (x|y) p (y)

(2.3)

In most of the cases, the posterior density in Eq. 2.1 is regarded as the general solution to
the estimation problem.

2.1.1

Recursive Bayesian Filtering of Probability Density Functions

Consider a 1st order Markov process whose current state is dependent on the previous state.
A discrete random Markov process can be expressed as follows
xn = fn−1 (xn−1 , un , wn−1 ) = fn−1 (xn−1 ) + un + wn−1

(2.4)

where xn is the state vector at time tn , fn is the state transition matrix, which transforms
the state from tn−1 to tn and un is the external input, which drives the system dynamics.
The process noise w is an additive zero-mean Gaussian white noise, which represent the part
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of the transition function that is not modeled. The objective of the filtering is to estimate
the state vector based on the experimental observation y1:n = {y1 , y2 ........yn }. The link
between the state vector and the observation vector can be expressed through a nonlinear
function h() as follows
yn = hn (xn ) + vn
(2.5)
Here, vn denotes the additive zero-mean Gaussian white noise associated with the measurement to mimic the actual experimental data. The functions fn−1 and hn are considered to be
time-independent or changing very slowly, i.e., fn−1 ≈ f and hn ≈ h. The estimation of xn
based on the series of measurements y1:n can be obtained in terms of posterior distribution
p (xn |y1:n ) from Eq.2.1 as follows
p (xn |y1:n ) =

p (y1:n |xn ) p (xn )
p (y1:n )

(2.6)

Replacing {y1:n } = {yn , y1:n−1 } in the above equation leads to
p (xn |y1:n ) =

p (yn , y1:n−1 |xn ) p (xn )
p (yn , y1:n−1 )

(2.7)

Using Eq. 2.3 in both numerator and denominator of Eq. 2.7 can be expressed as
p (xn |y1:n ) =

p (yn |y1:n−1 , xn ) p (y1:n−1 |xn ) p (xn )
p (yn |y1:n−1 ) p (y1:n−1 )

(2.8)

Applying Baye’s rule to p (y1:n−1 |xn ) results in the following expression
p (yn |y1:n−1 , xn ) p (xn |y1:n−1 ) p (y1:n−1 ) p (xn )
p (yn |y1:n−1 ) p (y1:n−1 ) p (xn )
p (yn |y1:n−1 , xn ) p (xn |y1:n−1 )
=
p (yn |y1:n−1 )
p (yn |xn ) p (xn |y1:n−1 )
=
p (yn |y1:n−1 )

p (xn |y1:n ) =

(2.9)

where p (yn |y1:n−1 , xn ) ≈ p (yn |xn ) as the observation at tn does not depends on same at
tn−1 . To develop a recursive framework, the Chapman-Kolmogorov equation [121] is used as
a link between the prior density and posterior density as follows
Z
p (xn |y1:n−1 ) =
p (xn |xn−1 , y1:n−1 ) p (xn−1 |y1:n−1 ) dxn−1
Z
=
p (xn |xn−1 ) p (xn−1 |y1:n−1 ) dxn−1
(2.10)
In the above expression p (xn |xn−1 ) is replaced by p (xn |xn−1 , y1:n−1 ) as the predictive density p (xn |xn−1 ) defined by Eq. 2.5 does not depend on the observation y1:n−1 . Now, the
recursive link is established between the previous posterior density function and the current
posterior density function with the help of Eq. 2.9 and Eq. 2.10. This recursive framework
produces successive posterior density function based on the current observation. It has been
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shown that the recursive Bayesian solution can be easily inferred using this chain rule of the
probability density function. However, direct application of the above method is difficult
for most practical problems as the optimal solution demands parametric multi-dimensional
integration, which is often impractical for large problems. This motivates the researchers
to develop various simplification/approximations. One of the efficient solutions is Kalman
filtering, which is described in the next section.

2.2

Kalman Filter

The Kalman filter [122] involves strong assumptions, which simplify the optimal Bayesian solution into a sequence of algebraic operations with matrices. The exact estimate of p (xn |y1:n )
can be found when all these requirements are fulfilled. It estimates the statistical properties of the optimal state in terms of mean and covariance in a recursive framework. The
additional assumptions associated with the Kalman filter are
• The state transition matrix f in Eq. 2.4 is a linear function x and w.
• The observation model h in Eq. 2.5 is a linear function x and v.
• The measurement noise v is an unwanted disturbance that corrupts the structural
response recorded by a sensor. The sources of this disturbance are (i) Electrical
interference within the sensor architecture, (ii) wear and tear of the sensor, and (iii)
physical obstructions in the communication between the sensor and the recorder. It is
often assumed to be Normally distributed with zero mean and known covariance R,
i.e., v ∼ N (0, R).
• The process noise w is introduced in the formulation cater modeling approximations.
For example, the baseline model used in the model-based identification approach may
not be the actual representation of the phenomenological behavior of the structure.
Unlike measurement noise, quantification of process noise is complex. It is assumed to
be a Normally distributed with zero mean and known covariance Q, i.e., w ∼ N (0, Q)
for simplicity.
Also, the initial state probability density function is Gaussian. It can be proved that if the
above assumptions hold, p (xn |y1:n ) is also Gaussian for all t > 0. With these in view, the
estimation problem is defined with the following equations
xk+1 = Ak xk + Bk uk + wk
yk+1 = Ck+1 xk+1 + vk+1

(2.11a)
(2.11b)

where xk+1 and Bk represents the state vector and transition matrix. Bk is the influence
matrix associated with the deterministic input vector uk , and wk is the process noise vector,
accounting for model uncertainty. Further, for the measurement yk , Ck+1 is the observation
matrix that maps the actual state with the observed state while vk represents the measurement uncertainty.
As stated earlier, Kalman filtering is a predictor-corrector algorithm, which can be simplified into three steps (i) initialization, (ii) prediction and (iii) correction. A brief description
of these three steps are given below
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• Initialization
+
Estimate initial state x̂+
0 and covariance matrix P̂x,0
= E [x0 ] ,
x̂+
0
h

 i
+
+ T
P̂+
=
E
x
−
x̂
x
−
x̂
0
0
x,0
0
0

(2.12)
(2.13)

• Prediction
A prior estimate of the state can be made by computing the expected value of xk+1
conditioned by the measurements upto k th time step i.e.
+
x̂−
k+1 = E [xk+1 |y1 , y2 , ....yk ] = Ak x̂k + Bk uk

(2.14)

It is worth mentioning that the superscript ‘+’ denotes the optimal estimate of mean
and covariance at any time step whereas superscript ‘-’ represents the same for the
prediction step. Similarly, the prior state covariance matrix is obtained by taking the
expectation of the estimation error, which is given by
h
i

T
−
−
−
T
P̂−
=
E
x
−
x̂
x
−
x̂
|y
,
y
,
....y
k+1
k+1
1
2
k = Ak P̂x,k Ak + Qk (2.15)
x,k+1
k+1
k+1
The measurements from the predicted state can be expressed using the following form
−
ŷk+1
= E [yk+1 |y1 , y2 , ....yk ] = Ck+1 x̂−
k+1

• Correction (upon arrival of measurement at time k + 1)
The expression for Kalman gain matrix K at time tk+1 can be expressed as

−1
−
T
T
Kk+1 = P̂−
C
C
P̂
C
+
R
k+1 x,k+1 k+1
k+1
x,k+1 k+1

(2.16)

(2.17)

+
The posterior state x̂+
k+1 and the covariance P̂x,k+1 are estimated using the Kalman
gain matrix Kk+1 and recorded measurement yk+1 as follows

−
−
x̂+
(2.18a)
k+1 = E [xk+1 |y1 , y2 , ....yk+1 ] = x̂k+1 + Kk+1 yk+1 − ŷk+1
i
h


T
|y1 , y2 , ....yk+1
P̂+
xk+1 − x̂+
xk+1 − x̂+
k+1
x,k+1 = E
k+1
T
T
= (I − Kk+1 Ck+1 ) P̂−
x,k+1 (I − Kk+1 Ck+1 ) + Kk+1 Rk+1 Kk+1 (2.18b)

2.3

Extended Kalman Filter

The Kalman filter discussed in the previous sub-section faces difficulty in dealing with nonlinear dynamic systems. It may have either state or measurement or both characterized by
non-linear relations. The time evolution of the state probability distribution in the case of
a non-linear system can be addressed by the extended Kalman filter (EKF) [123]. In this
approach, the non-linear state-space model is linearized around its latest estimated state,
using a first-order Taylor series approximation. Then, the prediction-correction procedure
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proposed in the Kalman filter is adopted. The posterior estimate derived in one step is used
as the reference for the next time step. Thus, the discrete-time state-space representation of
the non-linear dynamic system is expressed as
xk+1 = fk (xk , uk ) + wk
yk+1 = gk+1 (xk+1 , uk+1 ) + vk+1

(2.19a)
(2.19b)

where fk (., .) and gk+1 (., .) are the non-linear vector-valued state and measurement function,
respectively. The 1st order Taylor series expansion of Eq. 2.19a about the current state x̂+
k
can be expressed as
"
#


∂f
(x,
u
)
k
k
xk+1 = fk x̂+
xk − x̂+
(2.20a)
k , uk +
k + ..... + wk
∂xT
+
x=x̂
k

≈ Ak xk + ũk + wk

where Ak =

∂fk (x,uk )
∂xT

x=x̂+
k

(2.20b)


+
st
and ũk = fk x̂+
k , uk − Ak x̂k . Using this 1 order approximation,

the prior estimate of the state vector and covariance matrix are obtained as

+
∼
x̂−
k+1 = fk x̂k , uk
∼
P̂−
= Ak P̂− AT + Qk
x,k+1

x,k

k

(2.21a)
(2.21b)

The non-linear measurement equation is also linearized with respect to the reference point
for the prior. At this point, the best available estimate of the state is given by
#
"


∂g
(x,
u
)
k+1
k+1
xk+1 − x̂−
yk+1 = gk+1 x̂−
k+1 + .. + vk+1
k+1 , uk+1 +
∂xT
−
x=x̂
k+1

≈ Ck+1 xk+1 + z̃k+1 + vk+1

where Ck =

∂gk+1 (x,uk+1 )
∂xT

x=x̂−
k+1

(2.22)


and z̃k+1 = gk+1 x̂−
,
u
−Ck+1 x̂−
k+1
k+1
k+1 . After linearization

of both state and measurement equation, the linear Kalman filter theory presented in the
previous section can be applied to estimate the optimal state of the non-linear system.

2.4

Unscented Kalman Filter

The Kalman filter algorithm attempts to propagate the mean and covariance using time
and measurement updates. If the system is linear, then the mean and covariance can be
updated using the Kalman filter. If the system is non-linear, then the mean and covariance
are approximately updated with the extended Kalman filter described in the previous subsection. To address the limited 1st order accuracy of mean and covariance resulting from the
truncated Taylor-series approximation in EKF, the unscented transform has been proposed
in the literature [92]. Unlike the extended Kalman filter based on linearization, UKF uses the
actual non-linear model and approximately estimates the Gaussian distribution describing
the state variable. To do so, UKF generates several sampling points (i.e. sigma points)
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around the current state based on its covariance. Then, these points are explicitly propagated
through the non-linear equations to get more accurate estimates of the mean and covariance.
At time t = 0, the estimate of the state and corresponding covariance matrix are provided
to the algorithm such that
x̂+
= E [x0 ] ,
0
h

 i
+
+
+ T
P̂x,0 = E x0 − x̂0 x0 − x̂0

(2.23a)
(2.23b)

In this thesis, unscented sigma points are used to obtain the mean and covariance of the
state that undergoes a non-linear transformation (e.g., a detailed FE model). This concept
of sigma point generation to estimate the statistical moments was first introduced by Julier
and Uhlmann [124] and became popular due to its accuracy and convenience. At any time
step k, 2n + 1 number (n is the total number of states ) of unscented sigma points ( i.e. Ψxk )
−
are generated from the estimates of x̂−
k and covariance Pk i.e.
o i
o
nq
nq
h
−
−
−
−
x
(n + λ) Px,k
x̂k −
(n + λ) Px,k
x̂k x̂k +
Ψk =
i

i

(2.24)

nq
o
−
In the above equation,
(n + λ) Px,k is the ith column of the matrix. The scaling
i

parameter λ is defined as λ = α2 (n + κ) − n. The spread of the sigma points is determined
by the user-defined parameter α, whose value is less than one i.e. 0 ≤ α ≤ 1. At the same
time, κ is a secondary scaling parameter usually set to (3 − n) [96]. The corresponding
weights for the mean (Wm ) and covariance (Wc ) are given by
λ
n+λ

λ
+ 1 − α2 + ρ
=
n+λ
1
= Wic =
i = 1, 2, 3.....2n
2 (n + λ)

W0m =

(2.25a)

W0 c

(2.25b)

Wim

(2.25c)

These sigma points are transmitted through the prediction equations to obtain the new
sigma points using the following expression
Ψxk+1 = f (Ψxk , uk ) + wk

(2.26)

These predicted sigma points allow for updating the FE model parameters in terms of statistical mean x̂k|k−1 and covariance Pxk|k−1 using the following equations
x̂−
k+1 =
P−
x,k+1 =

2n+1
X

i=1
2n+1
X
i=1
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 x
T
−
Wi Ψxi,k+1 − x̂−
+ Qk+1
k+1 Ψi,k+1 − x̂k+1
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where W is the weight vector associated with the sigma points. Here, it may be noted that
the predicted sigma points are used to estimate the statistical mean ŷk|k−1 and covariance
Pyk|k−1 of the observation vector yk as

Ωk+1 = g Ψxk+1 , uk+1 + vk+1
ŷk+1 =

P−
y,k+1 =

2n+1
X

i=1
2n+1
X
i=0

Wi Ωi,k+1

(2.28a)

Wi (Ωi,k+1 − ŷk+1 )(Ωi,k+1 − ŷk+1 )T + Rk+1

(2.28b)

Once the moments of the state and measurement vectors are obtained, Kalman gain matrix
(Kk ) is evaluated by minimizing the mean square error between the estimated measurement
(ŷk+1 ) and the actual measurement (yk+1 ) [124] i.e.
−
Kk = P−
xy,k+1 Py,k+1

−1

(2.29)

where Pxy,k+1 represents the cross-covariance matrix between the parameters and the measurements, which is given by the following expression
P−
xy,k+1

=

2n+1
X
i=1


T
Wi Ψi,k+1 − x̂−
k+1 (Ωi,k+1 − ŷk+1 )

(2.30)

Finally, the updated model parameters (xk ) and their associated covariance (Pxk ) are obtained
from the following expressions
−
x̂+
k+1 = x̂k+1 + Kk (yk − ŷk+1 )

P+
x,k+1

=

P−
x,k+1

+

T
Kk P−
y,k+1 Kk

The flow chart of the UKF algorithm is shown in Fig. 2.2 below.
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Initial Condition

Sigma Points

x 0+ Pˆ x+,0

Ψ ix,k (i = 1, 2...2n + 1)

State Equation

Update State and Covariance
xˆ +k +1 = xˆ k−+1 + K k ( y k − yˆ k +1 )

2 n +1

xˆ −k +1 =  Wi Ψ ix,k +1

Px+,k +1 = Px−,k +1 + K k Py−,k +1K Tk

i =1

i =1

)( Ψ

x
i , k +1

− xˆ −k +1

)

T

+ Q k +1

Correction

Prediction

2 n +1

Px−,k +1 =  Wi ( Ψ ix,k +1 − xˆ −k +1

Measurement
Equation

Kalman Gain
K k = Pxy− ,k +1 ( Py−,k +1 )

−1

2 n +1

yˆ k +1 =  Wi Ωi ,k +1

Cross-Covariance

i =1

2 n +1

2 n +1

Py−,k +1 =  Wi ( Ωi ,k +1 − yˆ k +1 )( Ωi ,k +1 − yˆ k +1 ) + R k +1

Pxy− ,k +1 =  Wi ( Ψi ,k +1 − xˆ k−+1 ) ( Ωi ,k +1 − yˆ k +1 )

T

i =0

T

i =1

Measurement y k

Figure 2.2: Flow chart of UKF

2.5

Joint State and Parameter Estimation

The mathematical frameworks presented above can be used for estimating the unknown
parameters of a non-linear model. The unknown parameters are modeled as random variables
to estimate the mean and variance of the parameters using the available set of measurements.
To evaluate them, the parameters are augmented to the state vector whose differentiation
with respect to time will be zero (i.e., time-invariant). Consider the state-space model with
state x and parameter θ to explain this concept. The extended state vector for this system

T
can be written as Z = x θ . The expression for augmented state-space is represented
as
  

ẋ
f (x, θ, u)
Ż =
=
(2.32)
0
θ̇

where f (.) is the non-linear function while u denotes the input acting on the system. With
this modification, the measurement equation becomes
y = h(Z, u) + v

(2.33)

In the above equation, h(.) represents the non-linear observation function with measurement
noise v. This modification allows any non-linear Kalman filter technique to update recur-
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sively the mean vector and covariance matrix of the parameter θ recursively. An example
is presented in the following subsection to show the application of the Kalman filter for
parameter estimation of a non-linear system.

2.5.1

Joint State and Parameter Estimation of a Non-linear System

x

Bouc-Wen
k
..
xg

m
c

Figure 2.3: SDOF Bouc-Wen system
In this section, the performance of the Kalman filter has been verified for the joint state and
parameter estimation of a hysteretic system. A single degree of freedom Bouc-Wen [125]
hysteretic system is adopted for the numerical study as shown in Fig. 2.3. The equation of
motion of this system can be expressed as
mẍ (t) + cẋ (t) + kz (t) = −mẍg (t)

(2.34)

where z(t) is the non-observable state of the Bouc-Wen model given by the following expression
ż = ẋ − β |ẋ| |z|n−1 z − γ ẋ|z|n
(2.35)
In the above equation, overdot signifies the derivative with respect to time. The parameter
set {A, β, γ, n} controls the overall configuration (i.e. shape and size) of the hysteresis loops.
The system parameters used to simulate the response are m = 1 kg, c = 0.3 Ns/m, k = 9
N/m, β = 2, γ = 1, n = 2. To generate the responses, recorded time-history of ChiChi
earthquake ground motion is applied to the oscillator (refer Fig. 2.4). The duration of the
earthquake is 40 s with a sampling frequency of 250 Hz. A white noise having 2% RMS
value (i.e. noise to signal ratio) is superimposed to the acceleration response to simulate
the measurement noise. The system responses (i.e. displacement, velocity, and acceleration)
are obtained by solving the differential ( i.e., Eq. 2.34) using the 4th order Runge-Kutta
integration method. For identification, the extended state vector is defined as


x ẋ z c k β γ n
X =


x1 x 2 x 3 x4 x5 x6 x7 x8
=
(2.36)
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Thus, the state-space formulation of this non-linear hysteretic system can be expressed using
Eq. 2.35 and Eq. 2.36 as follows


x2


−ẍg − (x2 x4 + x3 x5 ) /m


x
−1
x
8
8
 x2 − x6 |x2 | |x3 |
− x7 x2 |x3 | 




0

Ẋ = 
(2.37)


0




0




0
0
The measurement equation of the system for acceleration response can be expressed as
y = − (cẋ + kz) /m + v
= − (x2 x4 + x3 x5 ) /m + v

(2.38)
(2.39)

The mass of the system is assumed to be known and the other parameters are estimated
using both EKF and UKF algorithms. The initial guess for the unknown system parameters
are c = 0.2 Ns/m, k = 5 N/m, β = 0, γ = 0.5, n = 1. The time histories of the estimated
state vector (i.e. displacement, velocity, and acceleration) of the Bouc-Wen system obtained
using both UKF and EKF are shown in Fig. 2.5. Although both EKF and UKF estimate
the velocity x(t) and non-observable state z(t) with a satisfactory level of accuracy, there is
considerable drift observed in the EKF estimate of displacement [i.e. x(t)]. Similarly, The
identified parameters using both the EKF and UKF are shown in Fig. 2.6. A comparison of
the final estimated values using the EKF and the UKF methods is shown in Table 2.1 along
with their respective relative percentage errors. It is observed from this table that the UKF
tracks the parameters more accurately than EKF, which can be verified from the estimated
relative percentage error. For example, the percentage errors obtained using EKF for the
parameters β and n are significantly higher than to UKF. In general, both these algorithm
can track the state and parameters of the non-linear system in which UKF has a considerable
advantage.
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Figure 2.4: ChiChi earthquake
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Figure 2.5: State estimation of non-linear Bouc-Wen system; (a) displacement x(t), (b)
velocity ẋ(t), and (c) hysteretic displacement z(t)

Figure 2.6: Convergence plot for estimated parameters of Bouc-Wen model; (a) initial
stiffness k, (b) damping c, (c) parameter n, (d) parameter β, and (e) parameter γ
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Table 2.1: Estimated parameters of Bouc-Wen model

Technique
Exact
UKF
EKF

k (N/m)

c (Ns/m)

β

γ

9
0.3
2
1
9.02(0.2%) 0.285(5%) 1.89(5.5%) 0.86(14%)
9.31(3.4%) 0.286(4%) 1.59(20%) 0.88(12%)

n
2
1.86(7%)
1.42(29%)

NB: Percentage error is mentioned within the parenthesis.

2.6

Summary

In this chapter, Kalman filtering techniques have been discussed with examples. It is primarily used for recursive estimation of the unknown state of a system in the probabilistic
sense systematically using an underlying mathematical model and measurement. Kalman
filter provides the optimal state estimate of a linear system under the assumption that both
process and measurement noises are uncorrelated zero-mean Gaussian white noise. To overcome the assumption of a linear system, EKF uses Taylor Series approximation around the
mean and then use it for prediction purpose. Due to 1st order truncation of Taylor series,
the prediction accuracy is sometimes affected. Unlike EKF, UKF utilizes carefully generated
sample points around the current mean and uses them to propagate the non-linearity through
the actual system equation. These two non-linear filters’ performance has been presented for
the joint state and parameter estimation of a Bouc-Wen hysteretic system. The results show
that the UKF produces better estimates of states and parameters compared to the EKF.
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3.1

Overview

Non-linear hysteretic behaviour is often encountered by designers in structural dynamics.
When a system is subjected to severe loading, the damage is incurred in the form of cracks
and/or yielding of material, which often leads to hysteretic behaviour. In general, hysteresis
is manifested as a memory-based relationship between the input force acting on a system
and its output. Due to its hereditary nature, the dynamic state of a system not only
depends on the instantaneous values of its state variables but also on its past. Owing
to this behaviour, modelling and identifying the non-linear hysteretic system continue to be
one of the challenging problems in structural health monitoring. Besides health monitoring,
real-time identification of the restoring force is an inevitable part of any close loop structural
control algorithm [126]. Consequently, numerous attempts have been made to model the
hysteretic behaviour and to identify its properties from the measured time histories [126–130].
Among different identification algorithms, the recursive time-domain estimation techniques are more efficient in incorporating measurements. Commonly used time-domain
methods for non-linear system identification are least-square estimation (LSE) [131–133],
extended Kalman filter (EKF) [77, 134–136] and particle filter [137, 138]. LSE is based on
the minimization of error between the estimated and simulated responses, which requires
many measurement channels. But in practice, it is difficult to install an extensive array
of sensors to measure input and output in all degrees of freedom. For non-linear system
identification, EKF is a popular technique that circumvents non-linear state and observation
equations by linearizing it with the help of the Taylor series expansion. However, derivation
of the gradient vector for a complex structural system is a difficult task. Moreover, linearization itself introduces significant error, which can lead to inaccurate system identification.
Kalman filter based approach also assumes model and measurement errors to be Gaussian.
In this context, particle filter (PF) can handle non-linear system identification problems
more comprehensively by relaxing the assumption of Gaussian uncertainty associated with
the measurement [139]. In this simulation-based technique, many samples are generated,
which imposes a higher computational cost for large dimensional problems. To address this
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issue, Julier and Uhimann [140] proposed as Unscented Kalman filter (UKF), which utilized
sigma points to approximate the Gaussian distribution of the state variables accurately up to
3rd -order of non-linearity [96]. Chatzi and Smyth [97] compared UKF and PF for parameter
estimation of a time-invariant 3-DOF hysteretic structural system under known excitation.
They observed that UKF was computationally efficient for real-time applications; however,
PF provided a more accurate estimation of the structural parameters. Further, Erazo and
Nagarajaiah [141] proposed the UKF-Markov Chain Monte Carlo (MCMC) method to overcome the rank deficiency of the inverse problem. They validated their technique using shake
table test data, where bi-linear hysteretic model was characterized the non-linearity. Erazo
and Nagarajaiah [142] also explored UKF to identify the hysteresis of a negative stiffness
device, both numerically and experimentally. Recently, Astroza et al. [143] conducted a
comparative study of UKF, EKF and iterated-EKF in terms of convergence, accuracy, robustness, and computational demand for non-linear finite element model updating. They
concluded that UKF out-performed the other two techniques. Over the years, similar observations have been reported in the literature [94, 96, 144, 145].
However, the optimal performance of any filtering-based identification algorithm depends
on the prior information of the system inputs. Usually, in the absence of known system
input, a stationary Gaussian white noise model is assumed. But this assumption may not
provide optimal estimation in the case of a structure subjected to non-stationary excitation.
This issue can be solved by recursively updating the input and subsequently supplying it
to the filtering algorithm, which leads to the development of simultaneous input and state
estimation. Kitanidis [117] introduced a minimum variance state estimation filter without
any assumption on input.
Further, Gillijns and De Moor [116] provided minimum variance unbiased estimation of
input and state of a linear discrete-time dynamic system. Lourens et al. [112] successfully
implemented a similar filter for joint input-state estimation using both experimental and
numerical results. An augmented Kalman filter (AKF) was developed by Lourens et al. [146]
to estimate the state and the unknown input. However, a significant drawback of the AKF
algorithm was that the estimated input contained spurious low-frequency components. An
alternate solution for joint input and parameter estimation was developed by Zhang et
al. [147], who minimized the square of the distance between the measurements and the model
responses. They utilized the virtual distortion method (VDM) to make it computationally
efficient and identified any damage related changes in the mass and stiffness. Neats et
al. [148] modified augmented discrete Kalman filter for joint parameter and input estimation
and validated it experimentally. Later, Azam et al. [149] combined UKF with dual Kalman
filter [113] to estimate the input, which UKF used for parameter estimation. Pan et al. [150]
proposed a general extended Kalman filter algorithm for unknown input to tackle the problem
of rank deficiency in case of limited measurements. They validated their method using the
ASCE benchmark structure for both time-invariant and time-varying system parameters.
From the above studies, it can be observed that a significant amount of research work has
been carried out in the field of simultaneous input and state estimation of a linear dynamic
system. However, only a few efforts have been made towards simultaneous input and state
estimation of a non-linear hysteretic system. Lei et al. [151] adopted EKF based joint input
and parameter estimation of a four-storied hysteretic shear building model. Song [118]
estimated both state and input of a 3-DOF non-linear hysteretic system using minimum
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variance unbiased estimation and unscented points. Yang et al. [152] proposed an adaptive
extended Kalman filter for simultaneous identification of input and time-varying parameters
using numerical examples of a Bouc-Wen structure. The numerical study presented by Wu
and Smyth [145] showed that UKF was efficient for real-time parameter estimation of highly
non-linear systems with degradation and pinching, where the input was known. Recently,
Lei et al. [153] have presented a UKF based algorithm for simultaneous identification of
non-linear structural parameters and input excitation.
The literature review presented above highlights the development of Kalman filters and its
modified versions for system identifications, which evolves from linear to non-linear systems.
In this process, many identification algorithms are based on known inputs, which may not
be the case for many structures. Thus, researchers have studied input identification, which
is an advantage for the structures having no option for input measurement. However, the
identification algorithm faces difficulty when a non-linear system is excited by non-stationary
input. Thus, most of the studies on hysteretic system identification using Bayesian filtering
algorithms focus on its performance using simulated experiments or small-scale laboratory
tests. Synthetic experiments used in these studies consider hypothetical values of hysteretic
parameters and other structural properties. Only a few studies are focused on the inverse
problem dealing with large structures exhibiting non-linear hysteresis [154–156]. In particular, simultaneous input and parameter identification of full-scale hysteretic reinforced
concrete structures under earthquake excitation need further investigation to study the efficiencies of the recursive time marching algorithms. This issue motivates the authors to
examine the performance of the constrained minimum variance estimation algorithm for simultaneous parameter and input identification of a concrete bridge pier. The objectives and
significant contributions of this work are discussed below.
As explained above, the study is mainly focused on the experimental validation of the
constrained minimum variance estimation algorithm for reinforced structures. With these in
view, the objectives of this chapter are set as follows
• In general, recursive inverse problems suffer numerical instabilities unless addressed by
constrained conditions and parameter bounds. Moreover, the constrained minimum
variance estimation also demands the same to avoid computational instability. In this
study, appropriate bounded input bounded output (i.e. BIBO) properties are used to
suitably augment the Bouc-Wen model for parameter and input estimation.
• Develop different sigma points generation schemes for constrained minimum variance
unbiased estimation algorithm to study their non-linear system identification capability. In this format, the constrained conditions mentioned above are introduced in terms
of parameter bounds.
• Validate the above mentioned objectives numerically using actual hysteretic behaviour
obtained from the pseudo-dynamic test of a reinforced concrete frame. It provides
realistic parameters of Bouc-Wen model including degradation and pinching. This
synthetic experiment is aimed at tuning the identification algorithm for both parameter
and input identification and also to study the performance of different sigma points
generation schemes.
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• Finally, Demonstrate the efficiency of the improved CMVU algorithm using experimental results on a full-scale bridge pier specimen. The specimen is exposed to nonstationary excitations, which causes the yielding of reinforcements. This experimental
validation is dedicated to establishing the performance of the CMVU algorithm for
field applications.

3.2

Proposed Constrained Conditions and Parameter
Bound

Non-linear material behaviour is precisely described by the constitutive relationship at the
micro level. Although such models exist in the literature, their integration with the gross
physical model of a structure becomes too complex for practical problems. Due to this
reason, phenomenological models have gained popularity among researchers and engineers.
These are simple mathematical forms intended to capture the input-output relationship of
the hysteretic system, which is sufficient for the purpose of its characterization at the macro
level. For this reason, several models are available in the literature, which are successfully
implemented in the context of system identification and structural control. A survey of different types of hysteretic models could be found in Sengupta and Li [157]. Among them,
Bouc-Wen is one of the most widely used hysteresis models. Bouc [125] introduced it for
the SDOF system under forced vibration and later generalized by Wen [158] in 1976. The
advantage of the Bouc-Wen hysteresis is its ability to generate different loops of varying
shapes and sizes. In general, the Bouc-Wen model is used as a black box whose parameters
are tuned so that the output of the model produces a satisfactory resemblance with the
experimental data. Although this approximate model provides a good match with the experimental data for a specific input, but the non-linear response may not be always bounded
as claimed by Ikhouane et al. [159]. To resolve this issue, Ikhouane and Rodellar [160] proposed bounded input and bounded output (BIBO) property for the Bouc-Wen hysteretic
model which is inherited by structural and mechanical systems. According to this proposal,
the hysteretic systems following the Bouc-Wen model must have BIBO property, i.e., every
bounded input to the system results in a bounded output over the time interval [t0 , ∞).
Also, the system dissipates energy during this process when exposed external loading cycles.
Due these reasons, the stability of the Bouc-Wen model for any mechanical or structural
system is ensured [160]. Chatzi et al. [98] has thoroughly demonstrated the importance of
this property for the experimental identification. It is found that disregarding the BIBO
property in the UKF algorithm may lead to instability, which affects the performance of the
identification algorithm.
Let us consider the restoring force offered by the Bouc-Wen model, which has the following
form
Fr (x, z, t) = αkx (t) + (1 − α) kz (t)
ż(t) = Aẋ − β |ẋ| |z|n−1 z − γ ẋ|z|n

(3.1a)
(3.1b)

In the above equation, Fr (x, z, t) and x(t) represent the restoring force and displacement of
the hysteretic system while α ∈ (0, 1) is the ratio of the post to pre-yield stiffness. The nonobservable hysteretic displacement is denoted by z(t) where overdot signifies the derivative
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with respect to time. The set parameters {A, β, γ, n} controls the overall configuration of
the produced loops by the above equation. With respect to this system of equations (i.e.
3.1), the BIBO properties can be classified into two groups as shown in Table 3.1 [160]. In
Table 3.1: Classification of Bouc-Wen model
Case

ΩA,β,γ,n

Upper bound on —z(t)—

A > 0 β + γ > 0 and β − γ ≥ 0 R
max (|z (0)| , z0 )
β + γ < 0 and β ≥ 0
[−z1 ,z1 ] max (|z (0)| , z0 )
∆

q

I
II
∆

q

A
and z1 = n γ−β
. Except
this table, z0 and z1 are the two constants defined as z0 =
for these two classes, any other Bouc-Wen model does not represent hysteretic behaviour
of a physical system [160]. As stated earlier, the hysteretic behaviour is history-dependent
and hence the performance of non-linear state estimation algorithm can be significantly
improved by prior knowledge. Researchers have proposed sub-optimal approaches in this
context, which can approximate the constraint condition with reasonable accuracy. One of
the popular methods for constraint handling is Moving Horizon Estimation (MHE) technique
[161], where non-linear programming is solved at each time step in order to incorporate
constraints conditions. However numerical optimization in this approach is computationally
expensive. Likewise, unscented recursive non-linear dynamic data reconciliation (URNDDR)
[162] is developed to take into account of the non-linear equality/inequality constraints in
a sigma points based predictor-corrector framework. In the URNDDR, the sigma points
lying outside the constraint region are projected back within the boundary and weights are
assigned accordingly. One of the major drawbacks of this method is that the symmetry of the
sigma point around the current position is lost after the projection. Due to this reason, the
advantage of unscented transformation cannot be utilized fully. To overcome this limitation,
a constrained unscented recursive estimator (CURE) was proposed by Mandela et al. [163].
In their study, optimization based projection of sigma points was proposed to deal with the
constraints. It was demonstrated for both symmetric and asymmetric placement of sigma
points within the constraint bounds. Further, the state updating equation was utilized to
create transformed sigma points. These transformed points that violated constraints were
projected back only when the updated state estimate exceeded the bounds. The experimental
validation of this algorithm was carried out by Calabrese et al. [128] using a base isolated
structure. The drawback of this algorithm was that at each time step needed optimization,
which could be difficult for complex 3D structural problems. Yang and Ma [164] proposed a
constrained EKF algorithm where the states corresponding to the system parameters were
replaced by a continuous function. This idea of replacing the state vector by a function of
auxiliary variables has been further extended in this thesis to develop a sigma points approach
of the CMVU algorithm in the context of hysteretic systems. The way constrained conditions
are imposed to the sigma points by treating them as a function of auxiliary variable has not
been addressed in the literature. To explain this concept, consider the following state-space
model with state X1 and parameter θ

 

Ẋ1
p (X1 , θ)
=
(3.2)
0
θ̇
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in which, θ is bounded between [l1 , l2 ]. In general, the traditional Kalman filter can not
take into account bounds and algebraic constraints on system variables [165]. However, a
unique improvisation for this problem is provided in this study. To implement this bound, a
function of auxiliary variable [c(X2 )] is defined in such a way that the functional value always
lies within the parameter bounds i.e l1 ≤ c (X2 ) ≤ l2 while the variable remains unbounded
i.e −∞ < X2 < ∞. Using this concept, Eq. 3.2 can be expressed as

 

Ẋ1
p (X1 , c (X2 ))
=
(3.3)
0
Ẋ2
A sinusoidal function can be considered a good candidate for this problem. For example,
the parameter θ in the above state-space model can be expressed as the function of X2 as
θ = l1 cos2 X2 + l2 sin2 X2

(3.4)

Now, to identify the structural systems by the Bouc-Wen model, its essential BIBO property
has to be ensured in the algorithm. However, between the two classes of BIBO system in
Table 3.1, only class I is stable and compatible with the real systems. Also, it follows the
characteristic energy dissipation and abide by the laws of Thermodynamics [166]. Hence,
only BIBO class I property is relevant in this study. This property is confirmed by implicitly
defining β and γ as a function of two auxiliary variables Xβ and Xγ as follows
β = Xβ 2 + Xγ 2
γ = Xβ 2 − Xγ 2

(3.5a)
(3.5b)

Since both β and γ are non-dimensional parameters, the consistency of the system equation
should not be hampered by the quadratic function of these auxiliary variables. The claim
regarding BIBO class I property by Eq. 3.5 can be verified simply addition and subtraction
of the two equations. Together with Eq. 3.4 and Eq. 3.5 provide stability to the estimator
by ensuring relevant bounds for the sigma points generated. Though, the occurrence of
optima outside this domain is possible, however, the probability of that occurrence is very
small [164].

3.3

Constrained Minimum Variance Unbiased Estimator

The optimal minimum variance recursive filter for state and input estimation was first developed by Gillijns and Moore [116] for the discrete linear system. As the name suggests,
this estimator has the lowest variance within the parameter space than any other unbiased estimator. This concept was further developed by Song [118] and proposed generalized
minimum variance unbiased estimator (GMVU) to identify the non-linear systems using unscented points. In this study, the original GMVU algorithm is augmented with the constraint
conditions to improve its performance and avoid instability associated with the identification
of the hysteretic system. Moreover, the proposed formulation of CMVU algorithm provides
a general framework that accommodate different sigma point generation schemes viz. unscented sigma points, cubature-quadrature sigma points, central difference sigma points. In
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the following subsections, the sigma point based CMVU algorithm is explained for nonlinear structural systems, with improvisation to adopt it for experimental identification of
the actual bridge pier.

3.3.1

Sigma Points Approach For CMVU Algorithm

To demonstrate the proposed constrained minimum variance unbiased estimation algorithm,
an n degree of freedom (DOF) non-linear dynamical system is considered, whose equation
of motion can be expressed as
Mẍ (t) + F [x (t) , ẋ (t) , Φ] = Bu (t) + Df (t)

(3.6)

In this equation, x(t)n×1 ∈ Rn , ẋ(t)n×1 ∈ Rn and ẍ(t)n×1 ∈ Rn represent the displacement,
velocity and acceleration vectors, respectively. Damping, stiffness and other non-linear hysteretic parameters are denoted by the vector Φm×1 ∈ Rm . In general, the mass of the structure remains unchanged during its lifetime, and hence the mass matrix M is considered to be
known, which is estimated from the material and geometrical properties. F [x (t) , ẋ (t) , Φ]
represents the restoring force acting on the structure, which is a function of displacement,
velocity and other model parameters. Moreover, the known and unknown external forces are
denoted by u(t) ∈ Rs and f(t) ∈ Rq , respectively while B and D represent the corresponding
influence matrices. The extended state vector for identification can be described as
Z(t) = {Z1 Z2 Z3 }T

(3.7)

where Z1 = x(t)T ; Z2 = ẋ(t)T and Z3 = ΦT . In Eq.3.7, {Z1 Z2 }T represents the timedependent state vector and Z˙3 = Φ̇T = 0 denotes the time-invariance of the parameter
vector. Substituting Eq.3.7 in Eq.3.6, the state-space model is expressed as

 T 
Z2T

 Ż1 


=
M−1 Bu (t) + Df (t) − F Z1 T (t) , Z2 T (t) , Z3 T (t)
ŻT2

 T 
0m×1
Ż3
(2n+m)×1





(3.8)

The continuous-time representation of the above non-linear differential equation can be written in the following compact form
Ż(t) = G (Z(t), u(t), f (t))

(3.9)

The system equation (i.e. Eq. 3.9) is subsequently discretized in the time domain to implement the identification algorithm using real-time measurements, i.e.
Zk = Zk−1 +

Zk∆t

[G (Z (t) , u (t) , f (t))] dt = g (Zk−1 , uk−1 , fk−1 )

(3.10)

(k−1)∆t

The non-linear observation vector yk ∈ Rr at any time t = k∆t can be written as
yk = h (Zk , uk ) + Hk fk + vk
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In the above two equations (i.e. Eq. 3.10- Eq. 3.11), discrete-time representation of the
state vector, known input vector and unknown input vector are given by Zk , uk and fk ,
respectively. The random noise vk associated

 with the measurement is assumed to have
T
zero-mean Gaussian with covariance E vk vk = Rk . Also, the feed-through coefficient
matrix Hk ∈ Rr×q in Eq.3.11, which is assumed to be full column rank i.e. rank(Hk ) = q
i.e. r ≥ q.
In this study, the Bouc-Wen model is used to characterize the non-linear hysteretic system. With this in view, the extended state vector for complete systems can be expressed
as

T
Zk = Λk Φk
(3.12)

where vector Λk = xk ẋk has displacement and velocity while Φk represents the unknown parameters of the Bouc-Wen system. The prior knowledge of this system is adopted
in the form of constraint conditions to maintain the stability as it is explained in Section 3.2
 . For this purpose, the unknown parameters are incorporated in the vector Φk i.e.
Φk = Θ β γ w , where Θ = {θ1 θ2 θ3 . . . θn } consists of the parameters with bounds,
w represents the parameter vector without bounds, while β and γ are the Bouc-Wen parameters. Here, stiffness and damping coefficients belong to w, while vector Θ contains
Bouc-Wen parameters other than β and γ. Next, the upper and lower bounds of Θ are
enforced with the help of Eq. 3.4 and similarly, the BIBO properties are confirmed using
Eq. 3.5.
The proposed constrained minimum variance unbiased estimator algorithm evaluates
both system state Zk and external unknown input force fk based on the sequential measurements {y1 , y2 , .....yk }. At any time instant k, Z̃k and f̃k represent the estimate of state
Zk and unknown force fk , respectively. Initially (i.e. at t = 0), the unbiased estimate of
state Z0 is denoted by Z̃0|0 and the same for f0 is given by f̃0 . Similarly, variance matrices
PZ0|0 , Pf0 and the cross-covariance matrix PZf
0 corresponding to Z0 and f0 are assumed to be
known. To obtain Z̃k and f̃k simultaneously, augmented state vector X0 is formed, whose
0
initial estimate X̃0|0 and corresponding covariance matrix PX
0|0 can be expressed as follows
X̃0|0 =

PX
0|0 = E



h

Z̃T0|0 f̃0T

iT



T 
X0 − X̃0|0 X0 − X̃0|0
=

(3.13)
PZ0|0

Zf T

P0

PZf
0
Pf0




(3.14)

It may be noted that the estimation of Z̃k|k−1 , PZk|k−1 PZf
k|k−1 are difficult in the statistical
sense, since both g(.) and h(.) in Eq. 3.10 and Eq. 3.11 are non-linear functions. Here, it
is worth noting that subscript k|k − 1 represents the estimate at time step k provided the
measurements are available up to (k − 1) time step. To deal with this problem, Song [118]
used the unscented transformation technique proposed by Julier and Uhlmann [124], where
statistical moments are estimated with the help of deterministic sampling points, known
as unscented sigma points. However, instead of using only unscented sigma points, the
proposed algorithm in this study provides a generalized framework to adopt any sigma
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points generation scheme. For demonstration, two different types of sigma points generation
schemes (i.e. unscented sigma points and cubature quadrature sigma points) to propagate the
system state through g(.) and h(.) functions have been presented here. A brief description of
these schemes is provided in the next subsection. At at any time step k, N numbers of sigma
points Ψk−1|k−1 and corresponding weights W are generated from the estimates of X̃k−1|k−1
T

Z
X
and
and covariance P k−1|k−1 . These points Ψk−1|k−1 have two components Ψk−1|k−1
T

Ψfk−1|k−1
belonging to the system state and the unknown input, respectively i.e.
Ψk−1|k−1 =

h 

ΨZk−1|k−1

T 

Ψfk−1|k−1

T iT

(3.15)

Now, they are propagated through the non-linear system equation [i.e. Eq. 3.10] to obtain
the predicted sigma points Ψk|k−1 as follows

ΨZk|k−1 = g ΨZk−1|k−1 , uk−1 , Ψfk−1|k−1
(3.16)
These predicted sigma points help to estimate the statistical properties in terms of the system
state Z̃k|k−1 and the covariance PZk|k−1 as follows
Z̃k|k−1 = E [g (Zk−1 ,uk−1 ,fk−1 )] ≈
PZk|k−1

= E
≈



N
X
i=1

N
X

Wi ΨZi,k|k−1

(3.17a)

i=1


T 
Zk −Z̃k|k−1 Zk −Z̃k|k−1



T
Wi ΨZi,k|k−1 − Z̃k|k−1 ΨZi,k|k−1 − Z̃k|k−1

(3.17b)

∆

where ΨZi,k|k−1 denotes the ith column of the matrix ΨZk|k−1 . By defining ŷk = yk −E [h (Zk ,uk )],
Eq. 3.11 can be expressed as follows
ŷk = Hk fk +ek

(3.18a)

ek = h (Zk ,uk ) +vk −E [h (Zk ,uk )]

(3.18b)

where the error ek is given by
∆

The statistical mean
 of the measurement function Ξ̃k|k−1 = E [h (Zk ,uk )] and the error
covariance Pek = E ek eTk can be obtained from ΨZk|k−1 as follows
Ξ̃k|k−1 ≈
Pek
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≈

N
X

i=i
N
X
i=1

Wi Ωi,k|k−1

(3.19a)



Wi Ωi,k|k−1 − Ξ̃k|k−1
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Ωi,k|k−1 − Ξ̃k|k−1

T

+ Rk

(3.19b)
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where Ωk|k−1 = h
represents sigma points transmitted through the non-linear
function h(.), while covariance of the additive noise vk is denoted by Rk . Now, it is assumed
that estimate of the unknown input f̃k can be obtained from Eq. 3.18a by applying a scaling
matrix Ck as follows
f̃k = Ck ŷk = Ck (Hk fk + ek )
(3.20)
Taking expectations on both sides of the above equation and using E (ek ) = 0 lead to
h i
E f̃k = Ck Hk E [fk ]
(3.21)
The above equation indicates that f̃k can be defined as an unbiased estimate, if and only if,
Ck Hk = I, where, I is the identity matrix. The earlier assumption of rank(Hk ) = p is a
necessary and sufficient condition for the existence of an unbiased estimator in Eq. 3.21 [118].
However, an expression of optimal Ck is also required for the minimum variance estimate
of f̃k . For this purpose, an assumption is made that Pek is a positive definite matrix and
there exists an invertible matrix Υk such that Υk ΥTk = Pek . The expression obtained by
pre-multiplying both sides of Eq. 3.18a with Υ−1
k is given below
Υk −1 ŷk = Υk −1 Hk fk + Υk −1 ek

(3.22)

Using Gauss-Markov theorem, the expression for the minimum variance estimation of f̃k
is obtained from Eq. 3.22 under the assumption that Υk −1 Hk having full column rank as
follows [115]
h
T
i−1
T

f̃k =
Υk −1 Hk
Υk −1 Hk
Υk −1 Hk
Υk −1 ŷk

−1
= HTk (Pek )−1 Hk HTk (Pek )−1 ŷk = Ck ŷk
(3.23)
Further simplification of the above expression leads to

f̃k = Ck ỹk = Ck {yk − E [h (Zk , uk )]} ≈ Ck

yk −

N
X

Wim Ωi,k|k−1

i=1

!

(3.24)

From Eq. 3.18a and Eq. 3.23, the estimation error for f̃k can be expressed as
fker = fk − f̃k = −Ck ek

(3.25)

Also, the input error covariance Pfk is obtained after substituting Ck from Eq. 3.23 using
the following expression
h
i

−1
∆
Pfk = E fker (fker )T = Ck Pek CTk = HTk (Pek )−1 Hk
(3.26)
Z̃k|k = Z̃k|k−1 + Lk {yk − E [h (Zk , uk )]}
≈
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N
X

Wi ΨZi,k|k−1 + Lk

i=1
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yk −

N
X
i=1

Wi ΩZi,k|k−1

!

(3.27)
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where Lk represents the optimal gain matrix which yields minimum variance unbiased estimate of state Zk . The corresponding state estimation error Z̃er
k|k can be expressed from
Eq. 3.18a and Eq. 3.27 as follows
∆

er
Z̃er
k|k = Zk − Z̃k|k = Z̃k|k−1 − Lk ek − Lk Hk fk

(3.28)

h
i
Taking expectations on both sides of Eq. 3.28 leads to E Z̃er
k|k = Lk Hk E [fk ]. It indicates

that the existence of an unbiased estimate Z̃k|k is possible for any feasible value of fk , if and
only if, Lk Hk = 0. Considering this assumption is satisfied, the updated covariance PZk|k
associated with the state Z̃k|k can be obtained from Eq. 3.28 as follows


T 
er
Ze
T
e
T
Z ∆
er
= PZk|k−1 − Lk PeZ
(3.29)
Pk|k = E Z̃k|k Z̃k|k
k|k−1 − Pk|k−1 Lk + Lk Pk|k−1 Lk
In the above equation, PZe
k|k−1 denotes the corresponding cross-covariance matrix which takes
the following form


h
i
∆
T
er
T
er
PZe
=
E
Z̃
e
=
E
Z̃
{h
(Z
,
u
)
−
E
[h
(Z
,
u
)]}
k
k
k
k
k|k−1
k|k−1 k
k|k−1
≈

N
X
i=1



T
Wi Ωi,k|k−1 − Ξ̃k|k−1 ΨZi,k|k−1 − Z̃k|k−1

(3.30)

Next, the optimal gain matrix Lk is obtained by minimizing the trace of PZk|k under the
constrained condition Lk Hk = 0. Its optimal value is given by (refer to Appendix A)
Lk = Kk (I − Hk Ck )

(3.31)

In which, Kk is similar to the Kalman gain matrix of the form
e −1
Kk = PZe
k|k−1 (Pk )

(3.32)

By substituting Lk from Eq. 3.31 in Eq. 3.29 and rearranging them, the updated covariance
matrix PZk|k can be expressed as follows (refer Appendix A)

PZk|k = PZk|k−1 − Kk Pek − Hk Pfk HTk KTk

Similarly, the updated cross-covariance matrix
Eq. 3.25 and Eq. 3.28 in following form [118]

∆
PZf
k =

(3.33)

h
i
er er T
E Z̃k (fk ) is obtained using Eq. 3.23,

T
PZf
= −PZe
k
k|k−1 (Ck )

(3.34)

For the next time step, the estimated states Z̃k|k , f̃k and the corresponding covariance matrices PZk|k , Pfk and PZf
k are substituted into Eq. 3.13 and Eq. 3.14 and the iteration continues.
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Sigma Points Generation Schemes

In this section, a brief overview of the sigma points generation scheme is presented. The motivation behind this scheme is to transform a probability density function when propagating
through a general non-linear function. In this context, it may be noted that EKF works on
the principle of linearization using the Taylor series expansion for mean and covariance to
estimate from non-linear function. But, the accuracy obtained from this approach is unsatisfactory compared to sigma point approach [96]. In this process, the state is represented
by a carefully generated fixed number of deterministically chosen sampling points called the
sigma points. The sigma points approach for a non-linear system is based on two principles
- (i) it is convenient to transform a single point through a non-linear transformation rather
than compute the pdf and (ii) it is easy to sample from the pdf . Several methods are available in the literature to estimate the mean and covariance of the state propagating through a
non-linear function. Julier and Uhlmann [124] first introduced unscented transformation to
calculate these statistics where input-output relation undergoes a non-linear transformation.
Unscented transformation utilizes some carefully selected sigma points around the predicted
mean position to represent the state distribution. This approach for moment estimation
is more convenient to implement, as it does not need to evaluate the gradient [124]. As
a result, many sigma points based estimation techniques are developed such as Unscented
Kalman filter (UKF), Gauss-Hermite filter (GHF) [167], Cubature-Kalman filter(CKF) [168],
Cubature-quadrature Kalman filter [169]. Among them, unscented transformed sigma points
and cubature quadrature sigma points are considered in this study. A brief description of
the two schemes are presented below -

Figure 3.1: Configuration and weights of sigma points for 2-dimensional case

3.3.3

Unscented Transformed Points

In this study, unscented sigma points are utilized to calculate the mean and covariance of
states that are subjected to a non-linear transformation. It was introduced by Julier and
Uhlmann [124] and became popular due to its accuracy and convenience. The description
of unscented points has been discussed in section 2.4. To show the configuration of sigma
points, a plot of weight against the orientation of the points for a 2D case is shown in the
Fig. 3.1.
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Cubature Quadrature Points

Cubature points are used to solve the intractable integral where a closed-form solution can
not be obtained. The support points and the corresponding weights approximate an integral
by the weighted sum of the functions evaluated at these points. To compute the intractable
integral, it is transformed into surface and line integrals. The surface integral can be calculated using the spherical cubature rule over a hyper sphere and line integral can be evaluated
using the Gauss-Laguerre quadrature rule [169].
3.3.4.1

Generation of Cubature Points

For an arbitrary function f (x), X ∈ Rn
I (f ) = p

1
|Σ|(2π)

n

Z

T

f (x) e−(1/2)(X−µ)

Σ−1 (X−µ)

dX

(3.35)

Rn

can be expressed in spherical coordinate system as
1

I (f ) = p
(2π)n

Z∞ Z

[f (CrZ + µ) ds (Z)] rn−1 e−r

2 /2

dr

(3.36)

r=0 Un

where X = CrZ + µ, C is the Cholesky decomposition of the covariance matrix, Σ, kZk = 1,
µ is the mean of Gaussian distribution and Un is the surface of a unit hyper-sphere. Now,
R∞
any integral of a function f (.) in the form of
f (λ) λα e−λ dλ can be approximately evalλ=0

uated using quadrature points and weight associated with them. The error associated with
approximation of the integral depends on the number of quadrature points. The quadrature
points can be determined from the roots of the n0 order of Chebyshev-Laguerre polynomial
0

Lαn0

dn α+n0 −λ
λ
e =0
e
dλn0

n0 −α λ

(λ) = (−1) λ

(3.37)

Let us assume the quadrature points be λi0 . The corresponding weights can be determined
as
w i0 =

n0 Γ (α + n0 + 1)
i2
h
λi0 L̇αn0 (λi0 )

(3.38)

Now to integrate the rest of the term, the Gauss-Laguerre quadrature formula is used assuming t = r2 /2 to cast the integral in the desired form as follows
√
Z∞
2 πn
I (f ) = p
(2π)n 2nΓ (n/2)
1

r=0
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i
X
f
2tui tn/2−1 e−t dt
i=1
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f (t) t(n/2−1) e−t dt is approximated using multiple quadrature points

t=0

with α = n/2 − 1. The solution of the problem using i0 number of quadrature points denoted
as λi0 can be expressed by the following equation
" 2n n0
#
p

XX
1
Ai0 f
2λi0 [ui ]
(3.40)
I (f ) =
2nΓ (n/2) i=1 i0 =1
The above procedure is simplified into the following steps
1. Find the cubature points ui (i = 1, 2, 3...2n) located at the intersection of the unit
hyper-sphere and its axes.
2. Solve the n0 order Chebyshev-Laguerre polynomial Eq.3.37 for α = n/2 − 1 to obtain
the quadrature points(λi0 )
n0 (n0 − 1) 0
n0 0
0
0
(n + α) λn −1 +
(n + α) (n0 + α − 1) λn −2 − .... = 0 (3.41)
1!
2!
√
3. Find the CQ points as ξj = 2λi0 [ui ] and their corresponding weights as
0

Lαn0 = λn −

wj =

1
1
n0 !Γ (α + n0 + 1)
(Ai0 ) =
h
i2
2nΓ (n/2)
2nΓ (n/2)
λi0 L̇αn0 (λi0 )

(3.42)

for i = 1, 2, 3...2n, i0 = 1, 2, ...n0 and j = 1, 2, 3....2nn0

3.4

Numerical Validation

In this section, numerical results are presented to show the performance of the CMVU algorithm proposed above for different types of Bouc-Wen systems under earthquake excitation.
First, a hypothetical case of a Bouc-Wen hysteretic system is presented to verify the efficiency
of the proposed algorithm

3.4.1

Validation Exercise 1

A 3-DOF structural system subjected to external ground motion is considered for numerical
studies in this section as shown in Fig. 3.2. The equation motion of the system can be
represented as


 


m1 0
0
ẍ1
c1 + c2 −c2
0
ẋ1
 0 m2 0   ẍ2  +  −c2 c2 + c3 −c3   ẋ2 
0
0 m3
ẍ3
0
−c3
c3  ẋ3

 z


(3.43)
k1 k2
−k2
0
−m
ẍ
1
g
 x1 
 

+  0 −k2 k2 + k3 −k3  
 x2  = −m2 ẍg
0
0
−k3
k3
−m3 ẍg
x3
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where ż is the hysteretic component defined as
ż = ẋ1 − β |ẋ1 | |z|n−1 z − γ ẋ1 |z|n
m3
k3

(3.44)

x3
c3

m2
k2

x2
c2

m1
k1

x1
c1

Bouc-Wen

Figure 3.2: 3-DOF hysteretic structural system
Parameters β, γ and n are dimensionless quantities where the first two parameters control
the shape and size of the hysteresis loop while 3rd parameter controls the transition from
elastic to post-elastic deformation. To generate the response of the system artificially, the
values assigned in Eqs. 3.43 - Eq. 3.44 are m1 = m2 = m3 = 125 kg, k1 = 24000 N/m,
k2 = 20000 N/m, k3 = 18000 N/m, c1 = 500 Ns/m, c2 = 400 Ns/m, c3 = 200 Ns/m, β = 2,
γ = 1 and n = 2. It should be noted that the Bouc-Wen system enforces an extra state
variable z to model the hysteretic behaviour. The measurements of the system are generated
artificially by the ground motion at the support. In this analysis, the scaled Kobe earthquake
is applied at the base of the system to generate artificial measurements, i.e displacements
and accelerations using the 4th order Runge-Kutta Integration scheme. Different zero-mean
Gaussian white noise process with three different levels (i.e. 5%, 10% and 15% noise to
signal) have been added artificially. To apply the CMVU algorithm, extended state vector
Z is formed according to Eq. 3.12. The constraint condition related to β and γ parameters
can be incorporated using Eq. 3.5. In general, the parameter n is a small positive integer
value, which can be ensured using the bounds according to Eq. 3.4. The identified stiffness
and damping by the CMVU algorithm under different sigma point generation schemes are
demonstrated in Fig. 3.3. The algorithm that utilizes unscented points is denoted as UTConstrained. Similarly, when the algorithm uses cubature quadrature points is denoted as
CQ-Constrained. It can be observed from Fig. 3.3 that both of them can successfully identify
the system parameter within the reasonable level of tolerance. Here, it is worthy of noting
that most of the parameters deviates from the exact value in Fig. 3.3 when the constrained
conditions are not included in the algorithm which is denoted as Unconstrained. It can be
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Figure 3.3: Parameter identification of 3-DOF Bouc-Wen system for 15% noise case
seen in Fig. 3.3 that at around 10 s the system parameters start converging to the exact
value. At the same time, the convergence of the estimated input is also achieved (refer to
Fig. 3.4a). Initially, the percentage error in input estimation is very high, which minimizes
gradually as the the parameters converges to its exact value as shown in Fig. 3.4c. In this
figure, as the measurements are polluted with artificial noises, its effect can be seen in terms
of residual error. However, it remains within the tolerance limit (i.e. 5%). On the contrary,
the parameters estimated by unconstrained CMVU diverge from their actual values, which
is reflected in deviation of the input estimation. Similarly, the estimated hysteresis from
constrained CMVU matches very well with the actual value (see Fig. 3.4b) as the parameters
have converged to the actual values, which ultimately guarantee the satisfactory matching of
the hysteresis. To further investigate the influence of noise levels and sigma point generation
−θtrue |
× 100. Here, θavg is the
schemes, the relative percentage error is calculated, i.e. |θavgθtrue
100
P
1
θi whereas θtrue
average of the estimated parameter θ from 100 simulations i.e θavg = 100
i=1

is the actual value of the parameter. The estimation results for a different level of noise with
respect to the corresponding sigma points generation schemes are summarized in Table. 3.2.
Overall performance of the two different sigma points generation schemes are comparable,
as the relative estimation error for most of the parameters are below 10%. To determine
the accuracy in input estimation, it is characterized by two different parameters, i.e., Arias
intensity (IA ) and Peak ground acceleration (PGA). The estimated errors in input excitation
for all these cases are under 5%, indicating excellent accuracy in input estimation.
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Figure 3.4: Joint parameter and input estimation for 15% noise; (a) input, (b) hysteretic
behaviour, and (c) percentage error in input estimation

3.4.2

Validation Exercise 2

Once the performance of the proposed CMVU for both input and parameters of the BoucWen hysteretic system is established, it is further used to identify another form of hysteresis
in this validation exercise where major emphasis is given on the actual behaviour of a RC
structure. In this context, civil structures designed by complying with current seismic code
respond non-linearly during a seismic event. It has been observed that earthquake excitation
induces repetitive cyclic deformation to the structure, causing deterioration of the material
resulting in degradation of global stiffness of the structure. To take into account this behaviour, a degrading hysteresis model proposed by Baber and Wen [170] is considered here.
Thus, the same 3-DOF system in Fig. 3.2 with Bouc-Wen oscillator is considered further
where the time-dependent hysteresis displacement ż is given by
ż =
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Table 3.2: Estimation error in % for 3-DOF Bouc-Wen system
Noise

Sigma
Points

5%
10%
15%

UT
CQ
UT
CQ
UT
CQ

Parameters
k1

k2

k3

c1

1.15 0.94 0.43 6.85
0.97 0.9 0.47 6.98
0.95 0.89 0.48 6.09
0.76 0.82 0.43 5.83
0.74 0.71 0.39 6.47
0.94 0.79 0.14 5.6

c2
2.82
2.83
3.9
3.26
3.82
1.91

c3

Input
β

γ

1.20 7.97 2.12
1.25 8.38 4.67
1.51 10.01 5.67
0.87 5.63 2.87
1.35 12.10 6.96
0.61 11.66 2.67

n

IA

PGA

2.27
2.18
3.16
1.26
3.64
3.36

2.17
2.23
1.90
1.13
1.05
0.71

0.49
0.47
1.00
1.17
1.77
0.80

In the above model, A(t), v(t), and η (t) are the functions responsible for the degradation
of the Bouc-Wen system. These are proportional to energy dissipation ε (t) of the system,
which can be written as
ε (t) =

Zt

z ẋ dt

(3.46)

0

It should be noted that hysteretic energy is a good indication of response severity and
deterioration. To include the effects of duration and severity, A(t), v(t), and η (t) are defined
as the function of ε (t) as follows [145]
A (t) = 1.0 − δa ε (t)
ν (t) = 1.0 + δν ε (t)
η (t) = 1.0 + δη ε (t)

(3.47a)
(3.47b)
(3.47c)

The parameters of the 3-DOF system and the input excitation are kept unchanged. Additional parameters are considered to be δa = δν = δη = 0.5. Using these parameters,
the response is simulated due to the Kobe earthquake and the noise (as mentioned in the
previous exercise) are added to replicate the actual measurement. However, the simulated
time histories (i.e. measurements) are not shown here to avoid repetition. Using these time
histories, the proposed CMVU algorithm is invoked to study its performance for a degrading
system.
The estimated parameters and the input corresponding to the different noise levels and
sigma point generation scheme are summarized in Table 3.3. The identified values of stiffness
and damping coefficient are generally below 10% indicating good accuracy. Both the schemes
are capable of identifying the stiffness and damping parameters as evident from Table 3.3.
To demonstrate the performance further for the degrading systems, the hysteretic energy
(EH ) dissipation during the event is also included in the same table, which is obtained from
the area between the hysteretic force i.e k1 z and the total displacement. It is found that
the relative estimation error of the degrading hysteretic is below 10% for all the noise levels,
providing a good level of accuracy. However, when comparing the performance of UT sigma
points to CQ sigma points, UT sigma points showed marginally better accuracy in estimating
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Figure 3.5: Identification of Bouc-Wen parameters of the degrading system
UT-Constrained

CQ-Constrained

(a)
1

Actual

104

(b)

20

Fr (N)

0.5
0
5
0
-5
17

-20
-40
0

10

20

0
-0.5

17.5
30

18
40

-1
-1

-0.5

0

0.5

1

x1 (m)

t (s)
% Error

(c)
UT-Constrained

100
0

% Error

5% Error

10

20

30
CQ-Constrained

40
5% Error

100
0

10

20
t (s)

30

40

Figure 3.6: Joint parameters and input estimation of degrading Bouc-Wen system for 5%
noise; (a) input (b) force deformation relationship, and (c) percentage error in input
estimation
hysteretic energy (EH ) as shown in Table 3.3. Similar performance can be observed in the
time-history plots of Bouc-Wen parameters (see Fig. 3.5). It is worth mentioning that the
relative estimation error of EH is showing linearly increasing behaviour with respect to the
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Table 3.3: Estimation error in % for 3-DOF degrading Bouc-Wen system
Noise

Sigma

level

points

5%

UT
CQ
UT
CQ
UT
CQ

10%
15%

Parameter Estimation
EH

k1

k2

k3

c1

Input Estimation
c2

4.30 2.99 1.99 0.97 8.09 3.70
6.11 3.02 2.15 0.97 10.05 4.41
7.16 2.04 1.64 1.17 6.67 3.06
8.18 2.13 1.41 1.12 7.38 4.01
8.48 6.52 2.72 1.01 10.95 4.61
8.93 6.25 3.26 1.04 11.85 5.14

c3

IA

PGA

1.47
1.55
1.52
2.56
5.37
6.63

1.39
1.73
2.09
1.98
4.59
4.82

1.41
1.74
2.37
1.84
3.24
3.69

level of noise. A similar observation is also made for the stiffness and damping parameters, i.e
5% noise level show minimum relative percentage error while 15% noise level show maximum
relative percentage error. Further, the CMVU estimation of input using both UT and CQ
sigma points shows an almost identical result (Fig. 3.6a). The estimated input is converged
to the actual value after a few second as implied by the error norm in Fig. 3.6c. Besides
these parameters, arias intensity (IA ) and PGA are also estimated with a significant level
of accuracy (i.e. the error is below 5% as shown in Table 3.3). The estimated hysteresis
using CMVU is matched closely with the actual one (see Fig. 3.6b), indicating the excellent
performance of the CMVU algorithm.

3.5

CMVU for Reinforced Concrete Structures

In this section, experimental results are presented to show the performance of the proposed
CMVU algorithm for the input and parameter identification of a hysteretic RC structure
characterized by the Bouc-Wen model. The primary emphasis of this study is to explore
the scope of the proposed algorithm for hysteretic parameter estimation of the reinforced
concrete structure, which is otherwise difficult by signal processing approach suitable for
model characterization of a large class of dynamical systems. However, before experimental
verification, a simulation exercise is carried out using actual Bouc-Wen parameters with
degradation and pinching, obtained from the slow cyclic test of a reinforced concrete frame.
The details of the Bouc-Wen model is presented below.

3.5.1

Bouc-Wen-Baber-Noori Model of Hysteresis

Although the Bouc-Wen model in Eq. 3.1 is capable of characterizing different hysteretic
behaviour; it is not sufficient to model a reinforced concrete structure. It is because degradation and pinching are commonly associated with a reinforced concrete structure under severe loading. To accommodate these two phenomena, the Bouc-Wen-Baber-Noori (BWBN)
hysteretic model was proposed in the literature [171]. Though the expression of the restoring
force remains same as in Eq. 3.1a, the relationship between z(t) and x(t) is modified by the
following expression
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Aẋ (t) − ν (t) β |ẋ (t)| |z (t)|n−1 z (t) + γ ẋ (t) |z (t)|n
ż (t) = h (t)
η (t)



(3.48)

In general, the effect of parameter A on the overall hysteresis is nominal and it is set to
unity in most of the cases [172]. In Eq. 3.48, functions ν(t), η(t) and h(t) are responsible
for strength degradation, stiffness degradation and pinching effects, respectively. Typically,
strength and stiffness degradation depend on the duration and severity of the excitation,
which is reflected in the cumulative hysteretic energy as follows
ε (t) =

Zt

z ẋdt

(3.49)

0

Both these functions, ν(t) and η(t) are assumed to vary linearly with ε (t) as follows
ν (t) = 1 + δv ε (t)
η (t) = 1 + δη ε (t)

(3.50a)
(3.50b)

where δv and δη are the constants specified for the rate at which strength and stiffness
degradation take place. Finally, the pinching function h(t) can be expressed as follows [173]
!
(z (t) sign (ẋ (t)) − qzu )2
h (t) = 1 − ζ1 (t) exp −
(3.51)
(ζ2 (t))2
where sign(.) represent the signum function and zu is the ultimate value of z(t) which is
given by
1
(3.52)
zu = ν (t) (β + γ)− n
The two functions ζ1 (t) and ζ2 (t) in Eq. 3.51 control the development of pinching behaviour,
which are modelled by the expressions below

ζ1 (t) = 1 − e−pε(t) ζ0
(3.53a)
ζ2 (t) = (ψ0 + δψ ε (t)) (λ + ζ1 (t))
(3.53b)
In the above equation, p determines the slope of the initial drop in the pinching region while
ζ0 , ψ, δψ and λ control the rate and amount of pinching of the hysteresis loops. Altogether,
there are 12 parameters present in the BWBN model i.e. C = {α, β, γ, n, δv , δη , q, p, ζ0 , ψ, δψ , λ}.
In the forward problem, these parameters are obtained by solving an optimization problem
to match the recorded load-displacement behaviour. However, this study is aimed to identify
these parameters from the measured inelastic response time histories.

3.5.2

Validation Using Synthetic Experiment

In this example, a 3-DOF system is simulated using BWBN model as shown in Fig. 3.2. The
hysteresis behaviour is modelled using the optimized parameters of a reinforced concrete
frame. For this purpose, a single-bay single-storey reinforced concrete frame was tested in
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Figure 3.7: Details of frame

the Structural Engineering Laboratory of Indian Institute of Technology Guwahati by Nithin
[174], which is used in this thesis only for realistic estimation of Bouc-Wen parameters for
simulation. The test specimen was constructed using M25 grade of concrete and Fe500 grade
steel, whose reinforcement details are given in Fig. 3.7. The overview of this experimental
setup is shown in Fig. 3.8a. A Servo-hydraulic dynamic actuator (Make: MTS, USA) of
capacity 250 kN with a maximum stroke of ±125 mm is used to apply lateral load as shown
in Fig. 3.8b. Steel Bolts and concrete blocks are used to maintain the fixity of the base with
the strong floor. A 2 tonnes weight is placed on the frame for the realistic axial load on the
column. The actuator force is measured using an inbuilt load cell and displacement of the
frame is obtained from a laser displacement sensor, as shown in Fig. 3.8b. The specimen
is subjected to a cyclic displacement loading with a gradual increase of amplitudes and the
data is recorded with a sampling frequency of 100 Hz. Fig. 3.10a and Fig. 3.10b show the
time histories of displacement and force. Using these recorded responses, the BWBN model
described in Section 3.5.1 is optimized to obtain its parameters. For this purpose, a multiobjective optimization is carried out using NSGA-II toolbox developed by Ortiz et al. [175].
The objective functions used in this study are given by
1. The absolute error between the displacements xn (t) measured experimentally and the
same x̂n (t |C) obtained from the Bouc-Wen model of hysteresis for a given set of
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parameters C i.e.
f1 (C) =

n
X

|x (ti ) − x̂ (ti |C)|

i=1

(3.54)

2. The maximum error between experimentally measured displacement xn (t) and the
predicted displacement responses x̂n (t |C) from the model i.e.
f2 (C) = max {x (ti ) − x̂ (ti |C)}

(3.55)

16i6n
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Strong Wall

Concrete Block

Strong Wall
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Concrete Block

Laser Displacement
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Steel Plate
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Steel Bolt
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(b)

Figure 3.8: Overview of experimental setup; (a) actual test setup and (b) schematic
diagram
Fig. 3.9 shows the Pareto optimal front from the set of solutions of the optimization algorithm. The solution, which corresponds to the minimum Euclidean distance from the origin,
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Figure 3.10: Pseudo-dynamic test result; (a) displacement, and (b) force
is considered as the unique optimal solution satisfying both the objective functions. The
parameter bounds enforced in this optimization are as proposed by Loh et al. [176]. The
experimental and estimated hysteresis plots are demonstrated in Fig. 3.11, whose optimal
parameters are given in Table 3.4.
Once the hysteresis model is established, response of the 3-DOF system are simulated,
whose equation motion can be expressed as
m1 ẍ1 + c1 ẋ1 + c2 (ẋ1 − ẋ2 ) + αk1 x1 + (1 − α) k1 z + k2 (x1 − x2 ) = −m1 üg
m2 ẍ2 + c2 (ẋ2 − ẋ1 ) + c3 (ẋ2 − ẋ3 ) + k2 (x2 − x1 ) + k3 (x2 − x3 ) = −m2 üg
m3 ẍ3 + c3 (ẋ3 − ẋ2 ) + k3 (x3 − x2 ) = −m3 üg

(3.56a)
(3.56b)
(3.56c)

where the restoring force (Fr ) for the hysteretic component can be defined as Eq. 3.1a.
The additional constitutive equations needed to define the numerical model are provided by
Eq. 3.48 - Eq. 3.53b. The mass for all three degrees of freedom is assumed to be same i.e.
1120 kg. Similarly, the stiffness in the two upper stories are equal i.e. 3.5 × 106 N/m. The
first storey column is modelled by the Bouc-Wen hysteresis, whose parameters are given in
Table 3.4. The initial stiffness of this storey is also same as the stiffness of the upper stories.
Further, the damping coefficients for the second and third storey are assumed to be equal
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Table 3.4: Hysteresis parameters for frame
Parameters Pmin
ξ
α
β
γ
n
δν
δη
p
ζ0
ψ0
δψ
λ
q

0.02
0.01
0.3
-0.3
1
0
0
0
0
0
0
0
0

Pmax

Optimized Values

0.2
1
1.3
0.3
6
1
1
5
1
0.2
0.01
1
0.03

0.1990720000
0.1530370000
0.3001838000
-0.2838606000
1.0003970000
0.0047967490
0.0000000588
2.7916030000
0.9265840000
0.1999966000
0.0021046610
0.9994293000
0.0000212757
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Figure 3.11: Experimental and estimated hysteretic behaviour of frame
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(i.e. 6272 Ns/m), while the first storey has a damping coefficient of 24962 Ns/m. Imperial
Valley earthquake record (1940) is applied to the support and measurements (displacements
and accelerations) are generated using 4th order the Runge-Kutta integration scheme. A zero
mean Gaussian white noise is added to the measurements to replicate the actual experimental
observations.
To apply the CMVU algorithm, the extended
state vector is formed as in Eq. 3.12 i.e.

α n δν δη p ζ0 ψ0 δψ λ q
Λ =  x1 x2 x3 ẋ1 ẋ2 ẋ3 z , Θ =
and
w = k1 k2 k3 c1 c2 c3 . The initial guess of the parameters in CMVU algorithm are
assumed to be k1 = k2 = k3 = 2.5 × 106 N/m, c1 = 20000 Ns/m and c2 = c3 = 4000 Ns/m.
Similarly, initial values of the BWBN parameters are assumed to be α = 0.23, β = 0.04, γ =
0.03, n = 2, δν = 0.0025, δη = 4 × 10−8 , p = 3, ζ0 = 0.51, ψ0 = 0.08, δψ = 6 × 10−4 , λ = 0.9, q =
6.2 × 10−6 . The bounds related to parameter Θ have been incorporated as constrained conditions using Eq. 3.4, which are 0 ≤ p ≤ 5; 1 ≤ n ≤ 6. Except p and n, all other parameters
within Θ are considered to be bounded between the interval [0, 1]. Similarly, BIBO property
is also maintained using Eq. 3.5. The displacement and acceleration responses of all three

T
are considered as measurements. In this numerical
DOF i.e. x1 x2 x3 ẋ1 ẋ2 ẋ3
analysis, the nomenclature for the algorithm using constraints with unscented points is ‘UTConstrained’ and the same with cubature quadrature points is ‘CQ-Constrained’. Fig. 3.12
shows the stiffness and damping parameters obtained from the CMVU algorithm under the
different sigma point generation schemes for the 2% RMS noise level. For brevity, time histories of these parameters for 5% RMS noise level are not shown. The identification results
are summarized in Table 3.5 in terms of relative percentage estimation error, which is detrue |
× 100. Here, θest represents the estimate of parameter θ at the end of the
fined as |θestθ−θ
true
iterations, whereas θtrue denotes the actual value of the same parameter. From Fig. 3.12,
it can be concluded that both type of sigma points have converged to the actual values
of parameters with reasonable accuracy i.e. within 10% relative percentage error with 2%
measurement noise. It is observed that identified parameters from the cubature points have
shown a significant amount of error than unscented sigma points for 5% noise level. The
identified parameters related to hysteretic behaviour are shown in Fig. 3.13. In this case,
it is also found that unscented points offer significantly less error as compared to cubature
points.
To investigate it further, the error in hysteretic energy (EH ) dissipation between the
actual and estimated is defined as a collective measure for all these hysteretic parameters. It
is important to note that the hysteretic energy is computed as the area under the restoring
force (Fr ) and displacement (x1 ), which depends on the identified parameters of the BWBN
model. Although these parameters are converged within the respective bounds, unscented
points have a distinct advantage over cubature points, as shown in Fig. 3.13. The under
performance of cubature points is reflected in the estimated hysteresis, as shown in Fig. 3.14b.
In this context, the complete set of unknown parameters of the hysteresis are listed in
Table 3.6 for different noise levels. Here, it may be noted that these parameters mostly
have very small numerical values. Moreover, different combinations of these parameters can
provide the same level of load-deformation characteristics. Therefore, as the main objective
is to identify the phenomenological model and input, the energy dissipated by the hysteresis
and the ground motion characteristics have remained in the focus of this study. The relative
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error in hysteretic energy also indicates better accuracy of unscented points over cubature
points corresponding to both 2% and 5% noise levels, as in Table 3.5. The accuracy of the
identified unknown input is characterized with the help of Arias intensity (IA ) and peak
ground acceleration (PGA). The identified input matches the actual one accurately for the
2% noise level, as shown in Fig. 3.14a, where the relative estimation errors in Arias intensity
and peak ground acceleration are within 5%. However, as the noise level increases (i.e. 5%
noise level), the performance corresponding to cubature points is unsatisfactory, which leads
to a higher percentage error in estimated input. It has been observed that at low noise level
(i.e. 2% noise), both unscented and cubature points provide a good estimate with reasonable
accuracy. However, unscented points out-perform the cubature points when the measurement
noise is relatively high. This deterioration of the performance of cubature points is envisaged
due to the omission of the central sigma point, which is the significant difference between
these two sigma points generation schemes [177]. In general, the performance of CMVU is
susceptible to the amount of measurement noise. In such cases, unscented points should be
preferred over cubature points as it has better accuracy and more robustness to handle the
complexity.
CQ-Constrained
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Figure 3.12: Identified stiffness and damping parameters of 3-DOF BWBN model for 2%
measurement noise; (a) stiffness in storey 1, (b) stiffness in storey 2, (c) stiffness in storey
3, (d) damping in storey 1, (e) damping in storey 2 and (f) damping in storey 3
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Table 3.5: Estimation error for 3-DOF BWBN model
Noise

Sigma

level

points

2%

UT
CQ
UT
CQ

5%

% Parameter Estimation
EH

k1

2.34 1.28
30.19 6.97
10.51 14.19
44.72 26.59

k2

k3

0.48 0.126
0.87 0.37
0.17 0.02
24.08 3.50

c1
0.92
1.51
0.37
113.07

% Input
c2

c3

IA

1.13 0.70
1.36 1.07
1.53 0.19
106.49 2.1

0.57 1.161
2.58
3.60
0.33
1.56
162.10 67.37

Table 3.6: Summary of identified BWBN model parameters
Parameters

α
β
γ
n
δν
δη
p
ζ0
ψ0
δψ
λ
q

TH-2533_156104030

Exact

2% Noise

5% Noise

Values

UT

CQ

UT

CQ

0.15304
0.30018
-0.28386
1.00040
0.00480
5.88E-08
2.79160
0.92658
0.20000
0.00210
0.99943
2.13E-05

0.14541
0.30830
-0.28524
1.10432
0.00401
3.88E-08
4.86572
0.92539
0.24862
0.00246
0.68442
4.12E-05

0.10262
0.30184
-0.26230
1.15364
0.00285
3.74E-08
0.21588
0.88995
0.79168
0.00222
0.00036
9.92E-06

0.10436
0.32548
-0.22961
1.64235
0.00183
3.96E-08
3.32743
0.90953
0.24295
0.00269
0.97471
5.55E-05

0.47153
0.94650
0.06007
2.56780
0.01168
5.78E-08
0.14353
0.67136
0.06761
0.10607
0.19703
6.23E-06
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Figure 3.13: Identified hysteretic parameters for 3-DOF BWBN model for 2%
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3.5.3

Bridge Pier Test

Once the constrained minimum variance unbiased estimation algorithm is validated using
synthetic experiment, its performance is further tested for full-scale reinforced concrete structure, which is the main objective of this study. For this purpose, the shake table test data
of a bridge pier is used for further demonstration of the algorithm. The details of the
experimental setup and the performance of this technique are described below.
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Experimental Setup

The experimental details of a full-scale circular reinforced concrete bridge pier under uniaxial seismic excitation are described here. The test was carried out in NEES-UCSD large
High-Performance Outdoor Shake Table as shown in Fig. 3.15a. The tests data are available
in DESIGNSAFE-CI [178] platform under the project name NEES-2010-0987 [179]. The
test specimen was a circular column of diameter 1.22 m and length 7.32 m. A concrete
block weighing 2245 kN having the shape of cruciform was cast such that its center of mass
coincided with the top of the column. The detailed information about the instrumentation
and the loading protocol are available in the PEER report no. 2015/02 [180]. The structure
was subjected to different earthquake excitations in succession corresponding to the different
intensity levels. Among these sequences, EQ5 has been selected for this study as a distinguishable non-linear response observed during the experiment in the form of damage. The
sensor placement has been shown in Fig. 3.15b in which the naming of the sensors is kept
consistent with the original data file available in the DESIGNSAFE-CI platform.
3.5.3.2

Results and Discussion

The performance of the proposed CMVU algorithm on the test structure is presented here.
For this purpose, the bridge pier is modelled as a 2-DOF system subjected to ground excitation, as shown in Fig. 3.15b. During the experiment, it was observed that damage was
concentrated at the base of the pier and hence the material non-linearity at this location was
modelled by Bouc-Wen hysteresis. As the axial load ratio is not very significant (i.e. 5.3%),
stiffness degradation and pinching were unlikely to occur during the experiment. Hence, a
non-degrading classical Bouc-Wen model is adopted in this case. The equation of motion of
this system can be expressed as follows
m1 ẍ1 + c1 ẋ1 + c2 (ẋ1 − ẋ2 ) + αk1 x1 + (1 − α) k1 z + k2 (x1 − x2 ) = −m1 üg
m2 ẍ2 + c2 (ẋ2 − ẋ1 ) + k2 (x2 − x1 ) = −m2 üg

(3.57a)
(3.57b)

where x1 and x2 represent the two degrees of freedom while the over-dot denotes the differentiation with respect to time. Also, k1 and k2 represent the stiffness coefficients corresponding
to x1 and x2 , respectively, whereas c1 and c2 denote their damping coefficients. The mass
at each degree of freedom (i.e. m1 and m2 ) is known, which is calculated from the structural drawings. The hysteretic component z(t) needed to define this model is the same as
in Eq.
vector is corresponding
to this model using Eq. 3.12 are
 3.1b. The extended state 

Λ = x1 x2 ẋ1 ẋ2 z , Θ = n α and w = k1 k2 c1 c2 . The measurement
vector is composed of recorded accelerations ẍ1 and ẍ2 (i.e. AM02E
and AM09E readings)

and displacement x2 (i.e. S8E readings), which is expressed as x1 ẍ1 ẍ2 . The measurement noise associated with these responses are considered to be zero mean Gaussian, whose
covariance matrix Rk consists of diagonal elements only. The bounds for the parameters
and BIBO property of the Bouc-Wen model are kept the same as in the previous example.
The initial values of the unknown parameters are assumed as k1 = k2 = 5 × 106 N/m,
c1 = 5 × 104 Ns/m, c2 = 1.5 × 104 Ns/m, α = 0.15, β = 0.04, γ = 0.03 and n = 1.
Fig. 3.16 demonstrates the identified stiffness and damping coefficients corresponding to
different types of sigma points. Moreover, a comparative study is provided to show the
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Figure 3.15: Full-scale bridge pier test; (a) Experimental test setup and (b) schematic
diagram of test setup with sensor locations.
effectiveness of the proposed CMVU algorithm over generalized minimum variance unbiased
estimator, where no constrained conditions are incorporated. It is denoted as ’Unconstrained’
in this study. The estimates of the model parameters are presented in Table 3.7. It is
observed that all variants of the unbiased estimator algorithm achieved convergence at a time
around 50 s. However, the unconstrained variant provides a negative value of the identified
stiffness coefficient k1 as shown in Fig. 3.16c, which does not have any physical meaning.
Also, apart from the unscented variant of the CMVU algorithm (i.e. UT-Constrained),
other algorithms converged to a negative value for the damping co-efficient c2 as shown
in Fig. 3.16b. Fig. 3.17 illustrates the final estimated values of parameters of the BoucWen model. The effects of these identified parameters are also reflected in the hysteretic
behaviour of the system, as shown in Fig. 3.18a. This figure reveals that the true nature
of the hysteretic system is captured by the unscented points while the other fails miserably.
Thus, it can successfully estimate the hysteresis energy, which serves as a basis for any
energy-based damage index calculation. Besides damage estimation, the proposed CMVU
algorithm has a major advantage as it can also estimate the input force, which is subsequently
utilized in the non-linear system identification. Fig. 3.18b depicts the estimated input timehistories for all the cases and compares them with the actual signal (i.e. AFNE sensor in
Fig. 3.15b). A close match of input time-history with the actual values for unscented sigma
points indicates the estimated inputs has reasonable accuracy. Here, it is worthy to be note
that when constrained conditions are omitted, the estimation shows instability as reported
in Chatzi et al. [98]. This instability can be clearly observed in Fig. 3.18, which shows the
drift. The estimated input time-history can be used further to refine the finite element model
to study the damage more comprehensively.
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Table 3.7: Estimated parameters for bridge pier
Method

k1 (N/m)

k2 (N/m)

c1 (Ns/m)

c2 (Ns/m)

UT
CQ
Unc

5.12 × 106
3.70 × 106
9.72 × 106

1.25 × 107
9.74 × 106
7.11 × 106

2.52 × 104
1.10 × 105
1.37 × 105

2.60 × 104
−4.79 × 104
−2.90 × 104

α

β

γ

0.01 101.59
0.98 125.94
0.31 -0.11

n

-9.19 2.20
-75.01 1.01
2.73 0.37

NB: UT, CQ and Unc denote CMVU algorithm with Unscented points, cubature quadrature and without constrained conditions, receptively.
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Figure 3.16: Estimated stiffness and damping coefficient of bridge pier; (a) c1 (b) c2 (c)
k1 and (d) k2

TH-2533_156104030

67

CHAPTER 3. CMVU Estimator

Quasi-Monte Carlo Points For Identification

UT-Constrained

CQ-Constrained

Unconstrained

(a)

(b)
0

100

-50

0
-100

-100
0

20

40

60
t (s)

80

100

0

20

40

60
t (s)

(c)

80

100

n

4
2
0
0

20

40

60
t (s)

80

100
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Figure 3.18: Comparison of different identification schemes; (a) hysteresis plots and (b)
input time-histories

3.6

Quasi-Monte Carlo Points For Identification

The idea of approximating multidimensional Gaussian distribution through a collection of
symmetric vector points centered on the mean has motivated researchers to develop different
sigma point generation schemes. One such technique is quasi-Monte Carlo (QMC) scheme,
which is discussed in this section. In this context, UKF may be considered as the benchmark,
which performs better than EKF. However, UKF generates a few sigma points that may
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not always adequate for the statistical moment estimation [181]. The systematic error is
also observed in the sigma point approximation using the quadrature and cubature rules.
To eliminate this error, a different point generation scheme can be adopted based on the
stochastic integration rule. In this process, the expected value (µ) of a function ϕ (x) is
represented by
Z
T −1
1
(3.58)
µ = E [ϕ (x)] = ϕ (x) (2π)−nx /2 e− 2 (x−x̃) PX (x−x̃) dx

Here, it should be noted that x ∼ N (x̃, Px ) is a multivariate Gaussian random variable.
The solution of the above integral is provided by Genz and Monahan [182] based on the
stochastic integration rule in the following steps

1. Select the maximum number of iteration Nmax depending on the predefined tolerance
ε
2. Initialize the iteration with N = 0 assuming solution of the integral µ̃ = 0nx ×1 and
error matrix V = 0nx ×nx
3. Continue the following iteration until N = Nmax or kV k = ε
(a) Set N = N + 1
(b) Generate a random number ρ from the Chi-square distribution i.e. ρ ∼ Chi (nx + 2)
and generate a uniformly random orthogonal matrix U of dimension nx × nx
(c) Compute the quasi-Monte Carlo points χi and corresponding weights wi as
χ0 = x̃

(3.59a)

χi

(3.59b)

p 
Px
= x̃ + ρU
p i
= x̄ − ρU
Px

χnx +i
(3.59c)
i
√ 
In the above equation,
Px i is the ith column of the matrix and i = 1, 2, 3...nx .
The corresponding weight may be expressed as
nx
(3.60a)
w0 = 1 − 2
ρ
1
wnx +i = wi = 2
(3.60b)
2ρ
(d) Finally, the solution of the integral µ̃ and error matrix V after each iteration are
given by
µ̃ = µ̃ + D
(N − 2) V
V =
+ DDT
N

(3.61a)
(3.61b)

In the above two equations, D = (S − µ̃) /N where S represents the weighted
average of the integral in the current iteration i.e.
S=

2nx
X
i=0
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4. The value of the integral is approximated as µ = µ̃ at the end of step 3.
The quasi-Monte Carlo point generation scheme can be considered as a combination of cubature rule and Monte Carlo simulation. It utilizes the spherical integration rule to generate
the quasi-Monte Carlo points located on nx dimensional unit hyper-sphere. Also, the radial
integration rule is used to control the spread of the points. A plot of weight vs the orientation of QMC points are compared with unscented points for a 2-dimensional case is shown
in Fig. 3.19.

Figure 3.19: Configuration and weights of sigma points for 2-dimensional case

3.7

Numerical Results and Discussion

In this section, numerical findings are presented to demonstrate the performance of the
proposed quasi-Monte Carlo Points for input-state-parameter estimation of a bridge pier
characterized by the Bouc-Wen hysteresis. The aim of this investigation is to quantify
the damage state of a reinforced concrete structure, which is otherwise difficult via signal
processing. A simulation is carried out to establish the proposed technique with the help
of actual Bouc-Wen parameters obtained from the pseudo-static experiment of a reinforced
concrete frame.

3.7.1

Validation Using Synthetic Experiment

In this case, a 3-DOF system is simulated in which non-linear Bouc-Wen hysteresis is used as
shown in Fig. 3.20. The non-linear response of this reinforced concrete structure is modeled
with the help of the BWBN hysteretic model as explained in Section 3.5.1. The equation of
motion for this system can be written as
m1 ẍ1 + c1 ẋ1 + c2 (ẋ1 − ẋ2 ) + αk1 x1 + (1 − α) k1 z + k2 (x1 − x2 ) = −m1 üg
m2 ẍ2 + c2 (ẋ2 − ẋ1 ) + k2 (x2 − x1 ) = −m2 üg
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Figure 3.20: Hysteretic structural system.
The constituent equations for this computational model are given by Eq. 3.50b - Eq. 3.53b.
In this analysis, m1 = m2 = 1120 kg, k1 = k2 = 3.5 × 106 N/m, c1 = c2 = 6000 Ns/m. The
optimized values of the BWBN parameters obtained from pseudo-static test data [183] are
given in Table 3.4. Measurements of this system are simulated artificially using 4th order
Runge-Kutta integration scheme by applying ground motion at the base. The measurements
consist of displacements and accelerations time histories due to Imperial Valley 1940 ground
motion. To replicate the actual measurement, the responses are polluted with additive zeromean Gaussian white noise.
The application of the proposed technique involves the formation
 of an extended state
vector (Z) where unknown parameters are represented
by Φk = Θ β γ w . Thus,

the complete
 unknown parameter vectors are Θ = α n δν δη p ζ0 ψ0 δψ λ q
and w = k1 k2 c1 c2 . Initialization of the algorithm is carried out with the following
guesses : k1 = k2 = 2.5 × 106 N/m, c1 = c2 = 3000 Ns/m, α = 0.1, β = 0.04, γ = 0.03, δν =
0.22, δη = 0.01, p = 0.4, ζ0 = 1.10, ψ0 = 0.58, δψ = 0.15, λ = 0.57 and q = 0.05. To
maintain the specific bounds of the Bouc-Wen parameters, a change of variable is performed
using Eq. 3.4 while the BIBO properties are maintained using Eq. 3.5. The bounds applied
to this example are 0 ≤ p ≤ 5; 1 ≤ n ≤ 6. All other parameters in Θ are assumed to be
bounded between the interval [0, 1] to achieve stable convergence. To mitigate the drift in the
recursive state-parameter-input identification of the non-linear systems, heterogeneous data
(i.e., acceleration and displacement) are used as also proposed by Lei et al. [153]. Therefore,
along with the acceleration response, displacement time histories are also included in the

T
measurement vector, i.e. y = x1 x2 ẍ1 ẍ2 .
In this numerical example, the performance of the proposed quasi-Monte Carlo algorithm
is compared with the algorithm based on unscented transformed points (UT). The difference
between these two approaches is insignificant at a low noise level ( 2%). However, as the
noise level increases (i.e. 5%), the difference is evident and QMC performed better. The
stiffness and damping parameters obtained from the algorithm are shown in Fig 3.21 for the
5% noise. Similarly, the convergence plot for BWBN parameters is presented in Fig. 3.22.
For brevity, time histories of these parameters are not shown for 2% noise. However, Table
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3.8 includes the identified model parameters for different noise levels i.e. 2% and 5%. From
Table 3.8: Summary of identified BWBN model parameters
Parameters

k1
k2
c1
c2
α
β
γ
n
δν
δη
p
ζ0
ψ0
δψ
λ
q

Exact Values

3.50E+06
3.50E+06
6000.00
6000.00
0.15304
0.30018
-0.28386
1.00040
0.00480
5.88E-08
2.79160
0.92658
0.20000
0.00210
0.99943
2.13E-05

2% Noise

5% Noise

UT

QMC

UT

QMC

3.27E+06
3.48E+06
5605.52
6092.87
0.17156
0.36380
-0.36353
1.12000
0.00015
8.43E-08
0.30903
0.93180
0.14312
0.00304
0.87906
2.60E-09

3.57E+06
3.51E+06
6202.95
5940.03
0.14689
0.30840
-0.28119
1.02300
0.00401
3.98E-08
1.82501
0.92795
0.21979
0.00226
0.84242
5.55E-05

1.75E+06
3.15E+06
6488.65
5675.80
0.42359
0.84304
-0.82559
2.31000
9.92E-05
5.13E-08
0.62290
0.47726
0.06244
0.00313
0.51522
0.01101

3.53E+06
3.52E+06
6199.96
5937.51
0.11670
0.26718
-0.24459
1.18000
0.00937
3.75E-08
1.42534
0.90147
0.51307
0.00553
0.00576
7.49E-07

this table, it is seen that two different point generation schemes have converged to the actual
values of parameters without any significant divergence for 2% measurement noise with
improved performance by QMC points. Also, it is found that the parameters obtained by
using the UT points vary significantly from their true values as compared to those obtained
by using QMC points for 5% noise as shown in Fig 3.21. The stiffness parameter (k1 ) shows
more than 50% relative percentage error while using UT points. On the other hand, QMC
points always provide a better estimation of stiffness and damping parameters and BWBN
parameters with a reasonable level of accuracy, which makes it more robust for practical
applications. The superiority of the QMC points is also seen in the identified hysteretic
behaviour, as shown in Fig. 3.23b. The proper pinching and degradation characteristics
of the actual hysteretic behaviour are captured by the identified BWBN parameters using
QMC points. In contrast, the UT points have failed to do so. The relative estimation error
in hysteretic energy for both 2% and 5% noise levels is shown in Table 3.9. These values
indicate that QMC points have a substantial advantage over traditional UT points. Apart
from identifying the structural parameters, the input ground motions are also estimated,
which is demonstrated in Fig. 3.23a. In this case, Arias intensity (IA ) and peak ground
acceleration (PGA) are considered as a relative measure of accuracy between the estimated
and the actual ground motions. As shown in Table 3.9, QMC scheme consistently shows
lower percentage error than its counterpart i.e. UT approach. This indicates that the
QMC approach is not vulnerable measurement noise and hence offers greater precision and
robustness when dealing with non-linear estimation problems.
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Table 3.9: Estimation error in % for 2-DOF Bouc-Wen model
Noise

Sigma Points

2%

UT
QMC
UT
QMC

5%

Hysteretic Energy
2.42
0.53
33.33
8.54
UT

106

Input Ground motion
PGA
Ia
2.12
4.39
1.49
7.07

QMC

2.33
7.60
1.58
81.28

Actual
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Figure 3.21: Identified stiffness and damping parameters of 2-DOF BWBN model for 5%
measurement noise; (a) stiffness in storey 1, (b) stiffness in storey 2, (c) damping in storey
1 and (d) damping in storey 2

3.8

Summary

Constraint minimum variance unbiased estimator is proposed for simultaneous input and
parameter estimation of the Bouc-Wen hysteretic system of a full-scale bridge pier. The
essential structural properties in this case (i.e. Bounded Input and Bounded Output) are
incorporated in the form of constraint conditions along with degradation and pinching effects.
To demonstrate the efficiency of this algorithm, two different sigma points generation schemes
(viz. unscented transformed points and cubature quadrature points) are presented here.
First, the algorithm is validated using the simulated response of a Bouc-Wen model with
degradation and pinching effects. Later, it is applied to the simulated response obtained
from a single-bay single-storey reinforced concrete frame, whose hysteretic parameters are
obtained by minimizing the error between the model and experimentally observed loaddeformation characteristics. The rationale behind using experimentally observed hysteresis
in simulation is to replicate the actual structure so that the realistic material behaviour is
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Figure 3.22: Identified hysteretic parameters for 2-DOF BWBN model for 5%
measurement noise; (a) β, (b) γ, (c) α and (d) δν
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Figure 3.23: Estimation of input and BWBN parameters for 5% noise; (a) support
excitation and (b) hysteresis.
maintained. Once the algorithm is validated, its performance is further demonstrated using
experimental results of a full-scale bridge pier. Although unscented points perform well, it
may not be adequate to approximate the statistical moments due to its ability to produce only
a few sigma points. To address this problem, a quasi Monte Carlo point generation scheme
is introduced based on the stochastic integration rule, which shows significant advantage
over the unscented points. The Numerical results presented in this chapter clearly show
the robustness of the proposed, which can identify both hysteretic properties and input
excitation with a sufficient level of accuracy.
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4.1

Overview

Damage estimation of any structure after an earthquake is one of the primary concerns for
civil engineers to ensure safety and serviceability. A common practice in this context is to
estimate the damage by measuring the changes in modal frequencies and damping characteristics before and after the event. However, in reinforced concrete (RC) structures, the above
procedure may not provide satisfactory results as they are designed to undergo inelastic deformation during an earthquake [184]. Therefore, the severity of damage is underestimated
when quantified in terms of change in natural frequencies and damping [185, 186]. Thus,
damage estimation based on engineering demand parameters (EDP) such as peak displacement, inter-storey drift, hysteretic energy provides robust insight into the level of deterioration induced in it. Further, EDP-based damage estimation offers a powerful scientific
basis for improving structural performance against seismic risk and serves as a foundation
for performance-based earthquake engineering in both design and post-event maintenance.
Among different EDPs, cumulative hysteretic energy-based damage quantification provides
better estimation than other instantaneous parameters, e.g., peak roof displacement and
peak inter-storey displacement [187, 188].
This non-linear hysteretic behaviour of RC structures under moderate to severe ground
excitation imposes huge inelastic demand. It is often manifested in the cracking of concrete
and yielding of reinforcement. The relationship between the restoring force and the output
state variable in such structures is memory-based, i.e., the output depends upon the instantaneous state and its history. Due to this reason, modeling the hysteretic behaviour of RC
structure offers serious challenges. Besides modeling, measuring the restoring force acting in
an existing system using instrumentation is also a daunting task. In the absence of measured
restoring force, engineers often use the total inertia force acting on the structure under base
excitation as the restoring force [184, 189]. It is incorrect since the contribution from the
inherent damping of the structure is not decoupled. Thus, estimating the actual restoring
force of a real-life structural system has a growing appeal to the research community. To
address this issue, several parametric identification techniques have been demonstrated in
the literature [190]. Among them, recursive Kalman filter-based estimations are preferred
by the researcher as they can utilize the available information (i.e. measurements) more
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efficiently. In these techniques, measurements are used to update the numerical model of
the structure. Wu and Smyth [96] have compared the performance of Extended Kalman
filter (EKF) and Unscented Kalman filter (UKF) to identify the parameters of Bouc-Wen
hysteretic SDOF structure and found that UKF offered a better estimation. Similarly, Song
and Dyke [191] have estimated the parameters of the modified Bouc-Wen model from the
experimental response of a scaled (1/10) single storey shear building frame subjected to base
excitation. A different approach than the traditional UKF based identification technique has
been developed by Bisht and Singh [192], where they have adjusted the covariance matrix to
track any sudden change in stiffness. Zhang et al. [193] have proposed improved EKF with
Tikhonov regularization to identify the damage of a 7-storied structure.
Besides time-domain techniques, several other approaches are available in the literature
for damage assessment of concrete structures. One of the commonly used techniques is
based on acoustics emission, where deterioration in concrete is analyzed to trace the process
of failure progression [194]. For rapid assessment, non-destructive evaluation techniques are
commonly used, which are based on electrical resistivity (ER), impact echo (IE), groundpenetrating radar (GPR), and ultrasonic surface waves (USW) method [195]. Nowadays,
cost-effective Lead Zirconate Titanate (PZT) transducers are extensively used for damage
detection of a concrete structure. In this context, Tzoura et al. [196] have utilized PZT
sensors to measure the extent of damage in a concrete column for retrofitting. They have
found that the electro-mechanical impedance provides more insight into the damage incurred
in the structure. The studies demonstrate the necessity behind condition assessment of
reinforced concrete structures.
Although these non-destructive tests provide valuable information about damage, they
are not sufficient to characterize the phenomenological behavior, which is essential for deciding appropriate rehabilitation work. The literature review presented above mainly focuses on
two aspects - (i) time-domain recursive identification of hysteretic systems and (ii) damage
mechanism with its quantification in the analysis and design of the reinforced concrete structure. In this context, it can be observed that the Kalman filter or its advanced versions for
system identification are well developed. Multiple researchers have extensively studied this
inverse parameter identification strategy and have proposed different modifications to make
their algorithm robust. Their studies mainly focus on the filtering aspect involving various
support point generation schemes or other regularization techniques for variance reduction
of the error covariance matrix. Most of these studies are validated with simulation-based
synthetic experiments or small-scale laboratory tests in a controlled environment. However,
these variants of Kalman filters have more significant potential for parametric identification
of non-linear behaviour often encountered in actual full-scale structure. One such example is
the reinforced concrete structures that undergo inelastic deformation during seismic events.
Thus, accurate estimation of model parameters defining the inelastic behaviour is a precondition for any reasonable retrofitting measure. This aspect of system identification in the light
of Gaussian filtering is less represented in the literature. Besides inelastic parametric identification, estimation of input excitation is equally crucial as it helps cross-verify the original
structure’s designed demand. In this chapter, Kalman filter techniques for the identification
of hysteretic structure are provided for known input situations followed by unknown input
cases.
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Damage Estimation with Known Input

In this section, the performance of the UKF algorithm has been demonstrated for damage
estimation RC structure, which possesses non-linear hysteresis behaviour. The proposed constrained iterated unscented Kalman filter (CIUKF) is used to quantify the incurred damage
in the RC column with the help of an energy-based damage index. The column is modeled in
Opensees, incorporating non-linear material properties of concrete and reinforcement. The
response obtained from the numerical analysis is used for damage quantification. However,
the proposed algorithm utilizes the Bouc-Wen model as the underlying mathematical model
instead of the Opensees model during the identification process. The results show that the
proposed CIUKF algorithm can quantify the damage with an acceptable level of accuracy.
A brief description of the proposed constrained iterated unscented Kalman filter (CIUKF)
is presented in the following section.

4.2.1

Constrained Iterated Unscented Kalman Filter

The UKF algorithm is one of the most popular methods in time domain estimation theory
due to its ability to track non-linear systems without calculating the partial derivative, i.e.,
gradient vector [191]. Moreover, the UKF algorithm is computationally less expensive than
the Monte-Carlo simulation-based Bayesian filtering [97]. This computational efficiency is
due to fewer sample points in UKF for moment estimation compared to the Monte-Carlo simulation. In this study, the CIUKF algorithm is proposed augmenting the conventional UKF
with the constraint condition presented in the previous chapter. Theoretically, to achieve
convergence of system parameters in UKF, an extended duration response is necessary, which
may not be available all the time. Thus, the system weighted global iteration technique has
been incorporated in the algorithm [197] to deal with the non-convergence problem in a
short-duration response. The proposed approach is demonstrated with the help of an n
degree of freedom (DOF) non-linear structural system, whose governing equation can be
expressed as
Mẍ (t) + F [x (t) , ẋ (t) , Θ] = Bf (t)
(4.1)
where x ∈ Rn , ẋ ∈ Rn , and ẍ ∈ Rn are the displacement, velocity, and acceleration
vectors of the structure. In Eq. 4.1, Θ = [θ1 , θ2 , .....θm ] are n parametric vector composed
of unknown parameters of the structure, which includes stiffness, damping, and other hysteretic parameters. The mass of the structure can be fairly estimated using the geometries
and material property. Hence, mass matrix M is considered to be known. The restoring
force F [x (t) , ẋ (t) , Θ] is the non-linear function of displacement, velocity, and hysteretic
parameters of the structure, and B is the influence matrix associated with the external force
vector f (t). The unknown system parameters are included in the state vector to execute the
Kalman filter-based estimation algorithm, and the corresponding extended state vector can
be expressed as

T
T T
Z = ZT
(4.2)
1 , Z2 , Z3
where Z1 = xT ; Z2 = ẋT and Z3 = ΘT . The extended state vector in Eq. 4.2 consists of two

T
parts - time-dependent state vector, i.e Z1 T Z2 T
and time-invariant parameter vector i.e.
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Θ̇ = 0mx1 . Now 4.1 can be written in state space form as

 

Z
 Ż1  
2

 T
 
T
T
−1
=
Bf (t) − F Z1 (t) , Z2 (t) , Z3 (t)
M
Ż

 2  
0m×1
Ż3

(4.3)

As seen from Eq. 4.3, the unknown parameters and the state vectors are coupled non-linearly
in the extended state-space equation. Therefore, Eq. 4.3 can be represented in the general
form of non-linear differential state equation in continuous time as
Ż(t) = G (Z(t), f (t))

(4.4)

Although the system equation is defined in continuous time state space in Eq.4.4, the system
responses are measured in discrete time in practice. The system equation is expressed in
discrete time to implement the identification algorithm with the real-time measurements as
follows
zk = zk−1 +

Zk∆t

G (Z (t) , f (t))dt = g (zk−1 , fk−1 )

(4.5)

(k−1)∆t

The discretized observation equation at any time t = k∆t can be expressed by a non-linear
function h as follows
yk = h (zk , fk ,) + vk

(4.6)

In the above equation, zk and fk are the state vector, known input vector at t = k∆t
respectively where, ∆t is the sampling period. vk is the random measurement

noise which is
assumed to be a zero mean Gaussian process with known covariance E vk vkT = Rk . Now,
the extended state vector is concatenated to implement the parameter constraints in the
following way

T
Z= X Λ w
(4.7)

T
where, vector is X = Z1 Ż1 , vector Λ = [λ1 , λ2 , λ3 ......λn ]T is the parameters having
constraints and w = [w1 , w2 , w3 ......wn ]T denotes the parameter vector without constraints.
The constraint conditions implemented in here are according to Eq.3.4 and Eq.3.5.

T
The proposed CIUKF method estimates both system state X and the parameters Λ w
based on the sequential measurements {y1 , y2 , .....yk } provided with the unbiased estimate of
initial state Z̃0|0 and corresponding covariance matrix Pz0|0 using the UKF algorithm, which
is explained in section 2.4. The traditional UKF estimates the parameters of the structural
system by a single global iteration. However, dealing with the experimental response of the
structural system, convergence issues have been encountered. These issues may arise due to
the selection of an initial estimate of the mean and the covariance far away from the expected
values. Thus, a weighted global iteration technique is introduced to obtain a stable and optimal solution. Such a weighted global iteration approach helps obtain a correct estimate of
the structural parameter even if the incorrect estimate of parameters is obtained during the
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first global iteration. In this approach, the estimated mean and corresponding covariance at
the end of the one global iteration is again introduced to the UKF algorithm with a small amplification to the diagonal elements of the covariance matrix. The amplification is provided
utilizing a weight factor κ, which is applied on the diagonal element of the covariance matrix
corresponding to the system parameters. In contrast, the element corresponding to the system state remains intact. This weight causes a small change in parameter estimates between
the initial and the end of the global iteration, which helps to attain the correct optimal
estimate. The convergence criteria are selected so that the hysteretic energy (EH ) content
estimated between two consecutive global iterations remains within a tolerance limit (ε). It
is found that tolerance of 5% relative percentage error in hysteretic energy provides good
estimation parameters without imposing a significant computational burden. The flowchart
of the proposed CIUKF algorithm is shown in Fig. 4.1. Following this approach, the initial
values of state and covariance are presented using the following relation


Zj0|0 = X0|0 Λ0|0 w0|0
(4.8a)

 z
P0|0
0
0
j
Λ


0
0 κ ∗ P0|0
(4.8b)
P0|0 =
w
0
0
κ ∗ P0|0
where j = 2, 3, 4...m denotes the global iteration count.

4.2.2

Damage Quantification

Damage quantification plays a vital role in post-earthquake decision-making procedures
based on which appropriate measures are taken. It involves repairing and/or strengthening the structure and predicting its remaining service life. Condition assessment using the
Damage index (DI) is convenient because it can realistically measure the damage level of
the system by a dimensionless number. In general, DI are mathematical functions based
on some representative variables to quantify the damage of a structure or its components.
These variables are generally related to irrecoverable or inelastic deformations such as strains,
curvatures, rotations, displacements, and sometimes forces (e.g., base shears, member resistances, or energy dissipated inelastic reversed cyclic loading). Different types of DI have
been reported in the literature for damage estimation of RC structures [198]. An in-depth
description of other types of DI used for RC bridge pier can be found in Mahboubi and Shiravand [199]. In this section, the damage has been quantified by the energy-based damage
index proposed by Williams and Sexsmith [198]. The idea behind this DI is based on the
distribution of input earthquake energy (EI ) to the structure in the from of kinetic energy
(Ek ), damping energy (Ed ), strain energy (Es ), and hysteretic energy (Eh ), which can be
expressed as follows
EI = Ek + Ed + Es + Eh
(4.9)
Among these components of total energy, hysteretic energy (Eh ) represents the energy dissipated during the repeated loading cycles, which is associated with the damage induced in the
structure. So, damage can be quantified as the ratio of hysteretic energy to the earthquake
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Figure 4.1: Flow chart of CIUKF algorithm
energy (i.e. input) as proposed by Mahboubi and Shiravand [199]
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In general, the hysteretic energy can not be obtained directly from the measurements. Nevertheless, it can be estimated by rearranging Eq. 4.9 i.e.
Eh = EI − Ek − Ed − Es

(4.11)

However, to obtain Eh from the equation mentioned above, other components must be
known beforehand. Further, damping and strain energy requires an accurate estimation of
the stiffness and damping coefficients of the structure. Typical expressions for strain and
damping energy of an SDOF system are given below
Ed =
Es =

Rx

0
Rx

cẋdx
(4.12)
kt xdx

0

Where, c and kt represent the damping and tangent stiffness of the system, respectively.
Researchers estimate these parameters from the finite element model in practice, which are
expected to match the experimental results closely. Usually, this tuning process consists of
adjusting the parameters in the finite element model ( i.e., element size, length of plastic
hinge length, etc.) by trial and error. The hysteretic energy can be directly estimated
from the measurement using the constrained iterated unscented Kalman filter to avoid this
practice.

4.2.3

Numerical Investigation

In this section, numerical results show the effectiveness of the proposed method for damage
estimation RC structure under earthquake excitation. For this purpose, fiber discriticized
single RC column is modeled in Open System for Earthquake Engineering Simulation (i.e.,
OpenSees) program, as shown in Fig. 4.2. A point load of 100 kN is applied at the free
end to simulate the superimposed load. It is assumed that the column undergoes idealized
cantilever behaviour due to the earthquake applied at the base. Concentrated plasticity
is adopted using the beam-with-hinges element to model the non-linear behaviour of the
column, assuming the hinge is located near the point of fixity. The length of the plastic
hinge (Lp ) is defined according to the Caltrans Seismic Design Criteria [200], which is given
by
Lp = 0.08L + 0.022fye dbl ≥ 0.044fye dbl
(4.13)
where L is the length of the column. fye denotes yield strength of longitudinal reinforcement
having nominal bar diameter dbl . The cross section of the column is divided into a number
of fiber cells and material properties are defined accordingly. The material stress-strain
property is defined in three different regions, i.e., unconfined concrete, confined concrete and
longitudinal steel reinforcement. In this study, Concrete07 model is used to simulate the
inelastic behaviour of the concrete, where ReinforcingSteel material model is used for the
rebars.
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Damage Estimation Results

The RC column is modeled as an SDOF non-linear Bouc-Wen oscillator as described in
section 2.5.1. The governing equations of motion can be expressed using Eq. 2.34 and
Eq. 2.35. The restoring force Fr generated by the applied load can be separated into elastic
and hysteretic components, as shown in Eq. 3.1a. Now, substituting Eq. 3.1a in Eq. 2.34
and dividing both side by m gives the following expression
(4.14)
ẍ (t) + 2ξω0 ẋ (t) + αω02 x (t) + (1 − α) ω02 z (t) = f (t)
q
k
where ξ is the linear damping ratio, ω0 = m
is the pre-yield natural frequency and f (t)
is the mass normalized forcing function. The numerical simulation study is carried out to
generate the responses from the Opensees model using different earthquake records (viz. El
centro, Loma Prieta, Chile, Chichi). The acceleration at the free end of the column is used
for parameter identification. To apply the constraint conditions, the extended state vector

T

T
for the system can be expressed as Z = X Λ w . Here, X = x ẋ
is the state

T
T
vector, where Θ = α β γ n
and W = [ω0 ] . The constraint conditions are the same
as in Section 3.4.1. As stated earlier four ground motions are selected and responses are
simulated using Opensees to show the performance of the proposed algorithm. To maintain
uniformity in analysis, all the ground motions are scaled up to the same PGA, and 2% zeromean Gaussian white noise is added to the response. The damage quantification is carried
out using Eq. 4.10. The actual hysteretic energy Eh is evaluated as the area under the
force-deformation acquired from the Opensees recorders. The performance of the proposed
technique (i.e., hysteretic energy) and DI estimation is presented in Table 4.1. The estimated
hysteretic energy Eh 0 is obtained from the proposed algorithm using the Bouc-Wen hysteretic
model. Similarly, the estimated Damage index DI 0 is compared with the actual DI (refer
to Table 4.1). This table shows that the proposed technique captures the inherent nonlinear behaviour of the RC column modeled in Opensees. The acceleration response and the
hysteretic response of the Opensees model match satisfactorily with the estimates provided
by the inverse technique, which is shown in Fig. 4.3 and Fig. 4.4.
Table 4.1: Damage Estimation Results

4.3

Record Name

Year

Scale

Eh (KNm)

Eh 0 (KNm)

El Centro
Loma Prieta
Chile
Chichi

1940
1989
1985
1999

0.50
0.50
0.50
0.50

912.97
2863.70
9933.30
1491.20

1110.90
2452.40
11336.00
1644.80

DI

DI 0

0.72 0.87
0.86 0.74
0.81 0.92
0.70 0.77

Damage Estimation under Unknown Input

Once the performance of the sigma point approach for damage quantification is established
under known input, it is further extended for unknown input. The damage quantification is
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Figure 4.2: Opensees model of RC column
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Figure 4.3: Comparison of estimated and actual acceleration of top node of column for
different earthquake; (a) El-Centro, (b) Loma Prieta, (c) Chile and (d) Chichi
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Figure 4.4: Comparison of estimated and actual hysteresis plot for different earthquake
(a) El-Centro (b) Loma Prieta (c) Chile and (d) Chichi
carried out using Park and Ang index, a non-dimensional number between zero to one. In
the following section, a brief introduction of the Park and Ang damage index is presented.

4.3.1

Park and Ang Damage Index

Although the energy-based damage indices (e.g., Eq. 4.10) can estimate the incurred damage
in RC structure, it may not be accurate for a structure having plastic deformation. For
such situations, cumulative damage indices are suitable alternatives, which are primarily
defined as a function of accumulated plastic deformation and can incorporate seismically
absorbed hysteresis energy. Among them, the most widely used modified Park and Ang
[201] DI is selected here for its ability to provide the best correlation with the laboratory
results [188]. It has been accepted worldwide that the damage induced in a structure during
an earthquake depends on the maximum deformation and the hysteretic energy dissipated
during the load cycles. The modified Park and Ang DI combines these two aspects to
provide a better characterization of the damage. In this model, both ductility demand and
cumulative hysteretic energy demand are incorporated as a linear combination of normalized
deformation and hysteretic energy adsorption, i.e.
R
dEh
δm − δy
+ βd
(4.15)
DI =
δu − δy
Fy δu
where δm , δu and δy are the maximum displacement, ultimate displacement
and yield disR
placement, respectively and Fy is the yield force. At the same time, dEh is the dissipated
hysteresis energy in each loading cycle. The nonzero positive parameter βd refers to the
strength degradation of the structural member. However, evaluation of the dissipated hys-
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teresis energy is not straight forward since it can not be obtained directly from the measurement itself. In practice, researchers used to get this from the updated finite element
model such that the response generated by the model matches with the experiment within
an acceptable range of accuracy. Although the forward problem is well-posed, the inverse
problem to estimate them is difficult. In this study, the hysteretic energy is estimated from
the identified Bouc-Wen model using the algorithm mentioned above. For this purpose, the
measurements obtained from the system are provided to the constrained minimum variance
unbiased estimator and the parameters related to hysteretic energy are subsequently estimated. The proposed algorithm is first validated using a synthetic experiment, which is
followed by the full-scale test of a bridge pier on the shake table. These are discussed in the
following section.

4.3.2

Synthetic Experiment for Engineering Demand Parameter
Estimation

The 2-DOF structure, as shown in Fig. 3.20, is considered to simulate the hysteretic response. Here, BWBN hysteretic model is used as explained in section 3.5.1 to simulate
the actual behaviour of the RC structure under extreme loading. The main aim of this
study is the estimation of engineering damage parameters (EDP) used in the Park and
R Ang
damage index, i.e., maximum displacement (δm ) and dissipated hysteretic energy ( dEh ).
The capacity-related parameters such as ultimate displacement (δm ) and yield force (Fy )
remained unchanged in this estimation. Hence, only the engineering damage parameters are
responsible for the damage index value obtained after any seismic event. The comparison of
estimated and actual engineering damage parameters is provided in Table 4.2 for 2% RMS
noise. The small percentage error between the estimated and actual values of engineering
damage parameters signifies the performance of the proposed algorithm, which can be further utilized for the Park and Ang damage index calculation. This is otherwise difficult to
quantify using other non-destructive or destructive tests. It is the main objective of this
study, which augments the decision-making process for rehabilitation and retrofitting.
Table 4.2: Comparison of simulated and estimated EDPs

δm sim (mm) δm est (mm) ∈δm (%)
5.2725

5.2751

0.0493

R

dEh

sim

(kNmm)

1.6583E+05

R

dEh

est

(kNmm) ∈Eh (%)

1.6473E+05

0.6632

NB: superscripts sim and est stand for simulated and estimated cases

4.3.3

Full-Scale Bridge Pier Test

Once the performance of the proposed algorithm is established using simulated Bouc-Wen
hysteretic response, it is further used for damage estimation of a full-scale structure under
earthquake excitation. In this case, the experimental data of the circular reinforced concrete
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bridge pier, as shown in Fig. 3.15, is used. The structure was subjected to different earthquake ground excitations in succession, which correspond to the different intensity levels. In
this study, the EQ5-EQ8 sequences are selected for damage estimation purposes. The details
of these ground motions are presented in Table 4.3. One of the significant advantages of the
Table 4.3: Ground motion details
Tests

Earthquake

Year

Station

Moment Magnitute

Scale

PGA

EQ5
EQ6
EQ7
EQ8

Kobe
Loma Prieta
Kobe
Kobe

1995
1989
1995
1995

Takatori
LGPC
Takatori
Takatori

6.9
6.9
6.9
6.9

-0.8
1
-1.2
1

-0.533
-0.512
0.646
-0.829

proposed method is its ability to estimate the restoring force acting on the structure, which
is otherwise difficult to quantify. In the absence of restoring force measurement, designers
often assume the total inertia force as the base shear acting on the structure. A similar
practice was observed in Shan et al. [189] for the same EQ5 sequence used in this study.
The comparison between the proposed method and the hysteresis plot obtained by following
the assumption in Shan et al. [189] is shown in Fig. 4.5. A distinct difference between the
nature of hysteresis plots is observed in both of these approaches. The proposed algorithm
can capture the actual nature of the hysteresis plot while the other approach, as adopted
by Shan et al. [189], fails to do so. The main difference arises due to the contribution of
inherent damping of the structure, which is balanced by the total inertia force along with the
non-linear spring force, and hence, the estimation of the restoring force is incorrect, which
leads to the hysteresis plot as shown in Fig. 4.5.
4.3.3.1

Validation of Proposed Method with Strain Measurement

The strain data acquired during the experiment has been considered to validate the proposed
algorithm further. These are obtained from the gauges installed on the longitudinal reinforcements on the opposite sides of the specimen in a plane parallel to the loading direction.
The strain measurements are utilized to obtain the curvature (φc ) of the section from the
following expression
φc =

ε2 − ε1
D

(4.16)

where ε1 and ε2 are the strain measurements obtained at section AA using strain gauges
with an effective gauge length of 5mm, as shown in Fig. 4.6. D is the distance between
the gauge mounting points. Further, the curvature time history obtained using Eq. 4.16 has
been employed to calculate the moment time-history using the monotonic moment-curvature
relationship. It is assumed that the moment at section AA is due to the response of the
SDOF system, whose mass is lumped at the top. By this assumption, the force experienced
at section AA is calculated from moment time history using the force-moment relationship
of a cantilever column. The comparison of estimated restoring force by the proposed method
and the same obtained from the strain measurements is shown in Fig.4.7. Although they
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Figure 4.5: Comparison of hysteresis for EQ5 case; (a) proposed CMVU method, and (b)
using total inertia force as base shear
differ marginally for the initial few seconds, an excellent match is observed beyond 50s.
During the initial few seconds, the structure experiences very high inelastic demand, which
compels the sectional curvature demand to go beyond its elastic range. Hence, the linear
relationship fails to accurately capture the actual restoring force. However, as long as the
sectional curvature is within the elastic range (i.e., beyond 50s), a satisfactory match in
terms of amplitude and frequency is observed between them.
4.3.3.2

Park and Ang Damage Index Estimation

In this subsection, the Park and Ang damage index is estimated for the EQ5-EQ8 earthquake
sequences, as shown in Table 4.4. The capacity-related parameters, i.e., yield force Fy ,
yield displacement δy and ultimate displacement δu are taken from the PEER report no.
2015/02 [180], which are given as Fy = 781.8 (kN), δy =88 (mm) and δu = 506 (mm). To
calculate the βd parameter involved in the Park and Ang DI, the following equation is used
in this study [201]


l
(4.17)
βd = −0.447 + 0.073 + 0.24no + 0.314pt × 0.7ρw
d
where dl is the shear span ratio, no is the normalized axial stress, pt is the longitudinal
steel ratio, and ρw is the confinement ratio. The demand-related parameters used in this
process are obtained from the proposed method for three ground motion sequences (i.e.
EQ6-EQ8), shown in Fig. 4.8. Since the performance of the proposed technique has been
already discussed in the previous chapter for the EQ5 case, the results for the remaining
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Figure 4.7: Estimated force from strain data for EQ5 case
ground motion sequence are shown here. The engineering damage parameters are obtained
using the proposed algorithm, which is further utilized for damage index estimation as shown
in Table 4.4. During the EQ5 event, spalling of cover concrete was observed. However, no
damage in core concrete had occurred during the experiment. In the next two events (i.e.,
EQ6 and EQ7), spalling of cover concrete intensified and longitudinal reinforcements were
exposed to the environment. At the end of the EQ8 event, some damage took place at the
core concrete and the loss of integrity of the confining reinforcements. This gradual increase
in damage state is also reflected in the commutative damage index, as shown in Table 4.4.
Here, EQ5 offers the least value of damage while EQ8 corresponds to the highest level,
consistent with the observed damage state, as shown in Fig. 4.9.
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Figure 4.8: Estimated hystresis and input ground motion for different events; (a) EQ6
hysteresis, (b) EQ6 input ground motion (c) EQ7 hysteresis, (d) EQ7 input ground motion
(e) EQ8 hysteresis, and (f) EQ8 input ground motion
Table 4.4: Estimated cumulative damage index for EQ5-EQ8 sequence
Event Fy (KN)
EQ5
EQ6
EQ7
EQ8

TH-2533_156104030

782
782
782
782

δm (m)

βd

0.35
0.19
0.24
0.31

0.04
0.04
0.04
0.04

R

dEh (kNm)

DI

Remark

6.65E+02
1.04E+02
2.45E+02
2.69E+02

0.69
0.70
0.73
0.75

Spalling of cover concrete
Spalling of cover concrete
Reinforcement exposed
Cracks in core-concrete
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(a)
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(d)

Figure 4.9: Damage during shake table test for different sequence; (a) EQ5, (b) EQ6, (c)
EQ7, and (d) EQ8

4.4

Summary

Inverse analysis of non-linear reinforced concrete bridge pier using recursive Gaussian filtering
for in-situ condition assessment is the central theme of this chapter. The uniqueness of this
inverse analysis lies in updating engineering demand parameters, where appropriate bound
and constraint conditions are introduced to ensure numerical stability and convergence.
First, the proposed constraint strategy is tested with the CIUKF algorithm with known input
to investigate its efficiency. Finally, the CMVU algorithm using unscented sigma points is
the applied on the test data of a full-scale bridge pier to study its in-situ condition in terms of
Park and Ang damage index. Also, the identified seismic input possesses an added advantage
for the structures where no dedicated sensor for seismic measurement is available. Overall the
study shows the augmented Gaussian filtering based recursive time-marching algorithm for
non-linear system identification to estimate the engineering damage parameters that are the
basic information necessary for any future decision making for retrofitting/rehabilitation.
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Chapter 5
Non-linear Finite Element Model
Updating
5.1

Overview

Finite element (FE) modelling plays a crucial role in high fidelity structural analysis under
different loading conditions. Besides response prediction, it can be used for condition assessment and impact analysis of damage, if any. For design and other decision-making processes,
FE analysis is indispensable to ensure the safety of the structure under anticipated static
and dynamic loads. However, discrepancies between the FE model and the actual structure
due to inaccurate idealization/discretization, and erroneous assumptions of model properties [202] affect the whole purpose. To overcome this problem, FE model updating is carried
out where model parameters are adjusted so that the deviation between the measured response and that obtained from the FE model is minimum. The updated FE model serves as
a digital twin for damage prediction during an anticipated catastrophic event. One of the
major advantages of model updating is that it can provide important information, such as
location, extent and type of damage incurred in the structure. A comprehensive review of
recent advancements for damage assessment of structure by FE model updating can be found
in Simoen et al. [31,203]. These studies are focused on identifying the modal properties (i.e.,
natural frequencies and mode shapes) of the structure from the recorded vibration before
and after any event. Finally, the damage is quantified using a suitable objective function,
e.g., difference between the modal properties obtained from the FE model and the same
derived from the measurements. Besides these initial attempts, numerous studies have been
conducted in the recent past on FE model updating. In this context, Clementi et al. [204]
demonstrated a modal frequency-based model updating technique of masonry building damaged during an earthquake. Likewise, Gharechahi et al. [205] presented a model updating
technique for damage detection using eigenvalues and eigenvectors of the intact and the
damaged structure. The importance of detailed FE analysis for model updating of an actual
structure was presented by Kodikara et al. [206], where they had successfully implemented
the algorithm for two different structures using both automated and manual procedures.
The efficiency of the sensitivity based model updating technique using wavelet coefficients
was presented by Mansourabadi and Esfandiari [207] using numerical examples of 2D and
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3D truss. Mahato and Chakraborty [208] developed an advanced synchrosqueezed wavelet
based modal identification for FE model updating of a structure. The recent advancement
of the computational facility has influenced model updating with data driven techniques,
e.g., machine learning, neural network. A comparison between physics-based models and
data-driven models offers contrasting results, where the physics-based approach is more efficient in identifying the modal parameters [209]. Here, the nomenclature physics based model
refers to any explicit characterization of the mechanics behind the structural response. The
damage estimated from the identified linear systems as the loss of effective stiffness may not
be appropriate to quantify the actual case due to non-linear behaviour [210]. To address
this limitation, non-linear FE model updating has become a viable option to the researchers,
which was pioneered by Distefano and his coworkers [211, 212].
Among different techniques for damage quantification, the recursive Gaussian filtering based algorithms are more efficient in incorporating measurements. Commonly used
Gaussian filtering techniques for non-linear FE model updating are extended Kalman filter [143, 213], Unscented Kalman filter [143, 214], and particle filter [106, 215]. EKF utilizes
the Taylor series expansion of the non-linear state and observation equations to fit into the
Kalman filter [122]. However, the derivation of the gradient vector to linearize a non-linear
systems is an arduous task. Moreover, the linearization process itself introduces significant
error, which leads to inaccurate parameter estimation. To address these problems, Julier
and Uhlmann [140] have proposed UKF, which utilizes sigma points to propagate the nonlinearity through the FE models. It quantifies the Gaussian distribution of the state variables
accurately up to third-order for non-linearity [96]. Unlike EKF and UKF, where the assumption of Gaussianity is inherent, particle filter utilizes sample points generated from the actual
distribution relaxing this assumption. Although frameworks of UKF and PF are somewhat
similar, there is a conceptual difference between them. Chatzi and Smyth [97] conducted
numerical experiments to compare these two techniques, where time-invariant parameters
of a 3-DOF hysteretic structural system were estimated using both these techniques. They
found that UKF is computationally efficient for real time applications, while PF provided
a more accurate estimation of the structural parameters. Astroza et al. [216] demonstrated
the estimation of material parameters of a non-linear FE model from the noisy measurements using UKF. Recently, a comparative study has been carried to investigate the relative
performance of UKF, EKF, and iterated-EKF for non-linear model updating problems using
reinforced concrete (RC) frame, and the results have shown the superiority of UKF over
others [143].

5.1.1

Problem Formulation

From the above discussion, it can be observed that a significant amount of research works
have been directed towards FE model updating. Although most of them are focused on
linear models, some efforts have been made for mechanics-based non-linear FE model updating [?, 217, 218]. Among them, a few are focused on dealing with damage estimation and
their impact on structural performance [219]. However, most of these studies aim to estimate phenomenological behaviour (often characterized by Bouc-Wen hysteresis) at the global
level. In particular, damage estimation of reinforced concrete structure under earthquake
excitation using a full-scale model needs further attention to study the efficiency of the up-
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dating procedure, which is the main objective of this work. These updated mechanics-based
non-linear FE models allow post-event damage assessment that serves as the foundation for
decision making related to retrofitting and rehabilitation.
In general, designers use various finite element packages to model the structure where
material parameters are selected accordingly to reproduce the actual behaviour. Contrary to
this approach, researchers in the non-linear system identification community use the standard
Bouc-Wen model or its advanced variants. These non-linear models can not be used directly
within the finite element analysis used by the designers, where different material level models
are used for analysis. To address this issue, the present study aims to use a constrained
unscented Kalman filter algorithm to identify these non-linear material parameters directly.
The optimized values of these parameters are expected to remain within the feasible domain,
which the traditional UKF algorithm can not ensure. To address this issue, constraint
conditioned are introduced within the unscented Kalman filter framework to ensure the
stability of the identification process. With these in view, the following objectives are set
for this work
1. Develop CUKF algorithm for finite element model updating using mechanics-based approach. In this process, constraint conditions are introduced to maintain the numerical
stability of the filtering algorithm.
2. This unique effort for non-linear parameter estimation at the material level opens
the possibility of damage quantification in a more precise manner, particularly for a
reinforced concrete structure. For this purpose, a modified Park and Ang damage
index is utilized for local and global condition assessment.
3. Validate the proposed damage estimation framework using the simulated response of
a 2D reinforced concrete frame, which is modelled using fiber discretized distributedplasticity elements. The damage incurred due to ground excitation is estimated from
the updated FE model to investigate its efficiency and accuracy.
4. Finally, demonstrate the efficiency of the proposed framework using the test data
obtained from the shake table experiment of a full-scale reinforced concrete bridge
pier.

5.2

Non-linear Finite Element Modeling of Reinforced
concrete structures

Modelling and analysis of non-linear behaviour of RC structures have witnessed significant
development in the recent past. Most of these works use phenomenological models (e.g.
Bouc-Wen [125] model) which is intended to capture the macro level non-linear hysteretic
behaviour of a structure [220]. Although these models are excellent to capture the inputoutput relationship of a hysteretic structure, they are not adequate to model the damage
mechanism of a complex system in terms of its location, type, and extent. Therefore, detailed material level non-linear finite element modeling is essential for damage assessment
of reinforced concrete structures. In general, non-linear finite element models of reinforced
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concrete can be broadly classified into two categories - distributed plasticity model and
lumped plasticity model based on how the non-linearity is introduced into the element. In
this paper, distributed plasticity is used due to its excellent capability in replicating the
experimental non-linear behaviour of RC structures [221]. The hierarchical levels of nonlinear FE modeling of RC frame are presented in Fig.5.1, which consists of an assembly of
interconnected frame elements, modelled using force-based distributed plasticity. Accurate
Structure Level

Element Level

ion
rat s
g
e
n
t
In ctio
se

Section Level

Fiber Level
Stress ( )

Concrete

Stress ( )

Reinforcing Steel

NB: Although reinforcements are represented as circular cross-section, it is considered as equivalent steel layer in the analysis.

Figure 5.1: Hierarchy of non-linear FE modeling
calibration of these elements is essential for the proper implementation of non-linear behaviour. The best way to characterize them is done by the classical plastic theory using the
material stress-strain behaviour at the critical sections [222, 223]. For this purpose, uniaxial
material constitutive models for both concrete and reinforcement are used to form the fiber
section of the beam and column elements. This type of analysis can efficiently capture the
local stress-strain behaviour of an RC frame, which has significance in defining the damage state of a material. To address this issue, fiber discretized sections are employed in this
study using open-sourced finite element modelling package Open System for Earthquake Engineering Simulation (OpenSees) [224]. The weighted integration of the sectional responses
governs the behaviour at the element level, where the weights depend on the type of integration scheme used in the analysis. The fiber model of the element cross-sections is defined
by dividing it into several strips depending upon the sectional geometry and number of steel
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bars, followed by assigning the material properties to the individual fibers. Thus the section
is classified into three different regions - cover concrete, core concrete, and reinforcements.
Stress ( )

Stress ( )

b*Es
fy
R0

fc
fu

Unloading Path

Es

Ec
c

u

(a)

(b)

Figure 5.2: Material constitutive models; (a) concrete and (b) reinforcement
The accuracy of the fiber model while replicating the non-linear behaviour of the RC section depends on the constitutive material models [225]. Due to this reason, the material constitutive parameters of the concrete and steel need to be updated for damage quantification.
In this study, the non-linear characteristics of concrete are modelled by Popovics-Saenz [226]
material constitutive model, defined by concrete04 in the Opensees platform. In general,
the core and cover concrete behaviour are different under extreme loading conditions, where
the nature of the core concrete is more ductile compared to the cover concrete. Therefore,
they are modelled separately, where the ductile core concrete is modelled by the confinement
factor as proposed by Mander et. al [227]. In this model, the stress-strain in compression
envelope follows the non-linear Popovics concrete model [226] during loading, which is followed by linear unloading, where the slope is provided by the Karsan-Jirsa model [228] and
the tensile characteristics are modelled with the help of an exponential function (refer to Appendix B). The behaviour of this model is governed by five material parameters i.e. modulus
of elasticity (Ec ), compressive strength (fc ), strain at the maximum compressive strength
(c ), crushing strength (fu ), and strain at the crushing strength (u ) as shown in Fig. 5.2a.
In the concrete04 material model, the confined and unconfined compressive strengths are
assumed to be unknown, which are updated directly. This model considers c , fu and u
as free parameters, among others. Moreover, the overall behaviour under the present level
of shaking is not sensitive to these parameters. Hence, they are assumed to be constants
and kept outside the identification loop to avoid over-fitting. The constant values of these
parameters are provided in the
p numerical results and discussion. Further, Ec is modeled as a
function of fc0 i.e. Ec = 5000 fc0 as per the Indian design code [229]. However, the proposed
identification algorithm does not demand this dependency. Hence, it is excluded from the
updating procedure, and the only unknown concrete model parameter considered in this inverse formulation is fc0 . Similarly, the non-linear behaviour of reinforcement is defined by the
Giuffre-Menegotto-Pinto (GMP) [230] constitutive model to account for isotropic hardening
(refer to Appendix B). This model is governed by a combination of physical and empirical parameters to match the experimental behaviour of steel [231]. The remaining physical
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time-invariant parameters are - modulus of elasticity (Es ), initial yield strength (fy ), strain
hardening ratio (b) and elastoplastic transition parameter R0 that regulate the backbone
curve as shown in Fig. 5.2b. Among them, Es is assumed to remain constant since it has a
little variation for different grades of steel and manufacturer [232]. The other three unknown
physical parameters are updated in this study keeping all other parameters known. Apart
from these parameters, Rayleigh damping in the form of modal damping ratios (ξi ) is also
considered as one of the unknown parameters. Altogether, five parameters constitute the
unknown parameter vector Θ, which can be written as

T
Θ = fy R0 b fc ξi
(5.1)
In the following section, updating procedure of the unknown parameter vector Θ are
explained using modified Kalman filter theory.

5.3

Finite Element Model Updating Using Constrained
Unscented Kalman Filter

The equilibrium equation of a non-linear reinforced concrete structure after assembling the
beam-column elements using distributed plasticity is expressed by Eq. 4.1, where Θ represents unknown material parameters as shown in Eq. 5.1. This equation is expressed by
augmenting the state-vector with unknown parameters as (refer to section 4.2.1


 
Z
 Ż1  
2

 T
 
T
T
−1
(5.2)
=
M
Bf (t) − F Z1 (t) , Z2 (t) , Z3 (t)
Ż

 2  
0
Ż3
m×1

where, Z1 = xT ; Z2 = ẋT and Z3 = ΘT . The extended state vector in Eq. 4.2 consists of two

T
parts - time-dependent state vector, i.e Z1 T Z2 T
and time-invariant parameter vector i.e.
Θ̇ = 0mx1 . Eq. 4.6 represents the corresponding measurement equation used in this problem.
This formulation of non-linear FE model updating is convenient for practical application since
the parameters to be identified are included in the state vector and any measured response
quantity (e.g. acceleration,velocity, displacement, strain etc.) can be incorporated into this
format. It is worthy to mention that during the model updating process, the domain of
these parameters must be realistic. For example, the strain hardening ratio (b) of the steel
should be within 0 to 1. Any value of b out of this domain can cause a run-time error in the
solver. However, the original formulation of Gaussian filtering can not take into account any
algebraic bounds on a system variable [165]. To address this issue, the authors have proposed
a constrained UKF (CUKF) algorithm so that the respective bounds can be assigned to each
parameter to avoid any instability issue. The implementation of parameter bounds in the
state-space model has already been explained in section 3.2.

5.3.1

Damage Quantification

Once the non-linear model of the reinforced concrete structure is updated based on the
actual measurements, it can be further utilized to quantify the in-situ damage incurred into
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a structure. In this study, the damage is quantified using a non-dimensional damage index
(DI) due to its ability to correlate the damaged state of the structure. A review of different
indices used for damage estimation of a reinforced concrete structure can be found in [198].
Among them, the modified Park and Ang damage index is chosen in this study due to its
efficiency and excellent correlation with the laboratory test results [188]. The damage of a
structure during an earthquake can be characterized by the combined action of maximum
deformation and hysteretic energy dissipation during the loading cycles. The modified Park
and Ang damage index combines these two aspects as a linear combination of normalized
deformation and hysteretic energy adsorption, making it one of the suitable candidates for
damage quantification. The expression for this damage index at any section of an element
is given by [233]
R
dE
θm − θy
+β
(5.3)
DIL =
θu − θy
My θu
where θm , θu and θy are the
R maximum, ultimate, and yield rotation, respectively, while My
is the yield moment and dE is the dissipated hysteresis energy in each loading cycle. The
nonzero positive parameter β in Eq. 5.3 refers to cyclic degradation. In this study, the value
of this parameter is assumed to be 0.1 as recommended by IDARC 3.0 [233]. Using sectional
data, the global damage index (DIG ) of a structure can be evaluated as a weighted average
of the local damage indices (DIL ), considering dissipated energy as the weight function [234].
Thus, the global damage index can be mathematically expressed as

DIG =

N
P

i=1

(DIL )i Ei
N
P

(5.4)
Ei

i=1

where (DIL )i denotes the local damage index at the ith section of an element and N represents
the total number of sections considered in the structure.

5.4

Numerical Validation

In this section, the constrained unscented Kalman filter is used for damage assessment of a
reinforced concrete bridge pier. However, the methodology is validated first using a synthetic
experiment before the condition assessment of a bridge pier, which is discussed below.

5.4.1

Validation Exercise

The numerical validation example consists of a two-dimensional 3-storey-2-bay reinforced
concrete frame subjected to ground excitation. The width of each bay is 4 m and the height
of each storey is 3 m. The dead load and the live load acting on this structure are assumed
to be a uniformly distributed load of 36 kN/m over the beams and the corresponding seismic
masses are computed according to IS-1893 [235]. The reinforcements are designed as per
IS 456 [229] and IS 13920 [236], which are shown in Fig. 5.3. Distributed plasticity-based
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beam-column elements with five integration points are used in the FE model as explained
in section 5.2. Rayleigh damping with critical damping ratios ξ1 and ξ2 are assumed in the
first two modes to simulate the structural response. In this context, the stiffness matrix at
the last-committed state is used to define the Rayleigh damping in the Opensees framework.
Further, the core concrete of each beam and column elements are discretized into 40 layers,
which is also followed by the cover concrete. The size of the columns is (280 × 400) mm2
with 6-16mm diameter bars as the main reinforcement and 2-legged 8 mm dia bar placed
at 100 mm distance are considered as transverse reinforcement. Similarly for beams, the
dimension is (350 × 350) mm2 having 8-20mm diameter bars as main reinforcement with
additional transverse rebars consisting of 2-legged 8 mm diameter bars spaced at 100 mm
intervals. The sectional view of the beams and columns are shown in Fig. 5.3. The non-linear
behaviour of reinforcements in beams and columns are modeled as a single layer having a
uni-axial Giuffre-Menegotto-Pinto [230] material constitutive model.
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cover concrete
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16

3m

core
concrete

30 mm
16

7

9

8

Column section

Section 2

3m

8

280 mm

Strain
record

cover concrete

6

5

350 mm

20
4

core
concrete

20

Strain
record

3m

40 mm

8

350 mm
1

Section 1

2

3
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Figure 5.3: Multi-storey RC frame with reinforcement details
In this numerical example, the structural response is generated using scaled El-Centro
ground excitation (üg ) acting at the base with a sampling rate of 200 Hz, as shown in
Fig. 5.4. The scaling factor of the ground motion is selected so that the frame experiences
non-linear deformation. The true value of the concrete material parameters used in this
simulation are taken from Mackie et al. [237] and the parameters of the reinforcement are
selected from the PEER report 2010/103 [238], which are fy = 487.45 MPa, R0 = 15,
b = 0.025, ξ1 = 5%, ξ2 = 4% and unconfined compressive strength fc0 = 27.58 MPa with
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c =0.002. The compressive strength of the unconfined concrete (fc0 ) is factored as per Mander
et al. [227] to obtain the core concrete strength (fcc ) for any flexural member. This factor
depends on fc0 , yield strength of the transverse reinforcement and its given configuration.
The reinforcement configuration for a particular structure is known (either from the design
detailing or from the non-destructive tests). The variation of confinement factor for beams
and columns due to the variation of fc0 and fy of transverse reinforcement are obtained as
1.26±0.04 and 1.40±0.05 within the bounds of the respective parameter. Since the change of
confinement factor is negligible, it is kept unchanged during the identification. Their values
are assumed to be based on the nominal values of material parameters i.e. fc0 = 27.58M P a
and fy = 487.45M P a. The properties of confined and unconfined concrete are shown in
Table 5.1. However, the proposed identification algorithm does not impose any restriction
on the choice of the confinement factor, which can be incorporated within the identification
loop, if the need be. Thus, the compressive strength of the unconfined concrete (fc0 ) is the
only unknown parameter used to update concrete04 material properties for both confined
and unconfined concrete during the identification process.
Table 5.1: Properties of concrete04 material model
Concrete Type fc0 (MPa)
Unconfined
Confined beam
Confined column

Confinement factor fcc (MPa)

27.58
27.58
27.58

1.00
1.26
1.40

c

27.58
35.01
38.81

u

0.002
0.004
0.00469 0.00902
0.00607 0.0131

E (MPa)
26258.33
26258.33
26258.33
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Figure 5.4: El-Centro ground motion
The seismic response of the structure is assumed to be known only at a few degrees of
freedom, which are the relative accelerations at nodes 4, 7 and 12 as marked in Fig. 5.3.
Besides acceleration response, the rebar strains at critical locations are also assumed to be
known, which are marked as section 1 and section 2 in Fig. 5.3.
The proposed algorithm recursively estimates the unknown FE model parameters based
on the sequential measurements. During this estimation process, the FE model needs to
be run depending upon the number of unknown parameters. The number of sigma points
generated at each time step is (2n + 1), where n is the number of unknown parameters in
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the vector Θ. Thus, the FE model needs to be run for (2 × 6 + 1) = 13 times at every time
step to estimate the updated parameters. At time tk , the time history analysis is carried
out from time zero to tk , as proposed by Astroza et al. [216]. In this process, the bounds
corresponding to each parameter are incorporated into the sigma point generation step with
the help of Eq.3.4 to avoid numerical instability. The bounds for the material parameters
fy and fc0 are considered to be 400 MPa ≤ fy ≤ 600 MPa and 15 MPa ≤ fc0 ≤ 30 MPa,
respectively. Being the ratio between the post-yield tangent and initial elastic tangent, the
parameter b must be within [0,1]. Similarly, the value of R0 is assumed to remain within
10 ≤ R0 ≤ 20 and the damping ratio is assumed to be within the range 0 ≤ ξi ≤ 0.1 .
The initial Guess of these parameters are fy =570 MPa, R0 = 18.48, b = 0.01, fc0 = 29.8
MPa and ξi = 0.01. The process noise Qk is considered to be a diagonal matrix with each
term equal to 10−8 . Similarly, measurement noise is assumed to be a diagonal matrix whose
each term corresponds to the variance of the zero-mean white noise process. It is assumed 
that initial state covariance is a diagonal matrix P0 = diag 1.5 × 104 150 0.0015 100 0.1 ,
which corresponds to the state variable in Eq.5.1 . In this study, two cases are considered
based on the type of responses used in the measurement vector. In case 1, only acceleration
responses are considered while in case 2 reinforcement strain time histories are included in
addition to the acceleration time histories. These simulated acceleration time histories are
polluted with zero-mean Gaussian white noise with two different intensities (i.e. 2% & 5%
RMS noise) to account for the measurement noise. Fig.5.5 shows the updated FE model
parameters using the proposed algorithm for the two cases with 2% RMS noise. Here, it is
observed that the estimated parameters are stable and converged to their true values. Further, in most of these convergence plots in Fig.5.5, the inclusion of strain measurement in
case 2 increases the efficiency of the algorithm as it takes fewer iterations to converge to their
true values compared to case 1. The comparison of nodal responses is presented in Fig.5.6,
demonstrating the efficiency of the finite element model updating algorithm. The accuracy
of these updated parameters are present in Table 5.2 in terms of relative percentage error
true |
× 100. Here, Θest represents the estimate of any
for each case, which is defined as |ΘestΘ−Θ
true
parameter, whereas Θtrue denotes the actual value of this parameter. The convergence plots
for the 5% noise case are not presented to avoid repetition, though the results are included in
Table 5.2. The relative percentage error of the estimated parameters for both these cases are
comparable. However, the inclusion of the strain data in the measurement vector improves
the efficiency of the proposed algorithm. The inset in Fig. 5.5b shows that the strain data
faster convergence of model parameters. In general, the relative percentage errors of these
parameters are below 5% irrespective of the measurement type, which proves the accuracy
and robustness of the proposed algorithm for non-linear finite element model updating. A
comparison of the sample moment-curvature (M-φc ) relationship at two different sections
is shown in Fig. 5.7. A close match is observed in these figures between the actual and
the estimated quantities, which also establishes the accuracy of the constrained unscented
Kalman filter algorithm used at the sectional level. In this context, it may be noted that
the shear hinge formation is restricted by the capacity based design against seismic input.
So, shear hinge formation has not been considered in the inverse identification of structural
parameters. Moreover, this study aims to identify small to moderate levels of damage where
bond-slip and anchorage failure are unlikely to occur. Hence, these effects are not included
in the parameter estimation.
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Figure 5.5: Updated FE model parameters for 2% noise; (a) fy , (b) fc0 , (c) b (d) R0 (e) ξ1
and (f) ξ2
Table 5.2: Estimation error in % for updated FE model parameters

5.4.2

Relative Percentage Error

Noise level

Measurement Type

2%

Case 1
Case 2

0.01 0.91 2.06 0.97 1.01 3.57
0.01 0.03 2.11 1.02 0.97 3.72

5%

Case 1
Case 2

1.35 2.73 6.18 2.21 3.39 0.88
0.21 0.62 2.66 1.05 1.32 3.56

fy

fc

b

R0

ξ1

ξ2

Damage estimation using modified Park and Ang index

In this subsection, the proposed algorithm is used for damage estimation of the frame, which
is the main aim of this work. The global damage index is estimated for different cases and the
results are summarized in Table 5.3. From this table, it can be observed that the proposed
framework can estimate the global damage state directly from the recorded responses. Also,
very small percentage error in the estimation of the global damage index (DIG ) in Table 5.3
demonstrates the high level of accuracy and robustness of the proposed bounded non-linear
FE model updating using constrained unscented Kalman filter.

5.5

Experimental Validation

Once the performance of the proposed approach for damage estimation is established using a
simulated example, it is further used for damage estimation of a full-scale bridge pier under
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Figure 5.6: Comparison of actual and estimated responses for 2% noise; (a) x10 (t) and
(b) ẍ12 (t)
Table 5.3: Estimated global damage index
Noise
2%
5%

Measurement Type DIG Estimate DIG Actual
Case
Case
Case
Case

1
2
1
2

0.3856
0.4041
0.4083
0.3922

0.4056
0.4056
0.4056
0.4056

% Error
4.90
0.36
0.66
3.30

earthquake excitation. In this study, the experimental result of a circular reinforced concrete
bridge pier under uniaxial ground excitation is used. This test was carried out in the NEESUCSD large High-Performance Outdoor Shake Table facility as shown in Fig.3.15a and test
data are available in the public domain [179], i.e., DESIGNSAFE-CI platform [239] under
the project name NEES-2010-0987. The diameter of this bridge pier is 1.22 m, which has
a length of 7.32 m. To simulate the mass of the superstructure, a concrete block weighing
2245 kN is placed on top of the column. The PEER report no. 2015/02 [180] has all the
necessary information regarding the instrumentation and the loading protocol. For experimental validation, the test data corresponding to EQ3 and EQ5 sequences are used in this
work due to its distinguishable non-linear behaviour observed during the experiment in the
form of damage. The schematic diagram of this test setup is presented in Fig. 5.8, along with
the sensor placements. It should be noted that the naming of the sensors is kept consistent
with the original data file available in the DESIGNSAFE-CI platform. The corresponding
Opensees model of this bridge pier is shown in Fig. 5.9a. The bridge pier is modelled with
nonlinearBeamColumn elements with five integration points such that the measurements
corresponding to different heights of the pier can be utilized. The reinforcement details as
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Figure 5.7: Comparison of moment-curvature (M-φc ) relation for 5% noise; (a) section 1
and (b) section 2
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Figure 5.8: Schematic diagram of bridge pier for non-linear FE modeling
well as all other necessary information required in the FE modelling are adopted from the
PEER report [180]. The mass of the concrete block resting on this pier is represented by
an equivalent weight in the Opensees model. Similar to the previous example, damping
is quantified using Rayleigh’s model. Hence, ξi (i.e., critical damping ratio in the rst two
modes), i = 1, 2 are the unknown damping parameters in the identification algorithm.
To apply the proposed algorithm, a parameter vector (Θ) is formed, which is similar to

TH-2533_156104030

103

CHAPTER 5. Non-linear FE Model Updating

Experimental Validation

Weight of Concrete block

A

D

A

Element 3

C

Element 2
section 5
section 4

B

section 3
section 2
section 1

Element 1
A

51 mm

1219 mm

(b)

Section at AA

(a)

(c)

Figure 5.9: Details of bridge pier; (a) structural parameters, (b) damage during EQ3, and
(c) damage during EQ5
the previous example i.e. Θ = [fy , R0 , b, fc0 , ξi ]. The initial guess for the parameters in this
model are fy =500 MPa, R0 = 20, b = 0.01 fc0 = 40 MPa and ξi = 0.06. Next, the parameter
bounds are incorporated using Eq.3.4, which can be presented as 450 MPa ≤ fy ≤ 550 Mpa,
30 MPa ≤ fc0 ≤ 50 Mpa, 0 ≤ b ≤ 1 , 10 ≤ R0 ≤ 20 and 0 ≤ ξi ≤ 0.1 . The
measurement vector consists of acceleration responses at the degree of freedom (DOF) x1 ,
x2 and x3 as shown in Fig. 5.8. The process noise Qk is assumed same as in previous
example. The measurement noise covariance matrix Rk is a diagonal matrix, whose elements
are evaluated from the pre-event measurement (i.e. when no excitation is applied). Also, the
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Figure 5.10: Comparison of initial and updated response of the FE model for EQ5 case

Figure 5.11: Comparison of response for EQ3 case; (a) ẍ1 (t), (b) ẍ2 (t) and (c) ẍ3 (t),

initial state covariance matrix is assumed to be P0 = diag 4 × 104 200 0.03 200 0.1 .
Fig.5.12 shows the performance of the algorithm in terms of the convergence plot of the
parameters. The proposed algorithm has shown satisfactory performance by converging all
the model parameters without any instability. The parameter estimation results for both
EQ3 and EQ5 cases are summarized in Table 5.4. The degradation of material strength
can be observed from this table as the final estimated values of the parameters fc and fy
marginally deteriorating from EQ3 to EQ5 case. The effectiveness of the proposed technique
can be observed from Fig 5.10, where the response obtained from the FE model using the
initial guess of the parameters is compared with the updated model. It shows the error in
response prediction has been significantly improved with the updated parameters. Further,
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the response of the updated FE model is compared with the recorded data, as shown in
Fig.5.11. The close match between the acceleration response of the updated model with the
measurement demonstrates the accuracy of the proposed algorithm.
Similar to the validation exercise, the modified Park and Ang damage index is also
employed to estimate the damage state of this bridge pier. The capacity related parameters
i.e. yield moment My , yield curvature φy and ultimate curvature φu are taken from the
PEER report no. 2015/02 [180], which are given by My = 5793 (kNm), φy = 4.73×10−3
(rad/m) and φu = 7.56 × 10−2 (rad/m). It is observed from the updated model that the
damage is concentrated to element 1 as shown in Fig. 5.9b and the remaining elements are
found to be undamaged. The local damage index calculated at each section of element 1 is
presented in Table 5.5. Section 1, 2 and 3 show substantial damage due to the earthquake
excitation while section 5 remains undamaged (i.e. DIL = 0). The damaged state in sections
1 and 2 can also be observed from the non-linear moment-curvature relationships, as shown
in Fig. 5.13. The estimated damage at these sections conforms to the observed damage state
of the pier as shown in Fig. 5.9b, where damage is confined near the bottom of the bridge
pier. The damage states are compared using the damage index values, as shown in Table
5.5, it is observed that the global damage index for the EQ5 event is greater than the EQ3
event. Fig 5.9b and Fig 5.9c show that the spalling of cover concrete started during the EQ3
event, which was later intensified during the EQ5 event. The estimated global damage index
values for these two events reflect this trend. Overall, substantial damage is incurred during
these two events in the form of extensive damage in cover concrete, which is well estimated
by the global damage index (DIG ).
Table 5.4: Estimated parameters for bridge pier
Parameters

EQ3

EQ5

fc0
fy
b
R0
ξ1
ξ2

46.44 MPa
462.78 MPa
0.29
15.10
0.064
0.070

45.81 MPa
450.10 MPa
0.07
18.75
0.063
0.071

The proposed technique utilizes a constrained unscented Kalman filter for model updating
of RC structure. Contrary to the traditional UKF, the proposed technique has adopted a
unique approach to pre-define the feasible domain to the unknown parameters. This strategy
is essential for the model updating of actual structures as the Kalman filter approach does
not allow bounds to the state variable. The proposed technique can be readily used taking
advantage of the existing FE package for model updating. The numerical exercise shows
that the proposed technique is highly accurate as the percentage errors are insignificant (i.e.,
below 5%). Also, the damage state estimated using the damage index shows a minimal
difference from the actual value as the percentage error is very low. Later, the applicability
of the proposed technique is demonstrated using a full-scale bridge pier experiment. Stable
convergence is achieved for the parameters using the proposed constrained UKF algorithm
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Figure 5.12: Updated Parameters of the bridge pier for EQ3 event; (a) fy , (b) fc0 , (c) b
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Figure 5.13: Non-linear moment-curvature relationship for EQ5 event; (a) section 1 and
(b) section 2
while the estimate of the unconstrained UKF diverges from the actual one, as shown in
Fig.5.14. Due to this divergence in fy (below zero), the solver faces instability and stops. It
shows the importance of the proposed CUKF algorithm to solve practical problems. Also, the
location of damage obtained from the CUKF technique match satisfactorily with the observed
one. The extent of damage predicted by the updated model shows good resemblance, where
the increasing trend of damage from EQ3 to EQ5 is captured through the estimated global
damage index. Further, the efficiency of this technique can be observed from the satisfactory
match between the of predicted response and the measurements, as shown in Fig. 5.11.
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Figure 5.14: Estimation of fy using unconstrained UKF for EQ5 event
Table 5.5: Estimated damage index for bridge pier experiment
Event

5.6

Section

DIL

DIG

EQ3

section
section
section
section
section

1
2
3
4
5

0.393
0.339
0.148
0.040
0.00

0.328

EQ5

section
section
section
section
section

1
2
3
4
5

0.565
0.322
0.173
0.001
0.00

0.443

Summary

This study presents a new framework for material level system identification for damage assessment of a reinforced concrete structure using a modified version of the unscented Kalman
filtering technique. The complete framework is based on non-linear finite element model
updating using constrained conditions, where the sigma points are generated within a predefined domain of the respective model parameters. The proposed framework updates the
parameters using noisy measurements (i.e., acceleration, strain history, etc.), which are used
for condition assessment using modified Park and Ang damage index. First, the proposed
algorithm is validated using the simulated response of a multistory 2D moment-resisting
frame. This numerical analysis show the efficiency of the proposed methodology for estimating the damage state of the structure excited by seismic ground motion. Finally, the
performance of the proposed damage estimation algorithm is demonstrated using full-scale
test results of a reinforced concrete bridge pier. It clearly shows the possibility to update
element-level material parameters, which is the main aim of this study. This element-level
parameter identification helps to quantify both in-situ local and global damage, which can
be further utilized for decision-making before retrofitting/rehabilitation.
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Conclusions and Future Work
The work presented in this thesis primarily contributes toward the development of the
Kalman filter algorithm and its application in structural health assessment. The focus
of this work is mainly aimed at hysteretic structures, which possess a unique set of challenges. Several studies have been conducted to identify hysteretic systems using filtering
algorithms. However, they are dedicated to estimating phenomenological parameters using
simulated examples or small scale laboratory experiments. The performance of these algorithms has not been tested extensively for full-scale reinforced concrete structures. Thus,
an effort has been made in this thesis towards the identification and damage estimation of
hysteretic systems. Significant emphasis is given to the tuning of different algorithms for
condition assessment of the full-scale structure. The important contributions of this work
and their possible extension for future research are reported in the following sections.

6.1

Summary and Conclusions

A novel filtering based identification strategy has been developed in this thesis to estimate
hysteretic structure incorporating the prior knowledge of the system and some constrained
conditions. Overall, this work proposes different adaptive versions of sigma point-based
recursive filtering for various applications, i.e., identifying phenomenological models (e.g.
Bouc-Wen hysteresis) to mechanics-based material characterization for non-linear FE models.
The major observations from the numerical works presented in this thesis are reported below
• The sigma point-based CMVU algorithm is developed for simultaneous identification
of hysteretic parameters and input excitation. The numerical instability in this process is taken care of by the efficient use of BIBO property within the CMVU algorithm
using suitable constraint conditions. This BIBO property is essential for structural
or mechanical hysteretic systems to maintain realistic response and energy dissipation
characteristics. In general, the traditional Kalman filter theory does not impose algebraic bounds on its state variables. To address this problem, the author has provided
a novel solution by treating the state variable as a function of another auxiliary variable whose functional value is bounded. In contrast, the underlying auxiliary variable
remains unbounded. This constraint implementation allows providing bounds on the
hysteretic parameters, which facilitates the convergence to its optimal value. In a
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nutshell, both parameter bounds and BIBO constrained conditions have helped in the
iterative identification process, where non-linearity is propagated through the sigma
points. Further, the proposed CMVU algorithm can estimate the input force acting
on the system, which is helpful for structures having no sensor dedicated for input
measurement.
• The proposed CMVU algorithm is successfully validated using the simulated response
of a 3-DOF hysteretic system whose extended Bouc-Wen parameters (including degradation and pinching) are obtained from the actual behaviour of an RC frame. The
rationality behind this modelling approach is to replicate the actual non-linear material behaviour instead of using hypothetical values of the hysteretic parameters. The
results of this synthetic experiment show the efficiency of the proposed algorithm for
simultaneous input and parameter estimation. It is worth noting that between the
two different sigma point generation schemes, unscented points are more accurate and
robust in dealing with measurement noise by its additional central point, absent in
the cubature quadrature scheme. Although the performance of unscented points is
satisfactory, the moment estimation using these points is still inaccurate due to the
limited number of sigma points in this scheme. Thus, a quasi-Monte Carlo point generation scheme based on a stochastic integration rule is presented, outperforming the
unscented points.
• The experimental validation of the CMVU algorithm is demonstrated using full-scale
test results of a reinforced concrete bridge pier. This study establishes the applicability
of the proposed algorithm for the estimation of hysteretic parameters in the absence of
recorded input, i.e., earthquake. The sensitivity analysis (i.e., the performance comparison with the other established technique) show the superiority of the proposed
algorithm in dealing with numerical instability. The parameters of the hysteretic systems have converged to their optimal values, and the estimated input time-history
shows good matching with the actual record.
• One of the significant advantages of the proposed constraint conditions is that it can
be applied to any sigma point-based Kalman filtering algorithm, which provides numerical stability to the identification problem. The CIUKF algorithm has been developed to quantify the parameters of a hysteretic RC structure under known input to
demonstrate its numerical performance. The results show the ability of the proposed
technique for damage quantification using an energy-based damage index. Once validated with known input, it is further extended for simultaneous estimation of input
and damage state of the hysteretic structure. In this context, the CMVU algorithm
estimates the hysteretic energy dissipated by the system after any seismic event, which
is a critical engineering damage parameter. These results are also validated with the
recorded strain data, proving the accuracy of this algorithm for full-scale structures.
The cumulative damage index (Park and Ang) is obtained for the bridge pier based
on the estimated engineering damage parameters. It establishes a good correlation
with the observed damage state, which can be extremely useful in the decision-making
process.
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• A damage estimation framework has been proposed for RC structures based on the
material level non-linear finite element model updating using a modified version of
the unscented Kalman filter. The fibre discretized distributed plasticity elements used
in this study facilitate non-linearity at the material level using constitutive models.
Here, the time-invariant model parameters are estimated using a constrained unscented
Kalman filtering algorithm, where previously explained bounds are assigned to each
parameter to avoid any numerical instability. The updated FE model is further utilized
for the damage estimation in terms of modified Park and Ang damage index from the
section level responses of the FE model. The proposed framework is first validated
numerically for a reinforced concrete frame, followed by the experimental validation
using shake table test results of a full-scale RC bridge pier. The location and extent
of the damage obtained from the updated model of this bridge pier conform closely
with the actual damage observed during the experiment. This result establishes the
efficiency and robustness of the proposed damage estimation methodology, which can
be helpful for rehabilitation/retrofitting of the structures after any seismic event.

6.2

Future Scope for Further Research

This work presented in this thesis clearly outlines the theoretical background of the Kalman
filter and some of its advanced variants using different sigma point generation schemes. It
also proposes efficient constrained conditions and parameter bounds, which are demonstrated
using full-scale structural test results. The numerical examples presented in this thesis
prove the efficiency and accuracy of the improved Kalman filter algorithm (particularly the
CMVU estimator) to identify non-stationary input and non-linear hysteretic behaviour of
RC structures. Although different engineering applications are demonstrated in this thesis
satisfactorily, the proposed algorithms have room for further developments. With this in
view, the following avenues are identified for further research • This study employed three different sigma point generation schemes (i.e., Unscented
points, Cubature quadrature points, and quasi-Monte Carlo points) to estimate the statistical moments where the state variables undergo non-linear transformation. There
are several sigma point generation schemes available in the literature (viz. GaussHermite scheme, central difference scheme). The performance of the proposed algorithms using these sigma point generation schemes can be compared to study their
efficiency for non-linear system identification and condition assessment.
• The algorithms proposed in this study have a common assumption that the measurement noises are modelled as a set of uncorrelated Gaussian white noise processes.
However, measurement noises may not follow these assumptions always. Besides correlation and non-Gaussianity, the assumptions of additive noise, as in this case, may
not be valid always. Therefore, there is a constant need to develop the Kalman filter
or its advanced variant to deal with those situations.
• In this study, the mathematical developments of the Kalman filter and Its advanced
variants are purely based on mono-component earthquake ground motion. The pro-
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posed modification for the CMVU algorithm can be extended for structures experiencing multi-component earthquake ground motions. In this context, the mathematical
model for multi-component input estimation needs to be developed considering coherence and other critical features of multi-component ground motions.
• The proposed CMVU algorithm characterizes structural non-linearity using Bouc-Wen
hysteresis. It can be further modified to incorporate other mechanics-based material
models available in different finite element modelling packages (e.g., Opensees, Ansys,
Abaqus).
• The finite element updating framework presented in this study is focused on the RC
structure. However, the performance of the same algorithm needs to be verified for
other types of systems (e.g., steel-concrete composite). Although the basic CMVU
algorithm used in this work does not change with different materials used in the modelling, its performance still needs to be verified using different types of structures as
they involve various other challenges in their modelling.
• The study reported in this thesis considers condition assessment of RC structures under
earthquake excitation only. The performance of the proposed technique needs to be
verified for different loading other than earthquake ground motion. As stated earlier,
the sigma point generation scheme and its use in the identification algorithm do not
depend on the type of loading on the structure. However, the algorithm needs to be
tuned for different structural, material, loading types on a case-to-case basis due to
the complexities associated with them. Thus, suitable adjustments can be made to
these algorithms depending upon the structures exposed to specific external events
(e.g., explosions, fires, impacts, hurricanes, tsunamis).
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Appendix A
Optimal Gain Matrix
The CMVU algorithm needs optimal gain matrix Lk to estimate the state Z̃k without any
bias. It is obtained by minimizing the trace of the covariance matrix PZk|k , subjected to the
condition Lk Hk = 0. The total Lagrangian for this constrained minimization problem takes
the following form [240]


Γ (Lk , Λk ) = trace PZk|k − trace Lk Hk ΛTk


eZ
T
T
= trace PZk|k−1 − Lk PeZ
(A.1)
k|k−1 − Pk|k−1 Lk − trace Lk Hk Λk
where Λk ∈ Rn×p is the Lagrange multiplier. The 1st derivative of the Lagrangian with
respect to Lk and ΛK are equal to zero for the optimal solution, i.e.,
  T   eZ 
 e
Pk|k−1
Lk
Pk −Hk
(A.2)
=
ΛTk
HTk
0
0
Eq. A.2 offers unique solution for Pek > 0 provided the following condition is satisfied
S = HTk (Pek ) Hk

(A.3)

the schur coefficient S of the error covariance matrix is Pek > 0 is non-singular. All this
conditions lead to the solution of Eq. A.2 in the following form
 T 
 e
−1  eZ 
Pk|k−1
Lk
Pk −Hk
=
T
T
Λk
Hk
0
0


(Pek ) − (Pek )−1 Hk S−1 HTk (Pek )−1 (Pek )−1 Hk S −1
=
(A.4)
−S−1 HTk (Pek )−1
S−1
The above equation yields the optimal gain matrix Lk . Substituting Lk into Eq. 3.29,
the covariance matrix PZk of the CMVU state estimator Z̃k can be obtained as

PZk|k = PZk|k−1 − Kk Pek − Hk Pfk HTk KTk
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(A.5)

Appendix B
Material Models
The behaviour of the fiber beam-column element nonlinear behavior depends on the nonlinear
characteristics exhibit at the fiber level. Thus, selection of material constitutive model for
the fibers is crucial for replicating the actual behaviour. The critical aspect of these models
is that strain at every fiber should be an explicit function of stress that will be reflected in
sectional deformation. This thesis used two material models - one for concrete and another
for reinforcing steel whose descriptions are given below.

B.1

Material Model for Reinforcement

Menegotto and Pinto [241] nonlinear model is used in this thesis to explain the stress-strain
behavior of reinforcing steel, which was updated by Filippou et al. [230] to incorporate
isotropic strain hardening. The stress-strain relationship of Menegotto and Pinto model can
be expressed as
(1 − b) ε∗
∗
∗
(B.1)
σ = bε +
(1 + ε∗ )1/R
r
r
where ε∗ = εε−ε
and σ ∗ = σσ−σ
. The above equation represents the stress-strain curve
0 −εr
0 −σr
transition from straight line asymptotic with slope E0 to another asymptote with slope E1 , as
shown in Fig. B.1. In this figure, point A denotes the meeting point of two asymptotes under
consideration and point B represents the last strain reversal point. The strain hardening
ratio b represent the ratio of the slope E1 and E0 while R is responsible for the shape of the
transition zone. The expression of R is given by


cR1 ξ
(B.2)
R = R0 1 −
cR2 + ξ

where ξ denotes the normalized plastic deformation range controlling R, which is defined as
ξ=

εp − ε0
εy

(B.3)

In the above expression, p is maximum recorded strain in the loading direction and 0
denotes current yield-strain updated after the reversal at r . Despite its simplicity, isotropic
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Figure B.1: Menegotto and Pinto steel model
hardening phenomenon can not be captured by this model. To address this issue, Filippou et
al. [230] introduced this effect to the formulation by using a function to shift stress identified
by the asymptotes. This shifted stress (σst ) can be expressed as


σst
εmax
= a1
− a2
(B.4)
σy
εy
where max is the maximum strain at strain reversal. σy and y are the stress and strain at
yielding while a1 and a2 are two experimentally determined parameter.

B.2

Material Model for Concrete

The material model for concrete (i.e., concrete04 ) used in this thesis follows the Popovic’s
model [226] where the unloading slope is defined by Karsan-Jirsa model [228]. The relationship between stress (f ) and strain () obtained from the Popovic’s model can be expressed
as
 
ε
n
 n
(B.5)
f = fc
εc n − 1 + ε
εc

where εc represents the strain corresponding to characteristic strength fc , while the parameter
n represents the following ratio
Ec
n=
(B.6)
Ec − Esec

Usually, the modulus of Elasticity Ec is defined by Mander et al. [227] and the secant modulus
of elasticity, i.e., Esec is defined at each time step i by the following formula.
Esec =
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Figure B.2: Concrete04 material model
The unloading path during a cyclic excursion is determined using Karsan-Jirsa model [228].
It takes place in a straight line from point r on the envelope curve to p (refer to Fig. B.2)
on the strain axis using the following formulae
 2
 
 
εp
εr
εr
εr
= 0.145
+ 0.13
for
<2
(B.8a)
εc
ε0
ε0
ε0


 
εr
εr
εp
= 0.707
− 2 + 0.834 for
≥2
(B.8b)
εc
ε0
ε0
Thus, Concrete04 material property is composed of Popovic’s model and Karsen-Jirsa
formulation for better representation of the experimental behaviour.
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[53] A. C. Altunışık, F. Y. Okur, S. Karaca, and V. Kahya, “Vibration-based damage detection in beam structures with multiple cracks: modal curvature vs. modal flexibility
methods,” Nondestructive Testing and Evaluation, vol. 34, no. 1, pp. 33–53, 2019.
[54] P. Caravani, M. Watson, and W. Thomson, “Recursive least-squares time domain
identification of structural parameters,” 1977.
[55] M. A. Torkamani and A. K. Ahmadi, “Stiffness identification of two-and threedimensional frames,” Earthquake engineering & structural dynamics, vol. 16, no. 8,
pp. 1157–1176, 1988.
[56] D. Wang and A. Haldar, “Element-level system identification with unknown input,”
Journal of Engineering Mechanics, vol. 120, no. 1, pp. 159–176, 1994.
[57] M. Hoshiya and O. Maruyama, “Identification of running load and beam system,”
Journal of engineering mechanics, vol. 113, no. 6, pp. 813–824, 1987.
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